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MARKOYV PROCESSES AND DIFFUSION EQUATIONS
ON UNBOUNDED INTERVALS

Francesco Altomare and Ingrid Carbone

Abstract. This paper deals with some Feller semigroups acting on a particular
weighted function space on [0, +0o[ whose generators are degenerate elliptic
second order differential operators. We show that these semigroups are the
transition semigroups associated with suitable Markov processes on [0, +00].
Furthermore, by means of a sequence of discrete-type positive operators we
introduced in a previous paper, we evaluate the expected value and the variance
of the random variables describing the position of the processes and we give
an approximation formula (in the weak topology) of the distribution of the
position of the processes at every time, provided the distribution of the initial
position is given and possesses finite moment of order two.

0. INTRODUCTION

In a previous paper [3], we studied the differential operator A : D(A) — WY
defined by
ofz) u” (x) ifz >0,
0 if x =0,

Au(z) = {
where « is a continuous function on [0, +oo|, differentiable at 0 and such that
0 <ag<a(x)/z<a (x>0)for some o, a; € R, D(A) denotes the subspace
of all functions u € W9 N C?(]0, +oo[) such that

() u” (x)
. . alxr)u (T
lim o(z)u’ (z) = lim —
r—0+ T—+00 1 +x
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and WY is the Banach space of all continuous functions f on [0, +oo[ such that
lim f(x)/(1+ 2?) = 0, endowed with the norm

T—-+00

11 = sup L@ oy,

>0 1 +III2

Among other things, we showed that (A, D(A)) generates a positive Cp-semigroup
on WJ.

In this paper, we show that this semigroup is, indeed, the transition semigroup
associated with a suitable right-continuous normal Markov process with state space
[0, +00] whose paths have left-hand limit a.s.

In fact, this result is a consequence of a general study we carry out in a
preliminary section where we investigate the interplay between Feller semigroups
on weighted function spaces on locally compact spaces having a countable base,
Markov transition functions and Markov processes.

The particular form of the differential operator A, the boundary conditions in-
cluded in its domain D(A) and the space W2 imply, respectively, that the probability
that the process reaches 0 after a finite laps of time is strictly positive, the process,
when reaches 0 for the first time, sticks there forever and, finally, the random
variables describing the position of the process at every time have finite variance.

In the final part of the paper, by using a particular sequence of discrete-type
positive operators we introduced and studied in a previous paper [2], we evaluate the
expected value and the variance of the random variables associated with the process
and we give an approximation formula (in the weak topology) of the distributions
of the position of the process at every time provided the distribution of the initial
position is given and possesses finite moment of order two.

1. NOTATION AND PRELIMINARIES

In this section, we shall introduce the function spaces we shall deal with and
we shall recall some definitions and properties concerning Markov processes and
transition functions.

- Weighted function spaces

Throughout the paper we shall denote by X a locally compact Hausdorff space
which has a countable base. These hypotheses guarantee in particular that X is
metrizable and countable at infinity, and that its one-point-compactification X, :=
X U {oo}, where oo denotes the point at infinity of X, is metrizable too.

We shall denote by B(X) the o-algebra of all Borel sets of X and by M ™ (X)
(resp., Mb+ (X)) the cone of all positive (resp., positive and bounded) Borel measures
on X.
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We shall also denote by C'(X) the vector space of all real-valued continuous
functions on X, and by K (X) the subspace of C'(X) of all functions whose support
is compact.

Moreover, we shall consider the following vector subspaces of C'(X): the space
Cy(X) of all real-valued bounded continuous functions on X, the space C,(X) of
all functions f € C(X) such that mlggo f(z) exists in R, and the space Cy(X) of

all functions f € C(X) such that lim f(z) = 0. The spaces Cy(X), Ci(X) and

Cy(X), endowed with the natural order and the norm || - ||~ defined, on each of
them, by
(1.1 [fllo = sup | f ()],

zeX

become Banach lattices.
Throughout the paper we shall fix a function w such that

(1.2) we Co(X) and w(z)>0 foreveryzx € X,

and we shall consider the space C}’(X) of all functions f € C(X) such that
wf € Cp(X). This space becomes a Banach lattice if endowed with the natural
order and the norm || - ||, defined by

(1.3) [fllw == lwflle  (f € C(X)).

Our interest will be mainly devoted to the space C{’(X'), which is the Banach
sublattice of C}’(X) of all functions f € C'(X) such that wf € Co(X).
We note that, by virtue of hypothesis (1.2), one has

(1.4) [fllw < llwllooll flloo for every f € Cyp(X),

and the following inclusions hold true:
(1.5) K(X)CCyX)C CuX)COp(X) CCH(X) C CP(X) C C(X).

We also recall that for every positive linear form 7" : Cf’(X) — R, there exists
a unique regular Borel measure p € MI;L(X) such that wf € L'(X, B(X), 1) and

(1.6) T(f) = /Xfwdu for every f € Cy'(X)

(see [11, Theorem 5.42]).
Furthermore, the spaces C,(X) and C(X) can be naturally identified. More

precisely, if for every f € C,(X) we denote by f its continuous extension on X
defined by

) £(z) ifz € X,
(1.7) flx) = { lim f(z) ifz= oo,

r—00
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then the application from C, (X) into C'(X,) which maps f into its extension f is
an isometric isomorphism of Banach lattices.
More generally, every function f : X — R can be extended on X, by setting

(1.8) £ (z) = { f(z) ifr e X,

0 if x = 0.

Obviously, f = f* for every f € Cy(X) and, moreover, f* is B(Xoo)-
measurable if f is B(X)-measurable.

If 1 denotes a Borel measure on B(X ) such that p({oc}) = 0, we shall say
that a B(X)-measurable function f : X — R is u-integrable if f* is p-integrable.
In this case, we shall set

(1.9) /X fdp = /X s

In this case, if we denote by restg(x) 4 the restriction of y on B(X), we also
have that f is restz x) p- integrable and

(1.10) /de (restB(X)u):/deu.

