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A NEW SYSTEM OF GENERALIZED CO-COMPLEMENTARITY
PROBLEMS IN BANACH SPACES

Fu-Quan Xia and Nan-Jing Huang

Abstract. In this paper, we introduce a new system of generalized co-
complementarity problems in Banach space. An iterative algorithm for finding
approximate solutions of these problems is considered. Some convergence re-
sults for this iterative algorithm are derived and several existence results are
also obtained.

1. INTRODUCTION

Let B be a real Banach space with dual space B* and pairing (x, f) between
x € Band f € B*. Let CB(B) be the family of nonempty bounded closed subsets
of B. Suppose B; and By are two Banach spaces, g;,m; : B; — B; (i = 1,2),
F : By xBy - By, and G : By X By — By are all single-valued mappings.
Let Vi : By — CB(By) and V5 : By — CB(B2) be two set-valued mappings.
Moreover, we assume X; C By and Xy C By are two fixed closed convex cones.
Define K; : B; — 25 (i = 1,2) by

Ki(z) = mi(z) + X;, Vz € B;.

In this paper, we shall study the following system of generalized co-complementarity
problems (SGCCP): find (z,y) € By x By and (u,v) € Vi(z) x Va(y) such that
(91(2), 92(y)) € K1(x) x Ka(y) and

{ F(u,v) € (J1(K1(z) — g1(2)))",
G(u,v) € (J2(K2(y) — g2(v)))"
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where J; : B; — By (i = 1, 2) are the normalized duality mappings, (J; (K7(x) —
g1(2)))* and (J2(K2(y) — g2(y)))* denote the dual cones of the sets (J1 (K1(z) —
g91(z))) and (J2(K2(y) — g2(y))), respectively.

Recall that the normalized duality operator J : B — B* is defined for arbitrary
Banach space by the condition

|

g = |z| and (z,Jz)=|z|? Vae B

Some examples and properties of the mapping J can be found in [1, p. 19]. When B
is a Hilbert space, Jr = x reduces to the identity mapping. Note that every nonzero
x € B is weak® continuous, and thus, attains its norm on the weak™ compact unit
ball of B*. In this case where B* is strictly convex, the point x attains its norm on
the ball of B* is unique, namely, Jx/||z||. In this paper, we are mainly interested
in uniformly smooth Banach space B. Therefore, the construction of .J is concrete
to us here.

Before we proceed any further, we make a few observations. There is evidence
that our results generalize many known important results obtained in the literature.

(i) If By = By, K1 = K», g1 = g2, and F' = @G, then problem (1.1) reduces to
finding x € Bi, u € Vi(z), and v € Va(y) such that g;(x) € K;(x) and

(1.2) F(u,v) € (Ji(Ki(z) — g1(2)))".
(ii) If Vi(z) = T(x) is a single valued mapping and F'(u,v) = u + A(v),

then problem (1.2) reduces to finding x € By and v € Va(z) such that
g1(x) € Ki(x) and

(1.3) T(x) + A(v) € (Ji(Ki(x) = g1(2)))",

which is the generalized co-complementarity problem studied by Chen, Wong
and Yao [3].

(iii) If B; is a Hilbert space, then problem (1.3) reduces to finding x € B; and
v € Vo(x) such that g1 (z) € K;(x) and

(1.4) T(x) + A(v) € (Ki(z) — g1(2))",

which is the generalized multivalued complementarity problem studied by Jou
and Yao [8].

(iv) If gy is an identity mapping, then problem (1.4) reduces to finding z € K;(x)
and v € Va(z) such that
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(1.5) T(z) + A(v) € (K1(z) — )%,

which is known as the generalized strongly nonlinear quasi-complementarity
problem studied by Chang and Huang [2].

(v) If g1 and V5 are identity mappings, A and m are zero mappings, then problem
(1.3) equivalent to finding x € X; such that

(1.6) T(z) € X{, (T(z),z)=0,

which is known as the generalized complementarity problem studied by Ha-
betler and Price [5] and Karamardian [10].

The complementarity theory derives its importance from the face that it unifies
problems in fields such as: mathematical programming, game theory, the theory
of equilibrium in a competitive economy, equilibrium of traffic flows, mechanics,
engineering, lubricant evaporation in the cavity of a cylindrical bearing, elasticity
theory, maximizing oil production, computation of fixed point etc., see Isac [6, 7].

