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THE POTENTIAL AND CONSISTENCY PROPERTY
FOR MULTI-CHOICE SHAPLEY VALUE

Chih-Ru Hsiao and Yu-Hsien Liao

Abstract. In this article, we complete the proof that the extended Shapley
value has w-consistent property proposed by Hsiao, Yeh and Mo [4]. Then we
suggest an axiomatization which is the parallel of Hart and Mas-Colell’s [1]
axiomatization of the Shapley value by applying the w-consistency property.

1. INTRODUCTION

Motivated by calculating the power indices of players in different levels of
joint military actions, in [2] and [3], Hsiao and Raghavan extended the traditional
cooperative game to a multi-choice cooperative game and extended the traditional
Shapley value to a multi-choice Shapley value. We call the multi-choice Shapley
value the H&R Shapley value.

In [3], Hsiao and Raghavan give weights(discriminations) to actions instead
of players. The H&R Shapley value is symmetric among players and asymmet-
ric among actions, therefore, the H&R Shapley value is an extention of both the
symmetric and the asymmetric Shapley values.

In [1], Hart and Mas-Colell were the first to introduce the potential approach
to TU games. In consequence, they proved that the Shapley value [9] can result as
the vector of marginal contributions of a potential. The potential approach is also
shown to yield a characterization for the Shapley value, particularly in terms of an
internal consistency property.

The H&R Shapley value is monotone, transferable utility invariant, dummy
free and independent of non-essential players, please see [2] and [5] for details. In
1991, when Hsiao and Raghavan presented [3] in the 2rd International Conference on
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Game Theory at Stony-Brook, Shapley suggested that we should study the consistent
property of the H&R Shapley value.

The property of consistency is essentially equivalent to the existence of a po-
tential function. Following Shapley’s advice, in [4], Hsiao, Yeh and Mo defined
the potential function for multi-choice TU games and found an explicit formula of
the potential function. Moreover, they defined the w-reduced games with respect to
an action vector and a solution of multi-choice TU games. Also, they showed that
the H&R Shapley value is w-consistent and showed the coincidence of the H&R
Shapley value and the vector of marginal contributions of a potential. However, the
authors did not characterize the H& R Shapley value.

In [7], Liao tried to provide an axiomatization which is the parallel of Hart
and Mas-Colell axiomatization of the Shapley value by applying the w-consistency
property. However, Liao did not finish the job. In this article, we suggest an
axiomatization which is the parallel of Hart and Mas-Colell’s [1] axiomatization of
the Shapley value by applying the w-consistency property.

The main contribution of this article is to complete the proof that the extended
Shapley value has w-consistent property proposed by Hsiao, Yeh and Mo [4]. More-
over, we show that some of the results in [8] are special cases of the results in [4].

2. DEFINITIONS AND NOTATIONS
Slightly extending [3], we have the following definitions and notations.

Let U be the universe of players. Let N C U be a set of players and let
m = (m;)ien be the vector that describes the number of activity levels for each
player, at which he can actively participate. For i € U, we set M; = {0,1,---,m;}
as the action space of player i, where the action 0 means not participating, and
M = M; \ {0},

Note that we set M; = {0, 1,---,m;} as the action space of player i is just for
convenience, any totally ordered set {op, 01, -+, 0, } can do the same job.

For N C U, N # 0, let MN = HieN M; be the product set of the action
spaces for players N. Denote Oy the zero vector in RY.

A multi-choice TU game is a triple (N, m,v), where N is a non-empty and
finite set of players, m is the vector that describes the number of activity levels
for each player, and v : MY — R is a characteristic function which assigns to
each action vector = (x;);eny € MY the worth that the players can obtain when
each player i plays at activity level z; € M; with v(0x) = 0. If no confusion can
arise a game (N, m,v) will sometimes be denoted by its characteristic function v.
Denote the class of all multi-choice TU games by M C. Given (N, m,v) € MC
and x € MY, we write (N, x,v) for the multi-choice TU subgame obtained by
restricting v to {y € M™ | y; < ; Vi € N} only.
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Given (N,m,v) € MC, let LN™ = {(i,j) | i € N,j € M} Letw :
NU {0} — R* be a non-negative function such that w(0) = 0 and for all j < I,
w(0) < w(j) < w(l), then w is called a weight function.