Now we present a result concerning the convergence of integrals with respect
to finite Borel measures, which will be useful in Section 3.
We shall denote by 1 the constant function of value 1.

Proposition 1.1. Let w be a function satisfying hypothesis (1.2) such that
w(z) < 1 for every x € X, and let (jin)n>1 and p be in M, (X). Let us suppose
that

(1) lim/ldun:/wdu

and

(ii) Jirgo/)(gdun = /ngdu for every g € K(X).

If f € CF(X) and if

(iii) K := sup,,>; /X | f|Pdpy, < 400 for somep € R;p > 1,
then

lim fdun :/ fw dp.

Proof. We preliminarily note that each f € C}’(X) satisfying (iii) belongs to
LY(X,B(X), i) for every n > 1 since p, is finite.
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Moreover, we note that, since

/ Ldp=p(X)=  sup /gdu,
X gEK(X),0<g<1 /X

for every fixed £ > 0 there exists g € K(X), 0 < g < 1, such that

W A el eI N2

where ¢ denotes the conjugate exponent of p, i.e., ¢ = p/(p — 1).

Furthermore, for every n > 1, from (iii) we obtain that | f|P € L'(X, B(X), jin)
and, since 0 < (1 —g)? < 1—g € LY(X,B(X), i), we have that (1 — g)4 €
LY (X, B(X), j1,). Taking the above remarks into account, from (iii) and Holder’s
inequality we get

@ |[ sam [ wa<| [ fan, - [ soie
+‘/ngdun—/xfgwdu‘+‘/ngwdun—/xfwdu‘
S/X\f\(l—g)duwr‘/ngdun—/xfgwdu‘

# [l = gdn< ([ \f\pdunf (f <1—g>Qdun)%

+| [ soam— [ fgwdu|+Hwa [ =g

<K» (/X(l—g)dunf+‘/ngdun—/xfgwdu‘+Hwa/X(1—g)du-

On the other hand, from (i), (ii), (1) and the hypothesis on w we infer that
On the other hand, from (i), (ii), (1) and the hypothesis on w we infer that

G) lim (l—g)dun=/x(1—9)wdué/X(l—g)dus( )

n—oo X o

3K»

and

lim / fgdpn = / fgwdp.

Hence, there exists v € N such that, for every n > v, we have

c q
@ /X (1— g)duy < <3K%)
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and

(5) I/X Jgdun — /ngwdul < %

Consequently, by inserting (3), (4) and (5) in (2), we obtain

‘/ fdun—/fwdu‘ge for every n > v,
X X
and hence the result follows. ]
Remark 1.2. Note that, as the above proof shows, Proposition 1.1 holds true
simply by assuming that w € Cp(X) and 0 < w < 1.
- Transition functions and Markov processes

Now we recall some definitions concerning Markov processes.

A family of functions P, : X x B(X) — R (¢ > 0) is called a Markov transition
function on X, and we shall briefly denote it by (P;):>0, if it satisfies the following
conditions:

1) Pi(x,-) is a positive Borel measure on B(X) and P,(x, X) < 1 for every
t>0and z € X;

2) P,(-, B) is a Borel measurable function for every ¢t > 0 and B € B(X);
3) Py(z,{z}) =1 for every z € X;

4) Pyyy(z, B) = / Py(-,B) dP;(x,-) foreverys,t > 0,z € X and B € B(X)
X

(the Chapman- Kolmogorov equation).
Moreover, (P;)¢>o is called normal if

(1.11) hm+ Pz, X)=1 for every =z € X;

t—0
the family is also said to be uniformly stochastically continuous on X if for every
€ > 0 and for every compact K C X we have

(1.12) lim sup [1 — Pi(z,Us(2))] =0,
t—0t ek

where U, (z) := {y € X|d(x,y) < €} (here d denotes the distance on X).

We also recall that a Markov process with state space X is a quadruple (2, U,
(P%)zex, (Zt)t>0), where (Q,U) denotes a measurable space, (P?);cx a family
of probability measures on U, and (Z;):>0 a family of (U, B(X))- random variables
from 2 into X such that the function x — P¥(A) is Borel measurable for every
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A €U and P*{Z,,s € B|Us} = P%{Z, € B} P*-as. forevery s,t > 0,7 € X
and B € B(X).

Here U denotes the o-algebra generated by (Z,)o<u<s, P?{Z; € B} the
random variable w — P%“){Z, € B} and P*{Z,,, € B|U,} is the conditional
probability of {Z,,, € B} given Us.

The Markov process (2, U, (P?)zex, (Z¢)+>0) is called normal if

(1.13) P {Zy=z}=1 for every z € X.

Intuitively, we may think of a particle which moves in X randomly after an
experiment w € 2. Then Z;(w) represents the position of the particle at time ¢ > 0.
If B is a Borel subset of X, P*{Z; € B} is the probability that the particle starting
at position x will be found in the set B at time ¢.

Moreover, for every w € ) the mapping ¢t — Z;(w) is called a path of the
process and the Markov process (2, U, (P*)zex, (Zt)t>0) is called right-continuous
if, for every z € X, one has

(1.14) P*{w € Q|t — Z;(w) is right-continuous on [0, +-o0o[} = 1.
We shall also need to consider the random variable ¢ : 2 — R defined by
(1.15) ((w) :=inf{t € [0, +00[| Z¢(w) = oo} (we )

(with the convention inf () = +00), called the life-time of the process.

At this point we recall how it is possible to associate to each Markov process a
Markov transition function, and to the last one a semigroup of operators satisfying
suitable properties (for more details, see [1] and [13]).

If (Q,U, (P%)zex, (Zt)t>0) is a Markov process with state space X, by putting

Py(z, B) :==P*(Z; € B) = Py, (B) foreveryt > 0,z € X

(1.16)
and B € B(X),

where P7 denotes the distribution of the random variable Z;, we obtain a Markov
transition function (P;):>0 on X (and, conversely, each normal Markov transition
function on X corresponds to some Markov process with state space X [13, Theorem
9.1.6)]).