The aim of this paper is to construct the projection iterative methods of finding
approximate solutions of (SGCCP) in (especially uniformly smooth) Banach space.
As pointed out by Chen, Wong and Yao [3], such research fields are new, interesting,
and should be applicable to all those classical complementarity problems mentioned
above. The present results improve and extend many know results in the literature.

2. PRELIMINARIES

We first recall the following definitions.

Definition 2.1. Let B be a Banach space with the normalized duality mapping
J: B — B*. Amapping A: B — B is said to be

(1) strongly accretive if there exists a constant y > 0 such that
(Az = Ay, J(x —y)) = yllz —yl?, Va,y € B;
(2) Lipschitz continuous if there exists a positive constant 3 such that

[A(z) = Al < Bllz = yll,  Vz,y € B.

Definition 2.2. Let B; and By be two Banach spaces, F' : By X By — By
a single-valued mapping, and V : By — CB(B) a set-valued mapping. For any
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given y € By, F(-,y) is said to be -strongly accretive with respect to V' if there
exists a constant £ > 0 such that

(F(u1,y) — F(ug,y), Ji(z1 — x2))
> fol — 1‘2”2, le,xg € Bl,Vul € V(xl),Vug € V(xg),

where J; : By — Bj is the normalized duality mapping.

Definition 2.3. The mapping V' : B — CB(B) is said to be H-Lipschitz
continuous if there exists a constant > 0 such that

H(V(x),V(y)) <nllz—yll, Vr,ye€ B,

where H (-, -) is the Hausdorff metric on CB(B).

We remark that the uniform convexity of the Banach space B means that for
any given € > 0, there exists 0 > 0 such that for all z,y € B, |z| <1, |ly|| <1
and ||z — y|| > € ensure the following inequality:

[z +yll <2(1-9).

The function

dp(e) =inf{l —

=+ yl
—5 2l =Ll =1 [l —yll = €}

is called the modulus of the convexity of the space B.

The uniform smoothness of the Banach space B means that for any given € > 0,
there exists § > 0 such that for all z,y € B, ||z|| < 1, ||y|| < 0 ensure the following
inequality:

lz+yll + = = yll
2

— 1 <€yl
holds. The function

tyltle -yl
! .

is called the modulus of the smoothness of the space B.

We also remark that the space B is uniformly convex if and only if dg(e) > 0
for all ¢ > 0, and it is uniformly smooth if and only if lim; .ot 'ppg(t) = 0.
Moreover, B* is uniformly convex if and only if B is uniformly smooth. In this
case, B is reflexive by the Milman theorem. A Hilbert space is uniformly convex
and uniformly smooth. The proof of the following inequalities can be found, e.g.,
in [1, p. 24].

|
pp(t) = sup{ [zl =1, llyll < t}

Proposition 2.1. Let B be a uniformly smooth Banach space and J be the
normalized duality mapping from B into B*. Then, for all x,y € B, we have
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@) Nz +yl? < llel® + 20y, J(z +v)),
(if) {w—y, I (@)= (y)) < 2d*pp(4]lz—yl /d), where d = ((|z]*+|ly[|*)/2)"/>.

Let B be a real Banach space and €2 be a nonempty closed convex subset of B.
A mapping Qq : B — {2 is said to be a retraction on € if Q%z = @Qq. The mapping
Qq 1s said to be a nonexpansive retraction if, in addition,

1Qa(z) = Qa(y)ll < [l —yl, Vz,ye B,

and Qg is a sunny retraction if for all x € B,

Qa(Qa(x) +t(z — Qq(x))) = Qa(z), VteR.

The following characterization of a sunny nonexpansive retraction mapping can be
found, e.g., in [4].

Proposition 2.2. Qq is a sunny nonexpansive retraction if and only if for all
x € Bandy €,
(z = Qa(x), J(Qa(z) —y)) = 0.

From Proposition 2.2, we have the following retraction shift equality.

Proposition 2.3. Let B be a Banach space and §2 be a nonempty closed convex
subset of B. Let Qq be a sunny nonexpansive retraction mapping and m : B — B
be a single valued mapping. Then for all x € B, we have

3. ITERATIVE ALGORITHM AND CONVERGENCE

In this section, we first derive some characterizations of solutions of the system
of generalized co-complementarity problem.

