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SINGULAR LIMIT OF A CLASS OF NON-COOPERATIVE
REACTION-DIFFUSION SYSTEMS

D. Hilhorst, M. Mimura and R. Weidenfeld

Abstract. We consider a two component reaction-diffusion system with a
small parameter €

1
U = dy,Au + E(umv —au™),

1
v = dyAv — —u"v,
€

where m and n are positive integers, together with zero-flux boundary condi-
tions. It is known that any nonnegative solution becomes spatially homoge-
neous for large time. In particular, when n > m > 1, (u,v¢)(¢) — (0,0) as
t — oo, while when m > n > 1, there exists some positive constant v, such
that (u®,v¢)(t) — (0,v5,) as t — oo. In order to find the value of v<_, we
derive a limiting problem when ¢ — 0 under some conditions on the values
of m, n and on the initial functions (ug, vg), by which an approximate value
of v5, can be obtained.

1. INTRODUCTION

Among many classes of reaction-diffusion (RD) systems, we restrict ourselves
to the following rather specific two component RD system :

up = dyAu + ku™v — au™,
v = dpAv — ku™w,

(1.1)
where u, v are the concentrations of U, V, respectively, which are governed by the

following cubic autocatalytic chemical reaction processes :

mU +V — (m+ 1)U
nU — P.
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For the system (1.1), the positive constants d,, and d, are the diffusion rates for u
and v respectively, k and a are the reaction rates which are positive constants and
m, n are some positive integers. In the specific case where m = n = 1, (1.1) is
a diffusive epidemic model where u and v are respectively the population densities
of infective and susceptable species [1]. When m = 2, n = 1, it is called the
Gray-Scott model and describes an autocatalytic chemical process [2]. Fundamental
problems for (1.1) involve the global existence, uniqueness and asymptotic behavior
of nonnegative solutions in a smooth bounded domain  (in RV) together with the
boundary and initial conditions

ou ov n
(1.2) E(:c,t) = g(x,t) =0, forall (z,t) € 002 xR™",
(13) u(@,0) = up(w) 2 0, v(z,0) = vo(w) 20 z €,

where v stands for the outward normal unit vector to 9. If a = 0, (1.1) reduces
to

(1.4) { up = dyAu + ku™wv,

v = dypAv — ku™wv,

which is called a consumer and resource system with balance law. There are many
papers devoted to the system (1.4) with (1.2), (1.3) (e.g. [3, 4, 5,6, 7, 8, 9, 10]).
Indeed, we know that as ¢t — oo, (u,v)(t) converges to (uso,0) uniformly in Q
where u is explicitly given by us =< ug + vg >. Here < w > is the spatial
average of w over (). Furthermore, it is proved by [10] that for m > 1 there exists
some constant K > 0 such that

1((t) = too, 0(t)) | 1oy < Kt 7T as t — oc.

On the other hand, if a > 0, the asymptotic state depends on the values of m and
n. If n > m > 1, (u,v)(t) converges to (0,0) uniformly in  as t — co. On
the contrary, if m > n > 1, there exists a positive constant v, such that (u, v)(¢)
converges to (0,v) uniformly in  as ¢ — oo [11]. That is, every solution of
(1.1)-(1.2) becomes spatially homogeneous for large time. We therefore conclude
that the fundamental problems stated above have been already solved. However,
from qualitative points of view, we still have the following question on (1.1)-(1.3):

Question 1: when m > n > 1, how does the asymptotic state v, depend on
the initial functions ug, vg, on k, a and on the domain 2?

This question has not yet been solved, except in some special cases. Consider
first a limiting situation where the reaction rates k£ and a are both sufficiently small
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(or, in other words, the diffusion rates are very large), so that (1.1) can be rewritten
as

1
up = —dyAu +u"v — au”,
(1.5) ¢

1
vp = EdUAv —u™.

Here we may set k = 1. For sufficiently small ¢ > 0, the two-timing method
reveals that the solution (u,v) becomes immediately spatially homogeneous and
then its time evolution is described by the solution of the initial value problem for
the following system of ordinary differential equations :

16 {Ut:U V —aUm,

Vi=-U"V,
together with the initial conditions
(1.7) (U, V)(0) = (< up >, < vy >).

We will show in Section 4 that there exists some positive constant V,, such that
as t — oo, the solution (U, V')(¢) of (1.6), (1.7) converges to (0, Vi), where V'*°
approximately gives the value v, for the original problem (1.1)-(1.3). For a more
precise discussion, we refer to the papers by[12, 13].

The aim of this paper is to answer Question 1, assuming another limiting situ-
ation which is opposite to (1.5). Let us rewrite (1.1) as

up = dyAu + 1(umv —au™),
(1.8) 16

v = dpAv — ;umv.
We study the limiting behavior as ¢ — 0 of solutions (uf,v¢) of System (1.8)
together with the boundary and initial conditions (1.2) and (1.3). We assume that
the initial functions ug and v satisfy the hypothesis Hu0||7£‘;?9> lvoll Lo (@) < @ and
derive the limiting system corresponding to (1.8) as € — 0, which in turn yields the
asymptotic limit of the constant v$ as € — 0, where vS, is the asymptotic limit of
ve(t) as t — oo.