Furthermore, if (P;);>0 is a Markov transition function on X, by putting, for
every t > 0,

(1.17) T() f(z) = /dePt(x, )

for every x € X and for every Borel measurable and bounded function f : X — R,
we obtain a positive semigroup (7'(t));>o of contractions (with respect to the sup-
norm) on the space of real-valued Borel measurable and bounded functions on
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X. The semigroup (T'(t)):>0 is called the transition semigroup associated with
the Markov transition function (P;):>¢ or, equivalently, with the Markov process
(U, (P%)sex, (Zt)t>0), if (Pr)t>0 is given by (1.16). In the last case, we can
also write

1L18)  T(t)f(z) = /X fdpg, = /Q foZ,dP" = By (f(Z)),

where E,(f(Z;)) denotes the expected value (with respect to P*) of the random
variable f(Z;).

Finally, we recall that a semigroup (7'(¢))>0 on Cy(X) is called a Feller semi-
group if it is strongly continuous on Cy(X), T'(¢) is positive and ||T'(¢)|| < 1 for
every t > 0, while a Markov transition function (P;);>0 on X is called a Feller
function (resp., a Cp-function) if the semigroup (7'(¢));>0 given by (1.17) leaves
invariant the space Cy(X) (resp., the space Cy(X)).

For more details on the deep relations between Markov processes, Markov tran-
sition functions and Feller semigroups, see, e.g., [1, 7, 13].

2. POSITIVE SEMIGROUPS ON WEIGHTED FUNCTION SPACES, FELLER FUNCTIONS
AND MARKOV PROCESSES

In this section, we shall study the relationship between semigroups on the space
C{ (X)) and Markov processes with state space X .

Let (T'(t))t>0 be a positive semigroup on CY’(X) and, for every ¢ > 0 and
x € X, let us consider the positive linear form T, ; on C’(X) defined by

2.1) Too(f) =T f(x)  (f € Cy'(X)).

By virtue of (1.6), there exists a unique regular Borel measure i, ; € Mb+ (X)
such that wf € LY(X, B(X), ptzt) and

@D TOF@) = Tuslf) = [ fuduse for every f € CY(X),

As regards the measure wjyi, t, we note that it is also finite, since 1 € C’(X)
and, from (2.2), it follows that

23) (i) (X) = [ wdpa = TO1) € R
X
At this point we prove the following result.

Theorem 2.1. Let (T'(t))t>0 be a positive semigroup on C§'(X). Then the
following statements are equivalent:
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a) (1) T(t)(Cu(X)) C Cu(X) and T(t)1=1 for every t > 0;

(i) lim [ T(8)f = flleo =0 for every f € C,(X).
b) There exists a uniformly stochastically continuous normal Feller function (Py)¢>0
on X such that

(i) Pi(x,{o0}) =0 for every t > 0 and x € X

(i1) if t > 0 and x € X, then each f € C.(X) is Pi(x,-) - integrable and

2.4) 1()1(@) = [ faPie) = [ Fae.).

Xoo
Furthermore, if a) or b) holds, then

1) for everyt > 0 and v € X, one has that restg x)Pi(, ) = Wiy, where ji 4
is the finite regular Borel measure associated with (T'(t))t>0 by (2.2); in particular,
1/w is Py(x,-) - integrable;

2)ift >0 and x € X, then each f € C§(X) is Pi(z,-) - integrable and
@9 TWH@) = [ fudiei= [ SR = [ far
X X Xoo

3) there exists a right-continuous normal Markov process (2, U, (P*) ex..,
(Z¢)t=0) with state space X, whose paths have left-hand limits on [0, ([ a.s., such
that

(2.6) P37 (B) = Pi(z, B) for everyt >0,z € X and B € B(X),

ie, Py = Py(x,-). Thus P*{Z; = oo} = 0 and 1/w as well as all f € Cy’(X)
are P7 - integrable and

@) (1) f(x) = /X AP, = Eo(1*(22).

Proof. a)==b): By virtue of the identification between C,(X) and C(X)
shown in the previous section and the hypotheses (i) and (ii), (7'(t)):>0 can be
regarded as a Feller semigroup on C(X,). Consequently (see, e.g., [1, Theorem
1.6.14]), (T'(t))¢+>0 becomes the transition semigroup of a uniformly stochastically
continuous normal Feller function (P;);>p on X (see (1.11) and (1.12)) such that

T(At/)f(x) = /. fdP,(z,-) forevery t > 0,z € X and f € C,(X).

Here f and T'(t)f denote, respectively, the continuous extension on X, of f and
T(t)f defined by (1.7). In particular, if z € X one gets

() (1) f(x) = / fdPyz, ).

oo



150 Francesco Altomare and Ingrid Carbone

In order to prove (i), it will be sufficient to show that P,(x, X) = 1 for every
t>0and xz € X.

We preliminarily note that, since X is also countable at infinity, there ex-
ists an increasing sequence (up)n>1 in K(X) such that each w, is positive and
sup,,>; Un = 1. Moreover, denoting by 1x the characteristic function of X in X,
one also has that sup,,>1 Unp, = 1x. For given ¢ > 0 and = € X, taking (1) and
formula (2.2) into account, from the Beppo Levi Theorem it follows that

Pt(x,X):/ IXdPt(x,-):sup/ i dPy(z, )

n>1

oo

= sup T (O)un(z) = sup [ i,
n>1 n>1Jx

= / <sup un> wdfiy ; = / wdpgy =T(t)1(x) = 1.
X \n>1 X

Hence (i) is proved.

In order to show (ii), we observe that if f € C,(X), then f=/f*=fonX,
i.e., Py(z,-) - a.e. and, consequently, f* is P;(x, -) - integrable and, for every ¢ > 0
and z € X,

oo

@ FrdP(x,) = | fdP(x,").
Xoo Xoo
Hence f is P,(z,-) - integrable and, by virtue of (1) and (2), for every ¢ > 0
and z € X we have

T(07(0) = [ Fare) = [ pane = [ far..
Xoo Xoo X
And this completes the proof of part b).
b)=-a): From the hypothesis b) it follows that, if we consider for every ¢ > 0
the operator S(t) : C'(Xo) — C(X) defined by

€) St)f(x) := . fdPy(z,-)  (f € C(Xx) 2 € Xoo),

then (S(t))+>0 is a Feller semigroup on C(X) (see, e.g., [1, Theorem 1.6.14] and
[13, Remark 9.1.10 and Theorem 9.2.6]).