Remark 1. For the traditional asymmetric Shapley value, Shapley gives weights
(discriminations) to the players. For our H&R Shapley value, we do not give
weights( discriminations) to the players. However, as we allow players to have
more than two choices, we should expect some differences due to actions. We use
a weight function w to modify the differences due to actions.

It is well-known that the traditional Shapley value has applications in many fields
such as economics, political sciences, accounting, and even military sciences. Of
course, our extended Shapley value also has the same applications as the traditional
Shapley value does.

However, the weight function w has different meanings in different fields. In
military sciences, we may treat w(j)s’ as parameters to modify the differences due
to different levels of military actions.

Given (N, m,v) € MC and a weight function w for the actions, a solution on
MC' is a map ¥" assigning to each (N, m,v) € MC an element
N,m
YY(N, m,v) = ( %(N,m,v))(i’j)ELN’m e RV,
Here Q/J;fj(N ,m,v) is the power index or the value of the player i when he takes
action j to play game v.
For convenience, given a (N, m,v) € MC and a solution ¢) on M C, we define
Yio(N,m,v)=0 forall i € N.
To state the H&R Shapley value, some more notations will be needed. Given
S C N, let | S| be the number of elements in S, S¢ = N \ S and let e%(V) be the
binary vector in RY whose component e (V) satisfies

1 ifie S
S s
> (N) = i
ei (V) { 0 otherwise .

Note that if no confusion can arise e (N') will be denoted by e .

i
Given (N, m,v) € MC and a weight function w, for any = € MY and i e N,
we define [zl = Yienyw(®i), lzll = Xy v and Mi(z;m) = {i | 2 #

From Hsiao and Raghavan [2], the H&R Shapley value v* is obtained by

WyNmv) =3 Y

k=1 a;=k,a#0y
reMN
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TCM;(z;m)

[v(m) —v(z — e{i})}.

NG w(w)
2 (1 el & Folar + 1)~ w(er)

Given (N, m,v) € MC and a solution 1) on MC, if there exist x,y € M,
such that x # y, v(x) # v(y),

Z wi,a}i(Nv m, ’U) = ’U((L‘)

€N

and
Z w’i,yi(Nv m, ’U) - ’U(y)v
1€EN
then we say that (N, m, v) is multiple-efficient with respect to .

The game (N, m,v) is called a non-essential multi-choice game, if v(z) =
S v(xet) for all z € MV
iEN
© Obviously, a non-essential multi-choice game is multiple-efficient with respect
to the H&R Shapley value. Moreover, it is easy to find an essential multi-choice
game which is multiple-efficient with respect to the H&R Shapley value. A char-
acterization of games which are multiple-efficient with respect to the H&R Shapley
value will be written in a separate paper.

Remark 2. The H&R Shapley value not only can be regarded as a value,
but also can be regarded as a power index. When we regard the H&R Shapley
value fy;fj(N ,m,v) as a power index, it makes sense for player i , for every j.
Please see [6] for example.

When we regard the H&sR Shapley value fy;f’j(N, m,v) as a value, player i
may be interested in only one action level 5%, then fy;fj(N , m, v) makes no sense for
player ¢ whenever j # j*.

However, we leave the definition of the H&R Shapley value as it is, not
only because it can be a power index, but also because we want our H&R Shapley
value applied to all kinds of multi-choice TU games such as multiple-efficient
games with respect to our H&R Shapley value.

3. POTENTIAL

Following [4], we rewrite the definition of the potential function for multi-
choice TU games. Furthermore, we complete the proof of the coincidence of the
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H&R Shapley value and the vector of marginal contributions of a potential on the
multi-choice TU games.

For € RY, we write zg to be the restriction of z at S for each S C N. Given a
(N,m,v) € MCandx € M, leti € N and j € M;, for convenience we introduce
the substitution notations x _; to stand for x ;3. Moreover, (z_,j) =y € RN
be defined by y_; = x_; and y; = j. Let z,y € RN, we say y < x if i < a; for
alli € N.

Given z € M, we denote S(x) = {i|x; # 0} to be the set of players that take
actions with levels higher than zero.

