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EXISTENCE AND STABILITY OF THREE-DIMENSIONAL
BOUNDARY-INTERIOR LAYERS FOR THE ALLEN-CAHN EQUATION

Kunimochi Sakamoto

Abstract. A minimal surface intersecting the boundary of a smooth bounded
domain C R3, when it is non-degenerate, gives rise to a family of transition
layer solutions of the Allen-Cahn equation. The stability properties of the tran-
sition layer solution are determined by the eigenvalues of the Jacobi operator
on the minimal surface with Robin type boundary conditions which encode
the geometric information of the domain boundary.

1. INTRODUCTION

We are interested in transition-layer solutions of the following scalar reaction-
diffusion equation

1
ut:Au—i—g—Qf(u) (in Q,¢ > 0)

g—z =0 (ondQ,t>0)

with the homogeneous Neumann boundary conditions. This system, called the Allen-
Cahn equation, has been studied extensively for bistable reaction kinetics. A typical
example of the nonlinearity f is a cubic polynomial f(u) = u — u3. In general,
we assume that the nonlinearity f is obtained from a double-well potential F'(u)
of equal depth, f(u) = —F'(u). Namely, F(u) with F(u) > 0 is smooth and
attains its absolute minimum at exactly two non-degenerate critical points u = +1,
F(+£1) = 0. The non-degeneracy here means that F”/(+1) > 0. These conditions
ensure the existence of a special function Q(z) (z € R), called a standing wave,
which satisfies
d*Q
dz?
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(1.1)

(S-W) +f(Q)=0, zeR, lim Q(z)==+1, Q(0)=0.

z—*too
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The function Q(z), together with its derivatives, will play important roles in the
following discussion.

Throughout this article, the domain Q ¢ R is smooth and bounded, n stands
for the unit inward normal vector on 052, and the parameter € > 0 is small.

Our main concern in this paper is to show the existence of internal transition
layers which exhibit a sharp transition from v ~ —1 to « ~ +1 across such a
hypersurface T' that intersects the boundary of the domain; T N 99 # (. We call
this kind of internal transition layer a boundary-interior layer. We also characterize
the stability property of boundary-interior layers in terms of geometric information
of I, 02 and OI' C 012.

When ¢ > 0 is small, the solutions of (1.1) for a class of initial functions are
known to develop transition layers within a short time scale of O(g?|loge|) [3].
This phenomenon is caused by the strong bistability of the ordinary differential
equation u; = E%f(u) with v = +1 being stable equilibria. According to the sign
of the value of the initial function, the solution is quickly attracted to either u = +1
or u = —1, thus creating a sharp transition from v ~ —1 to u =~ 1 near the set,
called an interface,

I(t) :={z € Q| u(u,t) =0}

The interface divides  into two sub-domains Q*(¢) (cf. Fig. 1) defined by Q*(¢) :
={x € Q| +u(x,t) > 0}. When 2 € QF(t), u®(x,t) — +£1 as ¢ — 0. Such
solutions with sharp spatial transition are called transition layer solutions.

It is also well known (cf. [3], for instance) that, to the lowest order of approx-
imation, the interface I'(¢) evolves according to its mean curvature:

Fig. 1. The interface I'(¢) and the normal vector v(z, t).
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(1.2) Vi (z) = —k(2;T(t) (x € D(t), £ >0),

where V() is the speed of the interface measured along the unit normal v(x, t)
of T'(t) at = (v points to the QT (¢)-side, cf. Fig. 1) and x(z;T') stands for the sum
of the principal curvatures of T" at = € I". Hereafter, x is simply called the mean
curvature and the equation (1.2) is referred to as the mean curvature flow. To be
precise about the sign of  (which is the opposite to geometers’ convention), let us
extend the unit normal vector v to a neighbourhood of T". Then our mean curvature
is defined as the divergence of v;

k(z;T) =divv(z), =xe€l.

When the interface I'(¢) stays away from the boundary 052, the dynamics of (1.2)
has been studied rather extensively ([6, 8]). In such a case, the interface governed
by the mean curvature flow (1.2) does not feel the presence of the boundary 0f2.
Therefore, the domain €2 does not play any role in the dynamics of (1.2).

Our concern in this paper, on the other hand, is the case in which the interface
I'(t) intersects the boundary 02 (cf. Fig. 2). The motion of I'(¢) in such a situation
is still described by the mean curvature flow (1.2) to the lowest order approximation.
Main questions we raise in this article are:

When (1.2) has an equilibrium interface which intersects the boundary
of the domain €2, does it give rise to an equilibrium boundary-interior
layer for (1.1)? If the answer is affirmative, what is it that determines
the stability of the layer?

L

Fig. 2. The interface intersecting the boundary.
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Since we have identified I'(¢) as the 0-level set of the solution to (1.1), the
homogeneous Neumann boundary conditions demand that I'(¢) be perpendicular to
09 at the intersection OT(t) = I'(t)NOQ. Therefore, the interface I'(¢) immediately
feels the presence of the boundary, and the geometry of 92 certainly will influence
the dynamics of (1.2).