More precisely, we prove a compactness property for the sequence {(u¢, v¢)} and

a strong decay property for the function u€(¢). This leads us to prove the convergence
of a subsequence of {v¢} to a function v solution of a Neumann Problem for the heat
equation. In order to characterize the initial condition of the limiting problem, we
prove that until a time of order €ln1/e the difference in the L?(£2)-norm between
the pairs (u,v¢)(t) and (U,V)(t/e) where (U, V) is the solution of (1.6) is of
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order of €’ where 3 is a positive constant. Thus, we identify the initial function of
the limiting problem with the asymptotic limit as ¢ — oo of V' (¢), which in turn
proves the convergence of the whole sequence {v¢}. Then the limit as € — 0 of
the constant v¢, is obtained by using the decay property of u* together with the fact
that the average of the limiting function v does not depend on time.

The contents of this paper is as follows: In Section 2, we state the main results
and in Sections 3-7, we prove some lemmas as well as the main results. Finally,
in Section 8, we present concluding remarks about the system (1.8) together with
(1.2) and (1.3).

2. RESULTS

We may use a spatial rescaling which amounts to setting d, = 1 and d, = d
and consider the following e-family of problems :

1

ur = Au~+ —(u"v — au™) in Q :=Q x (0,00)
€
1

(P9 vy = dAv — Zumv in Q,

Oou Ov

5_5_0 on 99 x (0, 00),

u(z,0) = up(z), v(x,0)=1vo(x) forall xz e,

where Q is a smooth bounded domain of RN, m > n > 1, d and a are positive
constants and ug,vg € C1(£2) are both nonnegative functions. In the sequel we use
the notation Qr := Q x (0,7).

It is well known (see [6], [11]) that there exists a unique global bounded non-
negative smooth solution pair (u€, v¢) of Problem (P€). We make the hypothesis

H, : M""M;<a,
where
My = |lug|z=() and My = ||vol|Lec(q)-
The main result of this paper is the following :
Theorem 2.1 Let T > 0 be fixed arbitrarily. As € — 0
(2.1) u¢ — 0 in C(Q x [u,00)) N LA(Qr)
for all u > 0 and there exists a function v € L*(Qr) such as

2.2) v* = v in L*(Qr),
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where the function v is the unique classical solution of the problem

vy = dAv in Q,
(P%) % =0 on 9N x (0, 00),

v(z,0) = V(x) forall x € Q,

and

V(z) = lim V(z,t),

t—00
where (U, V) is the unique solution of the initial value problem (Q°)
U, = U™V — aU™ inQ,
@) Vi=-U"V in Q,
U(z,0) =ug(z) V(x,0)=wvp(x) forall ze .

The one-dimensional case of this result is also numerically confirmed by (Fig. 1-1).

In order to prove this result, we introduce a new time variable 7 = - and set
€

U(z,7) :=u(z,t) V(x,7):=0v(x,t).

Then U€ and V¢ satisfy the problem

U, = eAU + U™V — aU™ inQ,
Vi = edAV — U™V in Q,
Q%)
ou oV
%_5_0 on 99 x (0,00),
\U(ac, 0) =ug(z) V(z,0) =vp(xz) forall xzec Q.

We recall [11] that
(2.3) (us,v9)(t) — (0,v5,) in C(Q) as t — oo,

for some positive constant v.
The second result which we prove is the following :

Theorem 2.2. Let (0,vS,) be the equilibrium solution of (P€). Then

1 _
(2.4) vgo—>—/ V(z)dx as e€— 0.
9 Ja
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This theorem tells us that for small € > 0, the value vS, is approximately given
by the spatial average of V' (x) which is the asymptotically stable critical point of

Q%)

Remark. In the case that m = n, the condition H, becomes ||vo| =) < a.
Suppose that it is not satisfied ; then Theorem 2.2 does not hold. As a counter
example, we consider the one-dimensional problem in the interval Q = (0,1) and

1
choose ug with support in [0, 5] and vg = 3a on Q. Then, the study of the ODE

1
system (Q€) shows that V' (z,t) = vg = 3a for z € (5, 1] and all ¢ > 0 so that

1
/ V(z)dr > 3_a’
0 2

whereas if m = n,

€
(e o]

Ve < Q.

