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INHOMOGENEOUS CALDERON REPRODUCING FORMULAE
ASSOCIATED TO PARA-ACCRETIVE FUNCTIONS
ON METRIC MEASURE SPACES

Dachun Yang

Abstract. Let (X, p, u)q,0 be a space of homogeneous type which includes
metric measure spaces and some fractals, namely, X is a set, p is a quasi-
metric on X satisfying that there exist constants Cy > 0 and 6 € (0, 1] such
that for all =, =/, y € X,

1-6

Ip(z,y) — p(a’,y)| < Cop(z, ") [p(x, y) + p(z’, y)]" 7,

and p is a nonnegative Borel regular measure on X satisfying that for some
d>0,allz e Xandall 0 <r < diamX,

p{y € X pla,y) <r}) ~rt.

In this paper, we first obtain the boundedness of Calderon-Zygmund operators
on spaces of test functions; and using this, we then establish the continuous
Calderon reproducing formulae associated with a given para-accretive function,
which is a key tool for developing the theory of Besov and Triebel-Lizorkin
spaces associated with para-accretive functions. By the Calderon reproducing
formulae, we finally obtain a Littlewood-Paley theorem on the inhomogeneous
g-function which gives a new characterization of Lebesgue spaces IP(X)
for p € (1,00) and generalizes a corresponding result of David, Jourré and
Semmes.

1. INTRODUCTION

It is well-known that the remarkable T'1 theorem of David and Journé provides
a general criterion for the L?(R™)-boundedness of generalized Calderon-Zygmund
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singular integral operators; see [3, 29]. The T'1 theorem, however, cannot be directly
applied to the Cauchy integral on Lipschitz curves. To this end, Meyer in [24] (see
also [27]) observed that one needs to replace the function 1 in the 7'1 theorem by a
bounded complex-valued function b satisfying 0 < § < Re b(x) almost everywhere.
Replacing the function 1 by an accretive function b, Mcintosh and Meyer in [24]
proved the Tb theorem. David, Journg, and Semmes in [4] further introduced
a more general class of L>°(R"™) functions b, namely, the so-called para-accretive
functions and proved the so-called T'b theorem. Moreover, they verified that the para-
accretivity is also necessary in the sense that the T'b theorem holds for a bounded
function b, then b is para-accretive. Motivated by these results and the theory of
the Hardy space H}(R") of Meyer in [27], Han in [9], Han, Lee and Lin in [12]
and Deng and the author in [5] further developed the theories of other spaces of
functions including the homogeneous Besov and Triebel-Lizorkin spaces associated
to para-accretive functions. The T'b theorems related to them were also established.
A key tool for these theories is the homogeneous Calderon reproducing formulae.

The main purpose of this paper is to establish the inhomogeneous continuous
Calderon reproducing formulae associated with a given para-accretive function b
to pave a way for developing the theory of such type inhomogeneous spaces of
functions, which will be considered in another paper; see [13-15, 17, 18]. When b =
1, these formulae were obtained in [11]. We remark that due to the inhomogeneity,
some new ideas and techniques different from the homogeneous case on R™ in [9,
12] are necessary. Moreover, we establish the inhomogeneous Calderon reproducing
formulae on spaces of homogeneous type in the sense of Coifman and Weiss in [1,
2], which include metric measure spaces and some fractals.

We notice that the analysis on metric spaces has recently attracted an increasing
interest; see [28, 19, 8, 21]. Especially, the theory of function spaces on metric
spaces, or more generally, the spaces of homogeneous type has been well devel-
oped; see [22, 23, 16, 10, 13-15, 17, 18, 34, 36]. We point out that the spaces
of homogeneous type considered in this paper include metric measure spaces, the
Euclidean space, the C'°°-compact Riemannian manifolds, the boundaries of Lip-
schitz domains and, in particular, the Lipschitz manifolds introduced recently by
Triebel in [33] and the isotropic and anisotropic d-sets in R™. It has been proved by
Triebel in [31, 32] that the isotropic and anisotropic d-sets in R™ include various
kinds of self-affine fractals, for example, the Cantor set, the generalized Sierpinski
carpet and so forth. We particularly point out that the spaces of homogeneous type
considered in this paper also include the post critically finite self-similar fractals
studied by Kigami in [20] and by Strichartz in [28], and the metric spaces with
heat kernel studied by Grigor’yan, Hu and Lau in [7]. More examples of spaces of
homogeneous type can be found in [1, 2, 28].

To establish the inhomogeneous Calderon reproducing formulae on spaces of ho-
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mogeneous type, we first need to establish the boundedness of Calderon-Zygmund
operators on some spaces of test functions which itself generalizes a corresponding
result of Han in [11] and is presented in Section 2. In Section 3, using our results
in Section 2, we obtain the continuous Calderon reproducing formulae, where Coif-
man’s idea (see [4]) plays a key tool. By these Calderon reproducing formulae, in
Section 4, we obtain a Littlewood-Paley theorem for the inhomogeneous g-function,
which gives a new characterization of Lebesgue spaces LP(X) for p € (1,00)
and generalizes a corresponding result of David, Journé and Semmes in [4]. Such
Littlewood-Paley theorem has also been proved to be useful in establishing the
discrete Calderon reproducing formulae; see [15].

2. BouNDEDNESS oOF CALDERON-ZYGMUND OPERATORS

The main purpose of this section is to establish the boundedness of Caldero6n-
Zygmund operators on spaces of test functions associated with a given para-accretive
function. We first recall some necessary definitions and notation of spaces of ho-
mogeneous type.

A quasi-metric p on a set X is a function p: X x X — [0, co) satisfying that

() p(z,y)=0ifand only if x = y;

(i) p(z,y) = p(y,z) forall z, y € X;
(iii) There exists a constant A € [1, oo) such that for all z, y and z € X,

p(z,y) < Alp(z, 2) + p(2, y)].
Any quasi-metric defines a topology, for which the balls

Ba,r)={ye X: p(y,z) <r}

for all z € X and all » > 0 form a basis.

In what follows, we set diam X = sup{p(z,y) : =z, y € X}. We also make
the following conventions. We denote by f ~ g that there is a constant C' > 0
independent of the main parameters such that C~'g < f < Cg. Throughout
the paper, we denote by C a positive constant which is independent of the main
parameters, but it may vary from line to line. Constants with subscripts, such as
(1, do not change in different occurrences. For any ¢ € [1, oo|, we denote by ¢ its
conjugate index, namely, 1/¢+ 1/¢ = 1. Let A be a set and we denote by y 4 the
characteristic function of A.

Definition 2.1. ([17]) Letd > 0 and 6 € (0,1]. A space of homogeneous
type, (X, p, 1)ae, is a set X together with a quasi-metric p and a nonnegative



686 Dachun Yang

Borel regular measure ;2 on X, and there exists a constant Cy > 0 such that for all
0<r<diamX and all z, 2/, y € X,

(2.1 W(B(, 7)) ~ 7
and
(2.2) lp(2,y) — p(a’, y)| < Copla, &) [p(x, y) + p(a’,y)] 7.

In what follows, all the § means the same 6 as in (2.2).

The space of homogeneous type defined above is a variant of the space of homo-
geneous type introduced by Coifman and Weiss in [1]. In [22], Macias and Segovia
have proved that one can replace the quasi-metric p of the space of homogeneous
type in the sense of Coifman and Weiss by another quasi-metric p which yields the
same topology on X as p such that (X, p, w) is the space defined by Definition
2.1 withd = 1.

Let us now recall the definitions of the para-accretive function and the space of
test functions.

Definition 2.2. A bounded complex-valued function  on X, a space of ho-
mogeneous type, is said to be para-accretive if there exist constants C; > 0 and
k € (0, 1] such that for all balls B C X, thereisaball B’ C B with ku(B) < u(B’)
satisfying

1

> C7 > 0.
u(B) '

| o) duto)

Definition 2.3. ([9]) Fix v > 0and § > 5 > 0. A function f defined on X is
said to be a test function of type (xq, 7, 3,~) with xqg € X and r > 0, if f satisfies
the following conditions:

) /(@) < Compmaona
r 1

(i) [f(z) = fly)| < C (rf;()(ma’:?,/;o)f (r 4 p(x, x0) )47
p(x, zg)].