The dynamics of interfaces intersecting the boundary of domain has been studied
by several authors ([2, 14, 4, 5, 12, 15, 10]) from various viewpoints and by differing
methods. The existence of energy-minimising solutions (of (1.1)) with interface
intersecting the boundary was first rigorously established in [15] by a variational
method. For competition-diffusion systems, stable internal layers intersecting the
boundary was established in [12] for rotationally symmetric domains. Exponentially
slow motions of flat interfaces are discussed in [2, 14], where interfaces intersect
flat parallel parts of the boundary. Motions of interfaces with contact angle was
treated in [4] for a generalized mean curvature flow. Dynamics of flat interfaces in
a strip-like domain was discussed in [5], where the speed of the interface is of order
O(€?) with respect to the time scale of (1.1). In [10], the existence and stability of
equilibrium boundary-interior layers with flat interfaces were established. Recently,
the same results as [10] have been obtained by [16] via a different method. In all of
these works, the geometry of the boundary 952 has essential effects on the dynamics
of (1.1).

2. MaIN RESULTS

The purpose of this article is to extend the results in [10] and [16] to 3-
dimensional domains.

2.1. General Domains

The most difficult part of all to obtain results similar to the main theorems in [10] and
[16] for general 3-dimensional domains is to find a minimal surface that intersects
0% in the right angle. We therefore assume the existence of such a minimal surface.
Later, we will exhibit some special situations in which the existence of such minimal
surfaces are easily established.

(Al): There exists a minimal interface I' C € that is smooth, embedded
and intersects 992 in the right angle along its boundary oT = T N 9.

As in [10, 16] the existence of minimal surfaces as in (A1) alone is not enough
to ensure the existence of boundary-interior layers. \We need some kind of non-
degeneracy condition imposed on T'. In order to state such a condition, let us
consider an eigenvalue problem defined on I:
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e A'v+ (k2 +K)v=X v  in T,
2.1
du(y)/on—F(y)o(y) =0 on AT,

where Al is the Laplace-Beltrami operator on T, ; (j = 1, 2) the principal curva-
tures of T', and

(2.2) Rly) = <8_n7 1/> , yeadl Con.
ov

We recall again that n is the inward unit normal vector on 92, and hence, it is
the unit normal vector on I tangent to T because of the perpendicularity of T and
0%). Since a curve on the surface 052 is a geodesic if and only if its normal vector
is parallel to the normal vector n of 9€2. Therefore, %(y) is the curvature of the
geodesic on 952 passing through y € JT" in the direction v(y).

Let us denote by or the set of distinct eigenvalues for (2.1);

Jr‘:{)\j}ﬁo, )\0>)\1>...>)\j>...—>—oo.
The multiplicity of A; is denoted by m;.
The non-degeneracy condition for T' is:

(AZ)Z 0 ¢ or.
Our main result is the following.

Theorem 2.1. (Existence and stability of boundary-interior layers) Assume
that conditions (A1) and (A2) are satisfied. Then there exist an ¢ , > 0 and a family
of equilibrium solutions U ¢(z) of (1.1) defined for ¢ € (0, ¢.] with the following
properties.

(?) Foreach s >0,

e 1 . ) r € QN\IY,
gl_)I%U (x) = { 1 uniformly in 7€ Q\I°,

where T° = {x € Q | dist(x,T) < 6} is the 6-neighborhood of T" in Q.
(77) Near the interface T, the solution U< has the following behavior

Ue(e) ~ O (dist(x, r)) |

g
where Q(z) is the standing wave (cf. (S-W) in §1).
(¢32) 1f 0 > Ao, then U*® is asymptotically stable with respect to (1.1).

(iv) If there exits j > O satisfying A; > 0 > X;11, then U¢ is unstable with Morse
index equal to >~ _ my.
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It is illuminating to put the results of Theorem 2.1 in a variational formulation.
Let us define the class of admissible interfaces;

Agq:={T'|T isa C? surface with T N 9Q = T and T C Q}.

Let S : Ag — R be the surface area functional. The problem (1.2) is nothing but
the gradient flow with respect to the functional S(T');

ar _ s8(I)
ot or

where the interface I" varies within the class Ag of admissible surfaces. Critical
points of S(I") are characterized as

= —r(z;T),

(2.3) k(z;T)=0 and T Lo 0.

Moreover, (2.1) is an eigenvalue problem associated with the second variation of
the functional S at the critical point I' € Aq satisfying (2.3). Therefore we may
restate Theorem 2.1 as follows (cf. Fig. 3):

A non-degenerate critical point I' € Aq of S gives rise to an equi-
librium boundary-interior layer of (1.1). The Morse index of the
boundary-interior layer is the same as that of T" with respect to the
area functional S.

An interesting implication of Theorem 2.1 is that the boundary-interior layer with
transition layers occurring near any Plateau stable minimal hypersurface T € Agq,
with T' L g 092, can be made stable by deforming the boundary 92 near oT" so that

inf ®(y) =: &g > 1.
ot ) =70

|Area Functional & |

Gradient Flow
Singular

Limit
Allen-Cahn Equation (1.1) | e_—%- Mean Curvature Flow (1.2) |

Mimimal Interface
Stability Existence . L. )
Information Linearization of (1.2)
Non-degenerate
I Problem (2.1) |

|Linearization of (1.1) |

¢>0

Fig. 3. Non-degenerate critical point of S give rise to boundary-interior layers.
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A minimal surface is, by definition, Plateau stable if the principal eigenvalue
A\ of the associated Dirichlet eigenvalue problem

Ao+ (k2 +K3)p=Ap in T,
o(y) =0 on OT'

is negative. Let us denote by \o(p), p € R, the principal eigenvalue of

{ ATo+ (K3 +r)p=Ap in T,
9é(y)/On —pp(y) =0  on OT.