In the appendix, we study two special cases without assuming Hypothesis H,.
As the first case, we take a = 0. Then the L' (2) norm of (u€+ v¢)(t) is preserved
in time and equal to the average over  of (ug+ vg). Thus the asymptotic behavior
of (uf,v¢)(t) as t — oo is well known. More precisely, we prove the following
result:

Theorem 2.3. Let (uf,v¢) be the solution of (P¢) with a = 0. Then
(2.5) v* =0 in L*(Qr) as € — 0,
and
u¢ —u in L?(Qr) as € — 0,

where u is the unique solution of the problem

ur = Au in Q x (0,7),
%:0 on 90 x (0,T),

u(z,0) = ug(z) +vo(z) forall x € Q.

The second case which we consider is the case that n > m > 1. Then we have
that (see [11])

(u€,v)(t) — (0,0) as t — oo.
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We prove the following result :

Theorem 2.4. Fix T > 0 arbitrarily and suppose that n > m > 1 and that
uo(x) > 0 for all x € Q. Then

(2.6.) u(t), v°(t) = 0 in L*(Qr) as € — 0.

The proof of these two theorems are shown in the Appendix.

3. DECAY OF u® AND PRECOMPACTNESS OF {v€}
We start with the following lemma :

Lemma 3.1. Let (uf,v®) be the solution of Problem (P€). Then

3.1) 0 < %/Ooo/ﬂ(ue)mvﬁ < /ﬂvo,

and
(3.2) /Quo g/ooo/ﬂ(uf)" < /Q(uo+vo).

Proof. Integrating the second equation in (P€) over Q x (0,¢) gives

[ [w=-2 [ [wyms

in which we let ¢ — oo to deduce (3.1). Furthermore, adding up the two parabolic
equations in (P€) and integrating over Q x (0,t) gives

[ w0 [worw =2 [ [

and letting ¢ — oo we deduce, also using that u¢(t) — 0 as t — oo, that

%/Om/ﬂ<uﬁ)":/9<uo+vo)—tgrgo [ vt

IN

Also since
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we obtain

/qu(t) < /Qvo.

Finally (3.2) follows from the inequality

0 < lim [ v%(¢t) < /vo. [
Q

t—o00 Q

Next we show the following result :

Lemma 3.2. Let (u€,v) be a solution of (P€). Then

(3.3) 0 <v(z,t) < Mo,
and
ot
Mie € ifn=1,
(3.4) 0 <u(z,t) < M,

ifn>1,

t\ wet
. n—1%\n-1
(1 + (n—1)6M] 6)
Sor all (z,t) € Q, where § :=a — HuoHT;E‘Q)HvoHLoo(Q) =a— M{"""Msy > 0.

Proof. The second inequality in (3.3) follows from the maximum principle.
Next we prove the second inequality in (3.4). Define L€ by

1
LN(w) :=wy — Aw — = (w0 — aw™)
€

for a smooth function w and solve the following initial value problem :

We find that

at

Mye ¢ ifn=1,

_€ - M
w(t) = ! —— ifn> 1.
1

(1+ - 1)5Mf‘1§> -
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Indeed, if n = 1, we have that

A
>,
k4
>,

whereas if n > 1, we have that

e
(1+(7~L—1)5J\41”—13)m ’
1) M

€

€

_ 1 n—1

_ (_n_l(n—l)éMl o
(1+(m—vongp~'2)

__9 My
(14 - nonpiz)
5

Thus .
Le(u) = (a) — Au+ E(ae)n(a — (@)™ ")
= — g(af)n + %(ae)n(a _ (ae)m—nve)
= %(ae)n<a —5— (ae)mfnve>.

Since u¢ < M; and by the definition of §, we find that

a—0—(a)" " >a—06—M""My =0,

so that
LE(u) > 0.
Since
ou =0 on o xRT,
ov
and

EE(O) =M > uo(:lj'),
the comparison principle (see for instance [14]) insures that

u(z,t) < af(t) forall (z,t) € Q.
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|
Corollary 3.3. We have that
u® — 0 ase— 0in C(Q x [u,00))
for all p > 0 and
u® — 0 ase—0in L*(Qr),
forall T > 0.
Proof. Let u positive be arbitrary. We deduce from Lemma 3.2 that
Mye= % ifn =1,
M
Csup |u(z,t)] < L —— ifn>1,
Qx[p,00) <1 + (n _ 1)5M{L71ﬁ> n=l
€
which converges to zero as € — (0. Moreover we have that for all 7" > p > 0
T €2 _[H 2 4 (T €2
fo Jo(u) _fo o(uf) "‘i&fg(u ) s
e e ifn =1,
1
< p|QIME + (T — p)|Q M? — ifn>1,
<1 +(n— 1)5M{“1ﬁ) T
€
in which we let € tend to 0 to deduce
T
limsup/ /(u6)2 < pl|Q|M?
e—0 0 Q
for all p > 0 so that
T
limsup/ /(u6)2 =0,
e—0 0 Q
which completes the proof. ]

Next we will show a compactness property for the sequence {v¢}.

