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ON THE EXISTENCE OF PERIODIC SOLUTION
FOR NEUTRAL DELAY COMPETITIVE SYSTEM

Zhanji Gui and Weigao Ge

Abstract. In this paper, the n−species neutral delay competitive differential
system with periodic coefficients is investigated by means of an abstract con-
tinuous theorem of k−set contractive operator and some analysis techniques.
Sufficient conditions are obtained for periodic solution.

1. INTRODUCTION

We consider the periodic neutral delay competitive differential equations

(1)
ẋi(t) = xi(t)

[
ri(t) −

n∑
j=1

aij(t)xj(t − τij(t))−
n∑

j=1

bij(t)ẋi(t − σij(t))
]
,

i = 1, · · · , n,

where the functions ri(t), aij(t), bij(t), τij(t), σij(t) are continuous periodic func-
tions with period ω > 0 and ri(t) ≥ 0, aij(t) ≥ 0, bij(t) ≥ 0, τij(t)≥0 and
σij(t) ≥ 0 (i, j = 1, · · · , n) for all t≥0. Furthermore, τij(t) are continuously
differentiable with τ ′

ij(t) < 1 for all t≥0. Single species population models have
been studied by a lot of authors (see [1-8]). The simplest and most widely adopted
single species growth model is the well-known Logistic equation

(2) ẋ(t) = rx(t)
[
1 − x(t)

K

]
,

where r is called the intrinsic growth rate of the species x, K is interpreted as the
environment capacity for x, and r[1− x(t)/K] is the per capita growth rate of x at

Received October 10, 2005, accepted April 11, 2006.
Communicated by Song-Sun Lin.
2000 Mathematics Subject Classification: 34B15, 35K13.
Key words and phrases: Periodic solution, k−Set contraction, Competitive system, Neutral delay
equation.

341



342 Zhanji Gui and Weigao Ge

time t. Smith [5] argued that the per capita growth rate in (2) should be replaced
by r[1 − (x(t) + ρẋ(t))/K]. This leads to the equation

(3) ẋ(t) = rx(t)
[
1 − x(t) + ρẋ(t)

K

]
.

Gopalsamy et al. [6] studied a periodic version of (3) that takes the form

(4) ẋ(t) = r(t)x(t)
[
1− x(t − mω) + c(t)ẋ(t − mω)

K(t)

]
,

where r(t), c(t) and K(t) are positive continuous periodic functions of period ω,
and m is a positive integer.

In 1993, Kuang in [3] proposed an open problem (open problem 9.2) to obtain
sufficient conditions for the existence of positive periodic solutions to the following
equation

(5)
dx

dt
= r(t)x(t)

[
a(t) − β(t)x(t) − b(t)x(t − τ(t)) − c(t)ẋ(t − τ(t))

]
,

where r(t), a(t), β(t), b(t), c(t), τ(t) are continuous periodic functions with
period ω > 0. Li [9-11], by use of Mawhin’s continuation theorem, studied system
(5) and

(6)
dN

dt
= N (t)

[
a(t) −

n∑
j=1

bj(t)N (t− σj)−
n∑

i=1

ci(t)Ṅ(t − τi)
]

and system

(7)
dNi

dt
= Ni(t)

[
ri(t) −

n∑
j=1

αij(t)Nj(t − τij) −
n∑

j=1

βij(t)Ṅj(t − σij)
]
,

i = 1, 2, · · · , n,

where σj , τi, τij and σij (i, j = 1, 2, · · · , n) are constants. But, Li did not verify
the important assumption that operator N : Ω̄ → X was L−compact in all the
papers [9-11]. So the main theorems in [9-11] may not be true. For example, under
the transformation N (t) = ex(t), Li rewrote system (6) in the following form

Lx = Nx,

where L = d
dt , Nx = a(t)−

n∑
j=1

bj(t)ex(t−σj) −
n∑

i=1
ci(t)ẋ(t − τi)ex(t−τi). Even if

σj = τj (j = 1, 2, · · · , n), according to the definition of operator Kp, P, Q and
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Banach space X = {x : x ∈ C1(R, R), x(t+ω) ≡ x(t)} in [10], one can find that
KP (I − Q)N : X → X,