One can readily verify that Xo(p) is monotone decreasing in p € R and that lim,,_,
Ao(p) = AF. On the other hand, the principal eigenvalue )\ of (2.1) satisfies
Ao < Ao(Rp). If T'is Plateau stable, i.e., if )\5’ < 0, the by choosing %g > 0
large, we obtain Ag < 0, showing the stability of U thanks to Theorem 2.1. We
summarize this as follows.

Corollary 2.1.  Let I" be a minimal surface as in (Al).

(?) If T is Plateau stable, then one can deform the boundary 92 of domain so
that the corresponding boundary-interior layer is stable with respect to (1.1).

(¢7) If T" is not Plateau stable, then the associated boundary-interior layer can
never be stable as an equilibrium solution of (1.1), no matter how one deforms
the boundary 92 of domain.

2.2. Rotationary-symmetric Domains

We first apply Theorem 2.1 to a special class of domains; rotationally symmetric
domains. Let the axis of rotation be in z-direction (x € R here and below within
§2.2), and consider a domain  C R3 which (or, part of which) is obtained by
rotating the graph of a positive function «(x) around z-axis:

(2.4) Q={(z,y) R’ |y eR?, |y < ¥(2)}.
In this situation it is easy to find an equilibrium to (1.2).

Proposition 2.1.  (Existence of flat disk-type interfaces) Let g € R satisfy
Y'(xg) = 0. Then the disk I' = {z¢} x Quy := {(z0,y) | |y| < ¥(x0)} is an
equilibrium solution of (1.2).

We have therefore a situation in which the condition (A1) is verified.

In order to see if the condition (A2) is satisfied, let us consider an eigenvalue
problem:
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25 { Ayp=Xp  in Qy:={yeR?| |yl < (xo)},
' dp/om' — ¢ (x0)p =0  on Sy, = {y € R?| |y| = ¢(xo)},

where n’ is the inward unit normal vector on S,. Let us denote by o, the set of
eigenvalues of (2.5). Applying to (2.5) the procedure of separation of variables, one
finds that A € R belongs to o, if and only if the boundary value problem

e+ 10— 50 =, 7 € (0,4(0)),
(2.6) —¢r(Y(20)) — " (20) (¥ (20)) = O,
¢(r) is bounded on [0, ¥ (xo)]

has a nontrivial solution for some k£ = 0,1,2,.... For A = 0, (2.6) has a nontrivial
solution ¢(r) = r* if and only if

k + (w0 (o) = 0.

Namely, (A2): 0 & o, is realized if and only if
2.7) — (o) (z0) ¢ {0,1,2,3,.. }.

Therefore, we can apply Theorem 2.1 if (2.7) is fulfilled. In order to count the
Morse index, however, it is more convenient to view (2.5) from a different angle.
Let us define the Dirichlet-to-Neumann map II for the Laplacian:

_»
~ On

where v(y) is the unique solution of the boundary value problem:

Ayv =0, y¢€ Qa:ov 'U(y) = ¢(y)7 Yy e Sa:o-

Namely, to a given Dirichlet data ¢ € C?*%(S,,) on S,,, the map II asigns the
Neumann data dv/0n of the harmonic extension v of ¢. It is known that the map
IT is a first order elliptic operator on S;,. In the present case, the operator is exactly

given by
= —v—AS0,

and extends to an unbounded operator on L?(S,,). Let us denote by o (1) the set
of eigenvalues of II:

I C2F(Syy) — C1H(Syy); Tg(y) : (), Y € Sa

(2.8) o (1) = {p;}520; O0=po>p1>...>p> ... — —00,

where we only listed distinct eigenvalues. We denote by m; the multiplicity of ;.
By using the separation of variables, one can easily compute these eigenvalues and
their multiplicities;
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pj =—=j/v(@o) (j=0), mo=1, mj=2 (j=1).
To see the relationship between o, and o (II), let us consider the following boundary
value problem for a parameter 1 € R.

{ Ayp=Xp in Q,

(2.9)
d¢/on’ — pp =0 on Sy,

We denote by {A;(1)}5%0, Ao(p) > Ai(p) > ..., the distinct eigenvalues of (2.9),
and by (1) the multiplicity of A\;(x). The variational characterization of eigen-
values of (2.9) implies that X;(y) is strictly monotone decreasing in p for each j,
and that A;(p) > 0 as ¢ — —oo. On the other hand, the definition of the Dirichlet-
to-Neumann map implies that A ;(x;) = 0 and m; = 7;(p). Therefore, the number
of positive eigenvalues (counted with multiplicity) of (2.9) is equal to

Z mi(p) = Z m;.
i > Hj >

Since we have
0ao = {N (" (@0)) 20, Mo(0) =0,
the number of positive eigenvalues of (2.5) equals

k

ij if  pe > Y"(20) > pry1.
=0

We are ready to state:

Theorem 2.2. (Existence and stability of flat layers) Assume that o is such
that ¢/'(z¢) = 0 and the following non-degeneracy condition is satisfied

@: (o) & o(I1).

Then there exist an ., > 0 and a family of equilibrium solutions U ¢(z, y) of (1.1)
for € € (0, £.], enjoying the following properties:

(?) Foreach d >0,

1 [ @y e r<m—y,
. &€ e
lim. o U¢(z,y) _{ -1 { (z,y) € Q, x> x0+0.

(i7) Near x = xg, the solution U< (x, y) has the asymptotic characterization:

Us(z,y) ~ Q (x — x0> :

e
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(¢4) As an equilibrium solution of (1.1), U ¢(z,y) is

(1) stable if " (x0) > 0 = o,
(2) unstableif p; > 9" (xg) > pj4+1 with the Morse index equal to Zi:o mg.