Lemma 3.4. There exists a positive constant Cy such that

/ / \VUGIZ < Cl.
0 Q
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Proof. We multiply the second equation of (P€) by v¢ and integrate by parts to

obtain
1 t 1
—/(ve(t))Q—i—d/ /va? < —/vo,
2 Ja 0 Jo 2 Ja

where we then let ¢ — oco. [ |

Lemma 3.5. The sequence {v¢} is relatively compact in L*(0,T; L*(S2)). In
particular, there exists a subsequence which we denote again by {v¢} and a function
v such that

v — v strongly in L?(Qr),

as e — 0.

Proof. By Lemma 3.4, we find that {v¢} is bounded in L?(0,T; H*(Q2)). This
implies that

{Av¢} s bounded in L2(0,T; (H*(Q))").

Furthermore, Lemma 3.1 gives

1
{=(u®)™v} is bounded in L*(0,T; L()).

€

In particular, since H*(Q2) C L>°(Q2) for s large enough
LY(Q) € (L%(Q) ¢ (H*(Q)),

holds. It follows that
{%(ue)mve} is bounded in L(0, T; (H*(Q)))
which together with the fact that (H'(Q)) C (H*(Q2))’ for s > 1, implies that
{vf} is bounded in L(0,T; (H*(Q))").
Since also

{v°} s bounded in L?(0,T; H'(Q))

and by the embeddings H'(Q) C L*(Q)) C (H*(Q))") where the first embedding is
compact, it follows from [15, Corollary 4]sim that

{v°} is precompact in L*(0,T; L*(Q)),
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which completes the proof. ]

The above results are sufficient to prove that v satisfies the parabolic equation
and the homogeneous Neumann boundary condition in Problem (P°). However we
cannot prove yet that v satisfies the initial condition in Problem (P°) and therefore
we cannot prove either at this point that the function v is uniquely defined.

4. THE SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS
In this section we study the system :

U =U"V —aU"™ for t > 0,
(IVP) Vi=—-U0UmV for t > 0,
U(O) = Up V(O) = 0,

where 0 < ug < Mj and 0 < vg < My are fixed constants. We only suppose that
the constants m and n are such that m,n > 1.

Lemma 4.1. Problem (IV P) has a unique solution (U,V') such that for any
t>0

and

hold. Moreover

(U, V) = (0,V) ast— oo.

Proof.  Since ug,vg > 0, we have that U,V > 0. Also since V; < 0 and
U+V)=—-aU" <0,
it follows that
V(t) <wvy, U(t) < up+ vp.

Since V (¢) is nonincreasing and bounded from below there exists a constant V' €
[0, vp] such that

V(t) = Vast— oo.
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Similarly there exists a constant U such that
Ut)+V(t) = U+Vast— oo.
Therefore
U(t) = Uast— oo,

and U € [0, uo +vol. Setting Ul(s) = U(t+s) and Vi(s) = V(t+s) for s € [0, 1],
we deduce that

Ut - U, vt = VinC(]0,1]),
as t — oo. Integrating the differential equations for U and V gives
t+1
Ut+1) - U(t) = / (Umv - aU”),
b
V(E+1) = V(t) = —/ Uy,
t

which we rewrite as

so that (U)"™ = 0 and thus U = 0. n

Remark. In the special case that m = n, we have that

U(t)+V(t) =up+vo— a/ot U™(s)ds,

V(t):voe_/o U™ (s)ds

which implies, letting ¢ — oo, the following equalities involving V :

9

V =wup+ v —a/ U™ (s)ds,
0

_ —/ U™ (s)ds
V =wvge JO .
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Setting I = [ U™ (s)ds, one can compute I from the identity
ug +vg —al = voe_l,
and then deduce that
V=uy+v9g—al = voe_l.
5. GRADIENT ESTIMATES FOR THE SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS

Again we only suppose that m,n > 1 and we consider the system

Ug=Um"V —aU" in Q,
Q") (Vi=-UmV in Q,
U(z,0) =up(z), V(z,0)=uwvo(z) forallxe Q.

By Lemma 4.1, we have that for each z € (2
V(z,t) = V(z) ast— oo.

Since V' (x,t) < Mo, the Lebesgue monotone convergence theorem implies the fol-
lowing result :

Lemma 5.1. For all p € [1,00) we have that

V(z,t) = V(z) in LP(Q) as t — oo.

Next we prove the following lemma :

Lemma 5.2. There exist two positive constants Co and C'3 such that

(5.1) IVU ) (), IVV ()l () < C2e®® forall t >0

Proof. We set

so that

We have that

Vi=-U"V in @,
Wi = —aU™ in @,
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and therefore

t
— | U™(s)ds
V(t) = voe /0 )

W(t) = (o + vo) — a /0 U (s)ds.

