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ON THE DIFFERENTIAL EQUATION u” — u? =0

Meng-Rong Li

Abstract. In this paper we work with the ordinary differential equation v —u?
= ( for some well-defined functions uP. We obtain some interesting phenomena
concerning blow-up, blow-up rate, life-span, stability, instability for solutions.

0. INTRODUCTION

In our papers [Li 1, 2] we studied the semi-linear wave equation (u+ f (u) = 0
under some conditions, and we found some interesting results on blow-up, blow-up
rate and estimates for the life-span of solutions, but no information on the singular
set. So we would like to deal with particular cases in lower dimensional wave
equations. We hope that this will help us understand the singular sets of the solutions
for the semi-linear wave equations later.

In this work we denote uP by the well-defined functions. We say p is odd
(even, respectively) if p = r/s, r, s € 2N+1, (r,s) = 1 (common factor) and r is
odd (even, respectively). By direct computation one sees that the following initial
value problem for the ordinary differential equation

{ u'—uP =0,pe (0,1),
u(0) =0=1u'(0)

has at least two solutions, for instance, u (£) =0 and u (t)= ((1—p) t/v/2 + 2p) %,
so the solutions to the above initial value problem are not unique, in general. These
functions v”, p > 1 are locally Lipschitz; hence by the standard theory, the local
existence and uniqueness of classical solutions of the equation

{ u'—uP =0, pe(1,00),

©.1) u (0) = ug, u' (0) = uy,
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can be obtained.

In section 1 we deal with estimates for the life-span of the solutions to problem
(0.1), in section 2 with blow-up rates and blow-up constants, in section 3 with
critical points, in section 4 with the zeros and triviality, in section 5 with stability
and instability.

Notation and Fundamental Lemmas

For a given function u in this work we use the following abbreviations

Definition. A function g : R — R has a blow-up rate ¢ means that there exist
a finite number 7™ and a non-zero 3 € R such that

(0.2) dim g ()" =0,
03) Tim (1"~ 1)7g (1) = 5,

in this case 3 is called the blow-up constant of g.

According to the uniqueness of solutions to the equation (0.1), we rewrite
ay (t) = a(t),J, (t) = J(t) and E, (t) = E(t) for convenience. After some
elementary calculations we obtain the following lemma 1.

Lemma 1. Suppose that u € H2 is the solution of (0.1), then

/ 2 p —
(04) B(t) =u () - —qu® = B(0),
(0.5) (p+3)u (t)° =(p+1)E(0)+d" (1),
(0.6) J"(t) = p24_ LE )@
and
0.7) J (1) = J (0) — @E(O) T(0) 5T 4 @E(O) ()=

The following lemmas are easy to prove, so we omit their arguments.
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Lemma 2. Suppose that k1 and ksare real constants and u € C? (R) satisfies
u + k' +kou <0, u>0,
u(0) = 0,4 (0) =0,
then u must be trivial, that is, u = 0.

Lemma 3. If g(t) and h (t,r) are continuous with respect to their variables

g(t
and the limit limt_>T/ h(t,r)dr exists, then
0

9(t) 9(T)
lim h(t,r)dr = / h(T,r)dr.

1. ESTIMATES FOR THE LIFE-SPANS

To estimate the life-span of the solution to the equation (0.1), we separate this
section into three parts, £ (0) < 0, E(0) =0 and E (0) > 0.

Here the life-span 7 of u means that v is the solution of problem (0.1) and u
exists only in [0,7™) so that the problem (0.1) possesses the solution u € H?2 for
T <T.

1L.I.1 E(0)<0

In this subsection we study the cases £ (0) < 0 and E (0) =0, o’ (0) > 0. The
case that £ (0) = 0 and o’ (0) < 0 will be considered in section 3 and section 4.
We have the following result.

Theorem 4. If T* is the life-span of v and uw € H2 is the solution of the
problem (0.1) with E (0) < 0, then T* is finite, that is, u is only a local solution
of (0.1). Further, for a’ (0) > 0 we have the estimate

J(0)
2 dr
(1.1.1) T < T7F (ug,u1,p) = / .
1(0 lp) p_lo kl—f—E(O)TkQ

Sor a’ (0) <0, we have
T* <15 (ug,u1,p)
k

k
2 / dr / dr
= — +
p—1 9 \/kl—f—E(O)?"kQ ; kl—f—E(O)TkQ

(0)

(1.1.2)
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1

b

2 2p+ 2 2 —1 \2»+2

where ki := —— ko := and k = ——— .
Tt pt <p+1 (0)>

Furthermore, if E (0) =0 and a' (0) > 0, then

(1.1.3) T* < T3 (uo, u1, p) :=

Proof.  Under the condition, E (0) < 0, we know a (0) > 0; otherwise ug = 0,
and then E (0) = u? > 0, yet this is contrary to F (0) < 0. The proof is divided
into two cases, a’ (0) > 0 and &’ (0) < 0.