If f € Cu(X), for every t > 0 and = € X, by virtue of the hypotheses and (3)
we can write

@ T(t)f(x) = / fdP () = St F(x),

oo
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and, hence, T'(t)f = S(t)f|, and, consequently, T'(¢)f € C.(X) and T(Atjf =
S(t)f.

Moreover, from (4) it follows that
TO1(x) = SE)i(z) = / 1dPy(x, ) = P, Xo0) = 1

which proves (i).
As regards (ii), for every f € C(X) and ¢ > 0, denoting by || - || the sup-norm
on C(X), one has

T f = flloo = IT@f = Il = IS@F = fll =0 (¢ —0").

And hence part a) is completely proved.

Let us suppose, now, that one, and hence both properties a) or b) are satisfied.
We remark that, for every fixed ¢t > 0 and z € X, wy,, and restg x)P;(, -) are
both regular Borel measures in Mb+ (X), and that, by virtue of the representation
formula (2.2), hypothesis b)(ii) and identity (2), one has

[ fuwdis =705@) = [ Farie) = [ g (restapoPia)

oo

for every f € K(X).

By the uniqueness in the Riesz representation theorem (see, e.g., [1, Theorem
1.2.4]), the above two measures coincide, and then 1) is proved.

As regards 2), we note that every function f € C{’(X) is Borel-measurable and,
from (2.2) and part 1) just proved, it follows that

/Xoo\f*\dpt(x,-):/X\f*\dPt(ww)
:/ |fld (restB(X)Pt(xv'))
X

- / ‘f‘wdﬂm,t < +0o0,
X

i.e., f*is P;(z,-) - integrable. Hence, f is P;(z,-)- integrable and, from (2.2) and
1) one has

/dePt(x,-): PPz /fdPt

/ fd (rests ) Po( / Fudpn; = T f (),

which proves 2).
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Finally, part 3) is a direct consequence of a result of [7] (see, also, [1, Theorem
1.6.14]). [

Remark 2.2. As the final part of the proof shows, the Markov process described
in part 3) of the above theorem depends on the restriction of the semigroup (7°(¢))+>0
on C,(X) only.

Therefore, if p € Cy(X) is another weight satisfying (1.2) and if (S(t))>0 is
another positive semigroup on C{j(X) satisfying part a) of Theorem 2.1 and such
that

S(t) =T(t) on C.(X) for every t > 0,
then their corresponding Markov processes are the same.

If in part a) of the above theorem one replaces C, (X ) with Cy(X), then one
gets a Feller Cp- function on X.

Theorem 2.3. Let (T'(t))i>0 be a positive semigroup on CY(X). Then the
following statements are equivalent:

a) (1) T(t)(Co(X)) C Co(X) and T(t)1=1 for every t > 0;
(i) lim |[T(5)f = flloc = 0 for every f € Co(X).
t—
b) There exists a uniformly stochastically continuous normal Feller Cy-function
(Py)e>0 on X such that

(i) for every s > 0 and for every compact K C X one has

lim sup Pz, K)=0;
T—00 0<t<s

(ii) for every t > 0, x € X and f € Cy(X) one has

T@ﬂ@=Aﬂﬁ@ﬁ-

Moreover, if a) or b) holds, then

1) for every t > 0 and x € X one has that P;(x,-) = wfiy+, where jig is the
finite regular Borel measure associated with (T(t))¢>0 by (2.2); in particular, 1 /w
is Py(z,-) - integrable;

2)ift > 0and x € X, then each f € CY'(X) is Py(x,-) - integrable and

m:Amm /JMMu

3) there exists a right-continuous normal Markov process (2, U, (P*)zex,
(Z¢)t=>0) with state space X, whose paths have left-hand limits on [0, (] a.s., such
that

P37 (B) = Pi(z, B) for everyt >0,z € X and B € B(X).
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Therefore, 1/w and each f € Cy'(X) are Py, - integrable and
7()1(w) = [ FdP3, = EA£(20).

Proof. As regards the equivalence between a) and b), apply Theorem 9.2.6 of
[13]. As regards the remaining statements, take Theorem 9.1.9 of [13] into account,
and adapt the proof of the corresponding part of Theorem 2.1. ]

We conclude this section by presenting a simple characterization of properties (i)
and (ii) of part a) of Theorems 2.1 and 2.3, respectively, in terms of the infinitesimal
generator of the semigroup.

Proposition 2.4. Let (T'(t)):>0 be a positive semigroup on C§ (X)) with infin-
itesimal generator (A, D(A)). Then properties (i) and (ii) of part a) of Theorem
2.1 (Theorem 2.3, respectively) are satisfied if and only if the following conditions
hold true:

1)1 € D(A) and A(1) = 0;
2) There exists a subspace Dy of D(A) N Cy(X) (of D(A) N Cy(X), resp.) which
is dense in C(X) (in Co(X), resp.) for the uniform norm such that

D) A(Do) € Cu(X) (A(Do) C Co(X), resp.);

) A|p, is closable in C..(X) (in Co(X), resp.) and its closure is the infinites-
imal generator of a Feller semigroup on C.(X) (on Cy(X), resp.).

Proof. If T(t)1=1 for every t > 0, then lim+(T(t)1-1)/t = 0 and hence 1 €
t—0

D(A) and A(1) = 0. Conversely, if 1 € D(A) and A(1) = 0, then the two
functions u(t) := 1 and T'(¢)1(¢ > 0) are both solutions of the Cauchy problem
a(t) = Au(t)(t > 0), u(0) = 1. Therefore T'(¢)1 = u(t) = 1 for each ¢ > 0.
Assume now that properties (i) and (ii) of part a) of Theorem 2.1 are satisfied
and set T'(t) := T'(t)c,(x)(t > 0). Then (T(t))¢>0 is a Feller semigroup on C (X))

and let (A, D(A)) be its infinitesimal generator.

