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A MULTIDIMENSIONAL GENERALIZATION
OF HARDY-HILBERT’S INTEGRAL INEQUALITY

Hong Yong

Abstract. In this paper, by introducing norm ||z|.(z € R"), we give a
multidimensional Hardy-Hilbert’s integral inequality with two parameters c,
A and best constant factor.

1. INTRODUCTION AND MAIN RESULTS

fp>1 2L+l =17f>092>00< [°f)de < +o0, 0 <
fo g4(z)dr < 400, then the well known Hardy-Hilbert’s inequality be given by
(see [1]):
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where the constant factor Shf(rﬂ) is the best possible. it’s equivalent form is:
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where the constant factors of [ﬁ]p is also the best possible.

In recent years, many results (see [2-5])have been obtained in research of Hardy-
Hilbert’t inequality.By introducing a parameter A, Yang [6] give generalizations of
(1) and (2) as:
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/\Sin(%)]p are all the best possible.

where the constant factors /\Si;r(%) and |

It is significant and important to generalize Hardy-Hilbert’s integral inequalities
into multidimensional forms. Recently, Hong [7] and Yang [8] give some multidi-
mensional results. In the year 2003, Kuang and Debnath L. obtains (see [9]): If
a < ooora=o0, Xp_ o= = 1(pg > 1), ay(a)(k = 1,2, ,n) are measurable
function in (0,a), frx(z)(k = 1,2,---,n) are nonnegative measurable function in
(0,a), A > 1 and
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where the I'(+) is I'-function.

In this paper, by introduce norm ||z ||, (z € R™) and parameters « and \, we give
multidimensional Hardy-Hilbert’s integral inequalities with the best constant factors
that correspond to (3) and 4. Let Bf = {z = (v1, - ,2p) : T1,..., Ty > 0},
|zllo = (¢ 4+ +2 ) , (& > 0), our main theorem is:

Theorem 1.1. pr>1,%+%:1,n€Z+,a>0,)\>0,f20,920,
and

(6) 0</ HxH(a”_’\)(p_l)fp(x)dx<oo,0</ ]| =N @D g4 () daz < o0,
R" R"

+ +

then

o S T < (33)
(/ N0 7(z) ) (/ ol <>d> ;

(7



A Multidimensional Generalization of Hardy-Hilbert’s Integral Inequality 271

- @ .\
Jo 2 </R (el + Tolo™ ) N

(%) A (n=\)(p—1)
< [mB (575>] /Rn x|l VP fP(x)de,

+

nL)

ncl
where the constant factors OCF%(J’T)B(A A) and [W;(’—ﬂ)

RIr 5 B(%7 %)]p are all the

best possible.In particular
(1) forn =1, we have
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where the constant factors B (%, %) and BP (%, %) are all the best possible.

(2) for a =1, we have
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where the constant factors ﬁB(%, 3) and [(n 7
possible.

(3) for A =n, we have

1
ngly) oo ITME) B(ﬁ Q)
// quwuyrr) WS (@ \ 3 g
(13) .

X < - fp(w)dx>g (/igq(x)dx>%;
J . </R <errafﬁr)yua>ndx> U
JEr ] o

+
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P’q
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where the constant factors WF(%)B(;, o) and [MTF()%)B(E’ D7 are all the
best possible.
(4) form=X=p=q=2 we have

f@)gly) .
/Ra /Ra Ml + Iyl

(15) 1 L

<3 < ” f2(x)dx> (/R%r g2(x)dx> ;

2
f(z) 7 2
16 - SN .
(19 /Ri </R <quz+uyuz>2dx> WG o I

2
where the constant factors 5 and 7 are all the best possible.
2. SOME LEMMAS

Lemma 2.1. (see [10]) If p; > 0, a; >0, oy > 0,9 =1,2,---,n, ¥(u) is a
measurable function, then

xl aq xn a)
/ / g;n>o("1 ay 4., +(_a)an<1 <(a1) (an)

(17) xaht™ L P ey - day,

aft - afrT(2L) T

a1

1
))/ T(uw)um o .
0

SEIEF



A Multidimensional Generalization of Hardy-Hilbert’s Integral Inequality 273

Lemma 2.2. Ifp > 1, % + % =1neZ, a>0, A>0, and setting weight
Sunction wq x(x, p, q) as:

1\ (n=XA)p

A
1 g o) @
(.UOC,)\({I:7P7 Q) = / b H:I:Hl <Hx” ) ! dy,
Ry ([|zlla + lylla) |2 1y ]la
then
I (3) A A
(18) Wa T, P, q) = ||T (an_)\)(p_l)ianB <_7_>7
(.p,0) = ] it (]

where the B(-,-) is [B-function.

Proof. By (17), we have
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hence (18) is valid.

Lemma 2.3. If'p > 1, %+%:1,n€Z+,a>0, A>0,0<e<Ag—1)
and setting @, x\(x,q, €) as:
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then we have

_A_ e n(l
%) Zan@.,9) = el P o (3
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+

).

Proof. By the method to similar proof of Lemma 2.2, Lemma 2.3 can be
proven.

QM

=
q’

3. THE PROOF OF THEOREM

By Holder’s inequality, we have
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according to the condition of taking equality in Holder’s inequality, if this inequality
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takes the form of an equality, then there exist constants C; and C, such that they
are not all zero, and

1\ (n=A)p A

C1fP(x) [EdIE? <H$Ha> ‘
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yll&
1 (n_>‘)q A
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it follows that
n—2>\) 1)+n n—2>\) 1)+n
Cy [l]| SV EI p(3) = Cyly)| PO ga(y) = C(constant),
a.e.in Ry x R,

which contradicts (6), hence we have
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Hence by (18), we obtain

i ()] ([ e
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+

A<
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Hence (7) is valid.
For 0 < a < b < oo, setting
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+
0, 0 < [lylla < aor|yla>0b
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by (6), for sufficiently small a > 0 and sufficiently large b > 0, we have

0< [ eVl gy < oc.
a<|lylla<b

Hence by (7), we have
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it follows that
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For a — 01, b — 400, we obtain

(%) A “N)(p-1
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+
hence by (6), we obtain

o</R = aDga()dy < oo,

+
hence g(y) satisfies (6). By (7), we have
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- o (32) ([ et o)
anI0(2) 7 \p' g Ry
- /(@) L
[/R ol </R <kua+uyua>kdx> dy] |

it follows that
p
i (@)
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+
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Hence (8) is valid.

Remark. By (8), we can also obtain (7), hence (8) and (7) are equivalent.
n(l

If the constant factor K := Oénr_l(r()ﬂ)B(%27 %) in (7) is not the best possible,

then there exists a positive constant K <K 1, such that

f(@)g(y)
/ i/ o alla + el
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In particular, for 0 < ¢ < A(¢ — 1), setting

_ (=M= +n+e _(n=M(g=D+n+te

f(@) = zlla ’ o 9Y) = llylla ! ,

(20) is still true. By the properties of limit, there exists a sufficiently small a > 0,
such that
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On the other hand, by (19), we have
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hence we obtain

for e — 01, we have

this contradicts the fact that K < K j.Hence the constant factor OCF—_TLE)TB(A A)
in (7) is the best possible.

Since (8) and (7) are equivalent, the constant factor [#;;()%)B(%, %)]p in (8)
is also the best possible.
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