Given (N, m,v) € MC and a weight function w, we define a function P, :
MC — IR which associates a real number P, (N, m,v). Subsequently, we define
the following operators :

DY Py(N,m,v) = w(5) - [Pu(N, (m—is §),0) = Pu(N, (m—i, j = 1), )]

and

Zs
Hz‘,a:i _ ZDZ,Z_
=1

Definition 1. A function P, : MC — IR with P, (N,0y,v) = 0 is called
w-potential function if it satisfies the following condition :
Given (N, m,v) € MC and a weight function w,

Z H; 1, Py(N,m,v) = v(m).
1€S(m)

Remark 3. Please note that one can not get an explicit formula of the above
w-potential function easily by just observing the explicit formula of the
potential given in [1]. In [4] Hsiao, Yeh and Mo got an explicit formula of the above
w-potential function by using an extended Mobius inversion formula.

Let z,y € RN, we say y < x if 3 < a; for all i € N. The analogue of
unanimity games for multi-choice games are minimal effort games (N, m, u¥,),
where x € MY, 2 # Oy, defined by

1 ify>x;
x _ = )
un(y) = { 0 otherwise
for all y € M. In [2] it is known that for all (N,m,v) € MC, it holds that
v= > a*(v) u¥, where a®(v) = > (=1)I5l v(z — ).
zeMN SCS(z)
z#£0N
The following is a theorem in [4] which is an extension of Theorem A in [1].

Here we complete the proof.
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Theorem 1. The potential of a multi-choice cooperative game is unique.
Furthermore, given a weight function w and (N, m,v) € MC, the H&R Shapley
value v and the w-potential P,, have the following relationship. For all (i,j) €
LN,m,

Y (N, m,v) = H; jPy(N, m,v).

Proof. Given (N, m,v) € MC and a weight function w, Hsiao, Yeh and Mo
[4] proved that the w-potential of a multi-choice cooperative game is unique, and

For all (i, ) € LN™,
Hz"jpw(N, m, ’U)

J
== ZDi,kPw(Nvmvv)

k=1
= > w(k) - [Pu(N, (mi k),0) = Pu(m_i, k= 1),0)|
k=1
/ - 1 1
O =3w®-| 3 pmee) = 3 )
kfl uSy(;nO_]Ck) yS(;r;ZOiJ,\i:—l)
4 - 1
=2t 3 o)
kél yeMN y,=k
S ICHED V- RO SNCILNETED S}
k=1 yeMN y;=k Y TCs(y) reT
Consider 5> (=DIT!. (v(y —e€T)).
TCS(y)
()" (w(y — "))
TCS(y)
= > DT Y DT - )
(2) TCS(y)ieT TgS(y),iéT
= Y DTy — ™) + ()T oy — )]
TCS(y),i¢T

= (=D)L [y = ™) — u(y — eT))].
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Let z =y — e’. By (2), we have that

G 2 V- = 3 (DT o) vz — e,

TCS(y) TCS(y)igT
Since
Yy=z+ el
y# 0N , we have that {T' C S(y),i ¢ T}={T C M;(z;m)}.
i¢T

Hence (3) can be written as
(4) Z (=) [v(2) —v(z — e{i})].
TCM,;(z;m)

By (4), (1) can be written as

Zj: > X (—1)|T'%}'[v<z>—v<z—e“}>}

k=1z;=k,220y TCM,;(z;m)
zeMN

_ ’ T w(z;)
> X [ X e ezT[w(er)—w(zr)ﬂ

k=1 z;=k.z#0ny TCM;(z;m)
zeMN

. [v(m) —v(x — e{i})}

= fy;f’j(N,m,v).

Hence, for all (i,7) € LN™, H; jP,(N,m,v) = ~/(N,m,v). n

By Theorem 1 and (1.1), the H&R Shapley value could be provided as an
alternative form, i.e.,

AN m o) = wh) - [ 3 e a(w)].

2 2 Tl
yeMN

4. w-CONSISTENCY PROPERTY

Following [4], we rewrite the definitions of the w-reduced game and of the
w-consistency property of solutions for the multi-choice games. We will complete
the proof that the H&R Shapley value satisfies w-consistency property.
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Given (N, m,v) € MC, a weight function w and its solution,
ww(M m, 'U) = (w’}:}j(N7 m, 'U))(z‘,j)eLN,m-
For each z € MY, we define an action vector 2* = (2});cn where

N .
zi =m; 1f z; <my

*

(]

=0 if Z; = M.

