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POSITIVE PERIODIC SOLUTIONS OF COUPLED DELAY
DIFFERENTIAL SYSTEMS DEPENDING ON TWO PARAMETERS

Guang Zhang and Sui Sun Cheng

Abstract. A coupled functional differential systems depending on two param-
eters is considered. It is shown that there are three mutually exclusive and
exhaustive subsets ©1,T" and ©, of the parameter space such that there exist
at least two positive periodic solutions associated with pairs in ©q, at least
one positive periodic solution associated with I and none associated with ©,.

1. INTRODUCTION

Coupled differential systems arise in a number of biological, ecological, eco-
nomical and other models which describe interactions. In particular, predator and
prey differential systems are good examples.

In this article, we are concerned with the existence and nonexistence of positive
periodic solutions for a class of first order functional differential systems of the
form

0 { ' (t) = —at)x(t) + k@) f(z(t—"1(1),y(t—o01(t)),
Y'(t) = —b(O)y(t) + ph(t)g (z (t — 2 (1)), y (t — 02 (1)),

Wherea:a(t),b:b(t),k: k(t),hz h(t) 1 ZTl(t),TQ ZTQ(t),Jl 201(75)
and o9 = o9(t) are continuous w-periodic functions. To avoid trivial cases, we
will assume that the period w is a positive number. The functions f = f(u,v),
g =g (u,v), k =k(t) as well as h = h(t) are positive continuous functions, and
the functions a(t) and b(t) are continuous functions such that [;"a (t) dt > 0 and
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Jo b (t)dt > 0. All functions, here and in the sequel, are defined on R or R?. The
numbers A, 1 will be assumed to be nonnegative and treated as parameters.
Note that when A = 0, the first equation in (1) reduces to

o () =—a(t)z(t),

which is well known in Malthusian population models. Note also that when A\ =
1 = 0, our system reduces to a pair of decoupled equations. For this reason, the
case A = = 0 will be avoided in our subsequent discussions. Therefore we may
regard our system as a two-species interactive population model depending on (A, p)
in the set {(x, y)|z,y > 0}\{(0,0)}.

Similar systems or equations have been studied by a number of authors, see
for examples [1-21] and the references therein. In this paper, however, we will
prove that there exists a continuous curve I' spliting {(z,y)|xz,y > 0}\ {(0,0)}
into disjoint subsets ©1, I" and ©, such that the system (1) has at least two, at
least one, or no positive w-periodic solutions according to whether (A, u) is in ©1,
I, or ©9, respectively. Such results are new and derived by means of the method
of upper and lower solutions as well as the degree theory. Furthermore, since the
curve T is defined by the shooting method, it can be computed numerically.

For any (a1, b1) and (az, bo) in R?, we will write (a1, b1) > (ag, b2) if a1 > as
and by > by. If either a; > ao and by > by or a1 > a9 and b; > by, we will
write (a1, b1) > (a2, bs). A vector function (x (¢),y (¢)) defined on R is said to be
positive if (x (t),y (t)) > (0,0) forall t € R and (x (to),y (to)) > (0,0) for some
to € R. Finally, the interval [0, co) will also be denoted by R...

2. PRELIMINARY CONSIDERATIONS

By a solution of (1) associated with the pair («, 3), we mean a vector function
of the form (x(t),y(t)), where ¢t € R, such that x = z(¢t) and y = y(t) are
continuously differentiable everywhere and satisfy (1) for A = « and p = 3.
Assume that (x (t),y (¢)) is a w-periodic solution of (1), then

swew | t a(s)dsﬂ' e | t ols)ds ) KOS & (1= 1 () (¢ = 1 (),

!’

e ([ t bsyis) | = e ( | t b(s)ds ) (0 (o (¢ = 2 (0) . ¢ = 02 ().

After integrating the above equations from ¢ to ¢ + w, we obtain

t+w
z(t) = A K(t,s)k(s)f (x (s =71 (s)),y (s —01(s5))) ds,
(2) tt—f—w

y(t) = p t H{(t, 5)h(s)g (z (s =12 (s)) ,y (s — 02(2))) ds,
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where ([ au)du)
~exp (), a(u)du
Kt 5) = exp (fy a(u)du) — 1
and 5
Hit,s) = exp ([ b(u)du)

exp (fy b(u)du) — 1
for t < s < ¢+ w. Note that the denominators in K (t,s) and H(t, s) are not zero
since we have assumed that [ a (t)dt > 0 and [;"b(t)dt > 0.

