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NON-CENTRAL MATRIX-VARIATE DIRICHLET DISTRIBUTION

Luz Estela Sanchez and Daya K. Nagar

Abstract. Let X; ~ Wp(n;,2,0) where © = diag(6?,0,...,0), i =
1,...,7 4+ 1. In this article the authors have derived the joint distribution
of U; =C71X;C"1,i=1,...,r where Z::ll X, = CC'" and C is a lower
triangular matrix. The joint distribution of Uy, ... , U, is a non-central matrix-
variate Dirichlet distribution. Several properties of this distribution such as
marginal and conditional distributions, distribution of partial sums, moments
and asymptotic results have also been studied.

1. INTRODUCTION

The multivariate statistical analysis heavily depends upon multivariate normal
distribution. Therefore, the distribution of sample sum of squares and crossproducts
matrix, which has a Wishart distribution, plays an important role in almost all
inferential procedures. A distribution closely connected to the Wishart, known as
‘matrix-variate beta’ was introduced by Prof. P. L. Hsu while studying distribution
of roots of certain determinantal equation. The matrix-variate beta distribution
arises in various problems in multivariate statistical analysis. Several test statistics
in multivariate analysis of variance and covariance are functions of beta matrix.
In Bayesian analysis, this distribution and some of its properties are utilized in
preposterior analysis of parameters of normal multivariate regression models.

An extension of the matrix-variate beta distribution is the “matrix-variate Dirich-
let distribution”, which is useful in several testing problems in multivariate statistical
analysis (Troskie [20]). For example, the likelihood ratio test statistic for testing
homogeneity of several multivariate normal distributions is a function of Dirichlet
matrices.
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In this article, we derive a non-central matrix-variate Dirichlet distribution. In
Section 2, we give certain known definitions and results that are used to derive the
main results. The non-central matrix-variate Dirichlet distribution has been derived
in Section 3. Section 4 deals with certain properties and asymptotic expansion of
this distribution.

2. SoME USEFUL RESULTS

In this section we give definitions and results that will be used in the subsequent
sections. The generalized hypergeometric functions of one and several variables will
be used to derive the density function, marginal and conditional distributions and
several moment expressions of random matrices which are jointly distributed as non-
central matrix-variate Dirichlet. Throughout this work we will use the Pochammer
symbol (a),, defined by (a), =ala+1)---(a+n—1) = (a)p—1(a +n —1) for
n=12,...,and (a)p = 1.

The generalized hypergeometric function of scalar argument is defined by

@.1) F,(a ap; b b-z)—i(“l)k”'(ap)kzk
. Iy--+ sy Uly e e ey ’ - 1N LN
ptq P q i (b1)g - (bg),, k!
where a;, 1 =1,... ,p; bj, 7 =1,... ,q are complex numbers with suitable restric-

tions and z is a complex variable. Conditions for the convergence of the series in
(2.1) are available in the literature, see Luke [13]. From (2.1) it is easy to see that
0F1(b;3) = 352 gy and 1 P (as b5 ) = Y052 b &y

Next, we will deﬁne confluent hypergeometric and generalized Kampé de Fériet’s
functions of several variables. For further results and properties of these functions
the reader is referred to Srivastava and Kashyap [17, Section I1.7] and Srivastava
and Karlsson [16, Section 1.4].

The confluent hypergeometric function in m variables z1, . .. , 2, is defined by
e jl Jm
(@jr 4 tjm? - 2
(2.2) \Ilgm)[a;cl,...  Cmy 21y e e s Zm) = Z S ] =

Gy s Jm=0 (Cl)j1 ce (cm)jmjl‘ !

where the series expansion is valid for all z; € R. Using the results

(a); = F(I?(Z)j ) _ F(la) /0 " exp(—0)t*9 1 dt, Re(a) > 0,

for j =0,1,2,..., and Zﬁ el = oF1(¢;tz;) in (2.2), one obtains

Cz]]'

0o m
(2.3) \Ilgm) [a;¢1y. . yCm; 21y vy 2m] = _a/ exp(—t)t* ! HOFI(Ci;tZi) dt.
0 i=1
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For m = 1, the function \Ilgm) reduces to the confluent hypergeometric function

1F1. Form = 2, \Ilgm) = Wy is the Humbert’s confluent hypergeometric function
and (2.2) slides to

oo
a

Wla;cr,co521,22) = ) % 1 Fi(a+ jis c2; 20)