If f is a test function of type (xo, r, 3,7), we write f € G(zg,r, 3,7), and the norm
of fin G(zg,r, 3,7) is defined by

Hf”g(mo,r,ﬂ,'y) = inf{C: (i) and (ii) hold}.

Now fix zp € X and let G(53,v) = G(=zo, 1, 3, 7). It is easy to see that

g(fI,'l,'I", /877) = g(/Bv FY)



Calderon Reproducing Formulae 687

with an equivalent norm for all x; € X and r > 0. Furthermore, it is easy to check
that G(3,~) is a Banach space with respect to the norm in G(3,~). Also, let the
dual space (G(3,~))" be all linear functionals £ from G(3,~) to C with the property
that there exists C' > 0 such that for all f € G(3, ),

LA < Cllifllgsm-

We denote by (h, f) the natural pairing of elements h € (G(3,7)) and f € G(3,7).
Clearly, for all h € (G(8,7)), (h, f) is well defined for all f € G(zo,r, 3, ) with
xo € X and r > 0.

It is well-known that even when X = R", G(/31,~) is not dense in G(32,7) if
B1 > B2, which bring us some inconvenience. To overcome this defect, in what
follows, for a given e € (0, 6], we let G(3,~) be the completion of the space G (e, €)

in G(B,v)when0 < 3, v <e.
Let b be a para-accretive function. As usual, we write

bG(3,7) = {f : f = by for some g € G(5,7)}.
If f€bG(5,v)and f = bg for some g € G(3, ), then the norm of f is defined by

1fllogs.4) = l9llg(s.)-

By this definition, it is easy to see that
° / . /
(2.3) fe <bg(ﬁ, ’y)) if and only if bf € <Q(ﬂ, 7)) ,
o /
where we define bf € <g(ﬁ, 7)) by

(bf,9) = (f,bg)

for all g € G(8,7).
In what follows, we also let

Giao.r, 0. = {1 € 0o [ fato) duter =0}
for n € (0,6], we define CJ(X) to be the set of all functions having compact

support such that
|f(z) = f(¥)]

| fllcm( xy = sup —————"— < o0.
Co (X) T#Yy p(fl', y)ﬂ

Endow CJ(X) with the natural topology and let (Cg (X))’ be its dual space.
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Definition 2.4. Let e € (0,6]. A continuous complex-valued function K (x,y)
on
Q={(z,y) e X x X :2#y}

is called a Calderon-Zygmund kernel of type e if there exist a constant (5 > 0 such
that

(i) |K(z,y)| < Cap(z,y)~?,
(i) |K(2,y) — K (2, y)| < Copla, 2')p(x, y) =9~ for p(z,2’) < L&Y,
(iii) |K(z,y) — K(z,9)| < Cap(y, v')p(x, y) =4 for p(y,y) < 2&u,

A continuous linear operator 7' : CJ(X) — (CJ(X)) for all n € (0,6] is
a Calderon-Zygmund singular integral operator of type e if there is a Calderon-
Zygmund kernel K (x,y) of the type e as above such that

(Tf.g) = /X /X K (0, 9) f (0)9(x) du(x) du(y)

for all f, g € CJ(X) with disjoint supports. In this case, we write 7' € CZO(e).
We also need the following notion of the strong weak boundedness property in
[16, 11].

Definition 2.5. A Calderon-Zygmund singular integral operator T' of the kernel
K is said to have the strong weak boundedness property, if there exist n € (0, 6]
and constant C's > 0 such that

(K, )] < Car?

for all » > 0 and all continuous f on X x X with supp f C B(z1,7) x B(y1,7),
where z1 and y1 € X, || fl|pec(xxx) < L [f (5 w)llgnexy < 77" forall y € X and
1 f (@, M enxy <" forall z € X. We denote this by 7" € SWBP.

The fo?lowing theorem is the main theorem of this section, which when b = 1
was obtained by Han in [11]. In what follows, we use M, to denote the multipli-
cation operator defined by b, namely, for suitable functions f, My(f) = bf.

Theorem 2.1.  Let b be a para-accretive function as in Definition 2.2 and
e € (0,0]. Let T be a continuous linear operator from C'J(X) to (CJ (X)) for
all n € (0,6] such that the kernels of 7" and b7 M, respectively satisfy the
conditions (i) and (ii) and only the condition (ii) of Definition 2.4 with the regularity
exponent ¢, T'(1) = 0, and T' € SW BP. Furthermore, K(z,y), the kernel of T,

satisfies the following smoothness condition that for all =, =/, vy, 3’ € X such that

(@
p(z, ), ply,y) < 22,
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(2.4) |[K (z,9)bHy) — K (2, y)b~ ()]
— [K(z, )oY (y) — K(=, ¥ )b~ (¥/)]|
< Cuplz, ) ply, y)p(x, y) ~4%

Then for any zp € X, » > 0and 0 < 3, v < ¢, T maps G§(zo,7, 3,7) into itself.
Moreover, if we let ||T'|| = max{Cy, Cs, C4}, then there exists a constant C' > 0
such that

IT fllgor.s) < CITI g (o8-

Proof. We prove Theorem 2.1 by following a procedure of the proof of Theorem
1 in [11] and we only give an outline to indicate their distinction.

Fix a function x € C1(R) with suppx C {x € R: |z| <2}, 0 < k(x) < 1
on R and x(z) = 1on {z € R: |z| < 1}. Suppose that f € Gb(xo,r,3,7)
with 0 < 3, v < e. We first verify that T'(f)(x) satisfies the size condition (i)
of Definition 2.3. Using Lemma 2.1 in [11] (see also [25]), by the same argument
as the proof of Theorem 1 in [11], we can verify that T'(f)(z) satisfies the size
condition (i) of Definition 2.3 when p(z,xz¢) < 5r. We now consider the case
p(z, o) = R > 5r. In this case, we set 1 = I(y) + J(y) + L(y), where I(y) =

p (H2220), J(y) = w (H2)), and fi(y) = FWIW), L) = f6)I©),
and f3(y) = f(y)L(y). Then, it is easy to check the following estimates:

rY
(2.5) 1AW = Cllifllg@orsm Fary

AY¢S 77
(26) 1) = A < Clflgromsm 2 T forall y, o € X;

RPA Rd+y

rY

(2.7) [£3(9)] < Cll fllg o8 (g, 70) X{ofy,a0)> £} (9);
rY
(2.8) / sl dn(y) < Clflgorsm 7
X

rY

(2.9) |f2(0)] < Cllfllgors.) oy, 7o) Xo(wao) <5 (¥);

and

(2.10) TR R P—“"
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since [ f(y)b(y) du(y) = 0 and b is bounded; see [11] for the details. From (2.6)
and (2.5), and an argument similar to that in [11], it is easy to deduce that

’,"’y
‘Tfl(x)‘ < CHng(a:o,rﬁﬁ) Rd+7’

which is a desired estimate. For fs, noting that = ¢ supp f2, We write

T(f)(x) = / [ ) K (2, y) — b (20) K (2 20)] b(y) faly) dia(y)

X

b (20) K (. 20) /X F2(u)b(y) dpu(y)
= 01(7) + da(x).

By the assumption that the kernel of b=17* M, satisfies the condition (ii) of Defi-
nition 2.4, (2.9) and (2.10), we obtain

/,n'y

p($07y)6
5 x S C xo,T /
‘ 1( )‘ Hf”g( 0,73,7) p(mo,y)S% Rd+e p(y,wo

e )
r
< CHng(a:o,rﬁﬁ) R+

by v < ¢, and

rY

C
[02(2)] < 25 /sz(y)b(y) du(y)l < Cllfllg (o) ar

since b~ € L>°(X). Thus, we also obtain a desired estimate for 7'(f2)(z).

Similarly, since z ¢ supp f3, the estimate (2.6) and the size condition of K (z, y)
then give us a desired estimate for 7'(f5)(z); see [11] for the details.

Thus, T f (z) also satisfies the size condition (i) of Definition 2.3 when p(z, z¢) >
or.