(1) o' (0)>0. By (0.5), we find

d (t)>d (0)— (p+1)E(0)t Vt>0,

(1.1.4) 1
a(t) Za(O)—i—a’(O)t—z%E(O)tZ Vi > 0,

/ / p—1 _pt3 .

From (0.7), o’ (0) > 0 and J’ (t) = — 1 a(t)”* d () <0, it follows that
-1
(1s) T :—pT\/k1+E(0)J(t)’f2 <J0) V>0
and )
—1 — +3
J#) <a(0) T L —a(0)" T d ()t vt =0,
1 2

where k; = Za,(())—¥ a (02— E(0)a(0)" 2 = —

a(0)

1% (0 such that

p
Thus, there exists a finite number 75 (ug, u1, p) <

Nl

J (17 (uo, u1,p)) =0
and
a(t) — oo for t — T (up, u1,p).
This means that the life-span 7 of w is finite and 7% < T (uo, u1,p) .

Now we estimate this life-span 77 (ug, u1, p) . By (1.1.5) and J (77 (uo, u1,p)) =
0 we find

J(0)
1
(1.1.6) / dr P2 wt>o0
®)
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and hence we obtain the estimate (1.1.1).

(i1) a’(0) <0. Using (1.1.4) and o’ (0) < 0 we find a unique finite number
to (ug, u1, p) such that

a' (t) <0 for te (07t0 (’U;(),’LLl,p)) )
(1.1.7) a (to (uo, u1,p)) = 0,
a (t) >0 for t>tg(ug,us,p),

and a (to (ug, u1,p)) > 0. If not, then u (¢y (ug, u1,p)) = 0 and

E(0) = E (o (uo, u1,p)) = ' (to (uo, u1,p))* > 0

yet this is in contradiction with £ (0) < 0.

In this way it is easy to see that a (t) > 0 V¢t > 0. Hence we get v’ (tg (uo, u1,p)) =
0 and

2
B(0) = = (to (uo, ur, p)"*
2 -1
J(t o = ——
(to (uo, u1,p)) p+1E(0)

After arguments similar to those in step (i), there exists a 75 (ug, u1,p) such
that the life-span 7* of u is bounded by T3 (ug, u1, p), thatis, T7* < T5 (ugp, u1, p).
Analogously, by (1.1.7) and (0.7) we obtain

—1
(1.1.8.1) T (1) = —pT\/k1 FE©O) 0 > to (g, ur,p),
—1
(1.1.8.2) T () = E’T\/k1 FE0)J (1) Vi €0, to (uo, ur, p)]
and
J(to(uo,u1,p))
dr
(1.1.9.1) o ki + E(0)rh2
p—1
= (t —to (uo, ur,p)) YVt >to (ug,ur,p),
J(to(uo,u1,p)) p )
T o P —
(1.1.9.2) / NI OLIE to (uo, u1, p) -

J(0)
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2 -1
Using (1.1.9) and J (tg (ug, u1, kg:——,JT*u,u, =0, it
g( ) (0(0 lp)) p+1E(0) (2(0 lp))
results

. d

2 r
(LLI0) T3 (o, ur,p) = to un,un )+~ [ .
2( ) ( ) p_lo k1+E(0)rk}2

This estimate (1.1.10) is equivalent to (1.1.2).

(1i1) E(0) = 0. Now we prove (1.1.3). By (0.6) and E (0) = 0 we get
J"(t) =0 V¥t > 0. From the positiveness of a’ (0), it follows that J' (0) < 0 and

_ —1
J(t)=a(0)_%—p4 a(0)""F ' (0)¢ Vi >0
and also
1 __4
+3 — —1
(1.1.11) a(t)=a(0)rr <a(0)—p—4 a'(O)t) v >o.

Therewith we conclude the estimate (1.1.3).
1.1.2. Properties of 77 (ug, u1,p)

In principle, T (ug, u1, p) depends on three variables g, u; and p. Set ¢, ==

2
%, then
0
V2p 2 1 (1_%,7)'2% d
+ _p—1 _p—1 T
17 (uo, u1,p) = VP S ug > (1 —cpp) 20P2 / ——
p—1 ’ 2p+2
0 1—re-1

and

lim 77 (ug,u1,p) =0, lim 77 (ug, u1, p) = oo.
p—00 p—00

For convenience, we consider the case u; = 0,
P (5es)
NS 9 2p+2

N +2u0 —_—.
" rGh)
p+1

Using Maple we obtain the graphs of 77 (ug, 0, p) below:

Tl* (’U,Q, Ovp) =
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Fig. 1. Graph of T} (uo, 0, p)

Fig. 2. Graphs of T} (u0,0,p), ug <1

30
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Fig. 3. Graphs of T} (uo,0,p),ug > 1
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The above pictures show the properties of T (uo, 0, p):