)

Thus

VV(t) = Vvoe/o Us)ds —v0m</t (Um1VU>ds>e/o U’”(S)ds’

0
t
VW (t) = V(up + vo) — an/ U™ (s)VU(s)ds,
0
which imply that
t
WV ()] < Vool + c/ VU (s)ds,
0

VW (t)| < |V (ug + vo)] +C/O VU (s)|ds,

and then

t
IVV($)] < [Vvol + C/ (IVV(s) + [VW (s)])ds,
0
t
VW (R)] < |V (ug+vo)| + c/ (IVV ()] + [VW (s) ) ds.
0
Next we add up those two inequalities to deduce

t
IVV ()] + VW (B)] < [Vvo| + [V (uo + vo) +C/ (IVV(s)] + [V (s)])ds,
0
and finally we obtain
IVV ()| + |[VW ()| < Ce‘,

which completes the proof. [ |

6. ASYMPTOTIC LIMIT OF PROBLEM (Q°)

In this section we study the limiting behavior as ¢ — 0 of the solution (U€, V)
of Problem (Q°) :
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U, = eAU + U™V — aU™ inQ,
Vi — edAV — U™V in Q,
Q)
ou oV
%_5_0 on 99 x (0, c0),
\U(:IZ‘,O) =wug(z) V(x,0) =vo(xz) forall zec Q.

Here we suppose that one of the two following hypotheses is satisfied :
(1) m>n>1and HUOH?;ELQ)HUOHLOO(Q) < a,
or

(1) n >m > 1.
We first prove the following estimates :

Lemma 6.1. There exists a positive constant M, such that

©.1) 0 < U(z,t) < My,
' 0 < V¢(z,t) < My,

Sor all (x,t) € Q x [0,00). Moreover there exists a positive constant Cy such that
forallt >0

t
(6.2) / /\VUG\2 < %,
0 JQ €
t 04
(6.3) / /yvm? —
0 JQ €

Proof. The comparison principle insures that

A

A

0 < Vx,t) < Mo.
Suppose that n > m > 1. We remark that there exists M3 such that
rm My —ar™ <0 forall r > Ms.
Then applying a comparison principle, one has that
(6.4) U(x,t) < My forall (z,t) € Q,

where M; = max(M;, M3).
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In the case that m > n > 1, we recall that
U(z,t) = u(z,et) V(z,t) = v(x,et),
for all (z,t) € Q x [0,00). Then Lemma 3.2 gives
0 < u(x,et) < My < M,
which proves the inequalities (6.1).

Then by multiplying the second equation for in (Q€) by V¢ and integrating by
part, we obtain

;/(VE +ed//\vm2 //U”‘Ve = /vo,
¢ 1
ed//|VVf|2§—/v3
0 Jo 2 Ja

Next adding the equations for U¢ and V¢, we have

so that

Uf +VE = eAU + edAVE — a(U°)"
= AU + V) + e(d — 1)AVE — a(U)",

so that

%%L(Ue +V€)2+e/ v+ v 2+a/Q(UE)"<U€+V€>
— €(d - 1)fQVV€.V(UE + V),

and

1
UE V€ ‘ U€ VE
2/Q< * // *

_2/(u0+v0 +eC(d //‘VVE
Thus we conclude that

t 2 t 2 t 2
e/ / ‘VUe §2e/ /(V(U€+V€) +2e/ / (vve
0 JO 0 JQ 0 JO

which completes the proof. [ |
Next we prove the following result :

<C

<C

)
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Theorem 6.2. There exists positive constants «, 3 and Cs such that for all
1
te[0,ln—]
6&

t 2 2
(6.5) // ve-U) +(Ve=-V z, s)dxds < CséP.
L |0 =0) (V) oy < €
Proof. We set U¢ =U¢ — U and V¢ = V¢ — V and we define

Fmo_ gm
— if ,
fm(r,s){ — r#s

mrm1 if r =s,

and

nrn—1

P gN
if text

ifr =s.
Then we have that
Uf =U =U)
=eAU + (U)"VE —a(U)" = U™V 4 aU"
=AU+ V(U)™ =U™)+ U™V =V)—a((U)"—-U"™)
= eAU* + (Vefm(UE, U) —af,(US, U))Ue +U™Ve,
and ~
Ve =(Ve=V)
= edAVE— (U)™VE+ U™V
= edAVE — (UY"VE -V fu(US, U)U*.
Thus U€ and V¢ satisfy the problem :

Uf = eAU* + (Vefm(Uf, U) —af,(US, U))Ue + U™V inQ,

Ve = edAVE — (U)™VE =V frn(US,U)U* in Q,

oue  ave

o =25 —~ on 99 x (0, 00),
[ U(x,0) =0 V<(z,0)=0 for all z € Q.

Multiplying the equations respectively by U¢ and V¢ and integrating over  gives



Non-cooperative Reaction-diffusion Systems 409

1 - - s
1d :e/ AUTT +/ (VU 0) —afa (U9, 1)) (0)? +/ UV,
2dt)q Q Q Q
1 - - - -~
1d (V)2 :ed/AVEVE—/(UE)m(Ve)Q—/me(UE,U)Ueve,
2dt Jo Q 0 Q
and then

1d [ - .