It is not difficult to check that any w-periodic vector function (z (¢),y (¢)) that
satisfies (2) is also a w-periodic solution of (1). Thus, system (1) has a w-periodic
solution (x (t),y (¢)) if, and only if (xz (t),y(¢)) is a w-periodic solution of (2).
Therefore, we may transform our existence problem into a fixed point problem. To
this end, we first note that

N = min K(t,s) < K(t,s) < max K(t,s) =M, t <s<t+w,
0<t,s<w 0<t,s<w

S ming<t s<w K(t,s) — E
~ maxo<ys<w K(t,5) M’

K(t,s)
1>
maX0§t78§w K(t, S)

N'= min H(t,s) < H(t,s) < max H(t,s)=M' t<s<t+uw,
0<t,s<w 0<t,s<w

and

1> H(t,s) S ming<t s<o H(t,s) N’
T maxXo<t,s<w H(t, S) T maxXo<t,s<w H(t, S) M

t<s<t+w.

Now let X be the set of all real w-periodic continuous functions defined on R
which is endowed with the usual linear structure as well as the norm

lyll = sup [y(t)].
te(0,w]

Then X2 is also a Banach space with the norm || (u, v)|| = ||u||+||v||. Furthermore,
let & and 2 be defined respectively by

® = {(u,v) € X*:u(t),v(t) >0,t € R}

and
Q={(u,v) € ®:u(t)+v(t)>a"|(u,v)|,t € R},

where
o =min {N/M,N'/M'} .
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Then ® and 2 are cones in X 2.
Define, for each (z,y) € X2,

T (2, y) (8) = (Ax (2,9) (), Bu (2,9) (1)),

where

t+w

A@y)t) =2 [ Kts)k(s)f (@(s = (s)),y(s —o1(s))ds,

and

t+w

Bulw.g) ) =p | H{E:)(s)g (@ (s =72 (s)) .y (s —02(2))) ds

By standard arguments, it is not difficult to see that 7', ,, is completely continuous.
Furthermore, for (z,y) € P,

t+w
Ax (2,9) () = A K(t,s)k(s)f (z (s =71(5)),y (s =01 (s5))) ds

t+w
SAMA“ K()f (2 (s —71.(5)) 5 (s — 01 (5))) ds

:Mw/’M@fu@—wu@my@—am@»@,
0
so that
Lan@ ol <r [ k)@ ls —m(5).y (s — o1 () ds
M 0

and

An@g) ) =2 [ K s)k(s)f (e (s — 1 ()3 (s — o1 (5))) ds

t+w
ZANA“ K()f (2 (s — 71.(5)) .y (s — 01 (5))) ds

:ANAWMqu@—Tu@»y@—au@»m

> o | Ax (z, y)|l-

Similarly, we have
By (z,y) (t) = o™ || By (, y)l| -
That is, T ,® is contained in €.

Let us say that a real function F is nondecreasing on R2 = [0, o0) x [0, oc)
if F(uy,v1) < F (ug,vq) for (ui,v1) < (ug,ve). We will need the following two
assumptions.
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(H1) f (u,v) and g (u,v) are nondecreasing and f (0,0) > 0 and ¢ (0,0) > 0.
g (u,v)

f(u,v) .
= and 1 oo T =
o 00 My, p—oo o 00

(H2) limy, y—oo

Lemma 1. Suppose (H2) holds. For any compact subset D of B2\ {(0,0)},
there exists a constant b, > 0 such that any positive w-periodic solution (u, v) of
(1) associated with (X, ) € D will satisfy || (u,v)|| < bp.

Proof. Suppose to the contrary that there is a sequence {(u,,, vy,)}, -, of positive
w-periodic solutions of (1) associated with (\,,, u,,) such that (A, u,,) € D for all
n and lim, o ||(un, v,)|| = co. Note that (u,,v,) satisfies equation (2) so that
(un,vy) € Q. That is,

un (£) + vn (8) = " || (tn, vn) |

for n > 1. Now assume A\, > 0 and u,, > 0 for sufficiently large n. Then in view
of (H2), we may choose Ry > 0, n and ng > 1 such that f (z,y) > n (z + y) for
all nonnegative x, y which satisfy  + y > Ry, uy, + v,, > Ry, and

a*nN)\nO/ k(s)ds > 1.
0

Thus, we have

t+w

HuTLoH 2 Uny (t) - )\TLO . K (tv 3) k (3) f (uno (3 -7 (3)) » Ung (3 — 01 (3))) ds

> Oé*nNAno/O k() (lung | + long 1) ds > gl -

This is a contradiction. The case where \,, > 0 and pu,, > 0 for sufficiently large n
can similarly be proved by using g.. = oo. The proof is complete.