(1) there exists a constant ug such that 77 (ug, 0, p) is monotone decreasing in p
for up € [u, 1);
(2) there is a pg such that 77 (up, 0, p) is decreasing in (1, pp) and increasing in
(po, 00) provided ug € [0, uy);
(3) Ty (uo,0,p) is differentiable in its variables and
(4) for ug > 1 the life-span 77 (ug, 0, p) is decreasing in p.
We now show the validity of statements (3) and (4) using the monotonicity of
T} (1,0,p) for ug # 0. To prove (1) and (2) we must show the existence of w

L, 0 .
with a—Tl* (u,0,p) <0 for 1 > ug > ug, that is,
p

-1 ! priN—1/2 ! pHN\3/2 opH
0< p—(p-i—?))/ <1—r2p—1> dr—|—4/ <1—r2p—1> r? o1 Inr dr
p+1 0 0

1 —1/2
Ho- 1w [ (1-r58) " ar
0

thus the existence of u; can be obtained provided

p;l( +3) <r2§%i —1) —4Inr >0 Vr > 1.
p+1
After some calculations it is easy to get the above assertion.
To grasp the property of the life-span 77 (ug, u1,p) is very difficult, but for
fixed initial data we want to know how the life-span varies with p, so now we
consider the life-span 77 (0.6, 0.2, p) and list the following tables as below.

p | T7(0.6,0.2,p) p | 17(0.6,0.2,p)
1.001 2001.5 2 3.4135
1.004 501.42 2.5 2.7698
1.008 251.42 3 2.4659
1.012 168. 08 3.6497 2.2644
After some computations we get
17 (uo, u1, p)
-1
_p=l p+l , 2 2F2
VA2 e PAL o) T dr
p—1 0 2 ! 0 2p+2

1—rp-1
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By the experience in studying the life span T (ug, 0, p) , we consider the properties
of the life-span 77 (ug, u1, p) with upu; > 0 in three cases:

Casel. 0 <ul™ —(p+1)u}/2 < 1. In this situation we find that

(i) for fixed uq,

(5) there exists a constant u; depending on u; such that T} (ug, u1, p) is monotone
decreasing in p for ug > uy,

(6) there is a pg so that T3 (ug, u1, p) decreases in (1, py) and increases in (pg, 00)
provided ug € [0, ug);

(ii) for fixed wg, the life-span T (uo, u1, p) decreases in u?.

Case 2. ugﬂ (p+ 1)u2/2 > 1. The life-span T} (uo, u1, p) decreases in p.

Case3. u/™ —(p+1)u2/2 = 1. On the surface
{(uo,ul,p) € R3 ‘ugﬂ —(p+ l)u%/Q =1, p> 1}

we find that
—(p—1)/2

\/Qp——i—/ 1

r
1 — r2(p+1)/(p-1)

17 (uo, u1,p) = T7 (uo, p)

and 77 (ug, p) is monotone decreasing in ug and in p.

1.2. E(0) > 0,d' (0)* > 4a (0) E (0)

In this subsection we consider two cases
e E(0) >0, d (0)* > 4a (0) E (0)
and
e E(0)>0,d (0)*=4a(0)E(0), u; > 0.
The case that £ (0) > 0, a’ (0)* < 4a (0) E (0) will be considered in section
3 and section 4. The case that £ (0) > 0, o’ (0)* = 4a (0) E(0), u; < 0 will
(

be postponed to section 3. For E (0) > 0 and o’ (0)*> > 4a (0) E (0) we have the
following blow-up result.

Theorem 5. [If T is the life-span of uw and w € H2 is the solution of the
problem (0.1) with E (0) > 0, then T* is finite, that is, u is only a local solution
of (0.1), if one of the following is valid
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(i) a’ (0)* > 4a (0) E (0)

or

(i) o’ (0)* = 4a (0) E (0) and u1 > 0
or

(iii) @’ (0)? = 4a (0) E (0), uy < 0 and p is odd.

Further, in the case of (i) we have the estimate

J(0)
(1.2.1) T* < Tj (uo, u1,p) ] / \/m
and also
(1.2.2) a’ (0) > 0.

In the case of (ii) we have

2

p 10/\/k1+E

(1.2.1.1) T < T (ug, u1, p)

In the case of (iii) we have

2

o
Tp- 10/\/k1+E )rke

(12.12) T* < Tg (ug, u1, p)

Proof. (i) a’ (0)*> > 4a (0) E (0). By (0.6) we find
k3 (uo, w1, p) J” (t) = (ks (uo, u1, p) J ()7,
(1.2.3) ks (ug, w1, p) T (0) = ks (uo, w1, p)a (0) T,
k3 (uo, u1,p) J' (0) = ! ;p/ﬁ (uo, ur,p) a(0)” 7+ a’(0),

—1
2 E 3
where k3 (ug, u1, p) := <p 1 E(O)) and ¢ := Zil
D—

Now we set

E () := ks (ug, u1, p)> J' (£)* — q% (ks (uo, u1,p) J ()",
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after some calculations we see that F () is a constant and
(124) E(t)=E(0)

p+3
2

= (19;1> 2 ks (uo, w1, p)° a (0)”

v (a/ (02 —4E(0)a (0)) .