—— [ (U2 = —e/ VUe.VU¢

+/ (fom(Uﬁ,U)—afn(Uﬁ,U))(Uﬁ)2 +/ Umvere,
Q Q

1d €\2 € (7€ e\m (Y7€\2 € rTEYE

6.7) =— (V) = —ed| VVENVE— [ (UYY(V) = [ V (U, U)TVE

By the lemmas 4.1 and 6.1, one finds that there exists a positive constant C' such
that

0<USVEUV <C inQx|0,00).

Therefore summing (6.6) and (6.7) gives

1d

= ((06)2 + (176)2) / VUV — ed/ VVEVTe
Q

+C’/ (U°) +C'/ (V) —FC’/|U€V6
so that, by Young’s inequality
1d rreN2 (7€\2 € €
—_— < — . —
2dtﬂ<(U)+(V)), e/ﬂVUV(U U)
(6.8) —ed/QVVE.V(VE -V) +2C/Q ((06)2 - (176)2).

By the Lemmas 5.2 and 6.1, we have that

/VUEVU‘ <e //|VU5 //|VU| %
() ([ e

CN'\/Eeci”t,

IA

IN
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and similarly

wv| < ¢ //va //!VV\

< C\/_ec3t.

Then, integrating (6.8) over (0,¢) yields
69) /Q (W7 + (7(0)7) < Ovee® + ¢ / / (@9 + (792).

Setting Y (¢ / / V) ) and h(t) = Cy/eest, we have proved that

Y'(t) < CY(t) + h(t).
Applying Gronwall’s inequality, we deduce
Y(t) < [iR(r)eCtTdr
< C'\/feeC"t

1 1
Let o € (0, min( ~—-)) be arbitrary. We have shown that for all ¢t € [0,1n —]
€

20" 2C5

(6.10) /Ot/9<(U6—U)2+(V€—V)2> < (rei=Cla

This completes the proof of Theorem 6.2. [ |

Substituting the inequality (6.10) into (6.9), we deduce that

1 1 .\2
/ (Ve(:c,ln—) —V{(z,In —)) —0 ase—0.
Q €« €%

Since, by Lemma 5.1, V(z,t) — V() in L?(Q) as t — oo, we have proved the

following result :

1
Corollary 6.3. Let 7(¢) =In—. Then
ea

/Q (Vi(er() ~ V(@) =0 ase—o0.
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7. PROOFS OF THEOREM 2.1 AND THEOREM 2.2

We recall that by Corollary 3.3 and Lemma 3.5, there exists a subsequence of
{(uf, v)} which we denote again by {(u¢,v)} such that

(u,v¢) — (0,v) inL*(Qr)ase — 0.

We first prove the following result :

1
Lemma 7.1.  Set 7(¢) = In —. We have that
€

T e\m
/ / ﬂ — 0 ase — 0.
er(e) JOO €

Proof. By Lemma 3.2, we have that

(i) ifn =1,
J R
er(e) Jo € SACH
< %ﬂgme&m(e) —0 ase—0.
(i7) if n > 1,
fg(e) Ja @ < §(e> M{?Q' .

1+ (n— 1)5Mf*1f) T
M9 € ‘
- (( )

€ m—n+1)§MP 1

[ 4] : ]
er(e) At (1 +(n— 1)5Mf‘1§> ne1l

_ MlmfnJrl‘Q’ 1

IR N (PR VE0) T

—0 ase—0.

Proof. of Theorem 2.1 Let T > 0 be arbitrary and ¢ be an arbitrary smooth

0
function such that 6—SO =0on 992 x (0,T) and ¢(T) = 0. Then
14

T 1 T
[ [ei-ase=—2 [ [ @yre
er(e) JQ € Jer(e) JQ
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which implies that

A;ﬂf%%+mM9lewéﬂﬁwﬁ¢—4ﬁ@mﬂmwma@»

By Lemma 7.1, we have that

T 1
lim/ / —(u®)"vp — 0,
=0 er(e) JQ €

whereas by Corollary 6.3

/Qve(m, er(€))p(z,eT(€)) — /QV(m)go(m, 0)
as € — 0. Furthermore, since
VX (er(e), 1) < Ma,
and since there exists a subsequence which we denote again by {v} such that
v* = v ae. in Qr,
we deduce from Lebesgue dominated convergence theorem that
VX (er(e),T) = U IN LY Q7).

Therefore v satisfies

/OT/QU(QOtdeAgo) = —/QV(:E)go(m,O)

for all ¢ € C%(Qr) such that Z—(’O =0 on 00 x [0,T] and p(T) = 0. One can
v

then easily deduce that v is the unique classical solution of Problem (P?). [ |
Next we turn to the proof of Theorem 2.2. We first prove a key lemma which
shows that the whole process occurs in a very short time.