(2.4) o

| o (0575
= Z 9—22, 1Fi(a + j2; c1521).

j2:0 (62)_]2.]2'

The generalized Kampé de Fériet’s function in m variables 21, .. . , zp, is defined

as follows (Srivastava and Panda [18, p. 1127]):

Wi wm Qe 5@y 011,00 010 s omt, e b
Fl;ral; Tm Cly... ,Cl;ldn,... adloj;"‘ ;dmla--- ,dmo-m; Zlyeee o Zm
(2.5) .
_ Z Hz 1( )j1+ +Jjm H;jll( ‘)j "'ng:nl(bmz)]mzil"'zggl
1 yeer Gim=0 | Y (P | VY COT)PARERY | AT (O P SURER 2
where the series is convergent if u+ vy < p+or+ 1, k=1,... ;mor p+ v, =
p+op+1,k=1,...,m with either > p and |z |V #=P) ... 4|z, |V (P < 1
or 4 p and max{|z1|,...,|zm|} < 1. Further generalization of the multivari-

able generalized Kampé de Fériet’s function, which is referred to in the literature
as generalized Lauricella function, is due to Srivastava and Daoust [15, p. 454].
It may be recorded here that under certain conditions the generalized Kampé de
Fériet’s function reduces to Lauricella functions F4, Fp, Fco, Fp and general-

ized hypergeometric function of one variable. For p = v = --- = v, = 0
and 4 = 03 = -+ = o, = 1, the generalized Kampé de Fériet’s function re-
duces to the confluent hypergeometric function of several variables. Substituting
p=p=Vvl="'=VUyp=0] ="+ =0, =1I1n (2.5), the generalized Kampé¢ de
Fériet’s function in m variables z1, ... , z,, simplifies to

th1s- o 3 bmg

pllied GO tm 2

Llil o o dl;"‘ ;dm; 1, )

(2.6) o

(@) 14t (1)1 - (Br) 2L -+ 2

(i ttgm (@1)gy - (dm)jp F1 - G

Jisee5Jm=0

Ifb; =dy,...,bpn—1 = dpn—1, then (2.6) reduces to
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gl @by s bm1ibms ;
1:17"71 C:bl;"‘ 7bm—17dm, 1y s*m

_F1:0;1 =5 bin; m—1

2.7) =fon oL _g . Yoty Ziy Zm
e’} m—1
(@);(bm) j2m

= —1F1<a+],c+j, )

jgo (C)j(dm)]]' ;

Next we will give a result which has been used in Section 4 to derive moment
expression.

Lemma 2.1. For Re(a;) > 0,i=1,...,m and Re(83) > 0,

2.8)
m
[] Te(-3n)""
=1
0<z;<1
0<Z?;1 ;<1
m
x\I'ngrl) [a; Cly- v s Cm41301%15 - -+, OmTm,y Ol (1 — sz>] day -+ d,,
i=1
— HZL F(Oéi)r(,@) Fl;l;... i1 a: o155 0m; ﬁ; 51 5 1 :|
F(ZZT; Oéz‘i‘ﬁ) L1551 Z;il (7 —|—ﬁ DCL 5 Cm Cmt; ) y Om+

where \IlgmH) nd F} % 1 are the confluent hypergeometric and Kampé de Fériet’s
functions of several variables respectively.

Proof. Expanding \Ilgmﬂ) using (2.2), integrating x; ... , Z,, with the help of
Dirichlet integral and using (2.6) we get the desired result. [ |

The matrix-variate distributions such as Wishart, non-central Wishart, beta and
Dirichlet involve multivariate gamma function. Since we will be defining and using
these distributions to derive our distributional results, it will not be out of context
to define multivariate gamma function. The multivariate gamma function, denoted
by I'p(a), is defined as

(2.9) T'y(a) = /A etr=4) det(A)~ 5 dA,

where Re(a) > p;21, and the integral is over the space of p X p symmetric posi-
tive definite matrices. By evaluating the integral in (2.9), the multivariate gamma
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function can be expressed as product of ordinary gamma functions

P .
__blp—l 1—1 p— 1
(2.10) T,(a) = 72 1_[1F(a 5 ),Re(a) > i

Finally, we define Wishart and non-central Wishart distributions and state some
of their properties. These definitions and results have been taken from Gupta and
Nagar [7, Chapter 3].