Theorem 3.1. Let By and Bs be two Banach spaces with normalized duality
mapping Jy1 and Jo, respectively. Suppose X1 C By and Xo C By are two closed
convex cones such that the sunny nonexpansive retraction mappings @ x, and Q) x,
exist. Let F: B1 Xx By — By, G : By Xx By — By, V; : B; — CB(B;) and
gi,mi : B; — B; fori = 1,2. Assume K;(x) = m;(x) + X; for all x € B; and
i = 1,2. Then, for any given (x,y) € By x By and (u,v) € Vi(x) x Va(y) are
solutions of SGCCP (1.1) if and only if

(3.1) { g1(x) = mi(x) + Qx, (g1(x) — T1F(u,v)),

92(y) = ma(y) + Qx,(92(y) — 12G(u,v)),
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where 7 > 0 and 19 > 0 are constants.

Proof. From Proposition 2.3, we know that (3.1) holds if and only if

(3.2) { 91(2) = Qr, () (91(x) — 11 F (u,v)),
92(y) = QK (92(y) — T2G(u, v)),

From Proposition 2.2, it is easy to see that (3.2) holds if and only if
(91(x) — T F(u,v) — g1(x), Ji(g1(x) — 21)) >0, Vz € Kq(x)

and

(92(y) = 2G(u,v) = g2(y), J2(92(y) — 22)) = 0, Vzz € K(y).

That is,

(3.3) { Flwv), M = ail@) >

(G(u,v), Ja(22 — g2(y))) =
We note that (3.3) holds if and only if

Fu,v) € (J1(Ki(x) = g1(2)))",  G(u,v) € (J2(Ka2(y) — 92(y)))"
This is complete the proof.

Remark 3.1. In theorem 3.1, we suppose the sunny nonexpansive retraction
mappings Qx, and ()x, exist. Such conditions can be satisfied under some as-
sumptions, see, for example, Theorem 1 and Remark 2 in [9], or Theorem 5 and
Remark 6 in [9].

Next we shall construct an iterative algorithm for finding approximate solutions
of SGCCP (1.1) and discuss the convergence analysis of the algorithm.

Algorithm 3.1. Let B;, X;, ¢;, m;, V;, K;, F' and G be the same as in Theorem
3.1 fori=1,2. Let 4 > 0 and 75 > 0 be fixed. For any given (xy, yo) € B1 X Bo
and (ug, vo) € Vi(zg) X Va(yo), from Theorem 3.2, let

{ x1 = xo — g1(x0) +m1(wo) + Qx, (91(20) — T1F (g, vo) — m1(wo)),
Y1 = Yo — g2(Yo) + ma(yo) + Qx,(92(v0) — T2G (w0, vo) — ma2(yo))-

Since uy € Vi(xg) and vy € Va(yp), by Nadler’s Theorem [11], there exist u; €
Vi(z1) and vy € Va(y1) such that

luo —ur]| < (1 + 1D HVi(20), Vi(21)),  lvo — vall < (1 + 1) H(Va(yo), Va(yn)),
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where H is the Hausdorff metric on CB(B). Let
r2 =1 — g1(21) + ma(r1) + Qx, (91(21) — 1 F (ur, v1) — ma(z1)),
{ Y2 = y1 — ga(y1) + ma(y1) + Qx,(92(y1) — m2G (u1, v1) — ma(y1)).
Again by Nadler’s Theorem, there exist up € V1(z2) and ve € Va(y2) such that

Jur = sl < (14 ) H(V(er), Vi), llor = eall < (14 ) H(Va(an), Va(ya)-

Continuing in this way, we can obtain the following:
For any given (x, yo) € By X By and (ug, vo) € Vi(zg) x Va(yo), compute the
sequences {z}, {yn}, {un} and {v,} by iterative schemes such that
(3.4) {$n+1an—gl(wn)erl(wn)+Qx1(91($n)—TlF(umUn)—ml(xn))v
Yn+1=Yn—92(Yn) +m2(yn) +Qx,(92(yn) — 72G (tn, vr) —ma(yn))
and
(35) { un € Vi(@n),  lun = tpr|| < (L4 5737) H (Vi(zn), Vi(znga)),
vn € Va(yn),  Nlon = vnpa | < (1 + 27 H(Va(yn), Va(ynt1))
foralln=0,1,2,---, where 71 > 0 and 75 > 0 are two constants.

Now we have the following convergence and existence result.