Next, we verify that T'( f) (z) satisfies the smoothness condition (ii) of Definition
2.3. To this end, set p(z,x9) = R and p(x,z’) = 6. We only consider the case
R > 10r and § < =L (r + R). The other cases can be proved by a similar but

20A2
easier argument. As in the above, set 1 = I(y)+J(y) + L(y), however, here I(y) =

K (%) and J(y) =k (M). Moreover, we also set fi(y) = f(y)I(y),
fo(y) = f(y)J(y) and f3(y) = f(y)L(y).

By Lemma 2.1 in [11], T'(1) = 0, (2.6), the assumption on the kernel of T', we
can obtain a desired estimate for 7'(f1)(x) and T'(f3)(x) by the same argument as
in [11].
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Noting that for p(z,2') =6 < 20A2 (r+R)and R > 107, z, 2’ ¢ supp (f2),
by the assumption (2.4) and the estimates (2.9) and (2.10) for fo, we obtain

T(f2)(@) - T()()
1 / (r.4) - Ko, )]b‘l(y)fz(y)b(y)du(y)‘

< [ K0 - K )] v 0

— [K (2, m0) — K(2/,20)] b~ (z0)| | f2(9)b(y)| du(y)

) /X fo)b(w) du(y)‘

p(x, ) p(y, xo)°
< Clifllgtanrsen | | :
ori5) (o)< £ Rd+2

oc rY
d'u( )+CRd+5R'y}

+ HK(&U, z0) — K (', 20)] b~ (z0

Y
X
(r + ply, 20))+7
oc 7
< CHng(J:o,Tﬂv’Y)ERd—I—'y’

since v < ¢, and b, b1 € L*(X), which is also a desired estimate. This finishes
the proof of Theorem 2.1.

3. CALDERON REPRODUCING FORMULAE

The main purpose of this section is to establish the continuous Calderon repro-
ducing formulae associated to a given para-accretive function by using the results
in Section 2. Another key tool for this is Coifman’s idea; see [4]. We first recall
the definition of approximations to the identity in [9].

Definition 3.1. Let b be a para-accretive function. A sequence {Sk}zejz+ of
linear operators is said to be an approximation to the identity of order e € (0, 6]
associated to b if there exists C5 > 0 such that for all k € Z and all z, 2/, y and
vy € X, Sk(x,y), the kernel of Sy, is a function from X x X into C satisfying

9—ke

() [Sk(2, Y)| < Cs g yrmgnares

.. ac,ac/ € —ke
(i) |Sk(2, 5) — Sk(a,y)| < Cs (HRE2)S) o2t for p(a, @)
< 427+ pla,y));
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! € —ke
(“I) ‘Sk(fL’, y) - Sk(fL’, y/)‘ <Cs <2_g(j—/;%a?,y)> (2_k+2;)(m,y))d+€ for p(y7 y/)

< L@ p(ey));

— 24
(V) 1[Sk(w y)-Sk(, 1 HSk (&, y)-Sela’, )] < G5 (s )E(Tf;:%fjgw )
X gy 1o ple,a') < 35(27F + p(a,y)) and p(y.y) < g5 (275 +
ple,y);

V) Sx Sk(z,y)b(y) du(y)
Vi) [y Sk(z,y)b(z) du(x) =

)

1
1.

Remark 3.1. By Coifman’s construction in [4], if b is a given para-accretive
function, one can construct an approximation to the identity of order 6 such that
Sk(z,y) has a compact support when one variable is fixed, namely, there is a
constant Cg > 0 such that for all k € Z, Si(z,y) = 0 if p(z,y) > Cs27".

Remark 3.2.  We also remark that in the sequel, if the approximation to the
identity as in Definition 3.1 exists, then all the results still hold when b and b ~!
are bounded. It seems that we do not need to assume that b is a para-accretive
function. However, in [4], it was proved that the existence of the approximation to
the identity as in Definition 3.1 is equivalent to the para-accretivity of b.

In what follows, we let @ A b = min(a, b) for any a, b € R.

Lemma 3.1. Let b be a given para-accretive function, € € (0,0], {Sk}rez,
and {Ej}rez, be two approximations to the identity of order e associated to b,
Py =Sy, Qo = Ey, Py = St —Sr_1 and Q = E— Ej_1 for k € N. Then for any
¢’ € (0, ¢), there exist constants C' > 0, § > 0 and o > 0 such that P} MpQx(x, y),
the kernel of P, M Q) satisfies the following estimates:

9—(knl)e
(270D + p(z, y) ) e

(3.1) | PMQy(, )| < 0271k

forallz, ye X andallk, l € Z;

/

, e (v, ) ‘
(3.2)  |PMyQr(z,y) — PMuQy(z,y)| < C27 k=10 <2—(l/\k) +p(m,y))

9—(knl)e
@ )

for p(y,y’) < %p(m,y) andall k, l € Z;
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/

|PMyQi(z,y) — PMyQu(a!,y)| < C2-Ik=U8 p(z, z’) ‘
| T 2-(NR) + p(z, y)

9—(kAl)e
20 + p(a, ) B

(3.3)

for p(z,2') < Tzp(z,y) and all k, | € Z,; and

[[PMpQk (7, y) — PMpQr (2, y)] = [PMpQr (2, y') — PMpQr(2', 9/ )]

(34) 2—(k/\l)0

< 02— k=lls IL',.’L'/ 4 7 e
S pla, 2)p(y, ') (2N p(z, y))dr2e+o

for p(z, ') < gsp(z,v), p(y,y) < gsp(z,y) and all k, I € Z,.

Proof. In what follows, by the symmetry, without loss of generality, we may
assume that k£ > [.
Let us begin with proving (3.1). If k € N, by

(3.5) /X b(2)Qx(z. y) du(z) = 0

and b € L>(X), we write

PMyQu ()| = 1 [ P )@z ) )

_ '/X[Pl(x,z) — Pi(2,)]b(2)Qx(z, y) du(z)

<c /X Pz, 2) — Pi(z, )] |Qk(29)| dia(2).

Then the same argument as that for (3.9) in [11] leads a desired estimate.
If & = 0, then by the assumption, we have also [ = 0. In this case, the size
conditions of Sy(z, z) and Ey(z,y) imply that

PMyQole, )| = ‘ ] Sl 22) Bt ) 2

<C |So(z, 2)Eo(z,y)| du(z)
{z€X: p(2,y)< 55 (1+p(z,y))}

+C |So(z, 2) Eo(2, y)| du(z)
{zeX: p(z,y)> ﬁ(l—l—p(m,y))}
1

<C ,
~ (L p(a, )it
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which is also a desired estimate.
We now verify (3.2). It suffices to prove
2—15
27 4 p(w, y))dte

(3.6) |[PMuQi(z,y)~PMyQp(z, )| <C (2—5)%/;(22) y))6 (

for k >l and p(y,v/) g ﬁp(m, y). To see this, noting that if £ > [ and p(y,y’) <
—zp(,y), then (3.1) implies
|PMyQr(z,y) — PMyQr(2,9)| < |PMyQr(z,y)| 4+ [PMyQr(z, )|

2—15

< 09— (k=)¢ 7
B 271+ pl,y)) e

this estimate together with (3.6) yields that for any o € (0, 1),

‘BMka((II, y) - IDZMka(fI:, y/)‘
= |PMyQp(x,y) — PMQp(z,y)|' 7| PMyQx(x, y) — PMyQr(z, y)|°

< 02_(/6—1)5/0 < p(yv y/) >(1_0)6 2 le
- 2=+ p(z,y) 270+ p(z, y))d+e

which is (3.2). In what follows, we refer this method to the geometric mean. We
now verify (3.6). From (3.5) when k& € N or

(3.7) /X Qolz, y)b(2) du(z) = 1 = /X Qolz. 4 )b(2) du(z)
when k£ =0 and b € L>(X), it follows that

|PMyQr(2,y) — BMpQr(z,y")]
= ‘/X[Pz(%z) — Py(x,9)]0(2)[Qr(2, y) — Qr(z,y)] du(z)

<c /X P, ) — Pu(, )] | Qe ) — Qulz, )| dp(2).