KP (I − Q)Nx =
∫ t

0

[
a(s) −

n∑
j=1

(bj(s)− ċj(s))ex(t−τj)

]
ds

−
n∑

j=1

[
cj(t)ex(t−τj) − cj(0)ex(−τj)

]

− 1
ω

∫ ω

0

∫ t

0

[
a(s) −

n∑
j=1

(bj(s)− ċj(s))ex(s−τj)

]
dsdt

−
(

t

ω
− 1

2

)∫ ω

0

[
a(t) −

n∑
j=1

(bj(t) − ċj(t))ex(t−τj)

]
dt.

As the right side of the above formula contains
n∑

j=1

[
cj(t)ex(t−τj) − cj(0)ex(−τj)

]
,

one can not verify thatKP (I−Q)N (Ω̄) is relatively compact inX for any bounded
set Ω ⊂ X .

It is easy to see that system (7) is a special case of system (1), The purpose
of this article is to establish criteria to guarantee the existence of positive periodic
solutions to system (1). By using the continuation theory for k-set contractions
[12-18], we obtain a new result.

2. PREPARATION

In order to study system (1), we should make some preparations. Let E be a
Banach space. For a bounded subset A ∈ E , denote by

αE(A) = inf
{
δ > 0

∣∣there is finite number of subsets Ai ⊂ A,

such that A =
⋃
i=1

Ai and diam(Ai) ≤ δ
}

the (Kuratoski) measure of noncompactness, where diam(Ai) denotes the diameter
of set Ai. Let X, Y be two Banach spaces and Ω a bounded open subset of X .
A continuous and bounded map x : Ω̄ → Y is called k−set contractive if for any
bounded set A ⊂ Ω we have

αY (N (A)) ≤ kαX(A).
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Also, for a Fredholm operator L : X → Y with index zero, according to [15,16]
we may define

l(L) = sup {r ≥ 0|rαX(A) ≤ αY (L(A)), for all bounded subset A ⊂ X} .

Lemma 1. ([17, 18]) Let L : X → Y be a Fredholm operator with index
zero, and a ∈ Y a fix point. Suppose that N : Ω → Y is a k−set contractive
with k < l(L), where Ω ⊂ X is bounded, open, and symmetric about 0 ∈ Ω.
Furthermore, we assume that

(a) Lx �= λNx + λr,for x ∈ ∂Ω, λ ∈ (0, 1), and
(b) [QN (x) + Qr, x][QN (−x)+ Qr, x] < 0, for x ∈ kerL

⋂
∂Ω, where [·, ·] is

a bilinear form on Y × X and Q is the project of Y onto coker(L).

Then there is x ∈ Ω̄ such that

Lx − Nx = r.

In order to use Lemma 1 for system(1), By the transformation xi(t) = eui(t),
system (1) can be rewritten as

(8)

u̇i(t) = ri(t) −
n∑

j=1

aij(t)euj(t−τij(t))

−
n∑

j=1

bij(t)u̇j(t − σij(t))euj(t−σij (t)), i = 1, 2, · · · , n.

Let u(t) = (u1(t), · · · , un(t))T . We write u > 0 if ui > 0, i = 1, · · · , n. We take

C0
ω =

{
u(t) = (u1(t), · · · , un(t))T ∈ C0(R, Rn) : ui(t+ω) = ui(t), i = 1, · · · , n.

}
with the norm defined by |u|0 = maxt∈[0,ω] |u(t)|, and

C1
ω =

{
u(t) = (u1(t), · · · , un(t))T ∈ C1(R, Rn) : ui(t+ω) = ui(t), i = 1, · · · , n.

}
with the norm |u|1 = maxt∈[0,ω]{|u|0, |u̇|1}. Then C0

ω , C1
ω are all Banach spaces.

Let L : C1
ω → C0

ω be defined by Lu = du
dt , and N : C1

ω → C0
ω defined by

(9) Nu =




−
n∑

j=1

a1j(t)euj (t−τ1j(t)) −
n∑

j=1

b1j(t)u̇j(t − σ1j(t))euj (t−σ1j(t))

...