Lemma 2. Suppose (H1) holds. If (1) has a positive w-periodic solution
associated with (X, 7z) > (0,0) , then for any (A, ) € R*\ {(0,0)} that satisfies
(A\p) < (X, ﬁ) , equation (1) also has a positive w -periodic solution associated
with (A, ) .

Proof. Let (@, v) be a positive w-periodic solution of (1) associated with (X, ﬁ).
In view of (2) and (H1), we have

t+w

a(t) = A t K(t, s)k(s) f(u(s — 11(s)),v (s — 01 (s)))ds
t+w

> A ) K(t,s)k(s)f(u(s — 11(s)),v (s — o1 (s)))ds
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and

Let (@o (t) , Vo (t

(3) (ﬂn-f—l (t) y Ungl (t)) = T)\,M (ﬂnvﬁn) (t) ;,n=0,1,2,...

S~—
SN—
Il
—~
gl
—~
~
SN—
<
—~
~
SN—
:—/

Clearly, we have
(Wo (), 00 (1) = (w (), 01 (1)) = ... = (U (t) , U () = (0,0).

Let (u(t),v(t)) = limy—oo (Tn (t), 0y (¢)). In view of the Lebsegue dominated
convergence theorem, we see from (3) that (u (¢),v (¢)) is a nonnegative w-periodic
solution of (1). Since (u,v) > (0,0) and (0,0) is not a solution of (1) associated
with (A, i), we have (u,v) > (0,0). The proof is complete.

Lemma 3. Suppose (H1) holds. Then (1) has a positive w-periodic solution
associated with some (., ) satisfying A, ps > 0.

Proof. Let
t+w

a(t) = t K (t,s) k(s)ds,
t+w
B(t) = H (t,5) h(s)ds,

and
My = max f(a(t—m71(t),B(t—01(1))),

0<t<w

M, = max g(a(t =72 (1)) B (¢ = 02 (1).

Then clearly My, My > 0. Let (A, ps) = (1/My, 1/M,). We have

t+w
a(t)= t K (t,s)k(s)ds
t+w
= | K (t,s)k(s) f(a(s —=7(s)), (s —01(s))) ds,
and
t+w
B(t)= t H (t,s)h(s)ds
t+w

Zpe | H{ts)h(s)gla(s =72 (5),0(s —02(5)))ds
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Let us define a sequence {(@,,v,)},., of vector functions by (o (t), 7o (1)) =

(a(t),5(t)), and
(4) (Tnt1 (8) s Tpgr () = Ty (U, ) (B), n=10,1,2, ...
Clearly, we have

(@o (1), 70 (£)) = (@1 (), 01 () = - = (Un (1), Tn () = (0,0).

Let (u(t),v(t)) = limy—oo (@y (t), Ty (¢)). In view of the Lebsegue dominated
convergence theorem, we see from (4) that (u (t) , v (t)) is a nonnegative w-periodic
solution of (1). Since («, 3) > (0,0) and (0, 0) is not a solution of (1) associated
with (\*, u*), we have (u,v) > (0,0). The proof is complete.

Let IT be the set of (X, ) € R%\ {(0, 0)} such that (1) has a positive w-periodic
solution associated with (A, x). Then by Lemma 3, II contains the solution of (1)
associated with (A, ). Therefore, by Lemma 2, it contains the subset

(5) IL = {(A, )| (A1) > (0,0), A < Ay i < p}

We may show further that IT is bounded above under the conditions (H1) and
(H2).

Lemma 4. Suppose (H1) and (H2) hold. Then II is bounded above.