Then, repeating the proof of (3.13) in [11] leads the estimate (3.6).
The proof of (3.3) is similar to that of (3.2) and we omit the details.
We now verifies (3.4). Similar to the proof of (3.2), we only need to prove

[[PMpQr(, y) = PMyQr (2, y)] = [PMpQr (2, YY) — PLMpQr (7', 9]
9—(nk)o
(2—(1/\k) + p(fL‘, y))d+25/+0

(3.8)

/

< Cp(z,2") ply, v
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for p(z,2') < gp(z,y) and p(y,y) < gep(z,y). To see this, if p(z,2’) <
Agp(x y) and p(y,y’) < %p(m y), (3.2) and (3.3) tell us that
[[PMQr(z,y) — PMoQi (2", y)| = [PMp Qi (2, y') — PMpQi (2", y')]|
(3.9) / ! 9—(INk)e

< ¢~ k=118 pla, o) E
<C <2—<Mk> +p(x,y)) 2=k 4 p(x,y))d+e

and
[[PMQr(, y) —PMpQr (2", )| -[PMQr(, y') —PMpQr (2", y')]|
/ € —(INk)e
< —|k—1|6 P(yv Y ) 2 '
= (2‘(“’“) +p(z,y)) (270K 4 p(z, y))dte

Then similarly to the proof of (3.2), the geometric mean of the estimates (3.8), (3.9)
and (3.10) gives (3.4).

Let us now verify (3.8). By (3.5) when & € N or (3.7) when & = 0 and
b e L>*(X), we can write

[[PMyQr(, y) — PMpQr (2, y)] = [PMyQr (2, y') — BMpQr (', y')]|

= ‘/X {[Pi(z, 2)-Pu(a’, 2) |- Pi(, y)=Pi(a’, )] } b(2)[Qu (2, y)—Qi(2, y)] dp(2)

(3.10)

<C /X |[Pu(z, 2) = Pi(a', 2)] = [P, y) = B2, )] | |Q (2, y) — Qu(z,9)| dp(2).

Then, repeating the proof of (3.15) in [11] yields (3.7), and we have completed the
proof of Lemma 3.1.

To establish the continuous Calderon reproducing formulae, we use the Coif-
man’s idea; see [4]. In what follows, let {S;}rez, be an approximation to the
identity of order e € (0, 6] as in Definition 3.1. Set Dy, = S, — Si—; for k € N,
Dy = Spand Dy =0 for k € Z\ Z,. Itis easy to see that

o0
1= Z DM,
k=0

in L2(X); see [9]. Let N € N. Coifman’s idea is to rewrite the above identity into

= (3o (ZM)

k=0

3.11
3.1) Z Z Dy MpDp My + Z Dy MyDp M,

|[|>N k=0

= Ry + TN,
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where

= Z Dy

<N

To verify that TJQI exists and maps any space of test functions to itself, we first
need to estimate the kernel, Ry (x,y), of the operator Ry.

Lemma 3.2. Let b be a para-accretive function, e € (0,6], Ry be as in (3.11)
and Ry(z,y) be its kernel. Then for any ¢’ € (0,¢), Ry € CZO(¢') N SWBP,
Ry(1) = 0 and (Rn)*(b) = 0. Moreover, Ry(x,y) satisfies the following es-
timates: for any ¢ € (0,¢), there exist constants C' > 0 and § > 0, which are
independent of IV, such that

(3.12) |Rn(z,y)| < C27Np(z,y) 74,

(3.13)  |Rn(z, )b~ (y) — Rn(x, )b~ ()| < C27 N0 p(y, o) p(, y) 4+

for p(y,y) < gxp(z,y),

(3.14)  |Rn(z,y)— Rn(2,y)| < C27Np(z,2") p(x, y) (<)

for p(z, 2') < 5xp(z,y),

(3.15)  [[Bn(2,y) — Ry, )b~ (y) — [Rn(z,y) — Rn(2',y)]b~ (y)]
< C27Np(, ') ply, o) pla, y) (42

for p(x, '), p(y,y) < gx=p(z,y), and

(3.16) (B, )] < €270y

for all » > 0 and all continuous functions f on X x X with supp f C B(xg,7) X
B(yo,r), where To» Yo € X, HfHL‘X’(XXX < 1, Hf(?y)HCg(X) < r7" for all
ye X and |[f(z,)lcnxy <r " forallz € X.

Proof. To verify (3.12), (3.13), (3.14) and (3.15), we write

—N-1 oo
Ry ( Z Z Dk+leDka) x y Z Z Dk+leDka) (1‘ y)
I=N+1 k=0 l=—00 k=0

= Ry (z,y) + Ry (2,9).

We only verify R} (z,y) satisfying (3.12), (3.13), (3.14) and (3.15). The proof for
R%(z,y) is similar. In what follows, let [¢] be the maximum integer no more than
t forany t € R.
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If p(z,y) > 1, by (3.1) and b € L>°(X), we have

2k5
‘Rlxy‘<022216 F P
I=N+1 k=0 (275 + pla, y)) e
-l k
d+5 > o 522 5
I=N+1

< 027N p(z, )74,
which is a desired estimate. If p(z,y) < 1, let

(3.17) ko = [—1logy p(z, y)]

be the maximal integer no more than — log, p(z, y). Then ko € Z. We then have

\Rlxy\<02215 22’“1 d+522’“

I=N+1 k=Fko+1
< C27Np(a,y) 7.
Thus, (3.12) holds.
Let us now verify (3.13) with R%(z,y). We only prove this when p(y,v/) <

—op(z,y). The case 2zp(z,y) < p(y,y') < 55p(z,y) follows from (3.12). We
also consider two cases. If p(x,y) > 1, then (3.2) tells us that

| Riv(z, )b~ (y) — Ry (2, y")b~ ()]

s y y/) ¢ 2—k5
=¢ Z 22 (2 + p(z, y)) (27F + pla, y)) e

I=N+1k=0

< Cply.y) d+5+5 R (ZQ ’“)

I=N+1

< C2‘N‘Sp(y, y)< pla,y) =@,
which is a desired estimate. If p(z,y) < 1, letting k¢ be as in (3.17), we then obtain

|R (2, y)b~(y) — Ry (z,y")b~ 1 ()]

00 ko 00

/ 1
! -6 k(e'+d —k
< Cply,y)? Yo 270 | 2k )+W > 2k

[=N+1 k=0 p( k=ko+1
< 027N p(y, y)¢ p(x, y) (@),
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which verifies (3.13). The proof of (3.14) is similar to that of (3.13).

For the proof of (3.15), we only need to verify this under the assumptions
p(z,2') < gsp(z,y) and p(y,y') < ghmp(z,y). The other cases can be easily
deduced from (3.13) and (3.14). In this case, we also consider two cases. If
p(z,y) > 1, (3.4) yields

[BN(2,y) — Ry (2, )b~ (y) — [Riy(2,y) — Ry, 9]0~ ()]

o0
, , 9—ko
< Cp(z, ") p(y, y)° 271
TR e

< Cp(x, .%‘/)E/p(y, y/)E/p(x, y)—(d+2e +0)9—1s Z 9—ko
< C27%p(x, ') p(y, y/)¢ pla, y) ~ 2,
which is what we want. If p(z,y) < 1, letting ko be as in (3.17), by (3.4), we have

‘[R}V(xv y) - Rl (xlv y)] - [Rl (IL', y/) - Rl (xlv y/)”

1
-6 k(d k
< Cp(w .’L‘ E 2” E 2 (d+2¢€') (L‘ )d+25/+0 E 277
I=N+1 Y k=ko+1

< 0278 p(x,2') ply, y) pla, y)‘(d“E ),

which proves (3.15).
It remains to verify (3.16). Suppose that f € CJ(X x X) with

supp f C B(zo,7) x B(yo, ),
where zg and yo € X, || fl|pe(xxx) < L [f (5 w)llgnexy < 77" forall y € X and
1 (s ) legoey <™
for all z € X. By (3.1) and b € L*°(X), we have
|(Di+1Mp D My, )]

= //(Dk+szDk)(x,y)b(y)f(x,y)du(y)du(x)
XJX

(318) e / / g~ (knDe
>~ C HfHLOC(XXX) Blaom L x (2—(k/\l) +p($,y))d+€ d/j/(y) d/j/(J?)