−
n∑

j=1

anj(t)euj (t−τnj(t)) −
n∑

j=1

bnj(t)u̇j(t − σnj(t))euj(t−σnj (t))




.
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It is easy to see from [15] that L is a Fredholm operator with index zero. Now,
system (8) has an ω-periodic solution if and only if Lu = Nu + r for u ∈ C1

ω,
where r =: r(t).

In this paper, the notations

fL = min
t∈[0,ω]

f(t), fM = max
t∈[0,ω]

f(t), f̄ =
1
ω

∫ ω

0
f(t)dt.

will be used.

Lemma 2. ([17]). The differential operator L is a Fredholm operator with
index zero and satisfies l(L) ≥ 1.

Lemma 3. Let γ1, γ2 be two positive constants and Ω = {u|u ∈ C 1
ω , |u|0 <

γ1, |u̇|1 < γ2}. If k = max{∑n
i=1 |bij|0eγ1} < 1, then N : Ω → C0

ω is a
k−contractive map.

Proof. LetA ⊂ Ω̄ be a bounded subset and let η = αC1
ω(A). Then, for any ε > 0,

there is a finite family of subsetsAi satisfyingA =
⋃

i=1 Ai with diam(Ai) ≤ η+ε.
Now let Vi(t, u, z, w) = Vi(t, u1, · · · , un, z1, · · · , zn, w1, · · · , wn), i = 1, · · · , n

and

(10)




V1(t, u, z, w)
...

Vn(t, u, z, w)


 =




n∑
j=1

a1j(t)euj +
n∑

j=1

b1j(t)wje
zj

...
n∑

j=1

anj(t)euj +
n∑

j=1

bnj(t)wje
zj




.

Since Vi(t, u, z, w) are uniformly continuous on any compact subset of R ×
R3n+1, A and Ai are precompact in C0

ω . It follows that there is a finite family of
subsets Aij of Ai such that Ai =

⋃
j=1 Aij with

|Vi(t, u(t− τij(t)), u(t− σij(t)), v̇(t − σij(t))) |

− Vi(t, v(t− τij(t)), v(t− σij(t)), v̇(t − σij(t)))|

=
∣∣∣∣
[ n∑

j=1

aij(t)euj (t−τij(t)) +
n∑

j=1

bij(t)v̇j(t − σij(t))euj(t−σij(t))
]

−
[ n∑

j=1

aij(t)evj(t−τij(t)) +
n∑

j=1

bij(t)v̇j(t − σij(t))evj (t−σij(t))
]∣∣∣∣

≤
n∑

j=1

aij(t)
∣∣∣euj (t−τij(t)) − evj(t−τij(t))

∣∣∣
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+
n∑

j=1

bij(t)|v̇j(t − σij(t))|
∣∣∣euj (t−σij (t)) − evj (t−σij(t))

∣∣∣

≤
n∑

j=1

(
aM

ij eγ1 + bM
ij γ2e

γ1
)

sup
s∈[0,ω]

|uj(s) − uj(s)| ≤ ε,

for any u, v ∈ Aij . Therefore we have

|Nui − Nvi|0 = sup
t∈[0,ω]

|Vi(t, u(t − τij(t)), u(t− σij(t)), u̇(t − σij(t)))

−Vi(t, v(t− τij(t)), v(t− σij(t)), v̇(t − σij(t)))|
≤ sup

t∈[0,ω]
|Vi(t, u(t − τij(t)), u(t− σij(t)), u̇(t − σij(t)))

−Vi(t, u(t − τij(t)), u(t− σij(t)), v̇(t − σij(t)))|
+ sup

t∈[0,ω]

|Vi(t, u(t − τij(t)), u(t− σij(t)), v̇(t − σij(t)))

−Vi(t, v(t− τij(t)), v(t− σij(t)), v̇(t − σij(t)))|

≤
n∑

j=1

|bij|0eγ1 |u̇j(t − σij(t)) − v̇j(t − σij(t))| + ε

≤ kη + (k + 1)ε.

As ε is arbitrary small, it is easy to see that

αC0
ω
(N (A)) ≤ kαC1

ω
((A)).