From the condition (i) and (0.4) follows

2 3
0<E(t) = ukg (ug, ur, p)?a (t)"F u (£)PF3

2(p+1)
_ (p — 1)2 2
=27 1)k3 (uo, u1,p)”,
thus
(1.2.5) w(®)P™ >0 vi>o0.

By (0.5) we find

p+3

(1.2.6) d (t) = d' (0)+2E (0)t + 2 | v (r¥P* ™ dr VE>0
P 0

and then

(1.2.7) a (t) >d (0)+2E(0)t Vt>0.

Thus, for a’ (0) > 0, using the same arguments as in the proof of theorem 4 we
get the conclusions (1.2.1).

Now let us show (1.2.2) . For a’ (0) < 0, from (1.2.7) it follows that a’ (t) > 0
for large ¢. Suppose that ¢ is the first number such that o’ (¢) = 0. Using (0.5) we
get for t >t

t
p+3

(1.2.6.1) d (t) = 2E (0) (t — to) + Qm w (r)Pdr > 0.
fo
Hence,
a(t)<0 for te(0,t),
(1.2.8) d (to) = 0,

a(t)>0 for t>to,
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and a (ty) > 0; if not, then u (£y) = O; this is contrary to (1.2.5). Thus,

(1.2.9)  (f) = 0.
Therefore, by (1.2.5),

(1.2.10) (p+1)E(0) = —2u (fo)P ™ < 0.

The identity (1.2.10) and the condition E (0) > 0 contradict each other; thus
the existence of %y is false, therefore (1.2.2) is obtained.

(ii) By condition (ii) and (1.2.6) we find

t

3
(1.2.11) d (t) =2E(0)t+ 2% w (P dr vt > 0.

We claim that o’ (t) > 0 for every ¢t > 0. If not, then there exists ¢ > 0
such that a’ (¢) = 0. Let T be the first non-zero value so that o’ <T) = 0, then

w(t) > 0in (0,T) . By (1.2.6) we get

w

T
0=2d <T> :2E(O)T—|—2%/u(r)p+ldr.
p
0

This is therefore in contradiction with F (0) > 0; hence o’ (t) > 0 V¢t > 0 and
J' (t) < 0Vt > 0. Using (0.6) for each t > £ > 0 we obtain

(1.2.12)
7=\ 0 - C B0 1 ()5 + B e )0
and
i (- 05 -

thus from (1.2.12), the estimate (1.2.1.1) follows.

(iii) To see (1.2.1.2) , we use the fact that ug = 0 and a’ (0) = 2upu; = 0 and
(1.2.6), we can also get the identity (1.2.11), thus (1.2.1.2) follows.
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2. BLow-urP RATE AND BLOW-UP CONSTANT

In this section we study the blow-up rate and blow-up constant for a, a’ and a”
under the conditions in section 1. We have the following results.

Theorem 6. [f u € H2 is the solution of the problem (0.1) with one of the
following properties that
(i) E(0) <0
(ii) E(0)=0,d (0) >0
or
(iii) E(0) > 0,d’ (0)* > 4a (0) E (0)
or
(iv) E(0) > 0,d' (0)* = 4a (0) E (0),u; >0
or
(v) E(0) > 0,d (0)* = 4a (0) E(0),u; <0 and p is odd.

Then the blow-up rate of a is 4/ (p — 1), and the blow-up constant of a is
p_i/ll (p— 1)_4 (p+ 1)2, that is, for m € {1,2,3,4,5,6}

lim (T (uo,ul,p)—t)zfja(t)
(2.1.1) t—=T,x (uo,u1,p)
2 2 4
=2rT1 (p+1)p-T(p—1) » 1.
The blow-up rate of o’ is (p+3)/ (p— 1), and the blow-up constant of a' is
97T (p+ 1)17271 (p— 1)_%, that is, for m € {1,2,3,4,5,6}

p+3

lim (T3, (uo, u1,p) —t)r=1 a (t)
2.12) £ (wo,u1.p)
2p_ 2 _pt3
=271 (p4+1)pT(p—1) »T.

