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MULTIPLICATIVE RENORMALIZATION AND GENERATING
FUNCTIONS II

Nobuhiro Asai, Izumi Kubo and Hui-Hsiung Kuo

Abstract. Let u be a probability measure on the real line with finite moments
of all orders. Suppose the linear span of polynomials is dense in L?(y). Then
there exists a sequence {P,}5°, of orthogonal polynomials with respect to
1 such that P, is a polynomial of degree n with leading coefficient 1 and
the equality (z — an)Pu(z) = Pag1(x) + wnPn-1(x) holds, where a;, and
wy, are Szego-Jacobi parameters. In this paper we use the concepts of pre-
generating function, multiplicative renormalization, and generating function to
derive {P,, an,w,} from a given u. Two types of pre-generating functions
are studied. We apply our method to the special distributions such as Gaus-
sian, Poisson, gamma, uniform, arcsine, semi-circle, and beta-type to derive
{Pp, an,w,}. Moreover, we show that the corresponding polynomials B,’s
are exactly the classical polynomials such as Hermite, Charlier, Laguerre,
Legendre, Chebyshev of the first kind, Chebyshev of the second kind, and
Gegenbauer. We also apply our method to study the negative binomial distri-
butions.

1. INTRODUCTION

The theory of orthogonal polynomials has a long history (see for example [7]
[8] [11] [13] and the references therein) with a wide range of applications. Its
connection with the theory of interacting Fock space has recently been discovered
by Accardi and Bozejko [1]. Let p be a probability measure on R with finite
moments of all orders such that the linear span of the monomials =™, n > 0, is
dense in L2(p). 1t is well-known [13] that there exists a complete system { P, }>°
of orthogonal polynomials such that £, is a polynomial of degree n with leading
coefficient 1 and the following recursion formula is satisfied:
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(1.1) (x — an)Pp(z) = Ppy1(x) + wp Pr_1(x), n>0,

where a,, € R,w, > 0 for n > 0 and by convention wy = 1,P_; = 0. The
numbers «a,, and w,, are called Szego-Jacobi parameters of .
Define a sequence A = {\,,}°°, by

(1.2) An = wowt Wy,  n2>0.
Assume that the sequence ) satisfies the condition

(1.3) inf AL/™ > 0.
n>0

For such a sequence A we define a Hilbert space T" by

F,\:{(ao,al,...,an,...)

o0
a, € (C,Z)\n\an\Q < oo}
n=0

with norm || - || given by

ltan)th = ( ixn\ane)” i}

The Hilbert space T'y is called the one-mode interacting Fock space associated with
A. The annihilation operator A is the densely defined operator on T" given by

Ady = 0, Ad,, = wp®p-1, n=>1,

where ®,, = (0,...,0,1,0,...) with 1 in the (n+1)st entry. The creation operator
is defined to be the adjoint A* of A. It can be easily checked that

A, = D1, n>0.
Define the number operator N and another operator ay on I'y, by
N®, =nd,, any®,=a,P,, n > 0.
In the paper [1] Accardi and Bozejko proved that there exits a unitary isomorphism

U : Ty — L?(u) such that

(1) Udy =1,
(2) UA*U*P, = Ppy1,
) U(A+ A* + an)U* = X, where X is the multiplication operator by x.

This unitary isomorphism U is canonical in the sense of condition (3), namely,
under U, the multiplication operator X by the independent variable = on L?(u)
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corresponds to a linear combination of the annihilation, creation, and number oper-
ators on the interacting Fock space I'y.

Thus for a given probability measure p on R it is important for the study of
interacting Fock space to find the associated orthogonal polynomials {B,(z)}22,
(for L2(11) and the Szegv-Jacobi parameters {au,, wy, }52, (for T'y).

In part | of our paper [5] we described a new method for deriving the polynomials
{P.(z)}22, in terms of generating functions. In this paper we will provide the detail
of the results announced in [5] and compute the Szego-Jacobi parameters from the
corresponding generating function (see Sections 2 and 3.) Furthermore, we will
derive generating functions for certain measures and use them to produce several
classical orthogonal polynomials (see Section 4). Our method can also be used to
derive orthogonal polynomials for negative binomial distributions (see Section 5.)