Lemma 4. Let Φ ∈ C0
ω , τ ∈ C1

ω, and τ̇(t) < 1, then Φ(ν(t)) ∈ C0
ω , where

ν(t) is the inverse function of t − τ(t).

Proof. We need only to prove that ν(a + ω) = ν(a) + ω, for arbitrary a ∈ R.
By the condition τ ′ < 1, it is easy to see that the equation t − τ(t) = a and
t − τ(t) = a + ω exist a unique solution t1, t2 respectively. That is

t1 − τ(t1) = a, t2 − τ(t2) = a + ω,

i.e.,

(11) ν(a) = t1 = a + τ(t1) and ν(a + ω) = t2.

As
ω + a + τ(t1) − τ(ω + a + τ(t1)) = ω + a + τ(t1) − τ(a + τ(t1))

= ω + a + τ(t1) − τ(t1)
= ω + a.
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It follows that t2 = ω + a + τ(t1). So by (11), we have ν(a + ω) = ν(a) + ω for
∀a ∈ R.

Throughout this paper, we assume that τij ∈ C2
ω , σij ∈ C2

ω , τ̇ij < 1, σ̇ij <
1 (i, j = 1, · · · , n). So t − τij(t) or t − σij(t) has a unique inverse, and we set
νij(t), µij(t) to represent the inverse of function t− τij(t), t−σij(t), respectively.

3. MAIN RESULTS

Theorem 1. Suppose bij ∈ C1
ω, r̄i > 0, i, j = 1, · · · , n, and

aij(t) > ḃ 0
ij (t),

Φij(t) = :
aij(νij(t))

1 − τ̇ij(νij(t))
− ḃ 0

ij (µij(t))
1 − σ̇ij(µij(t))

> 0,

Ψij(t) = :
aij(νij(t))

1 − τ̇ij(νij(t))
− θ2aij(µij(t)) + θ1ḃ

0
ij (µij(t))

1 − σ̇ij(µij(t))
> 0,

i, j = 1, · · · , n. Further, we assume that

k = max
1≤i≤n

{ n∑
j=1

|bij|0,
n∑

j=1

|b 0
ij |0

}
eM < 1,

where

M = max
1≤i≤n

{∣∣∣ log
r̄i∑n

j=1 āij
Big|, Mi, N1

}
,

Mi = 2r̄iω + Aii +
n∑

j=1

Bij |b 0
ij |0,

Aii = max
1≤i≤n

{
r̄i

( aii(νii(ξi))
1− τ̇ii(νii(ξi))

− θ2aii(µii(ξi)) + θ1ḃ
0

ii (µii(ξi))
1− σ̇ii(µii(ξi))

)−1
}

,

Bij = max
1≤i,j≤n

{
r̄i

aij(ξi) − ḃ 0
ij (ξi)

}
, b 0

ij =
bij(t)

1 − σ̇ij
,

N1 = max
1≤i≤n

{
Aii + ω

(
r̄i +

n∑
j=1

āij

)(
1 − eMj

n∑
j=1

|b 0
ij |0eMj

)−1
}

,

θ1, θ2 are positive satisfying θ1 + θ2 = 1. Then Eqs.(1) has at least one positive
ω-periodic solution.
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Proof. We consider the operator equation

Lu = λNu + λr, λ ∈ (0, 1).

We have

(12)




u̇1(t)
...

u̇n(t)


 = λ




r1(t)−
n∑

j=1

a1j(t)euj (t−τ1j(t))

...

rn(t)−
n∑

j=1

anj(t)euj(t−τnj(t))

−
n∑

j=1

b1j(t)u̇j(t − σ1j(t))euj(t−σ1j (t))

...

−
n∑

j=1

bnj(t)u̇j(t − σnj(t))euj (t−σnj(t))




.

Suppose that u(t) = (u1(t), · · · , un(t))T is any arbitrary solution of system
(12) for a certain λ ∈ (0, 1), then we have

(13)

u̇i(t) = λ

[
ri(t) −

n∑
j=1

aij(t)euj (t−τij(t))

−
n∑

j=1

bij(t)u̇j(t − σij(t))euj(t−σij(t))

]
.