< 0271 1(B(xo, 7))

< 02~ MUy,
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On the other hand, for £ € N and n < ¢, (3.1), b € L*>°(X) and the fact that

/X Di(2,y)b(y) du(y) = 0

tell us that
{(Dk41MpDp My, f)]

/ / / Dia(z, 2)b(2) D (2 9)b(y) F (. ) dps(=) dpy) dys()
XJXJX

=‘ /X /X /X D 41(, 2)b(=) Di (2, )b(0) [, y)—f (1, )] dpa(2) da(y) dp()
)

<o | { [ 1Pt
B(zo,r) X

X [/XIDk(z,y)lp(z,y)” du(y)] du(Z)} du(x)

< C2 knp—npd,

(3.19

We have also, by Definition 3.1 and b € L>°(X), that
[{Dg+1MpDp M, )]
/ / / Disa(, 2)b(2) D (2, y)b() f (&, ) dia(2) dpu(y) dp(z)
XJX JX
(3.20) < Cll flle ) |1 Dl oo (x < x)

<[ - / . [ 1P 2 duz) | dnt) do

< Cokdp2d,

The geometric mean of (3.18) and (3.19) yields
(3.21) [(Di i My DMy, f)| < €210 =’y

for all £ € N and some positive § and »’, and the geometric mean of (3.18) and
(3.20) yields

(3.22) (Dt My DMy, f)| < €27 Mgk =0y
for all £k € N and some positive 6 and n”. Thus, (3.18), (3.21) and (3.22) tell us

that
< >0 D MyDiMy, f>|

|[|>N k=0

(BN, f)] =




700 Dachun Yang

<

+ <Z > Dk+leDka7f>

[l|>N 2=Fk>r

<Z DiMypDo Mo, f>

I>N

+ <Z > Dk+leDka7f>

[l|>N 2—k<r
< CQ_N(STd,

which verifies (3.16), and, hence, Lemma 3.2.
As a consequence of Lemma 3.2 and Theorem 2.1, we obtain the following
theorem.

Theorem 3.1. Let b be a given para-accretive function. Suppose that {S}7°
is an approximation to the identity of order ¢ as in Definition 3.1. For N € N, let
T be as in (3.11). If N is large enough, then T]gl exists and maps any space of
test functions to itself. More precisely, if N is sufficiently large, then there exists
a constant C' > 0 such that for all f € G(x1,r,3,v) with 1 € X, r > 0 and
0< B, v<e

TN (D llgerr ) < CUF o162

Proof. By Theorem 2.1 and Lemma 3.2, there exist constants C; > 0 and
§ > 0, which are independent of N, such that for all f € GY(x1,7,,) with
rneX,r>0and 0< g8, v<e

I8N (Dllg(arrp) < C127 " Flg@rrsm-

If we choose NV € N such that
(3.23) Cr27N <1,
then we have that for all f € G(z1,7,3,7),

HTlgl(f)Hgg(ml,r,ﬂ,'y) - H(I - RN)_I(f)HGS(%‘hTﬂN)

> (BRn)(f)
1=0

gé’(ml,rﬂﬁ)
- —N§ !

<> (2 1 g o
=0

< CHng(Ju,r,ﬂ,'y)v

which completes the proof of Theorem 3.1.
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We can now prove the inhomogeneous continuous Calderon reproducing formu-
lae on spaces of homogenous type.

Theorem 3.2. Let b be a para-accretive function, e € (0,6], {Sk}72, be an
approximation to the identity of order e associated to b. Set D = Sy — S for
k € N and Dy = Sp. Then there exist a family of linear operators Dy, for k € Z
and a fixed large integer N € N such that for all f € G(5,v) with 0 < 3, v <,

(3.24) f =" DrMyDMy(f),
k=0

where the series converge in the norm of G(3’,+') for 0 < 8/ < Sand 0 < v/ < .
Moreover, (3.24) also converge in the norm of LP(X) for p € (1,00), and the
kernels of the operators Dj, satisfy the conditions (i) and (ii) of Definition 3.1 with
e replaced by ¢ for 0 < € < ¢, and

_ - 1, k=0,1,---,N;
/)(Dk(x,y)b(y) du(y)Z/XDk(xvy)b(y) du(w)={ 0, k>N+1.

Proof. Fix a large integer IV such that (3.23) and, therefore, Theorem 3.1 holds.
It is easy to check that D;(-,y) € Gi(y,277.¢,¢) for all j € N and DY (-,y) €
GU(y, 27, €, €) for k > N. Set Dy(z,y) = T (DN (-,y))(z) for k € Z,, where
Ty is defined as Theorem 3.1. Notice that

k+N

DY = ) Disj= ) D
71N J=0
fork=0,1,---, N, and
kN
DY =Y Dij= >, D
JI<N j=h-N
for k = N +1,---. By Theorem 3.1, when k = N + 1,---, Dyp(-,y) €

G(y,27% €, ¢) with € € (0,¢) (In fact, in this case, this is also true for ¢ = ¢)
and this proves that Dy(z,y), the kernel of Dy, satisfies the conditions (i) and (ii)
of Definition 3.1 with ¢ replaced by €, and it is easy to see that

| Diler. b)) =0,
X
since (Ry)" (b) = 0. Obviously we also have

/ Di(a, )b(y) dpu(y) = 0
X
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fork=N+1,---. Ifk=0,1, ---, N, since

Di(x,y) = Ty" (DY () (2)

k+N
=Ty" | D_ Di(+v)
=0
k+N

= T (Di(w) (@)

k+N

=Ty (So(» ) (@) + 3 T (D; () (@),
j=1

to verify that Dy (z, y) satisfies the conditions (i) and (ii) of Definition 3.1 with ¢
replaced by ¢ and

| Dutr )bt duts) = | Dt y)bla) ) = 1,
X X

it suffices to prove that T (So(-,y))(x) satisfies the conditions (i) and (ii) of
Definition 3.1 with ¢ replaced by ¢ and

@%)Am%mwmmmmzém%mwmmmm:L

since, by Theorem 3.1, Ty (D;(-,y)) € G(y,277,€,¢) for any ¢ € (0,¢) (In
fact, in this case, this is also true for ¢ = ¢) and j = 1,---,k + N. To esti-
mate T (So(-,v))(x), Theorem 3.1 can not be directly applied since So(-,y) &
Go(y, 277, €, ¢). Let us first verify that for any € € (0,¢), there are constants
C > 0 and § > 0 such that

1
(14 p(z,y))t+e’

(3.26) |(RnSo)(w,y)| < C27°

and

(3.27) uRNswcuyerN&ﬁ@ﬁyﬂSC?”W<1$f65%>E<r+m;zAWﬂ

for p(z,2') < (14 p(z,y)). The estimates (3.26), (3.27) and (Ry)*(b) = 0
imply that
(RnSo) (- y) € Gy, 1,€, €).
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Then Theorem 3.1, together with the fact that
o.0]
T_1 Z RN SQ 1‘ y
=0

yields that if V is sufficiently large, then T (So (-, y))(x) satisfies the conditions
(i) of Definition 3.1 and (i) of Definition 3.1 for the case p(z,2’) < 7=z (1 +
p(z,y)), where € is replaced by ¢. However, (ii) of Definition 3.1 for the case
(14 p(z,y) < plz,2) < 35(1+ p(z,y)) follows from (i) of Definition 3.1.
The fact (3.25) then follows from the facts that

| Sota)btw) dutw) = [ So. o) du() =1
X X

and Ry (1) = (Rn)*(b) = 0.
To verify (3.26) and (3.27), it suffices to verify that for k£ € Z, and k+1 € Z,

—ke 1
(328) ‘(Dk_HMkaMbSO)({I:v y)‘ < 2 (1 4 p(fIf7 y))d—i—s’
/ 1
—|l|e
(329) ‘(Dk_HMkaMbSO)({I:v y)‘ < 2 (1 + p($, y))d—i—s’
and

|(Dr-1iMp D MpSo) (2, y) — (Dt My D MpSo) (2, y)|
(3.30) (

p(z, z') ) 1
L+p(z,y)) (1+p(z,y))ite

for p(a, ') < 7 (1 + p(x,y)).
Assuming these estimates for the moment, by (3.28), (3.29) and the geometric
mean, we obtain