The blow-up rate of o is (2p+2) / (p — 1), and the blow-up constant of a” is
2p_ 2 _2p+2
99T (p+ 1)1731 (p—1) = (p+ 3), that is, for m € {1,2,3,4,5,6}
. " 2p42
llmtﬁT;L(uO,ul,p)_ a” (t) (Tm (’U,Q, Ui, p) - t) p-1

(2.1.3)
2p 2p+2

=2 T (p+3) (p+ )T (p— 1) H T

Proof. (i) Under this condition, E (0) < 0,a’ (0) > 0 by (1.1.1) and (1.1.6)
we get
J()

1 1
(2.1.4) / _ dr P vt > 0.
T1 (u07u17p)_t kl—f—E(O)TkQ 2
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By lemma 4 and (2.1.4) we obtain

) 1 J (t) p—1
2.1.5 lim = .
( ) t—T7 (up,u1,p)” V k1 Tl* (u07 Uy, p) —t 2

This identity (2.1.5) is equivalent to (2.1.1) for m = 1.
For FE (0) < 0,a’ (0) < 0, using (1.1.9) we have also
J(t
p—1

)
dr " _
(2.1.6) 0/ \/W =3 (T5 (up, u1,p) —t)

Vit > to.

From lemma 4 and (2.1.6), the estimate (2.1.1) for m = 2 follows.
By (1.1.5) and (1.1.8), for m = 1,2, we find

. p—1
2.1.7 lim J ) = ————
( ) t—T7, (uo,u1,p)~ ( ) V2p +2
and
pt3
(2.1.8) lim a’ (t) (T3, (ug, ur, p) — t)p1
t—T7, (vo,u1,p)
= 2T (p+ )T T (p—1) T
and thus,
. 12 2pt2
(2.1.9) lim u (t)° (T, (up, uy, p) — t)»=1

t—T7, (uo,u1 ap)_
2p 2p+2

0T (p+ )P T (p—1) T, m=1,2

Through (0.5) and (2.1.9) we obtain

(2.1.10) lim a’ (t) (T} (ug,uy, p) — t) »-1

t_)TrtL(anul ap)_

2p+2

= (p+3) lim o ()*(T (ug,ur,p) —t) 71, m=1,2.

t_)TrtL(uO ,ul ap)_

This estimates (2.1.10) and (2.1.3) are equivalent for m = 1, 2.

(ii) For E (0) = 0,4’ (0) > 0, for m = 3, using (1.1.11) we get
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4

Q111 a(t) =a (05 (1%1@' (0)>_F (T (g, un, p) — 1) 7T Vi > 0.

Therefore (2.1.1),(2.1.2) and (2.1.3) for m = 3 follow.

(iii) The proof of estimates (2.1.1),(2.1.2) and (2.1.3) for m = 4,5,6 are
similar to the above arguments (i) in the proof of this theorem.

Now we consider the property of the blow-up constants K, Koand K5. Wehave

Ki(p) =277 (p+ )7 (p—1) 77,

p+3

Ky (p) = 2777 (p+1)77 (p—1)75-1

_2p+2

Ks(p) =277 (p+3) (p+ 1)7 T (p—1) 1.

Using Maple we have the graphs of K, Ko and K3 below.

We see that the graphs, K; (p),i = 1,2, 3 are all decreasing in p, and K; (p)
tends to zero, as p tends to infinity. The monotonicity of these functions can be
obtained after showing the following inequalities

p—1
—— —2<In(2p+2)—2In(p—-1) Vp>1,
b1 2sh@r+2) (p—1) Vp
2p— 2
1 +4ln(p—1)<2In2+4+2In(p+1)+p+3 Vp>1,
(P17 2p-2
+ +4ln(p—1)<2(In2)+2In(p+1)+2p+2 Vp> 1.

p+3 p+1

3001
2501
200t
1501
100t

501

1 2 3 4 5
p

Fig. 4. graphs of K7 (p) in thin, K5 (p) in medium, K3 (p)in thick.
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These inequalities are easy to check, so we omit the arguments.

3. CriTicAL POINTT

In this section we study the following cases:
(i) E(0)=0,ad(0) < 0.
(i) E(0) > 0,d’ (0)* < 4a (0) E (0).
(iii) E (0) > 0,d’ (0)> = 4a (0) E (0),u; < 0 and p is even.

Under the condition (i) it is easily to see that

o =0 (a0 =271 0] T e 1),

Hence we find the limit lim; o @ (¢) = 0 and

t—o00 —4

4
4 pt3 —1 1
lim ¢7Ta () = a (0)5=1 <p—a' (0)) "

For the convenience we consider the critical points and critical values of a and u
of the solution (0.1) , and we will prove the existence of critical points in section IV.

3.1 Estimate of the Critical Points
Under (i) and (iii) we have the critical result.

Theorem 7. Suppose that uw € H2 is the solution of the problem (0.1) with
the property (ii) or (iii) and Ty (ug, u1, p) is the critical point of u, that is,

u' (To (uo, u1,p)) = 0,
then uy < 0 and Tg (ug, u1,p) is given by

—u(To(uo,u1,p)) dr

(3.1) To (ug, u1,p) = /_uo \/E (0) —27"1”"'1/(19‘|'1)7

where —u (Ty (ug, u1,p)) = ((p+1) E(0) /2)1/(p+1) . Further under condition (ii)
ug must be negative and p must be even.

