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BRAIDED CROSSED MODULES AND REDUCED SIMPLICIAL GROUPS

Z. Arvasi, M. Kocak and E. Ulualan

Abstract. In this paper, we established an equivalence between the category
of Braided Crossed Modules of Groups and the category of Simplicial Groups
with Moore Complex of length 2.

1. INTRODUCTION

R. Brown and N.D. Gilbert introduced in [2] the notion of braided, regular
crossed modules for an algebraic models of 3-types. They then showed that this
structure is closely related to simplicial groups; they proved that the category of
braided, regular crossed modules is equivalent to that of simplicial groups with
Moore complex of length 2.

D. Counduché has shown in [6] that the category of simplicial groups with
Moore complex of lenght 2 is also equivalent to that of 2-crossed modules. This
gives a composite equivalence between the category of 2-crossed module and that
of braided regular crossed modules. The related ideas of Counduché (cf.[6]) have
been used by Carrasco and Cegarra [5], to study braided categorical groups. The
categorical braiding is a commutator degenerate elements and the satisfaction of
axioms for a braiding corresponding to the vanishing of certain commutators of
intersections of face-map kernels.

In this paper we will concentrate on the reduced case: As crossed modules of
groups is regular, we proved that the category of braided crossed modules of groups
is equivalent to that of reduced simplicial groups with Moore complex of lenght 2
in terms of hypercrossed complex pairings F;, g defined in [10].

Thus the braiding group can be given by using hypercrossed complex pairings
F,, 3 which gives products of commutators. This is reformulation of a result of
Brown and Gilbert (cf. [2]). Our aim is to show the role of the F, 53 in the
structure.

Received August 6, 2002; Accepted January 14, 2004.

Communicated by Pjek-Hwee Lee.

2000 Mathematics Subject Classification: 18D35, 18G30, 18G50, 18G55.

Key words and phrases: Crossed modules, Simplicial groups, Moore Complex.

477



478 Z. Arvasi, M. Kogak and E. Ulualan
2. PRELIMINARIES

2.1. Truncated Simplicial Groups

Denoting the usual category of finite ordinals by A, we obtain for each k£ > 0,
a subcategory A< determined by the objects [j] of A with 5 < k. A simplicial
group is a functor from the opposite category A°P to the category of groups Grp.
A reduced simplicial group is a simplicial group which last component is trivial. A
k-truncated simplicial group is a functor from A%, to Grp. We denote the category
of simplicial groups by SimpGrp and the category of k-truncated simplicial groups
by Tr,SimpGrp . By a k-truncation of a simplicial group, we mean a k-truncated
simplicial group tr;G obtained by forgetting dimensions of order > in a simplicial
group G. This gives a truncation functor try : SimpGrp—Tr;SimpGrp which
admits a right adjoint cosk; :Tr,SimpGrp —SimpGrp called the k-coskeleton
functor, and a left adjoint sk :TrpSimpGrp —SimpGrp , called the k-skeleton
functor. For explicit constructions of these see [7].

Recall that given a simplicial group G, the Moore complex (NG,9) of G is the
normal chain complex defined by

n—1
(NG),, = () kerd;
=0

with 9,, : NG,, — NG,,_; induced from d]' by restriction. There is an alternative
form of Moore complex given by the convention of taking

ﬁ kerd;'
i=1

and using dg instead of d,, as the boundary. They lead to equivalent theories.
The n** homotopy group 7,,(G) of G is the n** homology of the Moore complex
of G, i.e.

m™(G) = H,(NG,?)
= [\ kerd}/diti(() kerd; ).
=0 =0

We say that the Moore complex NG of a simplicial group is of length k if NG,, = 1
for all n > k + 1, so that a Moore complex of length & is also of length [ for [ > k.