Integrating system (13) over the interval [0, ω], we obtain

(14)

∫ ω

0

[
ri(t) −

n∑
j=1

aij(t)euj(t−τij(t))

−
n∑

j=1

bij(t)u̇j(t − σij(t))euj(t−σij (t))

]
dt = 0.

Clearly

(15)

∫ ω

0
bij(t)u̇j(t − σij(t))euj (t−σij(t))dt

=
bij(µij(t)

1 − σ̇ij(µij(t))
euj (t−σij(t))

∣∣∣ω
0
−

∫ ω

0
euj (t−σij(t))db 0

ij (t)

= −
∫ ω

0
ḃ 0
ij (t)euj (t−σij(t))dt.
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From (14) and (15), we have

(16) r̄iω =
∫ ω

0

[ n∑
j=1

aij(t)euj(t−τij(t)) −
n∑

j=1

ḃ 0
ij (t)euj (t−σij(t))

]
dt.

Let t − τij(t) = s, i.e., t = νij(s), and t − σij(t) = s, i.e., t = µij(s) (i, j =
1, · · · , n). According to Lemma 4, we have

∫ ω

0
aij(t)euj(t−τij(t))dt =

∫ ω−τij (ω)

−τij(0)

aij(νij(s))
1 − τ̇ij(νij(s))

euj (s)ds

=
∫ ω

0

aij(νij(t))
1 − τ̇ij(νij(t))

euj (t)dt,

∫ ω

0
ḃ 0
ij (t)euj (t−σij(t))dt =

∫ ω−σij (ω)

−σij (0)

ḃ 0
ij (µij(t))

1 − σ̇ij(µij(t))
euj(t)dt

=
∫ ω

0

ḃ 0
ij (µij(t))

1 − σ̇ij(µij(t))
euj (t)dt.

So from (16), we get

(17) r̄iω =
∫ ω

0

n∑
j=1

[
aij(νij(t))

1 − τ̇ij(νij(t))
− ḃ 0

ij (µij(t))
1 − σ̇ij(µij(t))

]
euj(t)dt.

On the other hand

(18)

∫ ω

0

∣∣∣∣∣
d

dt

[
ui(t) + λ

n∑
j=1

b 0
ij (t)euj(t−σij (t))

]∣∣∣∣∣dt

= λ

∫ ω

0

∣∣∣∣∣
[
ri(t) −

n∑
j=1

aij(t)euj (t−τij(t)) +
n∑

j=1

ḃ 0
ij (t)euj(t−σij (t))

]∣∣∣∣∣dt

= λ

∫ ω

0

∣∣∣∣∣
[
ri(t) −

(
aij(νij(t))

1 − τ̇ij(νij(t))
− ḃ 0

ij (µij(t))
1 − σ̇ij(µij(t))

)
euj (t)

]∣∣∣∣∣dt

≤
∫ ω

0
ri(t)dt +

∫ ω

0

n∑
j=1

[
aij(νij(t))

1 − τ̇ij(νij(t))
− ḃ 0

ij (µij(t))
1− σ̇ij(µij(t))

]
euj (t)dt

= 2r̄iω.

In addition, we have
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(19)

r̄iω = θ1

∫ ω

0

[ n∑
j=1

aij(t)euj(t−τij(t)) −
n∑

j=1

ḃ 0
ij (t)euj(t−σij (t))

]
dt

+θ2

∫ ω

0

[ n∑
j=1

aij(t)euj (t−τij(t)) −
n∑

j=1

ḃ 0
ij (t)euj(t−σij (t))

]
dt

=
∫ ω

0

[
(θ1 + θ2)

n∑
j=1

aij(t)euj (t−τij(t))

−θ2

n∑
j=1

aij(t)euj (t−σij(t)) − θ1

n∑
j=1

ḃ 0
ij (t)euj (t−σij(t))

]
dt

+
∫ ω

0
θ2

n∑
j=1

(
aij(t) − ḃ 0

ij (t)
)

euj(t−σij (t))dt

=
∫ ω

0

n∑
j=1

[
aij(νij(t))

1 − τ̇ij(νij(t))
− θ2aij(µij(t)) + θ1ḃ

0
ij (µij(t))

1 − σ̇ij(µij(t))

]
euj (t)dt

+
∫ ω

0
θ2

n∑
j=1

[
aij(t) − ḃ 0

ij (t)
]
euj (t−σij(t))dt.