Furthermore, we define a new game U;W” such that
v (y) =v(y v 2*) - Z Yo, (N, (y V 27),v) forally < z.
keS(z*)

We call (N, z, vz w) a w-reduced game of v with respect to z and the solution ",
where (y V 2*); = max{y;, 2/} for all i € N.

Remark 4. Every subset S of players S C N can be represented by an action
vector ¥ (IN), therefore reducing the number of players is a special case of reducing
the number of action levels. In short, if z; = 0 in the action vector z then reducing
the number of action levels is reducing the number of players. Therefore, we prefer
reducing the number of action levels rather than reducing the number of players.

Definition 2. Given a weight function w, a solution ¢* on M C' is w-consistent
(w-CON) if for all (N, m,v) € MC,

(N, m,v) = (N, z,0¥") for all i € N\S(z*) and for all j < z.

For each z € MY, we define a set H(z) = {i|z; = m;}, then H(2)N S(z*) =
and H(z) U S(z*) = N. Hence H(z) = N \ S(z*). Therefore, a solution ¢" on
MC' is w-consistent (w-CON) if for all (N, m,v) € MC,

(N, m,v) = (N, z,0¢") forall i € H(z) and for all j < 2.
However, for computational convenience, we leave Definition 2 alone.

Remark 5. Comparing our definition of w-consistency for multi-choice so-
lutions with the definition of consistency for traditional solutions in [1], readers
may easily see that our definition of w-consistency is a nature extension of the
consistency defined in [1] by Hart and Mas-Colell.

Remark 6. Hwang and Liao [8] defined a reduced game only for the H& R
Shapley value with symmetric form as following : For S C N, we denote S° =
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N\ S and Og the zero vector in R®. Given a solution v, a game (N, m,v) € MC
and S C N, the reduced game (N, (mg,0ge), v§m> with respect to v, S and m
is defined by

vﬁm(x, 0ge) = v(xz, mge) — Z Vi, (N, (x,mgc),v) for all z € M¥.
1€S¢

Furthermore, they defined the consistency property only for the H&R Shapley
value with symmetric form as following : A solution ¢ on M (' satisfies consis-
tency(CON) if for all (N, m,v) € MC and all S C N,

(N, (mg, 0ge),v% ) =1 (N, m,v) forallie S andje M.
) S,m 5] 1

Clearly, the reduced game defined by Hwang and Liao [8] is a special case of w-
reduced game defined by Hsiao, Yeh and Mo [4]. Formally, given (N, m,v) € MC,
a solution ¢» on MC and S C N. Let z = (mg,0gec), by definitions of v and
vﬁm, we have that v¥(y) = vﬁm(y) for all y < z = (mg,0g¢). Hence, if a

solution satisfies w-CON, then it satisfies CON.

Lemma 1. Given (N, m,v) € MC and a weight function w, let (N, z,vzw)
be the w-reduced game of (N, m,v) with respect to Y and z € M. Obviously,
z can be written by z = (mg, zgc) for some S C N. If v = > a¥(v) - u¥,

yeMN y£0N
then v)" can be expressed to be

y<z,y#0N
where for all y < z,
[ (ys, 0se) [|w (ys) ()
w a¥Y(v) ify = (ys,0se) ,
a¥(v)") = 1<mse (W5, 05¢) [lw+ (£, 05) [l
0 if y<z with |S(yse, 0g) |[£0.

Proof. Let (N, m,v) € MC, a weight function w and z € M. Obviously, z
can be written by z = (mg, zsc) for some S C N, where z; # m; for all i € S°.
Clearly, z* = (0g, mge). For any y < z,
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v (y) =v(yva) - > V;’éfmk(N,(yVZ*)vv)

keS(z*)

ySvac Z Yk mk< ySvac) )

keSe

= > (Vs ms).v)

keS(ys,0s¢)