Proof. Suppose to the contrary that there is a sequence {(u,,, v,)} of positive
w-periodic solutions of (1) associated with {(A,, )} such that lim,, o A, = 00
or limy, o ttn, = oo. If lim, .o A\, = o0, then either there exists a subsequence
{(un,,vn,)} such that || (un,,vy,)|| — 400 as j — oo or there is M > 0 such
that ||(un, vn)|| < M for all n. Note that (u,,v,) € Q, thus

Un () +vn () = || (un, vn)]| -

By (H2), we may choose Ry > 0 such that f (x,y) > n1 (|z| + |y|) for all |z|+|y| >
R; and some n; > 0. In view of (H1), there exists 7, > 0 such that f(0,0) >
neM. Let n = min{ni,n2}. On the other hand, there exists a sequence {¢,,} C
[0, w] such that uy, (t,) = 0 and w, (t,) = maxyco .| un (t) by the periodicity and
differentiability of {u,, (¢)}. Thus, we have

a(tn) lunll = a (tn) u (tn) = Ak (tn) f (un (tn — 71 (tn)) , vn (tn — 01 (0)))
> Ak (tn) || (wn, vn) || = Anna™k () un|| -

But this is a contradiction since the continuous function a () / (na*k (t)) is bounded.
If lim,, o n, = 00, We can get a contradiction in a similar manner. The proof is
complete.
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We also need the following lemmas for arguments involving the topological
degree. One may refer to Guo and Lakshmikantham [22] for proofs and further
discussion of the topological degree.

Lemma 5. Let X be a Banach space with cone K. Let €2 be a bounded and
open subset in X. Let0 € Qand T : K NQ — K be condensing. Suppose that
Tx #vxforallz e KNoQandallv > 1. Theni (T, KNQ, K) = 1.

Lemma 6. Let X be a Banach space and K a cone in X. For r > 0, define
K, ={x € K : ||z| <r}. Assumethat T : K, — K is a compact map such that
Tx # x for x € OK,. If ||z|| < ||Tz|| for x € 0K, then i (T, K, K) = 0.

3. MAIN THEOREMS
For each 6 € [0, 7/2], consider the half ray
Ly = {(x, u) € RI\{(0,0)}| (A, p) = t(sin 0, cos0), ¢ > 0}.

Near one end of this ray are points which belong to II, defined by (5) and near
the other end are points outside IT (in view of Lemma 4), that is, the set {¢t >
0| t(sind, cos @) € I1} is nonempty and bounded. Thus we are led to define

tp = sup {t > 0] t(siné, cosf) € I},

and
(X, 115) = tj(sin ), cos )

for each 0 € [0, 7/2].

We first assert that for each 6 € [0, /2], (A}, py) € I1. Indeed, let { (An, pn) Fooy
be a sequence which satisfies A\, < A\jy1, i < pns1 for n > 1 and converges to
(A, mp)- For each n, let (u,, v,) be a positive w-periodic solution of (1) associated
with (A, ). In view of Lemma 1, we know that the set {(u,, v,)} is uniformly
bounded in X2. Thus, the sequence {(u,,v,)} has a subsequence converging to
(u,v) € X2 Then we can easily show, by the Lebesgue dominated convergence
theorem, that (u, v) is a positive w-periodic solution of (1) at (Aj, ).

Let the function p : [0, 7/2] — (0, c0) be defined by

p(0) = {(N)% + ()2} P = 5.

We assert that p is continuous. Indeed, without loss of generality, let us assume
¢ € (0,7/2) and let B be an open neighborhood containing (A3, x7,) and contained
in the interior of REL. For any half ray Ly that passes through B, it is (geometrically)
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clear that there will be some point (X, /z) in Lg such that (X, i) < (g k). In view
of Lemma 2, there will be a positive w-periodic solution (@, v) of (1) associated
with (X, fz). If we pick the neighborhood B such that in polar coordinates it is of
the form

{(r,0)] p(¢) —e <7 < p(§) +,¢—0<0<¢+0},

where ¢, § are sufficiently small positive numbers, then we see that p(6) > p(¢) —e.
By symmetric arguments, we may also show that p(6) < p(¢) +¢. These arguments
show that when 6 and ¢ are sufficiently close, so is p(6) and p(¢).

We summarize the above considerations as follows: Under the conditions (H1)
and (H2), there exists a continuous curve T" (defined by p) joining some point
(p(0),0) on the positive A-axis and some point (0, p(7/2)) on the positive u-axis
and separating 22\ {(0,0)} into two disjoint subsets ©; and ©, such that (0, 0)
is a boundary point of ©; and (1) has at least one positive w-periodic solution for
(A, 1) € ©1 UT and no positive w-periodic solution for (\, i) € Oo.

