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ZEROS OF FINITE WAVELET SUMS

Noli N. Reyes

Abstract. For certain analytic functions 1, a lower Riesz bound for a finite
wavelet system generated by v, yields an upper bound for the number of
zeros on a bounded interval of the corresponding wavelet sums. In particular,
we show that if the Fourier transform of v is compactly supported, say on
(=9, 9], and if B > 2¢, then any finite sum 3_, ., o ax¥)(z — k) cannot
have more than Ba zeros in [—a, o] for o > 0 sufficiently large.

1. INTRODUCTION AND NOTATION

In this note, we obtain upper bounds on the number of zeros of finite wavelet
sums on bounded intervals. More precisely, we show that for a class of analytic
functions 1 such that a finite collection of wavelets

Yip(x) =222z — k), (j,k) €,

is linearly independent, given @ > 0 sufficiently large, there exists a positive integer
N (c) such that any sum - ; 1y a; k%5, Will have at most N (a) zeros in [—a, of.
In particular, we show that if the Fourier transform of v is compactly supported,
say on [—2, Q], and if B > 2¢), then any finite sum

Z agp(z — k)
|k|<ar/2

cannot have more than Ba zeros in [—a, o for o > 0 sufficiently large.
Our starting point in obtaining such upper bounds is a lower Riesz bound; i.e.,
a finite positive number Cyy such that

> agul® < GOl D> ajuinll3

(j,k)el (j,k)el
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for any finite collection {a;y : (j, k) € I} of complex numbers. Several authors
([1-4]) have investigated the question of linear independence of Gabor and wavelet
systems and have also obtained estimates for lower Riesz bounds.

In [3], Christensen and Lindner state without proof that if the support of the
Fourier transform of ¢ € L? is contained in (—oc, p] where p > 0, and there is
a non-degenerate interval F contained in [p/2, p] such that ﬁ(m) # 0, for z € FE,
then any finite family of wavelets v, (j,k) € I, is linearly independent. This
can be proven using an argument similar to that of the Remark in the next section.
They also obtain lower Riesz bounds, which is a more delicate question.

We shall define the Fourier transform by

£ 1 > —iWwT
fw) = o= [ faje s

for integrable functions f. With this convention, the inversion formula becomes

1 < —ifx
@) = <= / RGN

valid under various conditions. For 1 < p < oo, we adopt the usual notations

1A = / \f () P,

—00

while || f||~ denotes the essential supremum of | f|. For a function ¢ € L?(R)) and
with A = (4, k) € Z x Z, we let

Ua(z) = 27220 — k).

2. GENERAL ESTIMATE FOR NUMBER OF ZEROS

In Lemma 1 below, ¢y : R — C is an infinitely differentiable function in
L?(R) and I denotes a finite subset of Z x Z. Suppose that for some constant Cy
(possibly depending on 1),

(1) D laal® < CGBIIY - axvalf3

el el

for any finite collection of complex numbers ay, A € I. We let

(2) M =max{j: (j,k) €I} and m=min{j: (j, k)€ I}.
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Lemma 1. Let o > 0 such that

3) 2C3|1| [¥(2)fPde < 1

|m|22m—1a

and |k|277 < a/2 whenever (j, k) € 1. If a finite sum ", c;axiy has n zeros in
[—a, a, then

(4) nl < Crva@M*a)"|[v™]]«
where Cy = 4Cy(2M |I])/2.

Proof of Lemma 1.  Let f = 3, ;axiy have n zeros in [—a,a]. If
(j, k) € 1, then

/ )P < /| o Py
y|=>27—

since k|27 < a/2.

Combining the above estimate with (1), (3) and the Cauchy-Schwartz inequality,
we obtain

(5) I1f]3 <2 /| R

Suppose x1, - -+, T, are zeros of f in [—«, «]. Then

2(20)" || £l
n!

