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A q-EXTENSION OF THE ERKUS-SRIVASTAVA POLYNOMIALS
IN SEVERAL VARIABLES

Esra Erkuş-Duman

Abstract. Recently, Erkus and Srivastava [Integral Transform. Spec. Funct.
174 (2006), 267-273] have introduced and systematically investigated a unified
presentation of some families of multivariable polynomials. In this paper, we
study a basic (or q−) analogue of these polynomials, which we construct here.

1. INTRODUCTION

Recently, Erkus and Srivastava [3] have introduced and systematically investi-
gated a general family of multivariable polynomials generated by

(1.1)
r∏

j=1

{
(1 − xjt

mj )−αj
}

=
∞∑

n=0

u(α1,...,αr)
n (x1, ..., xr)tn,

where αj ∈ C, (j = 1, ..., r), |t| < min
{
|x1|−1/m1 , ..., |xr|−1/mr

}
. Clearly, (1.1)

yields the following explicit representation

(1.2) u(α1, . . . ,αr)
n (x1, . . . , xr) =

∑
m1k1+ . . . +mrkr=n

(α1)k1 . . . (αr)kr

xk1
1

k1!
. . .

xkr
r

kr!
,

where (λ)k := Γ(λ + k)/ Γ(λ) denotes the Pochhammer symbol.
In this paper, we first introduce a basic (or q−) analogue of the generalized

multivariable polynomials by (1.2). So we need some definitions and notations from
the q−analysis. For detailed explanations, see, for example, Jain and Srivastava [4].
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For a real or complex number q (|q| < 1), put

(λ; q)∞ =
∞∏

j=0

(1− λqj),

let (λ; q)µ be defined by

(1.3) (λ; q)µ :=
(λ; q)∞

(λqµ; q)∞
,

for arbitrary parameters λ and µ, so that if n = 1, 2, ... then, (λ; q)n := (1−λ)(1−
λq)...(1− λqn−1); and also if n = 0, then (λ; q)0 := 1 (see, for instance, [7]).

2. CONSTRUCTION OF THE POLYNOMIALS

We construct a basic (or q−) analogue of the generalized multivariable polyno-
mials u

(α1,...,αr)
n,q (x1, ..., xr) given by (1.2), generated by

(2.1)
r∏

i=1

1
(xitmi ; q)αi

=
∞∑

n=0

u(α1,...,αr)
n,q (x1, ..., xr)tn ,

where |t| < min
{
|x1|−1/m1 , ..., |xr|−1/mr

}
.

Using the well-known q−binomial theorem (see, for instance, [6, p. 241-248],
[7, p. 138]) and (1.3) we get

1
(xitmi ; q)αi

=
∞∑

k=0

(qαi, q)k

(q, q)k
(xit

mi)k; i = 1, ..., r .

Now applying the well-known equality for double series
∞∑

n=0

∞∑
k=0

A(k, n) =
∞∑

n=0

n∑
k=0

A(k, n − k)

(see [5]) we conclude that

(2.2)

r∏
i=1

1
(xitmi ; q)αi

=
∞∑

n=0




∑
m1k1+...+mrkr=n

(qαk1 , q)k1 ... (qαkr , q)kr

× xk1
1

(q, q)k1

...
xkr

r

(q, q)kr

}
tn.

By (2.1) and (2.2) a basic (or q−) analogue of the generalized multivariable poly-
nomials are
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(2.3)
u

(α1,...,αr)
n,q (x1, ..., xr)

=
∑

m1k1+...+mrkr=n

(qα1, q)k1 ... (qαkr , q)kr

xk1
1

(q, q)k1

...
xkr

r

(q, q)kr

.

2. BILINEAR AND BILATERAL GENERATING FUNCTIONS

In this section we derive several families of bilinear and bilateral generating
functions for the basic (or q−) analogue of the generalized multivariable polynomials
given by (2.3).