<C

1 / 1
' < 9L (lll+k)e
(3.31) |(Dk1iMpDpMpSo) (z, )| < C2 (1+ p(z, y))dt+e’
and
(3.32) |(Dg+1MyDiMpSo) (2, y) — (Dt My DiMpSo) (2, )|

1 / 1
< CQ—§(|Z|+/€)5
- (1+ p(z, y))d+e

for p(x,2') < %(1 + p(x,y)). The geometric mean of (3.30) and (3.32) yields
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|(DeiMpDMypSo)(x,y) — (D My D MpSo) (2, y)|
(3.53) < 02— (lil+k)s ( p(z, ') )5 1
- L4+ p(z,y)) 1+ p(x,y))tte

for p(z,2') < = (1+p(z,y)), any € € (0,€) and some § > 0. Then, the estimates
(3.31) and (3.33), together with

(RNSo)(,y) = > > (DryiMyDMpSo) (2, ),

|[|>N k=0

tell us (3.26) and (3.27). Thus, we still need to verify (3.28), (3.29) and (3.30). The
estimate (3.1) in Lemma 3.1 and the estimate (3.6) in the proof of Lemma 3.1 tell
us that (D MySo)(x, y), the kernel of Dy M,Sy, satisfies the following estimates
that for k& € Z,

1

(3:34) (DM} (@, y)| < C2 e,

and

/ p(z,a') \* 1

(335) (Do) (o.0)~ (Do) <0 L) Lo
for p(x,2') < = (1+ p(z,y)). Then, (3.34) and (3.35), together with (3.1) and
(3.6) again, tell us (3.28) and (3.30) for k € Z, and k + [ € Z. Similarly, by
first estimating the kernel of operator Dy ;M Dy and then the kernel of operator
Dy i MyDpMySy, we can verify (3.29).

Now it remains to prove that the series in (3.24) converges in the norm of
G(@',~") for 0 < ' < B and 0 < " < ~. Suppose first that f € G(3,v). Then,
for M > N + 1, we write

M M
> DMyDMy(f) = Tyt (Z Dy MkaMb> (f)
k=0 k=0

= Ty <TN - Y D,QVMkaMb> (f)

k=M+1

— T ' Tn(f) = Ty" < > D;iVMkaMb> (f)

k=M1
=f- jli_)rgo(RN)j(f) - Ty < > D;QVMkaMb> (f)-
k=M1

Thus,
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M
Z D MyDp My (f) — f
(336) k=0 G(B"' ")

< jlirg.lo|\(RN)j(f)|\g<6',v'> + [ Tx! ( > DzjcvMkaMb> (f)

k=M+1

g8 )
Similarly to (3.26) and (3.27), we can verify that

1

—N§
(3.37) |Rn(f)(z)] < C2 (1 + p(z, 20))4H’

and

o B
(3:38) |Ru(f)(@) — Rn(f)(a)| < C27° <1 f(p{x, )>) (1+ p(; 20)) 7

for p(z,2') < ﬁ(l + p(x, z9)). Moreover, (3.37) and (3.38) imply that

. ! B
(3.39) [Rn(f)(z) — Rn(f)(a)] < C27N° (1 f(p{x, l@) (1+ p(xl, 0) )4ty

for p(z,2') < 2 (1 + p(x, x0)). Thus, (3.37), (3.39) and (Ry)*(b) = 0 indicate
that Ry (f) € G5(3',~'). Furthermore, Lemma 3.2 and Theorem 2.1 yield

RN (Nllgesr) < (Cr27 V1 flgsr .

which indicates the first term in the right-hand side of (3.36) equals to 0, if we
choose N € N such that (3.23) holds.

To prove the second term in the right-hand side of (3.36) tends to 0 as M tends
to infinity, by Theorem 3.1, it suffices to establish the following estimate

> DYMyDMy(f)

k=M+1

(3.40) < C27M|| fllg(s.)

G(6'")

forall 0 < 8 < 8, 0 <+ < v and some o > 0, where C > 0 is a constant
independent of f and M.

In fact, we will verify that for 0 < # < 3 and some o > 0, there exists a
constant C' > 0 which is independent of f and M such that

1
(1+ p(x, z0))4+7’

Y DY MyDMy(f)(x)

k=M+1

(3.41) < C27M|fllgs.)
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and

(3.42)

Z Dk MDD My(f)( Z Dk MyDp My(f) (2 )

k=M+1 k=M+1

ple,a) \’ 1
< Clfllgs (1 o 960)) (1 + p(a, z0)) 4+

for p(z,2') < 755 (1 + p(z, x0)). Let us first see now how (3.41) and (3.42) imply
(3.40). To see this, note that if p(z,z’) < ﬁ(l + p(z, xg)), then, by (3.41), we
have

(3.43) Z DY MyDpMy(f) (2 Z DY MyDeMy(f)()

k=M+1 k=M+1

) 1
< C2 ﬂMHf”G(ﬂﬁ) (1+ p(z, x0))4+7"

The geometric mean of (3.42) and (3.43) tells us that

Z D,iv s D My (f Z Dk kaMb(f)(x/)

k=M+1 k=M+1

/ ﬂ 1
ot p(z, ) )
=27 Wlatea (1 Folw)) T+ plea)
for p(z,2') < 5= (1 + p(z, 20)), which together with (3.41) indicates (3.40).

We now verify (3.41). Denote DY M,Dj, by Ey. By Lemma 3.1, it is easy
to see that Ex(z,y), the kernel of Ej, satisfies the conditions (i), (ii) and (iii) of
Definition 3.1 with € replaced by ¢ € (max(3,v),¢€), and Ex(b) = 0 for k € N.
Then

Y D MyDpMy(f)(x)

k=M+1
= > EMuy(f)(@)
k=M+1
_ / Ex(z, 9)b()[f (v) — £(2)) dp(y)
k=M+1
<c / Bz, 9)[f (0) — ()] duly)
pn1 417 WEX: p(x,y) <5z (1+p(x,20))}

o0

+C [Ek(x, y)[f (y) = f(2)]] du(y)

k=M+1 /{yeX p(2,y)> 5 (1+p(,m0)) }
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> 1
<Cl g { / e
W)k%:ﬂ (L + p(@,20))"7 J fyex: plaa)< 5 (1 p(a.0))}

p(z,y) )ﬂ
(1 + p(x, o) {yeX:p(z,y)> 55 (1+p(z,30))}
1 1
d
g [(1 o)™ +p<x,xo>>d+v] “(y)}

1
1+ p(x, .’L‘Q))d""'y

2 ke' x, B 9—ke
o> {/ P e O T d’“y)}

k=M+1

< CHng(ﬂﬁ)(

1
(14 p(x, 20)) T

< C27M|| fllg(s,

which indicates (3.41).
To verify (3.42), we write

Z Dk MDD My(f)(x Z Dk MyDp My (f)( )

k=M+1 k=M+1

= Z /Ekwy Er(2',y)]b(y) f(y) duly)

k=M+1

=Y [ B - B0 - @)

k=M+1
<C Z | 1Bk ) ) = Ex(a, 9)][f (y) = f ()] dp(y)
k=M+1
+C +C
k%:—f—l/ k%;l/%
:N1+N2+N37

where

1

Vi={y e X ploa) < e ptean) < 5374+ ol |

M‘H
—

@ 4 ) € 0+ plesa))

O
N

VQ:{yeX: oz, 2') <
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and .
V= {ye X plod) > grt 4 plea .
From the smoothness condition of Ej and the size condition of f, it follows that

€ 2—k5/
<
M <C Z / (2 "“+pwy)) (2% + p(z, )4+

k=M+1

<ALF W)+ 1f (@)} dp(y)

plra) \* 27+
<o)y {(Hp(mo))d%/ | rwidu)

k=M+1

92— ke’
(3.44) +[f(z \/ B o)) du(y)}

plaa) \° 1
= (1 + p(z, x0)> (1+ p(x, x0))d+Y I#llg.