©6)  [fo)] < %Hf(”)Hoo\(w—m)---(w—wn)\ <

for any real number z with |x| < a. To see this, we consider the real and imaginary
parts of f. Suppose u is the real or imaginary part of f and x is a fixed real number
in [—a, a]. The function

Up(t) = (z —z1) -+ (0 — 2p)ult) —u(@)(t —z1) - - (¢ = 2n)
has n + 1 zeros in [—a, . Therefore, there is a point £ in [—a, ] such that
u™ (€) = 0. This implies (6).
Integrating (6) over the interval [—«, ] leads to

a 2n+1 (n)(|12

—

In view of (5), we conclude that

8(20)2"41] /| %
(7) g < 2
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Meanwhile, we differentiate f n times, apply the Cauchy-Schwartz inequality,
and use the lower Riesz bound given in (1). From this, we obtain

17" oo < Col 1122 YD) £ 129" o.
Combining this with (7) gives the desired inequality (4). ]

Remark We point out that any finite family v; 5, (j,k) € I, will also be
linearly independent if for some p > 0, ¢(z) = 0 for 0 < z < p and there exists a
non-degenerate interval E contained in [p, 2p] such that ¢(z) # 0 for € E. The
proof is quite straightforward. Assuming

Jo nj
> ajstie = 0 in LX(R),

j=J1 k=m;
passing to the fourier transform, we obtain Z;]i 7 Pj(2_j£)1ﬁ(2_j§) = 0 almost
everywhere, where the P;’s are trigonometric polynomials. However,

Jo
ST P =0

Jj=J1+1

for a.e. € € [0,2/17 p]. This implies Py, (w)i(w) = 0 for 0 < w < 2p. From

the hypothesis, we conclude that Py (w) = 0 for w € E. Thus, P; must be
identically zero. Iterating this argument, we deduce that all of the P;’s must be
identically zero. u

CONCRETE EXAMPLES

In this section, we shall apply the general estimate of Lemma 1 to two concrete
cases. In Theorem 1 below, we obtain a rough upper bound for the number of zeros
of finite wavelet sums where the Fourier transform of the “mother” wavelet ¢ is
exponentially decaying. Theorem 2 focuses on sums of translates of ¢/ such that 1&
is compactly supported. Up to a constant factor, the result of Theorem 2 is optimal.

We assume the same conditions as in section 1. Suppose v : R — C is an
infinitely differentiable function in L?(R) and I denotes a finite subset of Z x Z.
Moreover, there is a constant Cy such that

(8) D laal? < G3IIY axiialls,
Ael Ael

for any finite collection of complex numbers ay, A € I. We let

(9) M =max{j: (j,k) €I} and m=min{j: (j,k) € I}.
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Theorem 1. Suppose that for some constants B > 0 and 3 > 1,

[9(€)] < exp(—=BI¢|?)|

for all real numbers £. Let o > 0 such that (3) holds and |k|277 < /2 whenever
(j,k) € I. Then any finite sum ), ;axix cannot have more than N zeros in
[—a, o] where

C1 AV« /°°
exp(Al¢| — Bl¢|P)de
L2 [ i explae] - Blel)ae
A =2M+1oy and Cy is given in the statement of Lemma 1.

Proof of Theorem 1.  Fix a finite sum ), _; axy) having n zeros in [—a, o]
By the inversion formula,

N:

1 o0
10010 < —= [ lePexp(=Blel)ae.

Combining this with Lemma 1, we obtain

C
nl <

< O [ Al exp(-Blelde.

Applying the estimate e* > u¥/k! with k = n — 1, we obtain the desired result. m

Theorem 2  Suppose 1) and x1)(x) belong to L*(R)) and satisfies (8) for any

finite collection of complex numbers ay, A\ € 1. Furthermore, assume that v is
compactly supported.:

(10) b(w)

0 if |wl>Q.
If B > 2€f), any finite sum

> arp(z—k)
Ik <a/2

cannot have | Ba| zeros in [—a, a| for a > 0 sufficiently large.

Here, |x| denotes the greatest integer less than or equal to . The exponent 1
of « is clearly optimal as shown by the example ¢(x) = 2%

Proof of Theorem 2.  Suppose there exists a sequence {a, }59_; in [1,00)
tending to infinity such that for each m, there exists a function

fm(2)

sin® z.

Z am 0 (x — k)

[k|<am /2
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with | By, | zeros in [—au,, o). Since 24)(x) € L2, we may assume that

4C2arn / () 2de < 1
{|$|204m/2}

for each m. Therefore, we may apply Lemma 1 with I taken as
I, ={(0,n) :n € Z,|n| < apn/2}.
In this context, m = M = 0 and C; < 4Cy(20r,,)"/2.
Therefore, (4) implies that n! < C(2a,,,)"™1Q" with n = | Bayy, |. Here and in

what follows, C' denotes a positive constant, possibly different at each occurrence,
and depending only on . Since n! > n"e "e,

B
Cl/ocm S a%am <B2;Qam1>
m—

for each positive integer m. Finally, letting m tend to infinity, we obtain

<QeQ>B
1< — .
- B

Therefore B < 2ef). [ |
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