If u € D(A), then lirrL(T(t)u — u)/t exists with respect to ||.||oc and hence
t—0

with respect to ||.||w. So, u € D(A) and Au = Au. .
Thus conditions I) and II) follow by setting Dy := D(A).

Conversely, assume that conditions 1) and 2) hold true. Set A* := Ap; : Do —
C,(X) and denote by (A, D(A)) its closure in C.(X). Finally, denote by (T(1))¢>0
the Feller semigroup on C,(X) generated by A.

Note that D(A) C D(A) and A|D(A) = A, because A|p(anc,(x) is closed
with respect to the uniform norm as well.



154 Francesco Altomare and Ingrid Carbone

Fix now ug € D(A) and consider the following Cauchy problems:

(1) u(t) = Au(t) = Au(t) in Cu(X),t > 0,u(0) = uo,
() 0(t) = Av(t) in CF (X),t > 0,v(0) = up.

The function wu(t) := T(t)ug(t > 0) is a solution of (1) and hence of (2) and
so T(t)ug = T(t)ug for every t > 0.

Since D(A) is dense in C,(X) and the operators T'(t) and T'(t) are continuous
from (C4(X), ||.]lo) into (C4(X), ||-]lw), We infer that T'(t) = T(t) on C,(X)
for each ¢t > 0 and so part a) of Theorem 2.1 follows.

The respective part of the statement follows by replacing C,(X) with Cp(X)
in the above proof. u

3. MARKOV PROCESSES ASSOCIATED WITH DIFFUSION EQUATIONS ON [0, +00]

This is the main section of the paper. We shall construct a Markov process
associated with a class of degenerate diffusion equations on [0, +o00[ and we shall
study some properties of it.

Consider the locally compact space X = [0, +-o00[ and the weight wo defined
by

1
The corresponding space C (X)) will be denoted by WY, and we shall consider
it endowed with the norm || - ||2 defined by
|/ ()] 0
32 = — W.
(3.2) | £1l2 A S (feWy)

(see (1.2) and (1.3)).
For a given function o € C([0, +0o0[), let us consider the differential operator
A: D(A) — WY defined by

"

alz)f (x) ifz >0,

33 A =
(33) f(@) { 0 o

for every f € D(A), where the domain D(A) of A is the subspace of all functions
f € WYNC%(]0, +oc) satisfying the conditions
’ o(x)

(3.4) lim a(@)f () =0and lim ==

() =0.
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In [3, Corollary 4.4] we proved that, under the following additional assump-
tions:

(3.5 « is differentiable at 0,
a(z)

(3.6) there exist g, a; € R such that 0 < g < —= < g for every x > 0,
T

the differential operator (A, D(A)) generates a positive Cp-semigroup (7'(¢)):>0 on
WY such that T'(t)1=1 for every t > 0.

Moreover,
(3.7) T(t)(C«([0, +00[)) € C«([0, 4-o00) for every t > 0
and
(3.8) (T'(t))+>0 is strongly continuous on Ci ([0, +00|)

(see [3, Remark 4.5]).
Hence, from Theorem 2.1 we immediately obtain the following result.

Theorem 3.1. Let (T(t));>0 be the semigroup generated on the space W3 by
the differential operator (A, D(A)) defined by (3.3) and (3.4) under the conditions
(3.5) and (3.6).

Then there exists a right-continuous normal Markov process (Q, U, (P*)p<z<+o00+
(Z¢)>0) with state space [0, +00], whose paths have left-hand limits on [0, ([ a.s.,
such that

1) P*{Z; = 400} =0 for every t > 0 and x > 0;

2) for every t > 0 and x > 0, there exists a unique regular Borel measure
Lot € M ([0, +00]) such that

Iestp([0,+oo) Pgt = Wollg t-

—+o00

Thus, 1/wy is P, - integrable, i.e., / u2dP§t(u) < 4o00. Moreover, each
0

f € Wi is P - integrable and

+o0 +o0

(3.9) T(t)f(x) = ; Jwadpg s = ; fdPz, = Eo(f*(Z))

for everyt > 0 and x > 0.

The parabolic equation associated with the differential operator (3.3), i.e., the
differential equation

ou 9%u

(3.10) o
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is a degenerate diffusion equation and represents the Kolmogorov’s backward equa-
tion of the normal Markov process described in the above theorem; the variance
instantaneous velocity and the mean instantaneous velocity of the process at a posi-
tion x € [0, +oo] are a(z) and zero, respectively.

According to the terminology introduced by [8], 0 is an exit boundary point for
the process. From a probabilistic point of view, this means that the probability that
a particle (the process) located in |0, +oo[ will reach 0 after a finite lap of time is
strictly positive.

The first of the two conditions of (3.4) implies that when the particle reachs 0
for the first time, it sticks there forever [13, §§ 1.7, 1.8].

The second condition implies that Z; is P?- square integrable, i.e., its variance
is finite.

Our next aim is to determine the expected value F,(Z;) and the variance
Var, (Z;) of the random variables Z; with respect to P”, and to give an approxima-
tion formula of the distribution of the position at every time. In particular, we shall
prove the following results.

Theorem 3.2. Under the same hypotheses of Theorem 3.1, for every t > 0 and
x > 0 one gets

(1) Ey(Zy) = 3

(i) Var,(Z;) = aotx if there exists o € R such that a(x) = (o /2)x (z > 0);

(iii) cAotr < Var,(Zy) < ctx, where \g := inf,~o(2/c)(a(z)/z) and ¢ :=
sup 2(a(z)/x).
>0

As regards the approximation of the distribution of the position we shall show
that the Markov process considered in this section can be interpreted as a limit of

random walks, provided o(z) = (ap/2)z (z > 0).
For every n > 1, set

h
(3.11) A, ::{E‘ heN}

and for every x € A,,, consider the Borel measure p,, , on A,, defined by

- (na)"
(3.12) Png = Ze_”m Wk
h=0

where €, /,, denotes the unit mass at h/n.
Consider the random walk

1
(3.13) (An, e (pn,m)mean>
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having A,, as support, 1/n as basic time-interval and (py )z, as one-step transi-
tion probability distributions. This means that, if a particle is at a position x € A,
at time h/n(h € N), then it remains at x during the interval [h/n, (h+ 1)/n[, and
at the time (h+1)/n it jumps so that the probability that it goes to any Borel subset
B of Ay, 18 pp2(B).