Theorem 3.3. Let By and Bs be two uniformly smooth Banach spaces with
pB, (1) < C1t?, pp,(t) < Cot? for some Cy > 0, Cy > 0, respectively. Let
X1 C By, Xy C By be two closed convex cones such that the sunny nonexpansive
retraction mappings @) x, and Qx, exist. Let F': B x By — By, G : By X By —
By, Vi : Bi — CB(B;), and g;,m; : B; — B; be mappings for i = 1,2. Suppose
K; : B; — 2Pi is defined by K;(x) = m;(x) + X; for all x € B; (i = 1,2) and

(i) g; and m; are Lipschitz continuous with constants 0 ; and 0;, respectively, and
Vi is H-Lipschitz continuous with constant n; for i =1, 2;

(i) g; is strongly accretive with constant ~; with i = 1,2. For any given (x,y) €
By X Bs, F(-,y) is &1-strongly accretive with respect to Vi and G(x,-) is
&o-strongly accretive with respect to Vo,

(iii) for any given (x,y) € By X Bo, F(-,y), F(x,-), G(-,y), and G(x,-) are
Lipschitz continuous with constants 31, B2, a1, o, respectively;

(iv) there exist 1 > 0 and 1o > 0 such that
2(1 — 2’)’1 —1—6401(5%)1/2 + (1 — 27‘151 —|—64Cl7'12ﬁ%17%)1/2 + 264 + 1m0 < 1,
2(1 — 275+ 64C562) Y2 4 (1 — 27980 + 64Co20302) Y2 4+ 205 + 71 Bomy < 1.
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Then for any given (xg,y0) € Bi X By and (ug,vg) € Vi(zo) x Va(yo), the
sequences {(xn, yn)} and {(un,v,)} generated by Algorithm 3.1 converge strongly
to some (x,y) € By x By and (u,v) € Vi(z) x Va(y), respectively, which solve
SGCCP (1.1).

Proof. 1t follows from iterative schemes (3.4) that

[Zn+1—2n |l

= [[zn—g1(zn) + m1(2n) + Qx, (91(2n) = T1F (un, vo) —ma(zn))
_(xn—l _gl(xn—l) + ml(mn—l + QX1 (gl(xn—l)
)

[0 =2n—1=(g1(2n) =g1(xn-1)) | + [[m1(2n) =ma (zn-1)]]

—T1 F(tup—1,0p-1)—mi(2n—-1)))

IN

(3 6) +Hgl(xn)_7_1F(un7'Un)_ml(xn)_(gl(xn—l)
' 1 F (1, 0n 1) —mi (1))

IN

2|z —2n-1=(91(xn) =g1(zn-1)) || + 2[[ma (zn) =mi1(zn-1) |

+Hxn - xn—l_Tl(F(unvvn)_F(un—lvvn—l))H

IN

2/|zn —2n—1—(g1(2n) =g1(zn-1)) || + 2[/ma(zn) —ma(zn )|
Hlzn —zn—1—=71(F(un, vn) = F(un—1,vn))||

+71 || F(tup—1,vn) — F(tup—1, vn—1)|-
By Proposition 2.3 and the assumptions,

25— 2n—1=(g1(2n) = g1(2n-1)) |
< Hxn_mn—1H2 +2(Hg1(zn) —91(Tn-1)), J1(Tn—Tn—1
~91(zn) —g1(zn-1))))
= zn—ap-1l*=2{(g1(zn) —g1(xn-1), Ji(Tn—2n-1))
(3.7) +2(Hg1(2n) —g1(2n-1)), J1(@n—2n-1—(91(2n) —g1(2n-1)))
—J1(Tp — Tp_1))
< len—zn-1l? =271 l|2n — 20 | +4d?pp, (4]l 91(20) — 91(201) || /d)
< lzn—zn1l?=271llzn —2n-1]1* + 64C1 || g1 (2n) — g1(n-1) ||
< (1-2v1 + 64C10%) |wp—2n_1]?

and )
Hxn_xn—l _TI(F(unv vn) _F(un—17 ’Un))H



A New System of Generalized Co-Complementarity Problems in Banach Spaces 443

< Nwp—2n_1l|? + 2671 (F (tn, vr) — F(un_1,v2)), J1 (2 —2p_1
—71(F(tn, vn) — F(tUp—1,v)))

= ||zn—2n_1]]? =271 (F (tn, vp) — F(tp_1,0p), J1(xp—Tpn_1))
=271 (F (tp,, ) — F(Up—1,n), J1(Xn—2n—1—T1(F (tp, vp)
—F(un—1,vn))) = J1(Tn—2n-1))

< llzn—zn-1l?—2n&i )20 —2n-1]* + 4d?p, (471 || F (un, vn)
—F(un—1,vn)ll/d)

< lwn—n-1l?=2m& l|lzn — 201

+64C, 7| F (tn, Un) — F (w1, v ||?