Definition 2.1. A p X p symmetric positive definite random matrix S is said
to have Wishart distribution with parameters p, n(> p) and X (p x p) > 0, denoted
by S ~ Wp(n,X), if its p.d.f. is given by

-1 n—p—1

%) det($)*#, 5 >0

2.11) {ﬁrp(g) clet(z)%}_1 etr ( _x

Definition 2.2. A p x p symmetric positive definite random matrix S is said to
have a non-central Wishart distribution with parameters p, n(> p), ¥ (p X p) > 0
and ©, denoted by S ~ W) (n, X, ©), if its p.d.f. is given by

{2%1}(%) det(Z])%}_1 etr < - %) etr < - E_;S)

ey »-1
X det(S)_ngoFl (g, ¥

where ¢ F} is the Bessel function of matrix argument.

(2.12)
), S>0

For ©® = 0, the non-central Wishart distribution reduces to Wishart distribution.
Further, when ¥ = I, and © = diag(6?,0, ... ,0), the p.d.f. of S = (s;;) simplifies
to

2.13) {z%ppG) }—1 . HQJFTH% der(9)H o1y (2 92311)7

where S > 0, n > p and oF} is the Bessel function of scalar argument.

Theorem 2.1. Let S ~ Wpy(n, X, ©). Partition S,% and © as
S11 Si2 Y11 X2 ©11 O12
S = s E = s C‘-‘) =
( So1 Soo Y91 Yoo ©21 Oa
where S11,%X11 and ©11 are q x q matrices. Then, S11 ~ Wy(n, Y11, O11).

Theorem 2.2. Let Sy, ... , S, be independent random matrices, S; ~Wy(n;, &, ©;),
i=1,...,7 Then, > i | Si~Wp(>i_1ni, 2, >0, 65).
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3. NON-CENTRAL MATRIX-VARIATE DIRICHLET DISTRIBUTION

Let X3,...,X,4+1 be independent symmetric positive definite random matrices
of order p. Define the transformation >/ X; = CC’ and U; = C~' X,0"~ 1, i =
1,...,r where the matrix C' is lower triangular with positive diagonal elements.

If X; ~Wy(ni,X),i=1,...,7+ 1, then the joint distribution of Uy, ... ,U, is
matrix-variate Dirichlet (Olkin and Rubin [14]). Further, if X, 1 ~ Wy(n,41,%,0)
and X; ~ Wy(n;,X), i =1,...,r, then the random matrices Uy, ... , U, follow a
non-central matrix-variate Dirichlet distribution (Asoo [2], Troskie [19], De Waal [3]
and Gupta and Nagar [6]).

In this section we will derive the joint probability density function of Uy, ... , U,
when each X; has a non-central Wishart distribution of rank one.

Theorem 3.1. Let Xi,...,X,4+1 be independent symmetric positive defi-
nite random matrices, X; ~ Wy(n;,,0;) where ©; = diag(62,0,...,0), i =
1,...,7+ 1. Define Z:ill X;=CC"and X; = CU;C', i = 1,... ,r where the
matrix C'is lower triangular with positive diagonal elements. Then, the joint p.d.f.
of Uy,...,U, is given by

T (_ Zr—i—l le) Zr+1 2 r nr41—pP—1
—Hp:;%ll Fp(; ) exp < — ) Hdet det (I — Z U) ’

D) [Zﬁl n; ney1 Biuin O2u, Or(1— 300 Unz‘)}
2 2 9 2 VA 2 9 2 P 2 9 2 I

T
0<Ui<Ipi=1,...,n,Y U<l

where U; = (uagi),t = 1,... 7 and ‘IlgH) is the confluent hypergeometric func-
tion in v + 1 variables.