x i |27 497k 0)]

k=M+1

px, ') )5 1
<C )
- (1 o)) T+ plaagyr 196

where o € (0, €).
Using the smoothness conditions on Ej and f, we obtain

2—k5/

N2 < Ol fllgsq) Z / (2 k+pxy)) (27F + p(z,y))d+e

k=M+1
1

y ( p(z,y)

16}
T ple. 360)) L+ 7z, 20 )

pla,a) \’ L
< Clfllg. (1 Yy 960)) (1+ p(x, mo)) 4+

(3.45) S ke

B—p6
<> [ e ()

k=M+1

p(z,z) \° 1 k(B-5")
<
< CHng(ﬁﬁ)<1+p(x7x0)> (1+p(z, xo)) 7 Z 2-

k=M+1
ple,a) \° !
§ :
< Cllfllg@. (1 o 360)) (14 p(x, )47
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The size condition of E; and the smoothness condition of f tell us that

Mo <Clifloy Y [ {IBu)l+ B )]}
k=M+1"7"3
p(z,y) \° 1
" (1 e, xo>> 7 (e 2oy )

ple,a) \’ 1
< Clfllgs.) (1 ¥ o(z, 360)) (1 + p(a, 20))

<Y [ B+ B )l o) duty)

k=M+1

plz,a’) \’ 1 " k6
- 2
< C[fllgs,q <1 + p(z, wo)) (1+ p(x, x0))dY k%;l

plz.a) " !
< Clfllg (1 + p(a, xo)) (1 + p(z, 20)) 4

which, together with (3.44) and (3.45), verifies (3.42). This proves that the series
in (3.24) converge in G(3,7) for 0 < ' < Band 0 <~ <.

Finally, let us verify the series in (3.24) also converge in LP(X) for p € (1, c0).
To this end, by the above proof, we only need to verify the last two terms in (3.36)
tend to 0 as M — oo if the norm of G(3',~’) is replaced by the norm of LP(X)
for p € (1,00). The estimates in Lemma 3.2 and the T'b theorem in [4] tell us that
Rnb~1 is a Calderon-Zygmund operator with the operator norm at most C;2~V0
and, hence, Ry is bounded on LP(X) for p € (1,00) with the operator norm at
most C72~ N9, This yields that

(3.46) [N Doy < (C727Y) 1l

Thus, lim; ||(RN)j(f)||Lp(X) = 0 if we choose N € N such that (3.23) holds.

The estimate (3.46) also implies that T&l is bounded on LP(X) for p € (1, 00) if
N satisfies (3.23). Thus, it suffices to prove that

> DY MyDeMy(f) =0

k=M+1

lim
M —o0

LP(X)

for p € (1,00). To see this, letting 1/p+ 1/p’ = 1, by duality and the result in [4],
we have
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> DY MyDpMy(f)

k=M+1 Lr(X)
o0
= sup < Z D,]vakaMb(f),g>‘
l9lle () <1 | \k=pr+1
. { 3 IDka(f)IQ} { 3 |Mb<D,f:>*<g>|2}
HgHLP'(X)Sl k=M+1 LP(X) k=M+1 LY (X)
00 3
<C sup { Z |Dka(f)|2} N9l e (x)
N9l Lo ) ST || Le=pr41 LP(X)
oo 3
<C { > IDka(f)IQ} — 0,
=M Lr(X)

as M — oo. This finishes the proof of Theorem 3.2.
By an argument of duality, from Theorem 3.2, we can deduce the following

continuous Calderén-type reproducing formulae in <§’;(ﬁ, 7)>/ with 3, v € (0,¢)
and e € (0, 0]; see also [9, 11].

Theorem 3.3. Let b be a para-accretive function, € € (0, 6], {Sk}72, be an
approximation to the identity of order e associated to b. Set D j = Sy — Sk for
k € N and Dy=S5y. Then there exist a family of linear operators Ej, for k €7Z

. !/
and a fixed large integer N € N such that for all f € (g(ﬁ, 7)) with0 < 3, v < ¢,

(3.47) f = MyDMyE(f),
k=0

o /
where the series converge in (g(ﬁ’,%)) with 8 < f/ < eand v < 7' < e

Moreover, the kernels of the operators Ej, satisfy the conditions (i) and (iii) of
Definition 3.1 with ¢ replaced by ¢’ for 0 < ¢’ < ¢, and

~ N 1, k=01,---,N;
/ Ey(z,y)b(y) du(y) = / Ey(z,y)b(x) du(w)={
X X

0, k>N+1.

The following theorems can be proved by some arguments similar to those of
Theorem 3.2 and Theorem 3.3. We leave the details to the reader.

Theorem 3.4. With all the notation as in Theorem 3.3, then for all f € G(8,7),

f=>_ DpMyExMy(f)
k=0
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holds in both the norm of G(5’,~') for 0 < 5/ < g and 0 < v’ <+, and the norm
of LP(X) with p € (1, 00).

Theorem 3.5. With all the notation as in Theorem 3.2 and Theorem 3.3, then
for all f € bG(8,7),

f=> MyDeMyDi(f) =Y MyDpMyEx(f)
k=0 k=0
holds in both the norm of b6G(3’,~) for 0 < 3’ < 8 and 0 < v’ < ~, and the norm
of LP(X) with p € (1, 00).

Theorem 3.6.  With all the notation as in Theorem 3.2, then for all f €
° !/
(68.) witho < 5, v <«

f=> MyDMyDy(f)
k=0
holds in (é(ﬁ',y))' with 3 < @ < eand 7 < 7' < e.

Theorem 3.7. With all the notation as in Theorem 3.2 and Theorem 3.3, then
. /
for all f ¢ (bg(ﬁ, ’y)) with 0 < 8, v < ¢,

f = DeMyDeMy(f) = > DeMyEpMy(f)
k=0 k=0

holds in (bé(ﬁ’,y’))l with g < ' <eandy <~ <e

Remark 3.3. By rearranging the orders of Dy, Dj, and Ej, we can actually
take N = 0 in Theorems 3.2, 3.3, 3.4, 3.5, 3.6 and 3.7, which is convenient in
applications of these formulae.

4. ONE APPLICATION

In this section, we use the Calderon reproducing formulae in Section 3 to estab-
lish a Littlewood-Paley theorem for the following g-function defined by

o0

1/2
(4.1) 9(f)(x) = [Z \Dk(f)(w)V] ,

k=0



712 Dachun Yang

where {Dy}rez, is as in Theorem 3.2. This theorem generalizes a corresponding
result of David, Journé and Semmes in [4] and will be used in establishing the
discrete Calderon reproducing formulae associated to para-accretive functions which
will be discussed in another paper; see also [15]. We establish our theorem based
on the T'b Theorem in [4]. To state it, we first need to recall the definition of the
weak boundedness property.

Definition 4.1. A Calderon-Zygmund singular integral operator T' of the kernel
K is said to have the weak boundedness property, if there exist n € (0,6] and
constant Cg > 0 such that

(4.2) (T 1,90 < Csr ™| fllcn o l9llenx)

forall » > 0 and all f, g € C(X) supporting in some ball of radius . We denote
thisby 7" € WBP.

Remark 4.1. It was proved in [4] that if T € W BP, then (4.2) is true for all
n € (0,06].

Lemma 4.1. Let by, by be two para-accretive functions, e € (0,6] and T €
CZO(e), which here means that 7" is a continuous linear operator from b ;C/ (X))
into (b;CJ (X)) for all n € (0,6] and there is a kernel K (z,y) satisfying the
conditions (i), (ii) and (iii) of Definition 2.4 such that for all f, g € C J(X) with
disjoint supports,

(Tf,g) = /X /X ba () K (2, 9)b1(v) £ ()9 () dpu(z) dp(y).

Then T is bounded on L2(X) if and only if (i) Thy € BMO(X), (ii) T*by €
BMO(X), and (iii) My, T My, € WBP.

We also need the following Fefferman-Stein vector-valued maximal function
inequality in [6].