Lemma 7.2. Fix p > 0 be arbitrary. There holds

(7.1) H /Q <v€ _ vgo) HLOO(W) 0 ase—0.

Proof. We have that for T' >t > p

/ﬂ(f(:/’)—ve(t)) :/tT%/Qve(s)ds

= [ [ Lo



Non-cooperative Reaction-diffusion Systems 413

which implies, letting 7" — oo, that

for-o] = [ [ 2o

Furthermore we have that
(()ifn=1andt>p

1 [ MMy |Q| [ ms
€ Jt 0 €

t
M" M| _ sme
—— ¢

om
MP VIO s
—— ¢

om
(i) ifn>1land t > p

S i —
e (1+( )M”15>

Mm "M, 0 —mondkl
2| I/ n—l)M{L—1(5§> T as
€

— n+
M’n’L n+1M2|Q|
C ment1) (n— 1)M"—153) e
1
€
_ MG Q) 1
d(m —n+1) <1 - 1)M"*15E> montl
1
€
Therefore
€__ €
o,
1—2" ifn=1,
om
< MM Q 1
5(1 +2|1)| o 0>,
m—n
\ (1 +(n—1)MP™ 15“)

—0 ase—0,

which completes the proof.

Proof of Theorem 2.2. Let T > 0 be arbitrary. Since

/v(t):/V for all ¢ > 0,
0 Q
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we have that, by Lemma 7.2,

(/QV—|Q|U /TH — Qe )
:/T+1 |0, )
<2/TT+1 /Qv(t)—/ng
+2/T+1</ﬂv (t) ~ s, )
<2|Q/T+T1/ (vt dt
w2 [ (o0 - ons)

which tends to zero as € — 0. [ |

S

!

—~

8. CONCLUDING REMARKS

In this paper, we have discussed the singular limit analysis of a two-component
reaction-diffusion system with very fast reaction terms, namely Problem (P€). For
this problem, it was already known that when m > n > 1, there exists some constant

vS, such that the nonnegative solution (u€,v)(t) tends to (0,v5.) as t — oo.

Assuming that ||u0\|2”;?9) [vol[ oo () < @, we have shown that as € — 0, u® tends
to zero and v¢ tends to v, where v is the solution of the heat equation

v = dAw,

together with the homogeneous Neumann boundary condition and the initial condi-
tion v(z,0) = V(x) where V() is given by the asymptotic state

i (U, V) (z,1) = (0, V(2)),
and where (U, V') is the solution of the system of ordinary differential equations

®.1) Uy =U™V —aU" in Q x RY,
' V, = —U™V in Q x RY,

with
(U, V)(=,0) = (uo(x), vo(x))-

Our second result shows that the asymptotic state vS, of the reaction-diffusion
Problem (P€) is approximately given by the spatial average of V' (x) over (2.
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For the case where HuoH’L”;z‘Q)HvoH Le(Q) > a, we have not yet discussed this
singular limit problem as ¢ — 0. The difficulty is, as it was shown in the introduc-
tion, that the transient behavior of solutions is totally different from the previous
case. In fact, it exhibits spatio-temporal patterns such as expending rings or splitting
spots. Moreover, from pattern formation viewpoints, the analysis of the transient
behavior of u is important but we will also leave this case as a future work for us.

APPENDIX A: THE CASE THAT a = 0

In this section we consider the problem

( 1
uf = Auf + —(u)™v" in Q,
€
1 e\m, € .
(R vé: dAva— Z(u )" in Q,
W =50 =0 on 99 x (0, 00),
u(z,0) =up(x) v(z,0) =vo(z) forall x € Q,

with the same hypothesis on m, d, ug, vg and €2 as before (but of course without
the assumption H,). First we present some preliminary results.

Lemma A.l. For all (z,t) € Q, we have that

(A1) 0 < uf(z,t), 0 <o(x,t) < M.

Proof.  (A.1) immediately follows from the comparison principle. [ |

Lamma A.2. The following inequality holds

(A2) % /0 - /Q (u€)™e < /Q vo.-

Proof.  Integrate the partial differential equation for v in (R¢) on €2 x (0,¢)
and let £ — oo. The result of Lemma A.2 immediately follows. [ |

Lemma A.3. We have that for all t > 0

(A.3) d/OT/Q\WEP < /Q(vo)2

and there exist a constant Cg such that

(A4) /OT/Q\WGP < Cs, /()T/Q(ue)2 < Cg.
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Proof.  We deduce (A.3) from the inequality

el € d €2 < 0.