3. ProoF oF THEOREM 2.1.

We give a proof to Theorem 2.1 in the case of disk type interfaces I by using
the method employed in [10]. For other types of interfaces, the proof is essentially
the same. Moreover, the proof to be presented below works equally well for higher
(N > 4) dimensional domains.

3.1. Coordinate System Near the Interface

Our method of proof consists of two steps: (1) to construct approximate solutions
with desired properties, and (2) to find a solution near the approximation. For the
first step, we need to work with a suitable coordinate system near the minimal
interface.

Let yo(-) : D — T C Q be a smooth parametrization of the interface I', where I
is the miminal interface appeared in (A1) in Section2.1and D := {y € R? | |y| < 1}
is the unit disk. We extend v, smoothly to Ds = {y € R? | |y| < 1 + &} for some
fixed constant 6 > 0. The extension is still denoted by ~¢ and its image by T's.
Let v(y) € R3 be the unit normal vector of T's at vo(y) € I's. We now define a
neighborhood Q2 of T's by

(3.1) Q0 ={zre R3 | 2 =v(y) +rv(y), |r| <ro, y € Ds}

for some fixed constant ro > 0. When we deal with the portion of 9 in Q}°, we

use coordinate (0, p) € 9D x [0,6) on D where (8, p = 0) is sent to the boundary
of interface OT" by ~q and

90 9o
—_— —_— pu— f =
< TR 8p> 0 for p=0

is satisfied.

Lemma 3.1.  There exist constants 6 > 0,7 > 0, which depend only on T"
and 02, and a smooth diffeomorphism

A ): (=ro,r) x B — BN QY

such that
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(@) 7(0,y) = 0(y) for y € D, y(r,y) € 0Q for y € ID, —rg < 7 < 7o;
(i) 7-(0,y) = v(y) for y € D;
(#47) as r — 0, v(r,y) has the following expansion
r? r3 _

Y, y) =) +rv(y) + Fo) + Tay) + 00, yeD

where p(y) and ¢(y) are vector functions orthogonal to v(y).

(iv) If we write v as ~(r,6,p) in terms of the coordinates (r, 0, p), then the
derivative along the inward unit normal vector n of 9€ is expressed as

o0 1 130 | 030 | 330
n 5 (9 ar 980

where at (r, 0, p=0)

o
0
( ap>>+ (1),
% L 570 O v 2
(r,0) —r( 50 <80,ap>>+0(r),
3 (r, 0) = | 200 S YAty ATl +O(?)
g AT =g, "\ 7oy ap’ 9p s

The proof will be given in §4.

3.2. Approximate Solutions

Let us construct approximate solutions to the boundary value problem

2Au+ f(u) =0  in Q,
(3.2)
8_u =0 on Of2.
on
3.2.1. Outer expansion

Let QF be two subdomains of Q divided by the minimal interface I". For (3.2), our
outer solution is very simple and is given by

-1, ze€Q,
3.3 ou =
(3.3) Uout(2) { 1. zeQt
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We always agree that the unit normal v on T is pointing into Q" -region.
3.2.2. Inner expansion

We now construct inner solutions which bridge the gap of the outer solution uqyt
along T'. For this purpose, we use the coordinate system (r,y) introduced in §3.1.
Since we need to deal with the jump of uqy; from v = —1 to u = +1, we further
introduce a stretched variable s in the r-coordinate by r = es.

Lemma 3.2. In terms of the coordinate system (s, y), the differential equation
n (3.2) is expressed as

2
0= a 5 /(W) enly )gz
34 re? | AT = ) + a0} 55— 2V ) - Vi
—|—Z€ij(s,y)u
Jj=3

where
kr(y) (k= 1,2) are principal curvatures of T" at vo(y);
k(y) is the sum of principal curvatures of I"at -y ¢(y) (mean curvature);
AT is the Laplace-Beltrami operator on T';
Vg is the gradient operator in p-direction;
P;(s,y) are differential operators in (s, y).

This will be proved in §4.
Note that O(e)-term in (3.4) is actually absent because I" is minimal (cf. (Al)).
Let us now substitute a formal expression

(3.5) ui, (s, y) Zejuj $,9)
7>0

into (3.4). Equating like powers of ¢ in the resulting equation, we obtain a series
of equations for v/ (j > 0).

(3.6) ugs + f(u®) =0,

(3.7) wly + f'(u0(s))u? = hj(s,y;u’, .. 0l (j>1).
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We consider these equations on (s, y) € R x D with boundary conditions

(3.8) [u0(s,y) — (£1)] = O(e~1) as s — +o0,

(3.9) W (s, y)| = O(e~%1) as s — o0 for j > 1,

where dy > 0 is some constant satisfying dy < /F"(£1). These conditions, called
inner-outer matching conditions, are imposed in order to join inner solutions to the
outer solution wuqyt in @ compatible way.

Lemma 3.3.
(¢) The equation (3.6) with the boundary condition (3.8) has a unique solution

u®(s,y) = Q(s + a(y)), where Q(z) is the standing-wave appeared in §1
and «a(y) is an arbitrary function of y € D.

(¢4) The equation (3.7) with the boundary condition (3.9) for j = 1 has a unique
solution u!(s, y) = c1(y)ul(s, y), where ¢ (y) is an arbitrary function.