Yk
l
- Y ¥ % wl) e
keS(ys,0g¢) =1 2<(yg.mge) ”sz
Zk:l

w(l w(2
- Z Z HZ(Hu); -a®(v)+ Z Z HZ(H’U)J -a*(v)

k‘ES(ys,Osc) 2<(yg.,mgc) k‘ES(ys,OSC) 2<(yg,mgc)
Zkil Zk:2

e Y 3 Tiﬁfj - a*(v)

keS(ys,0sc) z<gymse)
ZE=Yk

_ w(l) aPt)
2 2 2 Tposle o @+

keS(ys,05¢) 17<?/5 t<mg
pr=1

yk) a(p,t) v
AR DD DD D /e TR TS G

keS(ys, Osc) p<yg t<mg
PL=Yk

_ (1)
N> Z I(p, Ose) Hw+H(t 0s)

keS(ys,05¢) 17<?/5 t<mg
pr=1

yk) a(p,t) v
LD DD DD D e TR TS A

kES(yS Osc) p<yg t<mg
Pr=

1 (us, 05l et
+ -a¥S (v).
2 T sl + 1003 )

P () 4 - -

he

Continuing in this way, we have that

(s, 05¢)|w (s,t)
(19) -a\"S M (v).
0= 2 2 g 059+ 10T

By definition of v, for any
(2°) y < z,07 (y) =0l (ys,0se).
Set

Oge
- Z H Ys,Us )”’w a(ys,t)(v) ify:(y5’705’0) ,

iv(0)=) 2= s, 0s0 -+ (6 03]
0 if y=(ys, yse) with [S(yge)|#0.
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By (1 and (2°), 07" = ¥ a(0)-uly = ¥ av(v)-ul .
y#ON y<z,y7#0N
y=z 15(ys,05¢)[=0
Leta?(v]" ) = a¥(v). We have that v)" can be expressedtobev) = 3 a¥(v]")-
y<z
y#0n

u¥, where for all y < z,

[ (ys, 0s¢) ||w (st (o
a¥s(v) if y = (ys,0s) ,
a?(v)") = t;;gc 1(ys, 0se)[lw+ (2, 05)w

0 if y <z with |S(yge,0g)| #0.
Here, we complete the following theorem stated in [4]. ]

Theorem 2. The solution vv is w-consistent.

Proof.  Let (N,m,v) € MC, a weight function w. Obviously, z can be
written by z = (mg, zgc) where z; # m; for all i« € S°. By Lemma 1, for all
i€ N\S(z*) =S and for all j < z;,

= = =l
. ml:k
j w(k) o
- Z Z Mze O a(®s> Sc)(’UZ )
k=1 a<za;=k H("I)S, SC)Hw
 [S(z5e,05)[=0
_y oy e
2o 2 s 05l
|S(mSC=OS)|:O
S CPOSTRN
S (s, 050) [ + 110, ) [
. ! w(k) y
k=1 y<m Yllw
yi=k
:’)’ij(N,mj'U) .

5. CHARACTERIZATION

In this section, we will prove the main result of this article, say, Theorem 3.
We provide an axiomatization which is the parallel of Hart and Mas-Colell axiom-
atization of the Shapley value by applying consistency. To state the axiomatization,
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some more definitions will be needed. Let ¢ be a solution on MC and w be a
weight function.

e Efficiency (EFF): For all (N, m,v) € MC, > 4, (N,m,v)=v(m).

1€S(m)

e Weak efficiency (WEFF): For all (N, m,v) € MC with S(m) = {i} for
some ¢ € N, ¢ satisfies EFF.

e Standard for two-person game (ST): For all (N, m,v) € MC with |S(m)| <
2, YV =Y.

e Independence of individual expansions (IIE)!: For all (N, m,v) € MC
and all (i, j) € LN™,

¢§f}j<N7 (m—ivj)7v> = ij‘(Nv (m—i,j+ 1)71)) == wé‘,}(N,m,v)-

e Weak independence of individual expansions (WIIE): For all (N, m,v) €
MC with S(m) = {i} for some i € N and all (i,5) € L™, " satisfies IIE.

Remark 7. Given a weight function w, if a solution ¢" satisfies w-CON and
ST, then " = " for all (N, m,v) € MC with |S(m)| = 1. The proof is similar
to the TU-case by adding a "dummy” player to one-person problem, this is left to
the readers. Hence, if ¢ satisfies w-CON and ST, it satisfies WEFF and WIIE.

Lemma 2. Given a weight function w, if a solution V" satisfies ST and
w-CON, then it satisfies EFF and IIE.