Proof. By some computations one can find the non-positiveness of u( under (7)
or (iii); and in case of (i7), then p must be even. For E (0) > 0 and o’ (0)* < 4a
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(0) E(0), using (1.2.4) we find

-1 2p+2
k (o, p)? 7' (0% = T (s (0,1, p) T (1) 75

T
—~
~
=
I

for all ¢ in [0, T'), where k3 (ug, u1,p) = <p 4_1E(0)> ‘.

By (3.2) and condition (ii), E (0) > 0, a’ (0)? < 4a (0) E (0), it is easy to see
that ug # 0 and therefore we find that

- - (p—1)? 2| —p—3| p+3
0> E(t)=FE(0)= mlﬁ (uo, u1,p) ‘uop ‘ug ;
thus ug+3 < 0, therefore we obtain that ug < 0, p is even and
(33) B0 =80 = -2k (g, p)?
. %+ 2 3 (uo, u1,p)” -

Since u (t) < 0 in a neighborhood of ¢ = 0, E (t) can be defined at ¢t = 0, so that
E (t) is continuous in [0, &) for some £ > 0.

Under the condition (i4) or (ii3) , by the definition of Ty (ug, u1, p) and (0.4) we
1

get the critical value of u at Ty (ug, u1,p), u (To (ug, u1,p)) = — <1%1E (0)) e
Using the continuity and negativity of «’ in [0, Tp (ug, u1, p)] we find

2
G4 ()= _\/E (O)+ —cu (O V€ [0,Ty (uo, us,p)].
p
From (3.4), the identity (3.1) follows.
3.2 Some Properties Concerning 7} (0, u1, p)

Because of some difficulties in the graphing of Ty (ug, u1, p), we consider the
property of Ty (ug, u1,p) only for the case that ug = 0 > w; and p is even. After
some computations one can easily find that

1 1

1 = r(L

1P p+1\1+p /7 <1+p>

Tt 0 = (— 1+p - -~ 7
2p+2
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By Maple we get the graph of T (0, u1, p) below

U'(0) 35+

u(0) 4375353253275
p

10

Fig. 6. The graph of T (0, u1,p),us € [—4, —3]

1.5T7
1.257]

0.75+
0.5+

0.25¢+

0 2.5 5 7.5 10 12.5 15

Fig. 7. Graph of Ty (0, —1,p)
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From the pictures we see:

57

(i) for each fixed uq, there exists a constant ¢ depends on w; with Ty (0, u1,p) >

¢ (uy) for each p > 1 and

(ii) there exists a constant py so that Ty (0, —1, p) decreases in p > pg and in-

creases in p € (1,pg).

4. EXISTENCE OF ZERO AND CRITICAL POINT

To the cases that E (0) > 0,a’ (0)® < 4a (0) E (0) and that E (0) > 0 = ug >

u1, we have the result.

Theorem 8.  Suppose that u is the solution of the problem (0.1) with E (0) >

Oand one of the following holds
(i)  (0)* < 4a (0) E (0)
(ii) ' (0)* = 4a (0) E (0) and u1 < 0.

Then u possesses a critical point Ty (ug, ui, p) given by (3.1), provided condition
(ii) holds or condition (i) together with o' (0) > 0 holds ; under (i), there exists

z < oo such that
(4.1) a(z)=0.
For a’' (0) <0 and z (ug, u1,p) given by

4a(0)
(p2-1)E(0)

_ vl

dr

(4.2) 21 (ug, u1,p) = V2 0/ \/2 —(p—1) k%rp“’

is the zero of a. Further we have

(43) T ST’? (’I,L(),’I,Ll,p) = (Zl +T5*) (’U,Q,u1,p).

p—1

4

2_
where ks (ug,u1,p) = (%E(O))
Furthermore we have
(4.4) lim  a(t) (21 (ug,ur,p) —t) % = E(0),

t—z1 (uo,u1,p)

(4.5) lim (21 (ug,u1,p) — 1) d (t) = —2E(0),

t—z1 (ug,u1,p)
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(4.6) lim  d"(t) =2F(0),

t—z1 (ug,u1,p)

and a blows up at T7 (uo, u1, p) , that is, imy 12 (ueuy p) 1/a (t) = 0.

For a’ (0) > 0 the zero z3 (ug, u1,p) of a is given by

4.7y 2z (ug, u1,p)

5 5
W2 -1 / dr N / dr
V2 VER TR I V2= (p— 1)Kt |’

_ a(0 _ [ 2
where o = 2 m, G = rtl T and

(48) T S TS* (’U,Q, ulvp) = (22 + Ték) (’U,O, ulvp) .

Furthermore we have

(4.9) lim  a(t) (22 (uo,u1, p) —t) > = E(0),

t—z2(uo,u1,p)

(4.10) lim (2 (ug,u1,p) —t) L d' (t) = —2E(0),

t—z(uo,u1,p)

(4.11) lim  d’(t) =2E(0),

t—z(ug,u1,p)

and a blows up at T§ (ug, w1, p) , that is, Wy s (uouy p) 1/a (t) = 0.