Corollary 2.1. Let G’ be (n — 1)-truncated simplicial group. Then there is a
simplicial group G with tr ,G=G' if and only if G’ satisfies the following property:
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For all nonempty sets of indices (I # J),I,J C [n— 1] with TUJ = [n — 1],

[ ﬂ kerd;, ﬂ kerdj ] =1.

il jeJ
2.2. Peiffer Pairings Generate

In the following we will define a normal subgroup N,, of G,,. First of all we adapt
ideas from Carrasco [3, 4] to get the construction of a useful family of natural
pairings. We define a set P(n) consisting of pairs of elements («, 3) from S(n)

with N g =0 and 3 < a, with respect to lexicographic ordering in S(n) where
a = (ip,...11), B = (Js, ...j1) € S(n) The pairings that we will need,

{Fog: NGpta x NGp_yg — NGy : (o, ) € P(n),n > 0}

are given as composites by the diagram

NGy o x NG n_ﬁgﬁ —NG,

sa><55l Lp

Gn X G p G

where
Sq = 8i,, .83t NGp_go — Gy, sg=5j,,...55, : NGp_yg — Gy,
p: G, — NG, is defined by composite projections p(z) = p,—1...po(x),where

pj(2) = zs;d;(2)"" with j = 0,1,...,n— 1 and
u: Gy, x G, — Gy is given by commutator map and f« is the number of the
elements in the set of «, similarly for §3. Thus

Fa,ﬂ(xomyﬂ) = pﬂ(sa Xsﬂ)(xomyﬂ)
= plsa(za), sp(zs)].

Definition 2.2.  Let N,, or more exactly N be the normal subgroup of G,,
generated by elements of the form

Fo p(za,ys),

where z, € NGy,—4o and yg € NG, 45 .

This normal subgroup NS depends functorially on G, but we will usually ab-
breviate N to N,,, when no change of group is involved. We illustrate this normal
subgroup for n = 2 and n = 3 to show what it looks like.
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Example 2.3.  For n = 2, assume that « = (1) = (0) and z,y € NGy =
kerdy. It follows that

Fayo(z,y) = pipo([so, s1y])
= pl[soxv Sly]
= [som, s1y][s1y, s12].

is a generating element of the normal subgroup N,.
For n = 3, the possible pairings are the following;

Faoe:r Feoar Foe
Foe,  Foey  Foo:

For all 21 € NG1,y2 € NG, the corresponding generators of N3 are:
Faoye(z,y2) = [s15021, s2y2][s292, s2s021],
F(z,o)(1)($17 y2) = [s28071, s192][s1y2, s25171] 525121, S2y2][S2Y2, 25071 ]
and for all o, € NG, y1 € NGy,
Foy)(@2,y1) = [soz2, s2s191][s25191, s122] [s272, 2511

whilst for all x5, yo € NG,

F(O)(l)(x% Y2) = [sow2, s1y2][s192, S1702][S272, S232],
Foyo)(z2,y2) = [sor2, s292],
Fuye)(2,92) = [s122, s2u2][s292, s222].

3. BrAaIDED CrROSSED MoDULE OoF GROUPS

In this section we will show that the descriptions of two equivalent categories:
The category of braided crossed modules and the category of simplicial group with
Moore complex length 2.

Crossed modules were initially defined by Whitehead in [11] as models for 2-
types. A crossed module (M, P, ) is a group homomorphism 0 : M — P, together
with an action of P on M written m? for p € P and m € M, satisfying the
following conditions: for all m, m’ € M,p € P,

CM1): 9(mP)= p L(Om)p
CM2): m? = w/~'mm/.

The second condition is called Peiffer identity.
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A braided crossed modules of group(oid)s were initially defined by Brown and
Gilbert in [2].

Definition 3.1. A braided crossed module of groups

20y

is a crossed module with the braiding function {, } : C1 x C; — C; satisfying the
following axioms:

BCL: {z,yy'} = {z.y}" {z,y/}

BC2: {za',y} = {2", y}{z, y}"

BC3: §{z,y} = [y, ]

BC4: {x,da} = a"la”

BC5: {0b,y} = (b=1)¥b
where z, 2'y,y’ € Cy and a,b € Cs.

Proposition 3.2. Let G be a reduced simplicial group with Moore complex
NG. Then the complex of groups

NG/85(NGs N D3) 2 NG,
is a braided crossed module of groups. The braiding map can be defined as follows:

{ , }:NG1><NG1 — NGQ/ag(NGgﬂDg)
1

(z,y) — sor lsiylspzsiz—lsiysix.

Here the right hand side denotes a coset in NG 2/035(NG3 N Ds) represented by
an element in NG
The two actions of NG on NG2/05(NG3 N Ds) are given by

1. 191 corresponds to the action sy (m)~'1 so(m) and conjugation.

2. 1™ corresponds to the action s (m)~tlsi(m).