(¢4¢) The equation (3.7) with the boundary condition (3.9) for j = 2 has a unique
family of solutions

u®(s,y) = c2(y)ud(s,y) +@(s,y),
if and only if a(y) = a, with «, being the unique value for which
/ 5(Qs(s + ) ds =0

is realized, where c»(y) is an arbitrary function and @2 is a function which
depends only on ¢; and u°(s,y). Therefore, u%(s, y) = u%(s) = Q(s + ax)
and u'(s, y) = c1(y)ud(s).

(iv) For j > 3, the equation (3.7) with the boundary condition (3.9) has a unique
family of solutions

W (s,y) = ¢j(y)ud(s) + @ (s,y;c1, ..., ¢j-1)

if and only if c;_» satisfies

(3.11) Aler + (m1(y)? + k2(y)*)er = ha(y) in T,

for j =3 and

312)  Alcj o+ (ka(y)* + ra(y)*)cja = hja(y;cr, ... ¢jo3) in T,
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for j > 4.

By using (3.4), the proof of Lemma 3.3 is almost identical to that in §2.1 of
[10], and hence omitted.

We thus obtain the inner expansion u§ (s,y) = Y. e/u/(s,y), as soon as the
functions ¢;(y) (j > 1) satisfying (3.11) and (3.12) are found. In order to determine
c; uniquely, we need to supply boundary conditions to (3.11) and (3.12). These
boundary conditions will naturally emerge in the boundary correction.

3.2.3. Boundary correction

If we arbitrarily choose c¢; satisfying (3.11) and (3.12), then we obtain an inner
expansion «,. This approximation in general does not satisfy the boundary condition
in (3.2). In order to remedy the defect, we add boundary corrections to the inner
expansion:

(3.13) u®(s,y) =uf,(s,0,en)+ Zejbj(s, 0,m)

j>1
where a stretched coordinate in p-direction » is introduced by p = en. As we
will see in the following, in order for &’/ to be determined so that the expression in
(3.13) satisfies the homogenous Neumann boundary conditions, ¢; have to satisfy
certain boundary conditions which are the desired conditions supplementing (3.11)
and (3.12).

Lemma 3.4. Interms of the coordinate system (s, 6, n), the equation in (3.2)
is expressed as

9%u 1 0%

0=zt pugae W
A(0) 0%u C(9) 9%u
.10 + { —2n [ (9)48 8l1(9)2l2(9)2 850
| +< B()  A(B)  C() )g}
( )2l2( ) l2(9)4 l1(9)2l2(9)2 877
+Y & Pi(s,0,n)u,
Jj=>2
where
1(0) = [2280) 1) = | 200,

9%70(6,0) 9v9(6,0
A(@):< 780/()2 )7 voa(p )>7
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2
B(O) = (e o). o) = (po.0), 2R

J5j are second order differential operators in (s, 6, 7).

The boundary condition in (3.2) is recast as

ou 0% \ Ou 1 0vy Ov\ Ou
= — — E— _— 2 _ — e
’ 8n+€${ <p’ 8p>58+ l2(9)2<0p’8p> 8?7}
—I—Z«sjpj(s,e)u,

j=2

(3.15)

where Pj(s,e) are first order differential operators in (s, 6,n) with coefficients
depending only on (s, 0).

The proof will be given in §4.

Substituting (3.13) into (3.14) and (3.15), equating like powers of ¢ in the result-
ing equation and taking into account the equations satisfied by the inner expansion,
we obtain the following boudary value problems for j = 1,2, ...

0%b 1 0%

A =/, R D
(3 6) 052 + l2(9)2 8772 gj(sv 97 77)7 (37 97 77) € x 0D x [07 OO),
o .
(3.17) a—n(s, 6,0) =2(s,0), (s,0) € Rx9ID,
(3.18) b (s,0,n) = O(e~%lslemdom) a5 5 — +00 and 5 — oo,

where dg > 0 is the same constant as appeared in (3.8) and (3.9). In the last
three equations, 6 is considered as a parameter. The conditions in (3.18), called
boundary-inner matching conditions, are imposed so that the boundary correction
terms are joined smoothly to the inner expansion.

Lemma 3.5.

(i) For j = 1, the problem (3.16)-(3.17)-(3.18) has a unique solution b (s, 6, n)
because of our choice of u’(s) as in Lemma 3.3 (iii)

(i7) For j > 2, the problem (3.16)-(3.17)-(3.18) has a unique solution b7 (s, 6, 1)
if and only if ¢;(y) appeared in Lemma 3.3 satisfies
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(3.19) % - <g—‘:, y> ci=ki(0) on D  (j=1),
oc; 0 .
(3.20) a—ii— <a_ry17 1/> c; =kj(6;c1,...,¢j—1) on OD (j>2),

where k; (j > 1) are some functions of variables indicated.

By using (3.14) and (3.15), the proof of this lemma is almost identical to that
in §2.2 of [10]. Therefore, we omit the proof.

Since (2.1) has no 0-eigenvalue thanks to the condition (A2), we find that the
boundary value problems (3.11)-(3.19) and (3.12)-(3.20) have unique solutions ¢;(y)
forj=1,2,...

3.2.4. Completion of approximate solutions

Let & := 2 min{8, o} > 0. We choose a smooth cut-off function ©(7) which
verifies the following conditions;

O(r)=1, if |7| < 52—0, O(r) =0, if |7| > dp, and 0<O(7)<1.
We denote the inverse of ~(r,y) by
O 5+ (7(x),y(x)) € (=ro,70) X D.

When we need to express this inverse map in the coordinates (r, 6, p), we write it
as
Q32— (7(x), 0(x), plz)) € (—r0,70) X ID x (=, J).