Further, under the condition (i1) we have also that z3 (ug, u1, p)given by

(4.12) z3 (o, w1, p) = 2to (uo, u1, p)
is a zero of a and
(4.13) T < Ty (uo,u1,p) = (23 + 15 ) (uo, u1, p)

and a blows up at Ty (ug, w1, p). Furthermore we have

(4.14) lim  a(t) (22 (uo, ur, p) —t) "2 = E(0),

t—zz(uo,u1,p)

(4.15) lim (2 (ug,u1,p) —t) L d (t) = —2E(0),

t—z(uo,u1,p)
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(4.16) lim  d” (t) = 2E(0),

t—z2 (uo,u1,p)
Proof.  We prove this theorem in four steps. First we show the estimates

(4.1), (4.2) and (4.7); secondly (4.4),(4.5), (4.6); (4.9), (4.10) and (4.11);
thirdly (4.3) and (4.8), at last (4.12) — (4.16).

Step 1. At first we prove the existence of z zero of a. By theorem 7 we find
that J (¢) is defined in interval (0,7"). Let us set

J () = k3 (uo, u1,p) J (t), ¢ := ——
At)y:=J ()2, I(t):=A(t) &

Then I (t) = k3 (ug, u1,p) Pt a (t)% , by (0.6) we have

(4.17) J'"t)=J@®7 in (0,T).
By (3.5), E (t) can be defined at ¢ = 0; under the conditions £ (0) > 0 and
4a (0) E (0) > a’ (0)*,

2
(4.18) E(t)=E(0)=J (t)* - qi—lj(t)q+1 = —%lﬁ (uo, ur,p)° .

Employing theorem 4 we obtain the existence of z, a zero of a, therefore (4.1)
is proved.

For A’ (0) = 2k (ug, u1, p)> J (0) J' (0) > 0, that is, a’ (0) < 0, by theorem 4
we get J (21 (ug, u1,p)) = 0, where

IO

z1 (uo, u1,p) = _1 50 o
—+ /r'q—l
\/q—i—l

(4.19) __4a(0)

(p2-1)E(0)

_pt dr
2 0/\/ (p—1)°

ks (ug, u1, 2 pptl
p+1 2(p—|—1)3(0 1)

The estimates (4.19) and (4.2) are equivalent.
For A’ (0)<0, that is, a’ (0)>0 by (1.1.2) we get J (2 (ug, u1, p))=0, where
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2o (ug, ut, p)

2 2
p+1 p+1
(p—1)k3 (p—1)k3
(4.20) p2— 1 / . / dr
2 p— 1 2 p—l—l7
0 1(0) 1-— Tkgr

where ks = k3 (ug, u1, p) . The estimates (4.20) and (4.7) are equivalent.

Step 2. To (4.4) and (4.9) for m = 1,2, by (2.1.1) we get

_4
hmt—>zm(uo,u1,p) (zm (u07 Uy, p) - t) =T A (t)
(4.21)

2 2 4

=201 (g+1)e T (g—1) =T
Using (4.21) we obtain that

hmt—wm(uo,ubp) (2m (w0, u1,p) — t)p_l k%‘] (t)2

b1 (2p42\T [/ 4 \!7P
:27( ) <—) for m=1,2.
p—1 p—1

The estimates (4.22) and (4.4), (4.9) are equivalent for m = 1, 2 respectively.
To (4.5) and (4.10) for m = 1, 2, applying (2.1.2) we find

(4.22)

. g+3
hmt—>2m(uo,u1,P) (Zm (uOv ut, p) - t) a1 A (t)
(4.23)

2q 2 q+3

=20 T (g4 1)aT(g—1) aT.

From (4.23) it follows

hmt—>zm(uO,U1,p) fa;(tl)kg (UQ, Ui, p)2 (Zm ('l,l,o7 ui, p) — t)p J (t)2 a/ (t)

(4.24) - )
=2 (22) 7 () frm=12

Together with (4.22) and (4.24) we obtain that
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(4.25) lim (2 (uo,u,p) —t)a () d (t) =-2, m=1,2

t_’zm(anul ap)

Together (4.25) , (4.4) and (4.9), imply (4.2.5) and (4.2.10) .
The estimates (4.6) and (4.11) follow from (0.5) and the fact that

lim o (1) =E(0), m=1,2.

t—2 (uo,u1,p)

Step 3. Suppose that T > T (ug, u1, p) , then by the fact that u (21 (ug, u1,p)) =
0 and v € H2 we find that

a’ (21 (ug, u1,p))? = 4a (21 (uo, ur, p)) u' (21 (ug, u1, p))* = 0.

Using v (21 (ug, u1,p)) > 0 and theorem 5, u must blow up in a finite time
since E (21 (uo, u1,p)) = E(0) > 0 at T (ug, u1,p) .