The family (p,, +)zea, determines a linear operator 7;, from the space B3(Ay,)
of all real-valued Borel measurable functions f on A,, such that sup(waf)(h/n) <

h>0

400 into itself, which is defined as

(3.14) To(f)(x) := /A fdpnx (feB5(AL), z€A,).

The operator T, is called the one-step transition operator of the random walk.

If a Borel probability measure © on A, gives the distribution of the initial
position of the particle, then the Borel probability measure 7;,(u) on A,, defined
by

19 TE) = [ paBdu) = [ Tndu (BeBA)

(here 15 denotes the characteristic function of B), gives the distribution for its
position after the first jump and, for p > 2, T} () is the distribution for its position
after the pth jump, where

(3.16) TH(n) = T (T2 (1) -

(For more details on random walks, see, e.g., [6, pp. 190-191] and [14, Sect. 6].)
Finally, if v € M, ([0, +o0]), for every ¢ > 0 we shall denote by T'(¢)(v) the
Borel measure on [0, +o00[ such that

+o00o +o00o
(3.17) [ rarow) = [ e
for every f € Cy([0, +00).
If v is a probability measure which gives the distribution of the initial position of
the particle whose motion is described by the Markov process described in Theorem
3.1, then T'(t)(v) gives the distribution of the position at time ¢.

Theorem 3.3. Assume that o(z) = (ag/2)x (x > 0). Then the sequence of
random walks (3.13) WY-converges to the Markov process described in Theorem
3.1 in the following sense:

(i) For every Borel probability measure . € M ([0, +o0[) such that 1/ws is p-
integrable (i.e., the second moment of |1 is finite), there exists a sequence (fiy)n>1
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of Borel probability measures in M ([0, +o0[) such that 1/ws is - integrable
and Supp p, C A, for each n > 1, and

(3.18) w= lim p, weakly.
n—oo
(i) For every i € M, ([0, +00[) and for every sequence (fi,)n>1 in M, ([0, +00[)
as above, for every t > 0 and for every sequence (k(n)),>1 of positive integers
such that lim k/(n)/n = ct (for instance, k(n) = [cnt], n > 1, where |-| denotes
n—oo

the integer part), we have
(3.19) T(t)(n) = lim T/f(”)(un) weakly.

In order to present the proofs of Theorems 3.2 and 3.3, it is necessary to recall
some results concerning a sequence of positive linear operators of discrete type
introduced and studied in [2, 3, 5], to which we refer for further details.

In [3] we give, in particular, a representation of the semigroup (7'(¢))>o in
terms of the iterates of the operators mentioned above, and such a representation
will be essential in order to obtain the results contained in Theorem 3.2.

- The positive approximation process

We first point out that, if the function « satisfies the assumptions (3.5) and
(3.6), then we can write

A
(3.20) a(z) = o Q(x) (x >0),
where
(3.21) c 1= sup QM
>0 x

and

2(z) if 7> 0,
(3.22) Az) = ce

240 ifx=0.

Hence A € C([0, 4o0[) and 0 < (2/c)apg < A(x) < 1 for every x > 0.

For every 5 > 0, we denote by Ej the subspace of C([0, +00[) of all functions
f € C(]0, +00[) such that sup,~,e P?|f(x)| < +o0o. The space Ejs, endowed
with the natural order and the norm | - || defined by

(3.23) 1£llg := sup e P f(x)| (f € Ep),
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is a Banach lattice.
We also set F, := Ug>oEp.
Given a function A € Cp([0, +00[) such that 0 < A(x) < 1(z > 0), we set

Mo (@) =3 (1M = A e
(3.24)

h=0

for every f € Eso, x > 0and n > 1.
The operators M, 5 are positive, linear and continuous on several subspaces of
F . In particular, they map W20 into itself, are continuous, and, for every f € W9,

(3.25) lim M, ,(f)=f in W

(see [3, Corollary 2.5]).

In [3, Corollary 4.4]), we also showed that, if & € C(]0, +oc|) satisfies condi-
tions (3.5) and (3.6), and if (7'(t));>0 is the semigroup generated on the space W7
by the differential operator (A, D(A)) defined by (3.3) and (3.4), then for every
sequence (k(n)),>1 of positive integers such that lim,, . k(n)/n = ct, one has

(3.26) T(t)f = lim M f in WY,

k(f ) denotes the

and hence uniformly on compact subsets of [0, +-oof, where M,
iterate of order k(n) of the operator M, ».
We remark that, when A = 1, the operators M,, x become the Favard- Szasz-

Mirakjan operators M,, defined by

o0 h
6 =Y e B (B) (e Baazonz .

h=0

On the other hand, the operators M,, x can be expressed in terms of the operators
M, via the formula

(28 Mua(H) =3 (Z)A(w)ﬁ(l @) My (fap) (2)
p=0

for every f € F,, z > 0 and n > 1. Here My denotes the identity operator and
fn,p,z 1s the function defined by

(3.29) Fapalt) = f (%t +(1- %) ) (t>0).
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For each p € N, p > 1, we set ey(z) := 2P (x > 0). One can prove (see [4,
Lemma 3] and [3, p. 324]) that, for every n > 1,

(3.30) Mn(el) = €1, an,\(el) = €1,
€1 A
(3.31) Mn(eg) =e9 + g, Mm)\(eg) =e9 + 561,
3 €1
(3.32) Mn(eg) =e3+ E ey + ﬁ’
6 a (&) .
(3.33) Mn(e4) =ey4 + E €3 + ﬁ €2 + ﬁ (Wlth a > 0).