Proof.  This is a reformulation of a result of Brown and Gilbert [2]. Our
aim is to show the role of the F, 5 in the structure. We will show that all axioms
of a braided crossed module are verified. It is plainly that the morphism 0, :
NGy/(0sNGsNDs) — NGy is a crossed module of groups. Since every crossed
module of groups is regular this construction is regular.

In the following calculations we display the elements omitting the overlines as:
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BC1: For z; € NG ,(: =0,1,2.)
{zg, x122} = 50$0_151$2_151$1_150$051$0_151$151$251$0
= (soxo_l51302_151301_15030051300_151301)(slxosoxo_lslxgsoxo)
(soxo_l51302_15030051300_1)5130251300
= (soxo_l51302_151301_15030051300_151301slxosoxo_lslxgsoxo){xo, xa}
= soxo_lslxgl(soxosoxo_l)(51301_15030051300_151301slxo)soxo_l5130250300{300, xa}
= (soxo_lslx;lsoxo)(soxo_lslxl_lsoxoslxo_lslxlslxo)soxo_lslxgsoxo{xo, xa}
= soxo_lslxglsoxo({xo, xl})soxo_lslxgsoxo{xo, xa}
= (s123 )7 ({0, 21}) (s122)"7) ({wo, 22})
= (s1zy {wo, 71 }s120) {0, 22} (SinCE O;=identity)
= {zo, z1}"*{x0,22}. (by the (2) action.)
BC2: Fory;, € NGy ,(i =0,1,2.)
{yoyr. y2} = souy "soyp st ys L soyosoyrsiyr sy ' s1y2s190s1Y1
= soyr 's0¥o 5 Ya sovosoys1yr (5090 S19250%0)
(s0%o '$195 " 5040)51Y ' S1Y281505191-
= soyy soyg ' s'ya L soyosoyrsiyr Soly | s19250%0
(s0%o '$195 50405195 ' $125150)5191-
= soyy soyg ' s'ya ' soyosoyrsiyr Soly | S19250%0
siy1(s191 ' {vo, y2}s11)
= soyy (5155 )P0 soys1yy (s112)% Y0511 {yo, y2 }¥* (since the action.)
= Soyy ' s1Y5 “soyisiyy ts1yesiyi{ye, y2 Y (since O;=identity.)
= {y1,y2Hyo, y2}"".
BC3:

Oo{z,y} = dg(sox_lsly_lsoxslx_lslyslx)

= sody(z7 Yy tsody (z)x  yz

= (y~H%@z~lyz (since by action)
= y tz7lyz (since O =identity)

= [y, 7]
BC4:

For « = (2,0) ,6= (1) and z € NG2 ,y € NG; from,
A3 (F(2,0)1)(y, ) = [s0y, s1daz][s1dax, s1y][s1y, 2][2, s0y] € D3(NG3 N D3),
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{y,02(x)} = [soy, s1daz][s1do, 51Y]

= [soy, z][z, s1y] mod O3(NG3 N D3)

1 1 1

= soy 'a 'soyza 1y sy
= soy 'z soys1y T ws1y
= s150doy 'z sisodoysiy tesiy mod 95(NG3 N Ds)
— (x—l)awxy
= 712, (since 9;=identity)
BC5:
For a = (0) ,0=(2,1)and z € NG2 ,y € NG; from

I3(Foy2,1)(2,y)) = [sodaz, s1y][s1y, s1daz][z, s1y] € O5(NG3 N D3),

{0y(),y} = sodoz 1y sodaxsidar ™ s1ysidan
= [sodax, s1y][s1Y, s1d2x]
= [s1y,2] mod 05(NGs N Ds)
= sly_lx_lslyx
= (z7 1)z,
Therefore we show that all axioms of braided crossed module are verified. m

Theorem 3.3. The category of braided crossed modules of groups is equivalent
to the category of reduced simplicial groups with Moore complex of length 2.

Proof. Let G be a simplicial group with Moore complex of length 2. In the
previous proposition, a braided crossed module

NGy 22 NG,

has already been constructed. This defines a functor from SimpGrp the category
of simplicial groups to BCM the category of braided crossed modules

0 : SimpGrp — BCM.