(3.8)

1
< (1-2m& + 64C 7Bt (1 + n—H)2)Hxn—xn—1H2v

where J; : By — Bj is the normalized duality mapping. It follows from the
Lipschitz continuity of the mappings m and F’ that

(3.9) [ma(zn) —mi(@p-1)|| < O1l|zn — zn|
and
1
(3.10) [ F (un—1,vn) = F(un—1,vn-1) < Bana(1+ E)”yn — Yn—1]|-

From (3.6)-(3.10), we have
Znt1 = 2] < {2(1 = 2m + 64C167) /2
(3.11) +(1 = 27m1& +64(1 + %H)%lrfﬁ%n%)l/?
4201 o — nall + 7B (1 D)l — g
Similarly, we have
yn+1 = yall < {2(1 = 292 + 64C583) /2
(3.12) (1 — 2y + 64(1 + %HVCzT%a%n%)m
+ 202} |yn — Yn—1ll + T2cami (1 + %)Hxn — Xp_1]|-

It follows from (3.11) and (3.12) that

B13)  Mzner =zl + [1ynt1 = ynll < En(llen = zaall + yn = yn-1l),
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where k,, = max{e,, \,} and

en = 2(1 — 291 4+ 64C163) /2 + (1 — 216y + 64(1 + )2CyriBin)

n+1

1
+201 + a1 (1 + —), 1
A = 2(1 = 29+ 64C03) 72 + (1 = 2ma6a + 64(1+ ——)*Corfalnd) /2

1
+205 + 11 B2m2(1 + 5).

bt e =2(1 — 2y1 + 64C107) "/ + (1 — 21 &y + 64C1 71 i) /2
+201 + m0q 11,
A= 2(1 — 275 + 64C203) /2 + (1 — 27985 + 64C57303n3) "/
+203 + 7132m2.
Then,

€, > € and A\, = A as n — oo.
Let k¥ = max{e, A}. Then k,, — k as n — oo. It follows from condition (iv) that
0 < k < 1. Hence, there are a positive number ky and an integer ng > 1 such that
kn < ko <1 for all n > ny.
Now we define || - ||; on B; x Bz by
(@, y)lly = [zl + [[yll,  V(z,y) € By x Ba.
It is easy to see that (B x Ba, ||-||1) is a Banach space. Let z,, = (2, yn) € B1 X Bs.
It follows from (3.13) that
Hzn—l—l - zn”l < anzn - Zn—l”l-

This implies that {z,} is a Cauchy sequence in (B; X Bs, || - ||1). Suppose that
{zn} converges to some z = (z,y) € By x By. Since

|zn — || < l|zn — 2l + lyn —yll = [l2n — 2t = 0 (n — +00),
Iy =yl <z — 2| + [lyn —yll = |20 — 21 = 0 (0 — 400),

it is easy to see that {x,} converges to z € B and {y,} converges to y € By,
respectively. By (3.5), we obtain

1
tn — tny1]| < (14 n—H)H(%(mn), Vi(ny1))
< (14 —— )| H
< — )l n — Tog1l,
(3.14) ntl
v — vpgal] < (1+ n—H)H(Vﬂyn)v Va(Yn+1))
1
< (14 n—_H)n2!!yn — Ynt1]|-
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Let wy, = (un, vy) € By x By. By (3.14),
|wn — wn—1]l1 < Snllzn — 2n—1l1,

where

1
- 14— Jnot,
At o g)md

Since {z,} is a Cauchy sequence, we know that {w,, } is also a Cauchy sequence in
By x Bs. Suppose that {w,,} converges to some w = (u,v) € By x By. Then it is
easy to see that {u,} converges to u and {v,} converges to v, respectively. Since
F, G, Qx,, 9i» m;, and V; are all continuous (i = 1, 2), we have

sp = max{(1 +

r =1 - g1(2) +mi(z) + Qx, (g1(2) — 71 F(u,v) — mi(x)),
y =y —92(y) + ma(y) + Qx,(92(y) — 72G (u, v) = ma(y)).
It remains to show that (u,v) € Vi(z) x Va(y). In fact,
d(u, Vi(2)) < [Ju = unl| + d(un, Vi(2))
< = unl + HWVi(2n), Vi)
< lu = unll +mllz = 2l
where
d(u, Vi(z)) = inf{|lu — z|| : z € Vi(x)}.

It follows that d(u, Vi(z)) = 0 and so u € Vi (z) since Vi(x) is closed. Similarly,
we have v € V(y). By Theorem 3.2, we know that (z,y) € B; x B and
(u,v) € Vi(z) x Va(y) are solutions of SGCCP (1.1). This completes the proof.
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