Now, choose k > 4 and define a k-th order inner expansion by

k
uip(s,y) =Y el (s,y).
j=0

Our k-th order approximate solution uﬁ’fp(x) to a solution of (3.2) is defined by

Ui (@) = uout(z) + O(F (@) [u5: ((z) /e, §(x)) — tous (x)]

(3.21) k1
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In the sequel, we use weighted Holder-norms defined by

|u(@) — u(a’)]

[ullo = sup [u(z)],  [lullcagm) = llu(z)llo +e* sup o — 2]

zef) z,0'€Q

)

for < a < 1. We also use higher order weighted Holder-norms

|02u(x) — OZu(’)|

| — a'|™

lull gz ey = llullo + elldzullo + €2 [[Zullo + >+ sup_
z,x' €N

We have the following.

Lemma 3.6. The function u5,(z) defined above satisfies

(3.22) le* Ay, + f(uigp)lica@ = O™ as e =0,

e,k
OUapp

(3.23) o

= O(eM1=2) as e — 0.
C2*(09)

The proof of this lemma is almost trivial from our construction of the approx-
imate solutions. This can be made rigorous by following the method of [11], and
hence the proof is omitted.

3.3. Existence of Boundary-interior Layers

Let us modify the approximation (3.21) so that the boundary conditions are satisfied
exactly.

For x € Q with dist(z, 9Q) < J§p, we define 2’ € 99 as the unique point x" so
that dist(z, ) = dist(z, z’). Then, our correction-function u&:%(z) is defined by

(3.24)
e,k

@(dist(m,x’))dist(w,x’)agifp ('), if dist(x,00) < 4,
0, if dist(z,00Q) > 4.

uioli(x) =

Let w5 (x) be defined by
(3.25) gy () = ugpy (7) — v (@)
Then Lemma 3.6 is improved to the following.

—<,k

Lemma 3.7.  The function @,p,(z) defined above satisfies
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(3.26) le? A, + f@gy )l ca@m = O(E*H) as e =0,
ﬁuapp
27 =0.
(3.27) an || 0
C2(690)

The proof is easy because the correction defined in (3.24) make the boundary
condition satisfied exactly and its C2*(€2)-norm is O(e"+1-) as ¢ — 0.

We now show that (3.2) has a solution near the approximation w5y, for suffi-
ciently large £ > 4. Let us look for a solution of (3.2) as a perturbation of the
approximation;

(3.28) u®(z) = ﬂgfp( )+ o(z).
Then (3.2) is rewritten as

Lf¢p+ N°(¢)+ RE =0 in ,
(3.29) 8¢

8n_0 on 012,

where
(a) L¢p=e>A¢+ f(9),

(3.30) (b) N%(¢) = f<ﬂzafp +¢) — f(Tapp) — f'(Tap) &,
(c) R =eAtzpy + f(Uapp)-

In order to show the solvability of (3.29), the following eigenvalue problem
plays a decisive role.

(3.31) 9°

on

LEp® = Xepf in Q,
=0 on 09.

We call an eigenvalue \® of (3.31) non-critical, if

&€
lim sup — = —oc.
e—0 €

Otherwise, an eigenvalue A\¢ is called critical.
Theorem 3.1.  The critical eigenvalues of (3.31) has the following behavior

N =X +o0(e?) as e — 0,



Boundary-Interior Layers 349

and X is an eigenvalue of (2.1).

The proof of this theorem is carried out by the method developed in [1] (cf.
83 of [10]). Based upon this theorem and elliptic estimates in [7], we obtain the
following result (cf. §3 of [10]).

Corollary 3.1. The operator L° is invertible as a map
Lf: Cgo‘(ﬁ) — Cg(ﬁ),
and there exists a constant C' > 0, independent of ¢, such that

C

-1
H(LE) Hcg(ﬁ)_@g’a(ﬁ) < 5—4

Let us now show the solvability of (3.29). We choose k = 8 and set ¢ = 4¢
in (3.29). Thanks to Corollary 3.1, we can rewrite it as

(3.32) b= —e (L) V(1) + Re| i= ().

One can then show, as in [10], that ¢ is a contraction mapping in an O(e!~%)-

neighborhood of the origin in C(€2). This completes the existence part of proof
for Theorem 2.1.
Since the difference of the true solution and its approximation is O(s*) measured

in L>°(§2)-norm, Theorem 3.1 applies to an eigenvalue problem associated with the
linearization of (1.1) around the true solution. Therefore the stability property of
U*® is determined by the spectrum of L°. This completes the proof of the stability
properties in Theorem 2.1

4. ProoF oF TECHNICAL RESULTS
In this section, we prove technical results used in §3.
4.1. Proof of Lemma 3.1.
Let v, D, Ds and T's be as in §3.1. We choose o > 0 so that
(2 192) N {0(y) + o) | Irl < ro, |yl = 1+ 8} = 2.

We define 7 : (—rg, 7o) x Ds — R3 by

3(r,y) = () +rv(y),
and denote by S the preimage of Q5" N O,

(4.1) S =7 1P NoQ).
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Since 992 L T by (A1), we have

4.2) S1ly ({0} xD).

We also denote by C the preimage of (° N (;

(4.3) C=7 1 NQ),

and by C(r) the r-slice of C;

(4.4) C(r) ={yeDs | (r,y) € C} (7] <ro).