Conversely we suppose that L 9. M is a braided crossed module of groups. Let
1as € M be identity element of the group M . Define Gy = {1/} and G = M.
Then {Gy, G1} is 1-truncated simplicial group with trivial homomorphisms.
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Since L -2 M is a crossed module (by using an action of M on L) we can create
the semidirect product L x M with

(T,m)(l',m"y = (™', mm’).
with
™ =1"{m 10"}
where {,} is braiding map and m,m’ € M, [,1' € L.
An action of m € M on (I,m’) € L x M is given by

m(,m') = ({m™, o)}, mm'm™Y).

Then by using this action of M on L x M, we can define Go = (L x M) x M. A
multiplication on G5 is given by

(1, m1, ma).(I',my, mby) = (I'{my 'm0}, mymam/ymy , mamly)

We will show that G+ is a group. It is clear that (11, 1as, 157) is identity element
of G, because

(l,m1,me).(1r, 1ar, 10s) = (llM{mQ_Iml_l, o(1r)}, mlmgleQ_I, malar)
(1{my 'my " Lar}, ma, mo)
(I1p,m1,m2)
(I, m1, m2).
The invers element of (I, mq, ms) € G is given by
(I, my,ma) ™t = (I Ymyma, 0171}, m;lmflmg, m2_1)
Indeed,
(L, my,ma).(Lmy,mg) "t = (I, my,mg) (1™ {mamg, 017 ")}, my 'miy 'mg, my )
= (U= {mama, 01~ Hmy 'y, 0 {mams, 017 1)1},
mimamy tmy tmamy t, mams )
_ (l(m;lmfll—1)(m1m2l)(m1m2 (mglmfll—l)), 1ar, 1ar)
= (7 1, 100)
= (1g, 1, 1ag).
It is clear that the multiplication on G5 is associative. Indeed, for
xo = (I, m1,ma)
z1 = (I',mi, my)

To = (lllv mlllv mg)v
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zo(w1w2) = (I, my,mo).[(I', my, m5).(I", m{, my)]
= (L,my, ma). (UM™Y, mmbym (mh) L, mbm?)
(A(mm2 (1mm20")), mama (mymhmY (mh) T ymy Y mambmy)
= (LM ) (MmN gl mlym] () Timy t, mambmly)
and
(oz1)xe = [(I,m1,ma).(I', my, my)](I", mY, my)

(
- [( (mlmgl )7 mlm?mllm2_17 m2m,2)] '(lllv mlllv mg)
(1

= ()i ) gy mamimY
(mamb) ™", mombmy)]
= (U (S g ()~ my mambmd).
Therefore we have
(1‘01‘1)1‘2 = 1‘0(1‘11‘2).

We have homomorphisms

|
E

= (1g,m1, 1)

= (1p,1p,m1)

These maps satisfy the simplicial identities.
Thus we have a 2-truncated simplicial group

{G07 G17 GZ}

There is a cosk, functor from the category of 2- truncated simplicial groups to that
of simplicial groups.

We have that d3(N G5 N Ds) is the product [Kerdsy,kerdy N kerdy], [kerdy,kerdy
N kerds), [kerdy N kerdsy,kerdy], [kerdonkerds,kerdonkerd; |, [kerdonkerdy kerd; N
kerds] and

[kerdpnkerd; ,kerd;Nkerds]. Now we show that d5(NG3) =identity. For this
we use the functions F,, g.
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Step 1: For « = (1,0) , 8 = (2) and x = m € NGy, y €kerdynkerd;, where
y = (I,1p,1p7). Then
3(Fi0y2)(x,y)) = [s1sodim, (I, 1ar, 1ar)][(L5 1ass 1ar), S0
(L g, Lag) (Lmy 1) (8 Lo, L) (L, m ™ 1)
= (L,m, 1) (17, m™t 1)
(1™ 1y, 1r) € [Kerdy, kerdg Nkerd; ).

Step 2 : For « = (2,0) , 8 = (1) and x = m € NGy, y €kerdynkerd;, where

y = (I,1p,1p7). Then
I3(Fia0y)(x,y)) = [som, sida(l, 1o, 1ar)][s1d2(l, Lar, 1ar), 5117
[s1m, (I, Lo, 1a0)] (1, 1ar, 1as), Som]

(™1, Lpr, m)(1p,m,m™ (17 m™t 1)

("™, Ly, m) (18 1y, m™)
= (1, 1n, 1ar) € [Kerdy, kerdy N kerdy].