From (19) there is ξi ∈ [0, ω] such that

(20)
r̄i =

n∑
j=1

[
aij(νij(ξi))

1− τ̇ij(νij(ξi))
− θ2aij(µij(ξi)) + θ1ḃ

0
ij (µij(ξi))

1 − σ̇ij(µij(ξi))

]
euj (ξi)

+ θ2
∑n

j=1

[
aij(ξi) − ḃ 0

ij (ξi)
]
euj (ξi−σij (ξi)), i = 1, · · · , n,

which implies

(21)
uj(ξi) ≤ r̄i

(
aij(νij(ξi))

1− τ̇ij(νij(ξi))
− θ2aij(µij(ξi)) + θ1ḃ

0
ij (µij(ξi))

1 − σ̇ij(µij(ξi))

)−1

= Aij, i, j = 1, · · · , n.

(22) euj (ξi−σij (ξi)) ≤ r̄i

aij(ξi) − ḃ 0
ij (ξi)

≤ Bij , i, j = 1, · · · , n.

It follows from (18), (20) and (21) that

ui(t) + λ

n∑
j=1

b 0
ij (t)euj (t−σij(t)) ≤ ui(ξi) + λ

n∑
j=1

b 0
ij (ξi)euj(ξi−σij (ξi))
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∫ ω

0

∣∣∣∣∣∣
d

dt

[
ui(t) + λ

n∑
j=1

b 0
ij (t)euj (t−σij (t))

]∣∣∣∣∣∣ dt

≤ 2r̄iω + Aii +
n∑

j=1

Bij|b 0
ij |0, i = 1, · · · , n.

Then

(23) ui(t) + λ

n∑
j=1

b 0
ij (t)euj (t−σij(t)) < Mi, i = 1, · · · , n.

As

λ

n∑
j=1

b 0
ij (t)euj (t−σij(t)) > 0,

it follows that

(24) ui(t) < Mi, i = 1, · · · , n.

From (13) and (23), we have
∫ ω

0
|u̇i(t)|dt ≤ r̄iω +

n∑
j=1

āijωeMj + eMj

n∑
j=1

bij(t) |u̇j(t − σij(t))| dt

≤ r̄iω +
n∑

j=1

āijωeMj + eMj

n∑
j=1

bij(µij)
1 − σ̇(µij(t)

|u̇j(t)| dt,

i.e.,

(25)
∫ ω

0
|u̇i(t)|dt ≤ ω

(
r̄i +

n∑
j=1

āij

)(
1 − eMj

n∑
j=1

|b 0
ij |0eMj

)−1

.

It follows from (21), we have

|ui(t)| ≤ |ui(ξi)|+
∫ ω

0
|u̇i(t)|dt

≤ Aii + ω

(
r̄i +

n∑
j=1

āij

)(
1 − eMj

n∑
j=1

|b 0
ij |0eMj

)−1

=: N1.

By (13) and (26), we get

|u̇i|0 ≤ |ri|0 +
n∑

j=1

|aij|0eMj +
n∑

j=1

|bij|0eMj |u̇j|0, i = 1, · · · , n.
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It follows that

(26) |u̇i|0 ≤
|ri|0 +

n∑
j=1

|aij|0eMj

1 −
n∑

j=1

|bij|0eMj

=: N2, i = 1, · · · , n.

Let Ω = {u ∈ C1
ω : |u|0 < N3, |u̇|0 < N2} and define a bounded bilinear form

[ · , · ] on C0
ω × C1

ω by




[v1, u1]
...

[vn, un]


 =




∫ ω

0
v1(t)u1(t)dt

...∫ ω

0

vn(t)un(t)dt


 .