We intend to show that there are at least one more solution for each (\, i) in ©;.
To this end, we suppose that condition (H1) holds and suppose (1) has a positive w-
periodic solution (, ) associated with (X, 7z) > (0,0). Then equation (1) also has
a positive w-periodic solution (u, v) < (u, ) associated with (A, ) € R%\ {(0,0)}
and (X, ) < (X, 7). Let (u*,v*) be a positive w-periodic solution of (1) associated
with (\*, u*) € T. Then for (A, u) < (X, *) and (A, ) € R?\ {(0,0)}, by the
uniform continuity of f and g on a compact set, there exists 9 > 0 such that

flw(s=m(s) +ev" (s—01(s)) +&) = f(u" (s =71 (s)),0" (s — 01 (s)))

< f(0,0)i)\*—)\),

and
g (s —12(s)) +&,v" (s —02(s)) +¢) —g(u* (s —72(s)),v" (s —02(s)))

- g(0,0)g\)\* -\

for s € R and 0 < € < g. Thus, we have

A tt+w K(t,s)k(s)f (u* (s —71(s)) +&,0" (s —01(8)) +¢&)ds
t+w
—\* t K(t,s)k(s)f (u* (s =711 (s)),v" (s —01(s)))ds
t+w
= t K(t,s)k(s)[f (u" (s —T11(s)) +¢&,v" (s —01(s)) +¢)
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(5= 71 (), 0° (5 — 01 (5))] ds
— (A" =X) tt+w K(t,s)k(s)f (u* (s —11(s)),v" (s —o1(s)))ds
< F(0,0) (3 — ) tW K(t, )k(s)ds
— (A" =X) tt+w K(t,s)k(s)f (u* (s —11(s)),v" (s —o1(s)))ds
== [ R 0,0~ 10 (5 = ()07 (- o1 ()]s <0
and

t+w
A t K(t,s)k(s)f (u* (s =71 (s)) +¢e,v" (s—o1(s)) +¢)ds

<X [T R MOF 0 = (60), 07 5~ o1 () ds

=u*(t) <u*(t)+e.
Similarly, we have

w tt+w H(t, s)h(s)g (u* (s — 11 (s)) +&,v* (s — 01 (s)) +¢€)ds

< ' /tHw H{(t, s)h(s)g (u" (s =71 (5)),v" (s — 01 (s))) ds

=v*(t) <v*(t) +e.

Let
Wl (t) = (1) + el (1) = 0" (1) + €

and
U ={(u,v) € X?:—e <u(t) <ul(t),—e <v(t)<vi(t),t€R}.
Then W is bounded and openin X, 0 € W and T : QN¥ — Q is condensing (since
it is completely continuous). Let (u,v) € QN OY. Then there exists ¢, such that
eitheru(to) =u? (to) orv (to) =v? (to). Supposethat u (to) =u* (to). Then by (H1),
to+w
Ay (u,v) (tg) = )\/ K(to,s)k(s) flu(s—T11(s)),v(s—o1(s)))ds
to
to+w
< A/ K(to, s)k (s) f(uz (s =71 (s)), vz (s — 01 (s)))ds
to

<l (to) = u(ty) < vu(toy)
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for all » > 1. Similarly, for the case v (t)) = v} (to), we can get B, (u,v) (t9) <
vv (to) for all v > 1. Thus T} , (u,v) # v (u,v) for (u,v) € QN O¥ and v > 1.
In view of Lemma 5, we have i (F,QN ¥, Q) = 1.

By (H2), we may choose Ry > 0 such that f (u,v) > n (u,v) forall u+v > Ry,

where 7 satisfies
omN)\/ k(s)ds > 1.
0

Let R = max{bp, R¢/o, ||(ul,v})|}, where bp is given in Lemma 1 with D
a closed rectangle in R%\ {(0,0)} containing (A, n). Let Qp = {(u,v) € Q :
|(u,v)|| < R}. Then in view of Lemma 1, (u,v) # T, (u,v) for (u,v) € 0Qg.
Furthermore, if (u,v) € 0Qpg, then u (t) + v (t) > a|/(u,v)| > Ry. Thus, we
have

t+w

Ay (u,v) (t) = A t K (t,s)k(s) f(u(s—71(s)),v(s—01(s)))ds

> omNA/Owk(S) [(u; v)l[ ds > [|(u, )] -

Therefore ||T) , (u,v)|| > ||Ax (u,v)]] > |[(u,v)|| and Lemma 6 then implies
i (T4, 2g, 2) = 0. Consequently by the additivity of the topological degree,

0=14(Thu Q. Q) =i (Toy, QN T, Q) + i (Th, QR\QN T, Q).