Proof The random matrix U; is invariant under the transformation X, —
e (3™ ) where 372 is a lower triangular matrix such that »2 (22) =X
Hence, we can assume with out loss of generality that ¥ = I, that is, X; ~
Wy (ni, Ip, ©;). Using independence and (2.13) the joint p.d.f. of Xq,... , X, is
given by

r+1 r+1 pn2

o M\ i 0; i X
]:|1:{22Fp(3>} 1eXp<_2216)etr(_Zle)

nimp-1 T ni 0711
w TT det(X;)™ F(—;Z ),X->0, Spi=1,...,
g e( z) };[10 1 2 4 7 n; =2 p,t r
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Making the transformation Z:ill X;=CC' and X; = CU;C', i =1,...,r where
C = (c¢;j) is a lower triangular matrix, Cii > 0, with the Jacobian J (X1, ..., X;41 —
Uy,...,U,C)=2P PV FD = g integrating with respect to ¢;;, 1 j

ZZ

i p, we get the joint den51ty of Uy,... ,U, as

zpﬁ{z"frp@)}*exp<——Zf§93>
(3.1 =l

T npq1—p—1
X Hdet(Uz) (Ip - Z U) * LD H I3,
i=1 =1
where 0 < U; < Ip,i =1,...,r,> " ; Uy < I,. Further, using results on integra-

tion and (2.3), it is easy to see that

S 2. p .
e [ (- E) fla, - e
2

rl _ 022 .
e [ (- ;> e o (2 )

0 1->_ z
xoF} <Tlr2+1; r+1011( 4211 Ullz)) deyy = 1F<Zz 21 n2>
A [2211 ni N1 fuin 02ury, 071(1—>01 ulli)}
2 2 ’ 2 yrtt 2 ’ 2 yrc 2 9 2 )
e’} 2 41 +1 n17171 r+1 . 1
I3z':/ exp(_ﬁ>6211nl Zdu:2 = F<ZZ o )
0 2 2

Finally, substituting I1, Iz and I3; in (3.1) and simplify the resulting expression, we
obtain the desired result. ]

If (Ui, ...,U,) has the p.d.f. given in Theorem 3.1, then we will write

n n n
(UL, ... ,UT)ND;Z(?I,... - "2“;0%,... 62; 9”1)

Corollary 3.1.1. Let Xi,...,X,4+1 be independent random matrices, X; ~
Wp(ni,2),i=1,...,rand Xr11 ~ Wp(n,41,%, ©) where © = diag(62,0,... ,0).
Define Z:ill X, = CC" and X; = CU,C', i+ = 1,...,r where the matrix C
is lower triangular with positive diagonal elements. Then, the joint p.d.f. of
Ui, ..., U, is given by

nT_;'_lfpfl

%(—)H“ g
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where 0 < U; < I, i=1,...,r, > Ui < I, and 1 F\ is the confluent hyperge-
ometric function.

The above density function was first derived by Troskie [19]. The joint dis-
tribution of (Uy,...,U,) in this case is called “linear non-central matrix-variate
Dirichlet Distribution.”

Corollary 3.1.2. Let X1, Xo,...,X,11 be independent symmetric positive
definite random matrices, X; ~ Wp(n;,2), i = 1,... ,r + 1. Define Z:ill Xi =
CC"and X; = CU;C’, i =1,... ,r where the matrix C' = (c;j) is lower triangular
with ci; > 0. Then, the random matrices Uy,... U, follow a matrix variate
Dirichlet type I distribution with joint p.d.f-

T ( ZrJrl nr+12 p—1

det(U, det(I —E U)
1 b
[T T 2”1 zl_[l
where 0 < U; < I, =1,...,7m,% ;Ui < I

Corollary 3.1.3. Let X1 and Xo be independent random matrices, X; ~
Wy(n;, 2,0;), ©; = diag(6?,0,...,0), i = 1,2. Define X1 + Xo = CC' and

= CUC’, where the matrix C = (c;j) is lower triangular with c; > 0. Then,
the p.df. of U = (uag) is given by

L[5 03 + 63 ny—p- ny—p-
p[12(n1+7112)] ox <_Q> det(U7) 1o (I, - U) 2-p-1
Ip(5n)Tp(5n2) 2
ni + ng np Ny 9%1611 9%(1 — un)]
X\IJQ 9 ;7577 9 ) 9 50<U<Ip7

where Wq is the Humbert’s confluent hypergeometric function.