Also we define Q : v → coker(L) by vi →
∫ ω
0 vi(t)dt, i = 1, · · · , n. Obviously

{ u | u ∈ kerL ∩ ∂Ω } = { u | u ≡ N3 or u ≡ −N3}.

Without loss of generality, we assume that u ≡ N3. thus

(27)

[QN (u) + Q(r), u][QN(−u)+ Q(r), u]

=




[QN (u1) + Q(r1), u1][QN (−u1) + Q(r1), u1]
...

[QN (un) + Q(rn), un][QN (−un) + Q(rn), un]




=




N 2
3 ω2


∫ ω

0

r1(t)dt− eN3

∫ ω

0

n∑
j=1

a1j(t)dt




...

N 2
3ω2


∫ ω

0
rn(t)dt− eN3

∫ ω

0

n∑
j=1

anj(t)dt




×

∫ ω

0
r1(t)dt − e−N3

∫ ω

0

n∑
j=1

a1j(t)dt




...

×

∫ ω

0

rn(t)dt − e−N3

∫ ω

0

n∑
j=1

anj(t)dt






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=




N 2
3ω2


r̄1 − eN3

n∑
j=1

ā1j


 ×


r̄1 − e−N3

n∑
j=1

ā1j




...

N 2
3ω2


r̄n − eN3

n∑
j=1

ānj


 ×


r̄n − e−N3

n∑
j=1

ānj







.

If
N3 >

∣∣∣∣ log
r̄i

n∑
j=1

āij

∣∣∣∣, i = 1, · · · , n;

then

eN3

n∑
j=1

āij >
r̄i

n∑
j=1

āij

n∑
j=1

āij = r̄i,

e−N3

n∑
j=1

āij <
r̄i

n∑
j=1

āij

n∑
j=1

āij = r̄i.

So from (28) we get

(28) [QN (ui) + Q(ri), ui][QN (−ui) + Q(ri), ui] < 0, i = 1, · · · , n.

From the condition

max
1≤i≤n

{ n∑
j=1

|bij|0,
n∑

j=1

|b 0
ij |0

}
eMj < 1,

we have that there is a constant M̄ > M such that
∑n

j=1 |bij|0eM̄ < 1. Applying
Lemmas 1 and 3 with Ω = {u|u ∈ C1

ω , |u|0 < γ1, |u̇|0 < γ2}, we set γ1 = M̄, γ2 =
M . Then it follows from (23), (28) and (29) that all the conditions of Lemma 1 are
satisfied. Hence system (1) has at least one positive ω-periodic solution.

Theorem 2. If r̄i > 0 and Φij(t) ≤ 0, ∀t ∈ [0, ω], then system (1) does not
have any positive ω−periodic solution.

Proof. We need only to prove that system (8) does not have any positive
ω−periodic solution. If (8) have a ω−periodic solution u(t), then integrating two
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sides of system (8) on the interval [0, ω], we get

∫ ω

0
ri(t)dt =

∫ ω

0

[ n∑
j=1

aij(t)euj (t−τij(t)) −
n∑

j=1

ḃ 0
ij (t)euj (t−σij(t))

]
dt,

i.e.,

r̄iω =
∫ ω

0

n∑
j=1

[
aij(νij(t))

1 − τ̇ij(νij(t))
− ḃ 0

ij (µij(t))
1 − σ̇ij(µij(t))

]
euj (t)dt.

So there exists a number ξ ∈ [0, ω] such that

r̄iω =
n∑

j=1

[
aij(νij(ξ))

1− τ̇ij(νij(ξ))
− ḃ 0

ij (µij(ξ))
1 − σ̇ij(µij(ξ))

]∫ ω

0

euj(t)dt.

As r̄i > 0, it follows that Φij(ξ) > 0 which contradicts Φij(ξ) ≤ 0, ∀t ∈ [0, ω].
this contradiction implies that system (8) does not have any positive ω−periodic
solution.Theorem 2 is now proved.

Theorem 3. If r̄i = 0 and Φij(t) ≥ 0 or Φij(t) ≤ 0, and furthermore, Φ̄ij �= 0,
then system (1) does not have any positive ω−periodic solution.

We omit the proof of Theorem 3 since it is similar to that of Theorem 2.
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