B=(0)and x =m € NG1,y = (I, 15, 1) € NGos.

m

m

Step 3: For a = (2,1),
Then

I5(F2no(@y) = [s1m, sod2(l, Lags L)) [s1d2(l, 1ar, 1ar), sim][sim, (1 1ar, 1))
(1, 1z, m) (L Lo, 1) (L, Tar, m™ (71 1ar, 1ay)

= (™, 1, m)(™ 1Y 1y, mTY
(MU 1pr, 10y) € [Kerdy N Kerdy, kerdy)].

Step4: Fora= (2),8= )letz = (I',1n,10m),y = (I, 151, 17r) be any
elements of NG5. Then

A(Foy)(z,y)) = [z, s1daylly, 7]
= (I, ag, 1ag) (U, g, 1ag) (U Lo, L) (U1 Lag, 1)
Wi 10y, 1) € [kerdy Nkerds, kerdg N kerd;].

= (
= (
Step5: For a = (2),8=(0)letz = (I',1pr,10),y = (I, 1pr, 1ps) be any
elements of NG5. Then
O3(Fay0)(7,y)) = [z, soday]
= (U, 100, 1a0) (7 1ar, 1)
= (1, 1ar, 1r) € [kerdg Nkerdy, kerd; N kerds).



Braided Crossed Modules and Reduced Simplicial Groups 487

Step 6 : For a = (1),8 = (0),let = = (', 1ar,101),y = (I, 157, 157) be any
elements of NG5. Then
3(Fyo)(z,y)) = [s1dow, sodayl[s1day, s1d27][z, Y]
= (U, 10, 1ag) (4 L, Tan) (U7 T, 1) (U1 1, L)
= (P77 10, 10y) € [kerdg Nkerdy, kerd; N kerds)].

Since

03(NG3) = [kerds, kerdy N kerd;|[kerdy, kerdy M kerds)]
[kerd; N kerds, kerd][kerdy N kerdy, kerdy N Kkerd;]
[kerdy N kerdq, kerdy N kerds][kerdy N kerdy, kerd; N kerds].

Therefore for 7 € 35(NG3) ,

™ L, D) (L, gy 1ag) (MU g, Lag)
W= 1y, 1) (A, Tag, 1) (V1717 1, 1)
Y™ g, L) QT Ly, 1)

=
(
(
(1, 1ar, 1pg).

REFERENCES
1. Z. Arvasi and T. Porter, Freenes Conditions for 2-Crossed Modules of Commutative
Algebras, Theory and Applications of Categories.

2. R. Brown and N. D. Gilbert, Algebraic Models of 3-Types and Automorphism Struc-
tures for Crossed Modules Proc. London Math. Soc. (3) 59 (1989), 51-73.

3. P. Carrasco, Complejos Hipercruzados Cohomologia y Extensiones, Ph.D. Thesis,
Universidad de Granada, (1987).

4. P. Carrasco and A. M. Cegarra, Group-theoretic algebraic models for homotopy types,
Journal Pure Appl. Algebra, 75 (1991), 195-235.

5. D. Conduché, Modules croisés généralisés de longueur 2, Journal Pure Appl. Alge-
bra, 34 (1984), 155-178.

6. J. Duskin, Simplicials Methods and the Interpretation of Triple cohomology, Memoirs
AM.S. Vol. 3, 163 (1975).

7. A. Mutlu and T. Porter, Freenes Conditions for 2-Crossed Modules and Complexes,
Theory and Applications of Categories, Vol. 4, 8 (1998), 174-194.



488 Z. Arvasi, M. Kogak and E. Ulualan

8. A.Joyal and R. Street, Braided Monodial Categories, Macquarie Mathematics Report
860081 Macquarie University, 1986.

9. A. Mutlu and T. Porter, Application of Peiffer Pairings in the Moore Complex of
Simplicial Group, Theory and Applications of Categories, Vol. 4, 8 (1998), 174-
194,

10. J. H. C. Whitehead, Combinatorial Homotopy | and Il, Bull. Amer. Math. Soc. 55
(1949), 231-245 and 453-496.

Z. Arvasi, M. Kogak and E. Ulualan
Osmangazi University,

Department of Mathematics,

26480, Eskisehir,

Turkey