Since 99 and ~y, are smooth, C(r) is a smooth domain, diffeomorphic to C(0) =
D. Therefore, there exists a smooth family of diffeomorphisms

(4.5) Y(r,-):D— C(r)

parametrized by r € (—r, rog). Moreover, thanks to (4.2), we can choose Y so that

Y (0,4)=0 (yeD).

(«6) YO =y G

Let us now define the desired ~ by

(4.7) Y(r,y) =7, Y (r,y) = v0(Y (r,y) +rv(Y(r,y))

for (r,y) € (—ro,70) x D. It is now straightforward to verify that - in (4.7) satisfies
Lemma 3.1 (i). By elementary computations and (4.6), we find that

Oy
0 —
8r( Y) = 2(2/),
52 Dy 97V
= — 1

p(y) a,r_Q (07y) j:1 an a 2 (07y) I/(y)7
W =220 >—§22 00 07y 9 IV 6 Y Ly
Q=9 V= Lo\ gyi o Y T Ty g2 Y v

Jj=1

proving the statements (ii) and (iii).
To prove Lemma 3.1 (iv), we use the coordinates (6, p) introduced in §3.1.
Recall that (0, p = 0) parametrizes 9D and p is chosen so that

v 070 B
<80 8> at p =0.

For y € D near 9D, we express y(r,y) by

’)/(7", y) - ’)/(7", 0, p)
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We also denote by n(r, #) the unit inward normal vector of 92 at ~(r, 0,0). Note
that at p = 0 (i.e. on 902N Q°), vectors

oy oy Oy
or’ 00" Op
constitute a basis for R3. Hence n(r, #) is expressed as

(4.8) n=o2 20

ar e T, Ar=0

where ¢ > 0. Since {8—7 8—7} spans the tangent space of 02 at = = ~(r, 6,0), we
have

oy B oy B B B
(4.9) <E,n>—0, <80’n>_0’ (n,m)=1 atp=0.

From (4.8) and (4.9), we easily obtain

(4.10) a=-"2 b= Y c=-2_ = /3%

where (§) = (g;;) =" with

i = (2L, 20 1y = o = (2, 2y
gi1 = " or »d12 = g21 = 9’ 99
Oy Oy oy Oy
(4.11) g22_<80’80>’913_93 <8r 8p>’ at p=0
. 0y 0y _ 0y Oy
933—<a 8p>’ 23 = 932_<80’80>’

Therefore, 9/0n is given by

) 1 ) ) B
4.12 = 139 239 L 2339 )
(4.12) = 7 (g R

Let us now expand §7*(r,6,0) in r at » = 0. From the expansion of (r, 6, 0) in
Lemma 3.1 (iii), we have

g: v(6,0) + rp(6,0) + —2q(0, 0) + O(r?),
M ov r? dp
(4.13) 5 = 200+ 09(9 0)+5%(9 0) + O@?),

2

97 _ 209,04+ 0,0+ =P

re 3
9~ 0p o 5 ap(@, 0) + O(r?).
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By using the orthogonalities & ‘970 Lv, % LvpLvand &0 1 ‘970 , together with
(4.13), we find

Jgii g12 913 1 80 0
Gon G2 o3 | = O GRS 0
gs1 932 933 0 0 \%—?\2
p) p)
0 % b5
+r <p,;%> —2L  —2M | +0(r?),
where
~ O0vo O ~ O0vo O
_L:<ﬂ7_’/>7 _N:<ﬂ7_”>7
90 90 ap Op
~ 0vyy Ov 0vyy Ov
CoN = (20 2y (200 7y
Therefore, we obtain
_ _ _ _ . -1
911 912 913 gi1 912 913
7t g g2 | = 9n G2 Gos
Pt g3 g® g31 G32 033
1 0 0
O _
= 0 |Fp? 0
0 0 ‘370‘ -2
B B B B
0 —|B81 0 5y —1Fe )
ar| IS,y ATRL ABRAZRN | o),
B B p) p) B
‘ ’Yo‘ 2<p7 8’?> ‘ ’Yo‘ 2‘ ’Yo‘ 2M ‘ ’Yo‘ 4N

This completes the proof of Lemma 3.1.

4.2. Proof of Lemma 3.2.

We first express the Laplacian A = ZZ 1( 2)% in terms of (r,y) € (—rg, ro) x D.
Since x = «(r, y), the standard metric in QTO C R3 is pulled back to g,x(r,y);

oy Oy .
4.14 ; = k=0,1,2
( ) gjk(rv y) <8y3 ay > 7 y Ly 4y
where 10 stands for r. Therefore, the Laplacian A is pulled back to the Laplace-
Beltrami operator
2

(4.15) A= % > (\/—gjk 9 )

J,k=0
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on (—rg, 7o) x D, where g = g(r,y) = det(g;r(r,y)) and (¢7%) = (gjx)~*. Sepa-
rating out the summation with respect to 5, k = 1, 2 in (4.15), we have

52 2 52 0 < . 0
4.16 A=g"0—— 4 ATl 2 jo_9 . pY k9
(4.16) g 8r2+ (r) + ;g 8yﬂ8r+R8r+I;n oyk
where
1 & 9 0
4.17 Al(r) = — — k_—_
@17 == 3 o (Vi)
J,k=1
1 dg o , 99" 99 o 2, 9g?°
4.17-R R=_—_-* -2 j “I
( ) 2g or? * or o 2g 8ng * L~ Oy’

(4.17-) "=

Note that (4.17) is the pull-back of the Laplace-Beltrami operator on I'(r) = {x =
v(r,y) | y € D} to the r-slice C(r).