Since i (Th,, QN Y, Q) =1, i (Th,, QR\QN Y, Q) = —1 and T, has a fixed
point on 2 N ¥ and another on Qz\Q N W. Thus, we have the following result.

Theorem 1. Under the conditions (H1) and (H2), there exists a continuous
curve T" joining some point on the positive A-axis and some point on the positive -
axis and separating { (A, )| A, u > 0} \ {(0, 0)} into two disjoint subsets © ; (which
is bounded) and ©5 (which is unbounded) such that (1) has at least two positive
w-periodic solutions for (A, 1) € ©4, at least one positive w-periodic solution for
(A, ) € T, and no positive w-periodic solution for (A, 1) € © 5.

4. REMARKS

First of all, note that the curve T' is defined by the shooting method. Therefore,
numerically it can be computed. Furthermore, since the qualitative behavior of the
solution sets changes as T" is crossed, it can be regarded as a ‘bifurcation curve’.

Next, the conditions in Theorem 1 are not vacuous. As an example, consider
the system

(6) { 2 (1) +a () (t) = Ak (8) {a(t — 71 (0) + y (t — o1 (1) + 1),
Y (8 +b () y () = ph (1) {arlt — ma(t) +y (¢ — 02 (1) + 117,
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where a, b, k, h, 71, 70,01 and oy satisfy the same assumptions stated above, and
~,6 > 1. Then all conditions of Theorem 1 are satisfied.
As another example, consider the system

o 2 (1) = —a ()@ (O) + M (1) { (@t = 71 (0) + y (= 01 (1)) +¢} |
Y (1) = =b )y (&) +uh () { @t = 72(0) +y (t = 02 (1)) + ¢

where a, b, k, h, 71, 70,01 and o satisfy the same assumptions stated above, and «
is a positive constant. Clearly, all conditions of Theorem 1 is satisfied. Thus, there
exists a continuous curve T' separating R%\ {(0,0)} into two disjoint subsets ©
and ©, such that (7) has at least two positive w-periodic solution for (X, u) € ©1,
at least one positive w-periodic solution for (A, ) € T', and no positive w-periodic
solution for (A, u) € ©, respectively.

Next, we remark that similar discussions can be carried out for systems of the
form

- { () =xa)x () FA@) f(xt—"1(1),y(t—01(t)),
y'(t) = £b()y(t) F uh(t)g (z (t — 12 (1)), y (t — 02 (1)),

where a, b, k, h, f, g, 71, T2, 01, 02 are the same functions defined in the introduction,
and even to systems such as

{w’(t)=ia(t)w(t)¢>\k(t)f( w(t—=h(x(t),y®),yt—la(z @),y (),
y'(t) = by () F ph(t)g (z (t —ma (z (8),y (1)), y (t —ma (z (), ¥ (1))

Theorem 2.  Suppose (H1) and (H2) hold. There exists a continuous curve
I" joining some point on the positive A\-axis and some point on the positive u-axis
and separating {(A, )| A, x>0} \ {(0,0)} into two disjoint subsets © ; (which
is bounded) and ©, (which is unbounded) such that (8) has at least two positive
w-periodic solutions for (A, 1) € ©4, at least one positive w-periodic solution for
(A, ) € T, and no positive w-periodic solution for (A, 1) € © o respectively.

As our final remark, note that when f = f(z,y) is odd with respect to x and
to y, and g = g(z, y) is odd with respect to = and to y, then letting = (t) = —u (t)
and y (t) = —v (t) in (1), we have
) =
) =

{u(t —a ) u(t) + Ak () f(u(t =7 (1), vt —01(t)),
"t

)

—b(t)v(t) + ph(t)g (u(t — 72 (), v (t = 02 (1)),

which is the original system. This shows that when (x,y) is a positive periodic
solution of (1), then (—z, —y) is a ‘negative’ periodic solution of (1). There are
other possibilities such as f = f(x,y) is odd with respect to = but even with
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respect to y, or g = g(z,y) is even with respect to = and odd with respect to y.

The

principle, however, remains the same.
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