Proof. Suppose that )™ satisfies ST and w-CON, by Remark 7, ) satisfies
WEFF and WIIE. Hwang and Liao[8] proved that if a solution satisfies WEFF, WIIE
and CON, then it satisfies EFF and IIE. By Remark 6, the proof is completed. =

Here, Liao prove the following theorem stated in [7].

Theorem 3. Given a weight function w, a solution " satisfies ST and w-CON
if and only if Y™ = v,

Proof. Given a weight function w, by definition of ST, ~* satisfies ST. By
Theorem 2, v satisfies w-CON.

To prove uniqueness, suppose that the solution ¥ on M (' satisfies ST and
w-CON. By Lemma 2, ¥ satisfies EFF and IIE. Given (N, m,v) € MC. The
proof proceeds by induction on the number ||m||. Assume that |m| = 1 and
S(m) = {i}. By EFF of ¢/ and 4%, ¥} (N,m,v) = v(m) = ¥4 (N,m,v).
Assume that (N, m,v) = yY(N,m,v) if |m| <1 — 1, where [ > 2.

This axiom was proposed by Hwang and Liao [8]. They characterized the H& R Shapley value with
symmetric form by apply efficiency, balanced contributions and IIE.
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The case ||m|| = [ : First we show that ¥}, (N, m,v) = v}, (N, m,v) for all
i € S(m). Two cases may be distinguish :

Case 1. Assumethat [S(m)| < 2. By ST of ¢, ¢, (N, m,v) =+, (N, m,v)
for all i € S(m).

Case 2. Assume that |S(m)| > 3. Let i,k € S(m) and z = (m;, mg, 0_;x).
By induction hypotheses and w-CON of " and v",

o (N,myv) =i (N, m,v)

(a) = w;f}mz(szvvyw) _V;fmz(szvaw)
= ’Yz?f}mi(szvvyw) _’Yz?f}mi(szv’UZw)

By ST of 4%,
S5 (G =)l

By induction hypotheses and definitions of w-reduced game, we obtain that v

and v~ may differ only by z. So we have that

_ w(m;) Vi) — o (2
) _(w(mi)rzg(mk))'[”y () = 02"(2)]

:(w(mi) +w(mk)) . [( fim, (Nsm, ) = i, (N, m, )

(O (V2 1,0) = 7, (N, 0)].

If o = 1, then (¢, (N,m,v) = 3, (N,m,v)) = 0 for all k # i.

That is implying ¢y’,,, (N, m,v) = 7}, (N, m,v) for all k # i. By EFF of 4"
and 7", ¥, (N,m,v) =~ (N, m,v). If % # 1, then

w(m;)+w(my
’U)(mk) : ( 'Zl,}mz (N7 m, ’U) - »Y’fomz (N7 m, ’U))

= w(m;) - (wgmk (N, m,v) — ’y,’;jmk(N, m, v))

By EFF of " and ",

Il - [, (N 0, 0) = 4, (N, )| = w(mi) - [0(m) = w(m)| = 0.
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That is ¥, (N, m,v) =%, (N, m,v).

By Cases 1 and 2, ¢ (N, m,v) =}, (N, m,v) for all i € S(m).
It remains to show that 1;’;(N,m,v) = 4;(N, m,v) for all (i,7) € LA™ with
j # m;. Since v satisfies IIE, for all (i,5) € L™ with j # m,, by induction
hypotheses and IIE of " and v*,

w"zu,}j(Nv m, ’U) - w"zu,}j <N7 (m—iv.j)v ’U) = sz]j<N7 (m—iv.j)v ’U) = V;fj(Nv m, ’U).
Hence ;% (N, m, v) = 7;;(N, m,v) for all (i, j) € L™ with § # m;. |

The following examples show that each of the axioms used in Theorem 2 is
logically independent of the remaining axioms.

Example 1. Given a weight function w, define a solution )* on M C by for
all (N, m,v) € MC and for all (i,j) € LN™,

wz’f’j(N, m,v) = 0.
It’s easy to verify that 1" satisfies w-CON, but it violates ST.

Example 2. Given a weight function w, define a solution )* on M C by for
all (N, m,v) € MC and for all (i,j) € LN™,

V(N m,v) ] S(m)| < 2
ij(N,m,v): It .
’ 75 (N,m,v) —e otherwise .
where ¢ € R\ {0}.
It’s easy to verify that ¢/ satisfies ST, but it violates w-CON.
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