First of all, we estimate, from above and from below, the iterates of order p of
the operators M,, evaluated on the functions eo, e3 and ey.

Lemma 3.4. For every n,p > 1 one gets

(i) Mf(ez) = ez + £ eg;

(i) 0 < MP(es) < es+3L ey + 325 ¢;

(iii) 0 < MP(es) < eq + 6 Z e + b 2EF ¢ 4 p 22t BEL

where b is a constant independent of n and p.

Proof. Assertion (i) follows from formulas (3.30) and (3.31) and from the lin-
earity of each M,,.
As regards (ii), we first note that, from (i) and formula (3.32) it follows that

(1) MPH (e3) = MP(Miy(es)) = MP(e3) + % (e 2er) + 4.

Now we prove (ii) by induction on p.
If p =1, (ii) follows directly from (3.32). If we suppose that (ii) is true for p,
then, taking (1) into account, we get

2

3 3 e
M£+1(63)§ e3 + 3262 + —p—261 + — (ez + 261) + —12
n 2n n n n
+1 1 /3
—e3+ 3L 62+—2<—p2+3p+1)61
n n 2

p+1 3(p+1)2
5761.

<eg+3——ey+ 2
n n
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As regards (iii), from (ii) and formulas (3.31) and (3.33) it follows that
p+1 p p 6, /p a p
M (e4) = ME(Ma(es)) = ME(ea) + - ME(es) + 5 (2 + Ter)

el 6 p 3 p2
2 +$ < Mﬁ(e4) + E <63 + 3562 + 3 ﬁ@)

a e
+— (ez + £e1> + —é
n n n
We set b := max{a, 18} and we prove (iii) by induction on p.
If p =1, (iii) follows from (3.32). If we suppose that (iii) is true for some p,
then, taking (2) into account, we have

(p+1), N PP+ 1) (2p+1)

p+1 b p
My (es) < eq+ 6-es + b 32 33 el

2

6 3 a e
+— <63 +32e, 4 —p—261> + = (62 + 261> + —é < ey
n n 2n n n n

+1 b
+65 63+§(p(p+ +p+1)es

b +1
+@(p(p+1)(2p+1)+3p2+3p+3)el:e4+6pn o

b 9 b ,
+ﬁ(p+ 1) ez—i—w (p(p+1)(2p+1)+3p*+3p+3) e

1 1 9
<es+ 6&63 + bw@
n n
1 2)(2 1 1

+b(p+ )(p+2)(2(p+ 1)+ )617

3n3

since p(p+1)(2p+1) +3p*> +3p+3 < (p+ D)(p+ 2)(2(p+ 1) + 1) for every
p>1. [ |

In order to quickly prove the main result of this section, we need to estimate
the iterates of the operators M,, » evaluated on the functions e> and e4. To do it,
we shall need the following result, which is of independent interest.

In the sequel, A will denote a fixed continuous function on [0, +oo] such that
0 < A(z) <1 for every x > 0.

Proposition 3.5. Let f € E, be a convex function. Then, for every n > 1,

(1) f < Mppaan(f) < Mua(f);
(ii) if o € Cp([0, +00[), 0 < a < X, one gets My, o(f) < MyuA(f).
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Proof. (i) By virtue of formulas (1.18) and (1.19) of [2] and of Theorem 2 of
[12], it is easy to show that M, 11 (f) < My x(f) for every n > 1 (see, also, [9,
Theorem 3]). As regards the first inequality, it follows from the second one and
from part 1) of Theorem 2.3 of [2].

(ii) In [2, formula (1.8)], we give the following representation of the operators
Mn, M-

+oo +oo
0 M) = [ [ (P Y ) dpatan),

which holds true for every f € Eo, > 0 and n > 1. Here p, » denotes the
distribution on R defined by p, ) := A(z)m + (1 — A(x))e,, where 7, denotes the
Poisson distribution on R with parameter x (with the convention g = £¢).

If we take n = 1 and A\ = 1, then by using (i) and (1), for every x > 0 and for
every convex function f € F,, we obtain

+o0o

) flx) < Mia(f)(x) = My(f)(z) = ; fdms.

Moreover, the function f,, : R — R defined, for every fixed = > 0 and
a € [0,1] by f,q(t) :== f(at + (1 —a)z) (t > 0), is convex too. Hence, again, for
every x > 0 we obtain

+o00o
(3) fz,a(x) < Ml(fz,a)(x) = fz,ad'fra:-
0

At this point it is sufficient to use (3) and to follow the proof of Theorem 6.1.13

of [1], replacing ug with 7, and I/%:a with pg q. ]

Taking the above proposition into account, we are able to prove the next result,
whose corollary will be essential in the proof of Theorem 3.2.

Proposition 3.6. Let f € E, be a convex function. Then, for every o, 3 € R
such that 0 < a < A\(z) < <1 (x >0), one has

ME o (f) < My \(f) < My 5(f)
for every n,p > 1.
Proof. We fix a convex function f € E., and we preliminarily note that M, x(f)

is a convex function for every n > 1 if and only if X is constant (see [5, Theorem
2.3]). We prove the result by induction on p. If p = 1, the assertion is part (ii) of
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Proposition 3.5. If the assertion is true for some p, taking part (ii) of Proposition
3.5 into account, we obtain, for every n > 1,

MEE(f)= Mya (MEa(f)) < My (MEa(f) < Moy (M2,())
= M73(f)
and

MEEN () = M (M A()) < M (M2 5(1)) < Mus (M2 (1)
= MPEN(f). .

Corollary 3.7. If Ao := infy>0 A(x) > 0, then for every n, p > 1 we have
(i) M, (e4) < M (ea);
(11) M£7AO(62) < Mf;)\(e2) < Mg(e2)7 i'e'v

e2 + %)\061 < M \(e2) < e+ %61-

Proof. (i) The result follows directly from Proposition 3.6, the convexity of ey
and the equality M,,; = M,, (n > 1).

(ii) The first part again follows from Proposition 3.6, the convexity of ey and
the inequalities 0 < Ao < A(z) <1 (z > 0).