The above distribution is designated by U ~ BI(3n1, 3no;67;63). The distri-
bution of U, in this case, is called “doubly non-central matrix-variate beta distrib-
ution”, e.g., see Gill and Siotani [4], Amey and Gupta [1] and Kabe [9, 10]. The
above density, using (2.4), can also be written as

Fp[%(nl + n2)] 9% + 9% nj—p—1 ng—p—1
exp| — ———= ) det(U)™ 2 I,—U)" 2
r (%nl)f‘ (3n9) < 2 ) @) (I, = U)

XZ n1+n2 ( 91u11) 2 <n1+n2 n ,'@'95(1—U11)>
(3nq); 4! ' 2 AN 2 '

Corollary 3.1.4. Let the random matrices X, and X5 be independent, X1 ~
Wy(n1,%) and Xo ~ Wy(nz, X, 0), where © = diag(62,0,... ,0). Define X1 +
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Xo = CC'" and X1 = CUC', where the matrix C is lower triangular with positive
diagonal elements. Then, the p.d.f. of U = (uag) is given by

I.[L 2 S I
p%“”+?ﬂ] p(—gﬂdmanlfldmub—U)Qfl
Fp(ETLl)Fp(EnQ) 2

nl—f—ng'@'QQ(l—uu)
2 T2 2

mﬂ( )0<U<@

The above distribution, designated by U ~ B; (%nl, %ng; 62), is called the “linear
non-central matrix-variate Beta Distribution.” The density function of U given above
was first derived by Kshirsagar [12], also see Khatri and Pillai [11].

Corollary 3.1.5. Let the p X p independent random matrices X1 and Xo
have Wishart distribution, X; ~ Wp(n;,X), ¢ = 1,2. Define X1 + Xo = CC’
and X1 = CUC', where the matrix C is lower triangular with positive diagonal
elements. Then, the random matrix U has a matrix-variate beta type I distribution,
U ~ BL(3ny, 3ns), with the p.d.f.

1—‘ l ny—p— ng2—p—
p[lz(nl + 7112)] det(U) Ll det (I, — U)2Tpl,0 <U < Ip.
[p(3n1)Lp(gn2)

4. PROPERTIES

In this section we will study certain properties of the non-central matrix-variate
Dirichlet distribution derived in the last section.

1 1.1
Theorem 4.1. Let (Uy,... ,U,) ~ Dé(inl, BNy ey 0F, .. 025602, ).
Partition the matrix U; as

U; = ( Ulli Ul% ), Uni(qxq),izl,... , T

Us1i Uag;
1 1.1
Then, (U111, cee Ullr) ~ Dé(§nl, <o s 5N 5N 41 0%, ce ,03; 03+1).
Proof. We will use synthetic representation of the random matrices Uy, ... , U,
to prove this theorem. According to the Theorem 3.1, the random matrices Uy, ... , U,
can be represented as X; = CU;C’, i =1,... ,r and Z:ill X; = CC" where the
matrix C' is lower triangular with positive diagonal elements and Xi,... , X, 41

are independent random matrices, X; ~ W,(n;,%,0;), ©; = diag(62,0,...,0),
i=1,...,r+1

Now, partition the matrices X;, >, 0; and C as
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X1 Xug Y S
X, = D= ,
! ( Xo1;  Xoo; ) ( Yo1 X2 )
©11; O12 ) ( Ci1 0 )
0; = , C=
' < ©21; Oz Co1 Co
where X114, 211, ©11; and C1; are matrices of order ¢ x ¢q. Using these partitions
we have Xlli = CllUlliCh, 1= 1, e, T, and Z:ill Xlli = CuC{l. From The-
orem 2.1 it is clear that X;1; ~ Wy(n, X1, ©11;) where ©11; = diag(@?, 0,...,0),

i=1,...,r+1. Now, application of Theorem 3.1 yields the density of (U111, ... ,
Unr). ||

Corollary 4.1.1. The joint p.d.f. of uii1,... ,u11, is given by

<1 — Z u1h>

r+1 n'r+1 2

r(L Yt ) ’"“92 "
T () o (- = >H

1
g D) Siing N1 ny1 0fuin 02ury, 02,0(1— >0 uis)
2 ) 2 AR 2 ) 2 DA 2 ) 2 )
where 0 < upy; < 1,0 =1,...,7, > ui; <1 and uy; is the first element on

the principal diagonal of U;, i =1,...,r

Theorem 4.2. If (Uy,... ,U;) ~ Di(3nq, ... gnpidneg1; 6%, 02;62,),
1
then for 1 s r, (Uy,...,Us) ~ D;(%nl,... ,%ns;%22+8+1n2,9%,... ,0%;
ZT+1 02)
1=s+1 "1
Proof. Using the synthetic representation, (Uy,... ,U,) can be represented in
terms of independent non-central Wishart matrices X7,... , X,4+1. Define Z:i ; 11