For the case that a’ (0) > 0, the arguments for the assertion that T’ < T (ug, u1, p)
are similar to the above and the existence of critical point of u is obtained by the
mean value theorem for ordinary C! —function under the condition (7).

Step 4. Under the condition (ii) we claim that there exists no strictly monotone
negative solution, that is, if u is the solution of (0.1), then u’ posses a zero; if not,
according to the negativeness of u, v’ in the neighborhood of zero and (0.4), one
can see that

1 1/(p+1)
~u(t) < (p - u%)

and

therefore we find

dr

/—U(t)
0 \/u% — —2 rptl

p+1

1
< () (2] m/l dr
B ! 2 0 1 — gptl

pt2 1-p
D

< 27 ptl (—ul) 1+

t:

(p+1)7 r,
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but this is impossible for large ¢; thus w must posses a critical point at ¢t =
To (uo, u1, p)-

Now we show the existence of zero of u. Suppose that u (¢) < 0 for each ¢ > 0,
then by the increasing nature of «’ we know that

2
u'(t):\/u%+p+1u(t)p+1 Vit > To (ug, u1, p)

and

(4.26)

—u(To(uo,u1,p)) dr
/ =t —Tp (ug, u1,p),

2 2
u(t) ’U,l — m’l“p+1
by a similar argument to the above, we get also a contradiction; therefore we get the
existence of zero of u. Using (4.26) one can easily obtain the assertions (4.12) —
(4.16).

Property Concerning Zero z; (ug, u1,p)

Since the analysis concerning the zeros is very complex, we merely discuss
z1 (up, u1, p) and u; = 0, and by (4.2) we have

1
1 F( +1)
R = T P

2p+2

Using Maple we get the graphs of z1 (ug, 0, p)

2000071
150007
1000071
50001

u(0) 0z425 425@."5 3 4 5
P

Fig. 8. Graph of z; (ug,0,p),up < 0.
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800071
60007
40007

20001

u(0) s725=r2m—0

p

Fig. 9. Graph of z1 (u0,0,p) , uo > 0.

257

1.57

057

Fig. 10. Graph of z; for some —ug > 1.

2007
1751
15071
1257
1001
751
501
2571

Fig. 11. Graph of z; for some —uy < 1.
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From the above pictures one can easily find that:

e 21 (up, 0, p) decreases in —uy for fixed p.
e for fixed uy with —ug > 1, 21 (ug, 0, p) decreases in p.
e for fixed uy with —ug <1, 21 (ug, 0, p) increases in p.

5. STABILITY AND INSTABILITY

We now consider the applications of the theorems above to the stability theory
for the problem

) { u (1) = u(t)”,

u(0) = e, (0) = ea.

We say the problem () is stable under condition F, if any nontrivial global solution
u € C? (R1) of () under the condition F satisfies

lullge — 0 for  |e1] + |e2] — 0.
According to the theorems 4-9 we have the following result.

Cor 11.  The problem (%) is stable under E, (0) = 0, e1e9 < 0 and unstable
under the following one of the followings

(@) E, (0) <0,

(4%) E, (0) =0 < eg1e9,

1 1
(11) E,(0) >0, &3+ e 1511’+ > 0,
(1v) E.(0) >0, g1 =0,e9 >0,

(v) E,(0)>0>e9 and p is odd.

Theorems 4 through 9 may be summarized in the following tables

Life — span of a =T, T} := T} (up,u1,p),i=1,2,---6,
Zj (uo,ul,p) = Zj, j = 1,2; to = to (uo,ul,p),
Energy = E (0), E(0):=d (0)* —4a (0) E (0),

Blow — up rate for a := a1, Blow — up constant for a:= K,

Blow — up rate for a’ := as, Blow — up constant for a’ := Ko,

Blow — up rate for a” := a3, Blow — up constant for a” := Ksj.
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E(0) E(0)<0 E0)=0
1 ! * *
T (i) a//(o) >0,T* <Tf (i) S,)(g’) (3)0>T0*’£ Of T
(i) ) <O.T"<T3 | iy o7 (0) = 0, 7" = o0, u = 0.
ar, Ky L K1(p) L K1(p)
g, Ko T‘f, 2(p) T‘fv K2 (p)
a37K3 22;17_—}—127 K3 (p) Z:+127 K3 (p)

o ~ E(O)ZO u1 <0
E E !/ < E !/ ) )
(0)>0 (0)<0, d' (0)<0 (0)<0, a' (0)>0 pis even

T* T <z +TF T <2+ 1T§ T <2+ T3
Zero z=2 Z =2y z = 2ty
E (0)>0, E (0) E0)>0 | E(0)=0, u;>0 | E(0)=0, u1<0, pis odd
T+ T* <T} T* <Ty T* <Tg

o, Ky p— 17 () p— 17 () p— 17 ()

az, Ko PEK2(p) | B K2(p) 22 K2 (p)

as, Ky 22 K3(p) | 2, K3(p) 212 K3 (p)
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