Lemma 4.2. Letl <p < oo, 1 < q < oo and M be the Hardy-Littlewood
maximal operator on X. Let {f.}2, C LP(X) be a sequence of measurable
functions on X. Then

0 1/‘1 00 1/q
{Z\M(fk)\q} <C {Z\fk\q} :
k=0

Lr(X) k=0 Lr(X)

where C'is independent of f € LP(X).
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We can now establish the following Littlewood-Paley theorem on spaces of
homogeneous type.

Theorem 4.1.  Let {Si}7°, be an approximation to the identity of order
e € (0,0] as in Definition 3.1. Let {D}rcz, be as in Theorem 3.2 and g(f) be
defined as in (4.1). Then for any p € (1, co), there exist two constants A, and B,
depending on p such that
(4.3) Apll fllrxy < Nlg(H)llexy < Bpll fllwx)
for all f e LP(X).

Proof. To verify the inequality on the right hand side of (4.3), by the Khintchine
inequality (see [26]), we first have that for any fixed N € N,

N 1/2 N
(S} Gl LYY TS wn
k=0

(4.4) L7(X) o oN k=0 L¥(X)
- 2N ZZ Z Zaka ’
oo 01 oN LP(X)

where o, = 1 or —1 for k € {0,1,---, N} and C, is independent of f and N.
For any fixed o = {ox}1_,, we set TS f = S ook Di(f) and denote its kernel
by K (x,y). We first verify that K¢; is a standard Calderon-Zygmund kernel with
the constant independent of NV and o. In fact, we have

(4.5)
N 92— ke
< < <
|KN(xay)| kzolexy = kz 29— k+pxy)d+€
< Cp(.]?, y)—(d—i-e) Z 2—k6 + C Z 2kd
{keZ: 2= *<p(z,y)} {k€Z: 2=F>p(z,y)}
< Cp(z,y)~"
For p(z,2') < p(z,y)/(24), we have
K5 (2,y) — K («/, y)] <Z|Sk ,y) — Sk(a',y)|

e € ) ke
Z (2 ’“rpx y)> (27F + p(w, y))d+e

4.6
(4.6) < Cp(z,z")p(x, y)~(@+29) Z 27k
{kez: 2-*<p(z,y)}
Ol )¢ Z gk(d+e)

(heZ: 2F>p(e.y)}
< Cp(x,2) p(x,y)~(+Fe).
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Similarly, we can prove that for p(y, ) < p(z,y)/(24), we have

(47) ‘K?\[(‘T, y) — ]"(]JV((L-7 y/)‘ < Cp(y, y')Ep(x, y)—(d—f—e)'

By combining (4.5), (4.6) with (4.7), we know that K¥; is a standard Calderon-
Zygmund kernel with the constant independent of V and o. Now, we claim that
T¢ is bounded on L?(X) with the operator norm independent of N and o. If this
is true, then T'%; is a standard Calderén-Zygmund operator bounded on IP(X') for
any p € (1, 00); see [1]. Thus,

N
> okDi(f)
k=0

where C' is independent of o and N. By this and (4.4), we obtain

N 1/2
{Z\Dk(f)\Q}
k=0

where C,, is independent of V. Then by the Fatou lemma, we have

(4.8) N9l zecxy < Coll fll oo (x)-

This is just the right hand side inequality of (4.3).

Now, we still need to prove 7' is bounded on L?(X). We do this by applying
Lemma 4.1 with by = by = b. It is easy to see that 75b = (T%)"b = o¢ €
BMO(X) with the norm 0. It suffices to check that M,TgM;, € WBP. To this
end, by Definition 4.1, let f, g € C{/(X) support in the ball B(x(,r) for some
xo € X and some r > 0. We then write

< Ol fller(x)s
LP(X)

< O fllLe(x)s

LP(X)

(MeTRZMyf, 9)| x) Di(2, 9)b(y) f(y)g(x) du(y) du(x)

Uk

< /X /X 1b(x) Do(z, 9)b(y) f (v)9()| duly) dp(z)

x) Di(2, 9)b(y) f(y)g(z) du(y) du(x)

201+02.

For Oq, from the trivial estimates that

(4.9) [f@) < Crlifllcyx) and g(@)] < Criligllenx)
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and the size condition of D, it follows that

01 <Ol |, )[ [ 1006z} o) o) duto)

< Crt2| fllonxlgllogx),

which is a desired estimate.
We now estimate O,. We consider two cases. Case 1. » > 1. In this case, by
(4.9) and b € L>°(X), we have

) Dy, y)b(y) f (y)g(z) du(y) du(z)

) Dy, y)b(y)[f(y) — f(x)]g(x) du(y) du(x)

C | Dz, )| | f(y) — f(2)[" | f(v)]
;/X/X k(@ ) 1f(y y
+ @) ()| duly) du(x)

N
<CS I gy [ gt
k=1 B

($0=r)

- [/x (27F +2p_(/:, y))d“p(x’y)m] dﬂ(y)] du(z)

—k
< Cr | g lgll g 3027
k=1

< Crt2| fllonxlgllogx),

where k € (0,1) such that kn < ¢, which is also a desired estimate. Case 2.
r ~ 2k for some ko € N. In this case, we write

IN

(4.10)

) Dy, y)b(y) f(y)g(x) du(y) dp(x)

N

D

k=ko+1

) Dy, y)b(y) f(y)g(x) du(y) du(x) | +

_O2 +O2.

For OJ, the estimate (4.9), b € L°°(X) and the size condition of Dy, yield that
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ko

kd .d

Oy < Cr 2| fllcnxllglloncx) S 24
k=1

ko
< Crit 2 fllencxllgllanxy > 250
k=1

< O™ fllen ) lglleg ).
which is a desired estimate.
For 02, similarly to (4.10), we have

;

Z [ [ 1ozl - s 1)

+

+\f( 177" lg(@)| duly) du(z)

N
<t sl 3 [
k‘ Zo,T

e +2p<l; e e

< O fll e lgllegy Yo 27
k=ko+1

x) Dy(z, y)b(y) f(v)g(x) du(y) dp(x)

/ / 2) Dl b)) — F(2)g(x) dpa(y) du(z)

l9(2)|
)

< Cr™2| fllenx lglleg x).

where v € (0,1) such that kn < e, which is also a desired estimate. Thus,
MTEMy, € WBP, and we have proved the second inequality in (4.3).

To prove the first inequality in (4.3), we claim that if { £} }rez, is a family of
linear operators and Ej(z,y), the kernel of E}, satisfies the conditions of (i) and
(iii) of Definition 3.1, and

0, keN
Ekw,yduy={’
| B ={ 1S

then there exists a constant C' > 0 such that

00 1/2
{Z\Ek(f)\2}
k=0

(4.11) <Ol fllzeex)

LP(X)
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for p € (1,00). We verify (4.11) by using Theorem 3.5. From Theorem 3.5, it
follows that

(Bu(f) ()| = <3| (BMBMD,) (1))
j=0

B (i MbﬁijDxf)) (x)
=0

By Lemma 3.1 and b € L>°(X), we further obtain
S |(BeMuDMD; ) (1)(@)] < €30 271 M (D;(4)) ().
j=0 Jj=0

Thus, by Lemma 4.2, the Holder inequality and (4.8), we have

{imk(m?}m <o {i {ia Y f))r}

1/2

k=0 | j=0

1/2
<C { ( 271kl [ (Dj(f))]2>}
5=0 \k=0

LP(X) LP(X)

LP(X)

1/2
<C {ZDj(f)2}
§=0

< Cllfllzex)-

LP(X)

Thus, our claim is true.
Now, using Theorem 3.5, the Holder inequality, b € L>°(X), the claim (4.11)
with E = (Dg)* and (4.8), we have

Ifllexy = sup  [(f,h)]

1Al ) <1

<§: MyDeMyDy(f), h>

= sup
HhHLP/(X)— k
{Z [(MyDi(f), (Dr)*M (h)>\}
||h|\Lp N

<C  sup lg(H)llLex)

1Al ) <1

(B}

¥ (X)
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o 1/2
<C  sup |lg(f)lle(x) {Z\Dk(bh)\Q}
k=0

1A, <
<Cllg(Plmey s bl

‘hHLp/(X)—

< Cllg(Hlleex)-

L (X)

This verifies the first inequality in (4.3) and we have finished the proof of Theorem

4.1.
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