5 7t Q(v )+ /Q Vo€ <

Then adding up the partial differential equations for ¢ and for v¢ in (R€) gives
(u€ 4+ v°) = A(u® +v°) + (d — 1) AvS,

which permits to prove the estimatesv (A.4) similarly as in the proof of Lemma
6.1. [ |

Lemma A.4. The sequences {u¢} and {v¢} are precompact in L*(Qr).
Proof. By the lemmas A.l and A.3, the sequences
{u’} and {v°} are bounded in L*(0,T;H'()),

and by Lemma A.2 we have that

{l(ue)mve} is bounded in L' (Q7).
€

Then we follow the argument of Lemma 3.5 to conclude that the sequences {u‘}
and {v} are precompact in L?(Qr). [

Lemma A.5. Let p € (0,T) be arbitrary. There exists n = n(u) > 0 such
that

(A.5) u(x,t) >n forall (z,t) € Q x [u, T);
in particular we have that

(A.6) u>0 inQx(uT).

Proof.  Let @ be the solution of the following problem :

ur = Au in Q x (0,7,
%u:o in 99 x (0,T),

u(z,0) = up(z) forall x € Q.
The comparison principle shows that

u(x,t) > a(z,t) for all (z,t) € Q.
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Since for all € (0,7) there exists 7 = n(u) > 0 such that
(z,t) >n forall (z,t) € Q x (u,T),
we deduce the result of Lemma A.5. [ |

Proof of Theorem 2.3. Let € (0,T) and n = n(u) be as in Lemma A.5. For
all ¢ > p we have that

1 1
vy = dAv® — Z(uﬁ)mv6 < dAv — Enmve,

so that

IA

% fQ(vE)2(,u,)
< .
> 5 5

T
3 Jo0(T) +d [ fo IV 4 / e

therefore

/T/(ve)2 < |Q|M226
no JQ B 277m ’
so that v¢ — 0 in L?(Q x (1, T)) as € — 0. Furthermore we have that

J = [ fere [ e

2 ’Q‘M226
< p|QIM5 + oy

Letting € — 0 yields

T
timsup [ (07 < plofa3,
0 Q

e—0

T
limsup/ /(ve)2 <0,
e—0 0 Q

which implies the convergence of v¢ to 0 in L?(Qr) as € — 0.

for all € (0,T) so that

Next we prove the convergence property for u¢. Since

(u€ + v°); = Au + dAve in Q x (0,7),
0
g(ue—i-ve) =0 on 99 x (0,T),

(u€ + v)(z,0) = up(z) + vo(xz) forall x € Q,
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we have that for all p € C*1(£2) such that Z—SO =00n 0N x (0,7) and ¢(T) =0,
v

(A7) /OT/Q [(u6 +v)pr + (u€ + dve)Aap] + /Q(uo +vg)p(0) = 0.

Now suppose that a subsequence of {u¢} converges to a function u strongly in
L?(Qr) as € — 0. Then u satisfies the integral identity

(A.8) /OT/Q [ugot + uAgo} + /Q(uo + v0)p(0) =0,

which implies the result of Theorem 2.3. [ |

APPENDIX B: THE CASE WHERE n > m > 1 AND ug > 0

Proof of Theorem 2.4. By Lemma 6.1, we have that
0<U“<M and 0<VE <M,
and since
U(z,t) = u(xz,et) and V(z,t) =v(z,et) forall (z,t) € Q,
it follows that
0<u*<M; and 0 <v(z,t) < M.

As in Lemma 3.1 one can prove the inequality

®.1) [ [ < [,

so that

(B.2) /OT/Q(UG)” —0 ase—0,

which since L(Qr) C L?(Qr) implies that

T
(B.3) /0 /ﬂ(uf)2 —0 ase—0.
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Moreover we have that by Corollary 6.3
_ 2
(B.4) / (Vi(e.7(@) - V(@) +0 ase—o,
Q

1 _

where 7(€) = In —. Next we prove that if ug(z) > 0 then V'(z) = 0. Suppose on
€€

the contrary that V' (x) > 0; since

(B.5) U(xz,t) -0 ast— oo,
we have that for ¢ large enough
Ui(z,t) =U"(z,t)V(z,t) — aU™(z,t),

=U"(z,t)

/N

V(w,t) - aU" (1)),

> U"%m,t)% > 0,

which contradicts (B.5) (note that this result was proved by Hoshino [11] for the
solution of Problem (Q€)). Thus we have that

V(z)=0 forall z €,

so that

(B.6) / Veé(x,7(e)) -0 ase—0,
Q

and since V¢(z,7(€)) = v*(z, e7(€)), (B.6) yields

(B.7) / v(z,eT(e)) > 0 ase—0.
Q
. . d T
Moreover fix p > 0; the inequality T / v¢ < 0 implies that
Q

(B.8) / vé(x,pu) = 0 ase—0.
Q

Furthermore we have that

o e = [ e [ e

< plQIME 1 (T — p)My /Q o (1),
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which by the equation B.8 implies that

T
limsup/ /(ve)2 < p|QIME + (T — p) My limsup/ ()
e—0 0 Q 9 e—0 Q
< H|Q|M2v

for all p > 0; consequently

T
(B.9) limsup/ /(ve)2 =0,
e—0 0 Q
which completes the proof. [ |
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