As regards the second part, it is a consequence of the first one and of the fact
that MY, o(e2) = e +pSep for every n, p > 1 and a €]0, 1] because of (3.31). =

- Proofs of the main results

We are now ready to present the proof of Theorems 3.2 and 3.3.

Proof of Theorem 3.2. Let us fix ¢ > 0, x > 0 and a sequence (k(n)),>1 of
positive integers such that lim k(n)/n = ct, where c is the constant defined by
n—oo

(3.21).
Since e; € WY and M, »(e1) = e; for every n > 1, by virtue of (3.9) and
formula (3.26) applied to the function e;, one gets
oo k(n)
El(Z) = / erdPg, = T(er (@) = lim MG (e1)(2) = ea(a) = .
0 - '

which proves (i).
As regards the determination of Var,(Z;), we first remark that

400
Var,(Z)) = / e2 dPE, — (Eo(Z,))? < +00
0
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—+o00
since / €9 dPgt < +o0.
0

—+o00
We begin to prove that / eaws dty s = limy, o0 M:(f) (e2)(x).
o ,

For every n > 1, let us consider the discrete Borel measure yi,, , € Mb+ ([0, +o0l)
such that

oo k(n)
| gdine = M g)(w) for every g € B
0

and let us note that, by virtue of the representation formula (3.26) and of Theorem
3.1 we have that

+00 +oo
) / Vdjins = 1 = T(#)1(z) = / ws djia s
0 0

since M, z(1) =1, and
~+00 k(n) ~+00
@ lim [ gduns = lim M (9)() = T(0g(@) = /0 G2 dpis

n—oo 0

for every g € K([0, +00[), since K ([0, +o00[) C W5.
On the other hand, from part (iii) of Lemma 3.4 and part (i) of Corollary 3.7, it
follows that

+o0 +o0
/ €5 djin = / eadping = MyS (ea) () < ME™) (e4)(2) < ea(2)
0 0

k(n k(n)(k(n)+1
G +6%e3(w)+b—( )(T(LQH Je(a)

k(n)(k(n)+1)(2k(n) + 1) ()
3n3 alr

< eq(x) + aes(x) + Pea(x) + yer(x),

+b

where «, 3 and ~ are positive constants independent of n, whose existence is
guaranteed by the fact that sup,,~; k(n)/n < 4oc.

Hence, by virtue of (1), (2) and (3), we can apply Proposition 1.1 to the case
w=wy, f =€z, [l = gt bn = lne and p = 2, and we obtain

+o0

too k(n)
4) /0 eqwa djiy + = nli)rgo ea dpin, = nh_)rglo Mn,A (e2)().

0
Now we proceed to prove statements (ii) and (iii).
(i1) From the hypothesis on the function «, i.e., A = 1 and ¢ = ag (cf. (3.20),
(3.21) and (3.22)) and from part (i) of Lemma 3.4, it follows that
n

MG (e3) = MF™ (e3) = e + —ey,
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and hence, by formula (4),

+oo
(5) /0 eqws dfiyt = nli)rgo <eg(x) + el(x)> = es(x) + apter (x).

Consequently, taking (i) and (5) into account, we get

+o0
Var, (Z;) = / eqwa dpig 1 — ea(z) = apter (x) = aptx.
0

(iii) We note that \g = inf,>o A(x) > 0 because of (3.22); furthermore, by
virtue of part (ii) of Corollary 3.7, we can write

k(n) k k(n)

)\061 S Mn

e + (,7\1)(62) <ex+ ep foreveryn > 1,

n
from which, taking (4) into account, we get

+oo
(6) cAotx < / eaws dfty ¢ — 22 < ctz,
0

and so the result follows. []

Proof of Theorem 3.3. For every n > 1, let X, be the Banach space of all
real-valued continuous functions f : A,, — R such that limy,_(waf)(h/n) =0,
endowed with the norm

en(f) = sup wa(x)[f(x)] (f € Xan).

[ASVANY

Moreover, consider the linear operator P, : W20 — X, defined as

Since every open subset of [0,+oo[ intersects A, for sufficiently large n,
(Xpn)n>1 forms a sequence of Banach spaces approximating WY (see [14, Sect.
2] and, also, [10, Sect. 3.6]).

So part (i) follows from [14, Lemma 3.1 and p. 895] because, by virtue of
Theorem 5.42 of [11], every Borel measure o € M,' ([0, 4+00[) (having support
contained in some A, resp.) corresponds to a positive linear functional on W3 (on
X, resp.) if and only if 1/wy is p- integrable.

Note that T,,(X,,) C X,,. Moreover, if f € W2, then for every n > 1,

Tn <f|An> - M”(f)|An
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(see (3.27)), and so we have

sup wa(a)|T()f(z) - T (f)(2)]

= sup wy(a)|T(0)f(2) - M () (@) < 1T (@) F = MR (f)]lo.

We end the paper with the following result.We always refer to the semigroup
and the Markov process described in Theorem 3.1.

Proposition 3.8. The following statements hold true:

() a given function f € W2 is convex if and only if
flz) < E.(f*(Z)) foreveryt>0and x>0,

i.e., the P*-expected value of f on the (random) position of the particle at every
time t, provided it starts at position x, is greater that f(x);

(ii) for every f € W3, we have

(3.34) tim TOI < cogy (@ 0),

t—+o00

where c is defined by (3.21). In particular,

(3.35) IT(1)] <1+ gt.

Proof. Part (i) is a direct consequence of (3.9) and Theorem 2.1 of [5].
As regards part (ii), since |f| < || f]|2(1 + e2), from formula (6) of the proof of
Theorem 3.2, for every t > 0 and = > 0, it follows that

+o0

+o00
T(t) ()| < /0 Flwsdpss < | /0 (1 + e2)wadta
< (1422 4 ctz) || f]2

and (3.34) follows.
Finally, (3.35) follows from the above inequality because

T
% < (1 +ct fﬂ) 1f]l2 < (1 + gt) 1 £]l2- .
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