X; = X. Then, Xi,...,X, and X are independent, X; ~ Wy(n;, X, 0;), ©; =
diag(6?,0,...,0),i=1,...,s. Also, from Theorem 2.2, XNVI/'p(Z;.jSl+1 ni, 3, 0)
where the non-centrality matrix © = diag(> /! 1102,0,...,0). Further, >7 | X;+
X =CC'"and X; =CU;C’',i=1,...,s. Now, using Theorem 3.1, we obtain the
joint density of Uy, ... ,Us. [

Corollary 4.2.1. If (Uy,... ,U,) ~ Dl(ém,--- ,énr; %nr+1,91,--~ ,93;93“),
then for1 s r, Ug~ BI( Ng, 2Z:+11 (#5) nu ZZ 1(£s) )

The conditional p.d.f. of (Ust1,...,U,) given (Uy,...,Us), 1 s r,is
given by
p.d.f. of (Uy,...,U,)
p.d.f. of (Uy,...,Us)
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which can be obtained explicitly by substituting density functions of (Uy,...,U;)
and (Uy,...,Us), where (Uy, ... ,Ug)~ (%nl, .. ,%nk;%zzﬁﬂi_ﬂ ni; 02,...,

2.\ r+1 2
O D icpi1ti), 1 ko
In the next theorem, we will derive the joint density of partial sums of matrices
which are jointly distributed as non-central matrix-variate Dirichlet.

Theorem 4.3. Let (Uy,... ,U,) ~ D;(%nl, e, %nr; %nrH; 02,... 6% 0,2,“)
and, for i =1,... £, define

.
T

Z Uj, 0 = Z 05, nay = Z TL]',TS:O,T';(:ZTJ',
j=1

Jg=ri ,+1 Jj=ri_;+1 Jj=ri_;+1
Then, (U(1)7 e ,U(g)) NDé(%TL(l), ey én“), énr_t,_l, 0(1) . ,0(24) 03+1).

Proof. In this case too we will use the synthetic representation of the ran-
dom matrices Uy, ... ,U,. Define X; = Zg;ﬁ-ﬁl Xj, i = 1,...,¢ Then,
X(),- -+, X and X1 are independently distributed, X, 11 ~ Wy(nr11,%, Ory1),
and from Theorem 2.2, Xy ~ Wy(ng),%,0x:)), Oy = diag(@?i),o,...,O),
1= 1, e ,6. Further, Zle X(i)+Xr+1 = CC’' and X(z) = CU(Z)CI, 1= 1, oo ,f.

Now, using Theorem 3.1, we get (Upy), ... ,Ugy)) ~ D[I,(%n(l), e ,%n(@; %nrH;

When £ =1, Z£=1 Ui ~ BII,(% Z£=1 T4, %”rﬂ; Z?:l 0125 97%+1)-
Theorem 4.4. If (Uy,...,U,) ~ D;(%nl,... L 3nes3m; 07, .. 0202, ),

b r
then

[Hdet ; %}

B R 1 TR B i
[T Ty (o), Gn(1 +h) + 5] 2

(n+m): %nl(l +h);--- ;%nr(l + h); %m
(1+h)+ =m : nl, %

N[

m;

=1
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_ Fp[%l(n +m)|Cp(gm + h) exp ( XA 93) i (3(n+m))s(gm + h)s(07,,)°
2

X
Ly(3m)Tp[3(n +m) + hj 2 = ((n+m) + h)s(3m)ss!
02 4+ ...+ 02
xlFl(nJ;m+s;nJ;m+h+s;—1+ : ks )

where n =\ | n;, Fii’ ﬁ and 1Fy are the generalized Kampé de Fériet's and
confluent hypergeometric functions respectively.