In order to prove Lemma 3.2, we will express e2A in terms of the variables
(s,y) (s = r/e), and give explicit forms to the coefficients of 0, !, 2. For this
purpose, we need to find coefficients of »* (i = 0, 1, 2) in the following expansions.

7"2
(9% y) = g5y (W) +79{1)(¥) + 93 (v) + O,
@.18) ()97 (r, y) = glo) (v) + gy () + O (j = 1,2),
(i) R(r,y) = RO(y) + rRV(y) + O(?),

(iv)n*(r,y) = njy,(y) + O(r)  (k=1,2).

It is convenient to use an isothermal representation vo : D — I'. Namely, we

use o that satisfies
2
v 0
_\2 _
=A (y)7 <ay178y2>

Therefore, the tangent vectors % (i = 1,2) have the same length A\(y) > 0 and

are mutually orthogonal. In the isothermal representation, it is known [13] that the
following identities hold true.

At
oyl

90

4.1 =
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) ( ) )2 . OlogAdyo _ OlogAdv | .
oyl oyl 0y* 0y? ’

0? _ OlogA 0y , Olog A dvo
oo T "oy oyt oyt oy?
(i) <i)270:_810g)\% Ologh oo
Oy? oyl oyl oy? Oy? ’

L_< 9NN 0w v

B <8y1> o) <8y1’8y1>’

M:< el V>:_<% Q>:_<% Q>
oyloy?’ oyl’ oy? oy? oyl )’

No (2N L\ (90 v
- ayg 707 - avaayQ .

It is also known [13] that derivatives of the normal vector v are given by

+ My,

(4.20) (i)

where

ov L 870 M 870
4.21 = - _—-Z5 _ =Z"
(421) oyl 2oyl A2 oy?’

ov M 870 N 870
4.22 290 I
(422) Oy? A2yl A20y2
Therefore, with our sign convention for curvatures, the sum and product of principal
curvatures x; (i = 1, 2) are given by

L+N LN - M?
oo M= T

K=K1+ Ky = —

Proposition 4.1.  The coefficients in (4.18) are as follows.

g0 =1, gf(v) = g(s)(y) =0,

; 0 1 0
30 _ 2 Yo\ 70 -

RO®y) =k, RW(y)=—(x}+k3),

Mo =9 (k=12).
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Proof. The proof consists of simply computing relvant quantities by using
(4.19), (4.20) and (4.21)-(4.22). We omit the computational details, since they are
long but elementary. [ |

Since the gradient operator on T" is pulled back to

“ V9 0 ,Y) 81/] Ayl

the directional derivative in p(y)-dlrectlon is expressed as

(4.23) vl 870> 0

1
p‘m§}< "oyl ) oy

We are now ready to complete the proof of Lemma 3.2. By uisng (4.18), we

have
o 0 0
2 70
gA_gw {QZgaJas as}

9
2 r § : 3
g {A +j:1 njayj}+0(€ ),

where coefficients are evaluated at (r,y) = (es,y). Therefore, by using (4.18),
(4.23) and Proposition 4.1, we easily see that (4.24) is written as in (3.4). This
completes the proof of Lemma 3.2.

(4.24)

4.3. Proof of Lemma 3.4.

We will prove Lemma 3.4. For this purpose, we use the coordinate system (6, p) in
place of y, introduced in §3.1. We then introduce stretched variables s = r/e,n =

ple.
4.3.1. Proof of (3.15).

From Lemma 3.1 (iv) we have at (r,6) = (es, 6)

9 9 9
~13 ~33 ~23
Vg ( as 79 an>+€g 20

:_83%_2 D\ 9 |00 9
op 8/) 0s op on
0vo| = /Oy Ov\ O 9
9eg | 210 Z0TTEN 2
—|—€s|ap <8p’8p 8n+0(€)
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-2
9 90\ & | 2 oy ov\
{5n+€s[ < ap>as+zw>2<ap ap>8

which establishes (3.15).

4.3.2. Proof of (3.14).

We now establish (3.14). In §4.2, we have obtained

9 0? 0
e“A = 552 + ex(6, p)a (note (0, p) = 0)
2 J AT 2 9 r 9 r
(4.25) +e AT — [ml + /€2]Sa— —2sV, Ps Vo
+Z€ij($,9, p).
Jj=>3

We will now express A" and V7 in terms of (6, p), and then in terms of (6,7),
where n = p/e is the stretched variable.

Proposition 4.2. In terms of the coordinate system (6, p) introduced in §3.1,
the Laplace-Beltrami AT and the directional derivative Vg are expressed as follows.

-2 82

0p?
—2 —2 2
o 9“0 9o
520.0| (6.0 500

6.0, 520.0) }

9o 297 2 /9%y 970
[ Gmen| [Geo.n| {F3k0.0.550.0)

-2 49
B B
+ (50, p)

o
F— -
A= (0, ) 062 op

90
+{‘%(9, P)

(4.26) - [32(6, ) ‘_4 €=
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To obatin (4.26) and (4.27), we simply compute relvant quantities according to
the definitions of AT and V},. We omit the detail.
We substitute p = en in (4.26) and (4.27), and expand them in the powers of «.

This

gives rise to
oar 1 0
 15(0)2 n?
A9) 0* BO) A0 9 22
+€{_2nW8n2+<51(9)2l2(9)2 lz<9>4> 8n}+0( &
. oc) o
52V£ = ema—n + O(e?).

Substituting these into (4.25), we immediately establish (3.14).

10.

11.
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