Theorem 3.1. Corresponding to an identically non-vanishing function
Ωµ(y1, ..., ys ) of complex variables y1, ..., ys (s ∈ N) and of complex order µ,
let

Λµ,n(y1, ..., ys; z) :=
∞∑

k=0

akΩµ+nk(y1, ..., ys )zk, (ak �= 0 , n ∈ N)

and
(3.1)

qΘ
µ,n
l,p (x1, ..., xr; y1, ..., ys; z) :=

[l/p]∑
k=0

aku
(α1,...,αr)
l−pk,q (x1, ..., xr)Ωµ+nk(y1, ..., ys )zk

where [λ] denotes the integer part of λ ∈ R. Then we have

(3.2)
∞∑
l=0

qΘ
µ,n
l,p (x1, ..., xr; y1, ..., ys;

η

tp
)tl =

r∏
j=1

1
(xjtmj ; q)αj

Λµ,n(y1, ..., ys; η) ,

provided that each member of (3.2) exists.

Proof. Let S :=
∑∞

l=0 qΘ
µ,n
l,p (x1, ..., xr; y1, ..., ys; η

tp )tl. Taking z → η

tp
in

(3.1), multiplying by tl, and summing from l = 0 to ∞ we have

(3.3) S =
∞∑
l=0

[l/p]∑
k=0

aku
(α1,...,αr)
l−pk,q (x1, ..., xr)Ωµ+nk(y1, ..., ys )

ηk

tpk
tl .

So the proof is completed by replacing l with l + pk in (3.3).

Lemma 3.2. For the multivariable q−polynomials we have the following
addition formula

u(α1+β1,...,αr+βr)
n,q (x1, ..., xr) =

n∑
k=0

u
(α1,...,αr)
n−k,q (x1, ..., xr)u

(β1,...,βr)
k,q (x1q

α1, ..., xrq
αr) .
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Proof. Take αi → αi + βi in (2.1).

Now using Lemma 3.2 we immediately get the following result.

Theorem 3.3. For a non-vanishing function Ωµ(y1, ..., ys ) of complex vari-
ables y1, ..., ys (s ∈ N) and for p ∈ N, α = (α1, ..., αr) , β = (β1, ..., βr) let

(3.4) Λp,n
µ,α,β(x1, ..., xr; y1, ..., ys; z) :=

[n/p]∑
k=0

aku
(α1+β1,...,αr+βr)
n−pk,q (x1, ..., xr)

×Ωµ(y1, ..., ys )zk,

where ak �= 0 , n ∈ N. Then we have

(3.5)

n∑
k=0

[k/p]∑
l=0

al u
(α1,...,αr)
n−k,q (x1, ..., xr)u

(β1,...,βr)
k−pl,q (x1q

α1, ..., xrq
αr)

Ωµ(y1, ..., ys )zl = Λp,n
µ,α,β(x1, ..., xr; y1, ..., ys; z)

provided that each member of (3.5) exists.

Choosing mj = 1 (j = 1, ..., r) in (2.1), we obtain a basic (or q−) analogue of
the Chan-Chyan-Srivastava multivariable polynomials g

(α1,...,αr)
n,q (x1, ..., xr) gener-

ated by (see [1])
r∏

i=1

1
(xit; q)αi

=
∞∑

n=0

g(α1,...,αr)
n,q (x1, ..., xr)tn ,

where |t| < min
{
|x1|−1 , ..., |xr|−1

}
.

If we set mj = j (j = 1, ..., r) in (2.1), we get a basic (or q−) analogue of
the multivariable Lagrange-Hermite polynomials h(α1,...,αr)

n,q (x1, ..., xr), generated by
(see [2])

r∏
j=1

1
(xjtj; q)αj

=
∞∑

n=0

h(α1,...,αr)
n,q (x1, ..., xr)tn ,

where |t| < min
{
|x1|−1 , |x2|−1/2 , ..., |xr|−1/r

}
.

Finally we should note that, for every suitable choice of the coefficients ak (k ∈
N0), if the multivariable function Ωµ(y1, ..., ys ), (s = 2, 3, ...) is expressed as an
appropriate product of several simpler functions, the assertion of the above theorems
can be applied in order to derive various families of multilinear and multilateral
generating functions for the basic (or q−) analogue of the generalized multivariable
polynomials defined by (2.3).
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