Proof. (i) From the p.d.f of Uy, ... ,U, given in Theorem 3.1, we have

J31" _ Dolgn +-m)] [T Tylma(1+ ) St 2
[Hdet ] - Hlef (Ln)T, [l;(ljh)—f—%m] eXp(‘ 1 )

2
/ / r [ n(l+ h) + 5m]
[Ti-s [gm(1+h)] p(3m)
0<U;<Ip
0<Z{ 1U<Ip

deet PO et (I —ZU)M"?I}

=1
(r+1) [n—i—m ni Ny m 9%%111 93%117,
X‘IIQ T ot o o yeee )
2 2 272 2 2

93+1(1_Z

::1 Ulli) -
= } I av..
=1

The first factor in above integral (terms in brackets) is matrix-variate Dirichlet
density with parameters 4n1 (1+h), ... , 3n,(1+h); 3m. The second factor involves
only uj11,... ,u11,. Thus, integrating terms in the bracket over all the elements of
Uj, j =1,...,r except the first element of each U;, j = 1,... ,r, we obtain

U4 _ Tpls(n+m)| Ty Tpl3ni(1 + h)] S 62
[Hdet } _Hilfp(%nz)f‘[l(lj—h)-i-Q ]eXp(_ > )

F[ (1 + h) + m ni(14+h)
X L 1 Z
H;‘nzl F[ 774(1 + h 2'rn / / ullz < Z U114 )

O<ui1;<1
0<Z::1U11i<1
2 2
gy [ntm m n, m Ofuin O u11r
S e RS B T R A

T
071 (1307 u11d)
+1 = 1 } Hdulli-

i=1
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Now, evaluation of the above integral using (2.8) yields the desired result.
(i1) Following similar steps, we have

Blae (1, ZUH <+m>1f<%m+h>exp(__ﬂif@?)

m)Tp [%(n+m) + h] 2
1 A O 2L, .1 .
XFlzl;...;l §(n + m) DyN1; Ny M+ h; 02 02, |
1:1;---51 Dyt T :
%(n—i—m)—l—h 2n1,~- ;%nr;%m; 2 2

Simplifying the generalized Kampé¢ de Fériet’s function using (2.7) we get the de-
sired result. [

Alternatively, the above moment expression can be obtained by noting that
>, U; has a doubly non-central matrix-variate Beta distribution.

Javier and Gupta [8] derived certain asymptotic expansion of the matrix vari-
ate Dirichlet type I distribution. Gupta, Cardefio and Nagar [5] derived similar
results for the matrix-variate Kummer-Dirichlet distributions. Here, we give asymp-
totic expansion for the non-central matrix-variate Dirichlet distribution derived in
Section 3.

Theorem 4.5. Let (Uy,... ,U,) ~ Dl(%nl, 3 3Ny 07,0207, ))
and W = (Wy,... ,W,) where W; = nr+1Uz, i=1,...,r. Then, W is asymp-
totically distributed as a product of zndependent non- central Wishart densities; more
specifically

r n;—p—1
1 exp(—302) etr(—=W;) det(W;) ™2 o F1(3ni; 102w;1:)

i=1 Fp(%nz) ’

lim f(W)=

Nyp41—>00

where f(W') denotes the density of the matrix W.

Proof. Transforming W,; = %nrHUi, i =1,...,r, with Jacobian J(Uy,...
U, —-Wi,...,W,) = (%m“)_%“’(p‘*'l) in the joint density of (U, ... ,U,) given
in Theorem 3.1, the density f(W) of W = (W1,... ,W,) is obtained as

Tp(3 2000 ) exp ( DY 03) <nr+1 ) —3p iy

Tp(3mr41) 2 2
ni—p—1 n. 1
" det g ni—p=1 npp1—p—1
x { %} det (I, - Z w)
i=1 Fp(ﬁnl) Nr41 %

x\IlgTH) {Zz;;l ni; %’ L nr2+1; 91w111"“ 7 erur’ 0r+1 (1 B 2 Zwlliﬂ
Tp41 Nr41 2
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where W; = (wam),i =1,...,r. The result follows since
1 ST g
T Tp(3 ity ni) (7"Lr+1>—pf1 B
im T -1,
nrt1—00 Iy (5n541) 2
npy1—p—1 r
lim det(I - ANEE :etr(_ W)
N1 —>00 p Nyt Zl t ; %
and
r—+1 2 2
(r+1) Zi=1 ni m 41, fiwi11 07 w11y
lim W, == = ...,
Np41—00 2 2 2 Nyt Nr41
2 2
Or (1 — 55 200 wllz)]
2
62 . n; 07w
:exp< T+ )HOFl(Ez’ 22111) .
i=1
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