In this paper, we present a systematic method to obtain generating functions of
orthogonal polynomials and to directly derive Szegd-Jacobi parameters from gener-
ating functions. In some cases, we need to calculate complicated integrals.

In the forthcoming paper [6], we will give an alternative way to evaluate Szego-
Jacobi parameters from generating functions. Moreover, by using generating func-
tions, we will introduce a general method to find representations of orthogonal
polynomials in terms of differential operators such as in Theorem 4.1.

2. GENERATING FuncTioNs oF ORTHOGONAL POLYNOMIALS

Let 1 be a fixed probability measure on R satisfying the conditions in Section
1. For convenience we make the following definitions.

Definition 2.1. By a pre-generating function for ;. we mean a function o(t, x)
with a power series expansion in ¢

(2.1) p(t,x) =D gala)t",
n=0

satisfying the following conditions:
(@) gn(x) is a polynomial of degree n for each n > 0.

. 1/n
(b) lim sup Hgn”L/Q(M) < 0.

We point out that conditions (a) and (b) imply the following fact:
e There exists 79 > 0 such that E,¢(t, ) # 0 for all |t| < 7.

To verify this fact, note that by (b),

—1/n

L2 () > 0.

Ry = liminf ||g,||
n—oo
Hence the series

olt,2) =3 ga(@)t”
n=0
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converges in L?(u) for t € C with || < Ry. Therefore,

Epllo(t, )< D gnll 2o ltl™ < o
n=0
for t € C, |t| < Rp. This implies that E,[¢(t, -)] is analytic on {t € C; [¢t| < Ro}.
On the other hand, by (a)
Eule(0,)] = go # 0.
Thus there exists 7 such that 0 < 79 < Ro and E,[p(t, )] # 0 forall t € C, |t| <
T0-

Definition 2.2. By a generating function for ; we mean a pre-generating
function v (¢, x) given by

(2.2) Yt w) = Qul(a)t",
n=0

where the polynomials Q,,,n > 0, are orthogonal in L?().

Definition 2.3. The multiplicative renormalization of a pre-generating function
o(t, z) is defined to be the function

o(t, z)
Eup(t,-)

Note that a generating function is very different from moment generating func-
tion. A moment generating function is used to find moments of a probability mea-
sure, while a generating function is used to find a sequence of orthogonal polyno-
mials as we showed in [5].

¢(t7 (L‘) -

Lemma 2.4. Let o(t, z) be a pre-generating function given by

o(t,z) = Zgn(x)t”
n=0
and its renormalization factor be expanded as
1 o
Cit)=Clp, ph,t) = ——— = b,t™.
0 =Clent) =g o55= 2
Let ¢ (¢, x) = C(t)p(t, x) be the multiplicative renormalization of (¢, z) and

Gt x) = Qula)t".
n=0



Renormalization, Generating Functions 11 597

Then (¢, z) is also a pre-generating function, Q o(z) = 1 and E,3(t, -) = 1 for all
t where (¢, x) is defined. Moreover, for each n > 0, @,, is a linear combination
of go, 91, -, In

Qn(x) = bogn + - -+ bpgo

and vice versa g, is also a linear combination of Q g, Q1, ..., Q.

Proof. Since E,p(t,-) is analytic and E,,¢(0, ) = go # 0, we have the power
series expansion of C(¢) around ¢ = 0 with by = 1/go # 0. Set

Qn(x) = bOQn(x) ++ bn—lgl(x) + anO-

Then @, (x) is a polynomial of degree n. In particular Qy(z) = bogo = 1. It is
easily seen that g,(x) is a linear combination of {Qx(z) : 0 < k < n}. Since
HgnHLz(M) < Cic} and |by,| < Cach hold for suitable Cy, Ca, ¢1, 2 > 0, we have

n 1/n
lim sup HQnH}J/Q?M) < lim sup <6’ng Z Cg-’m’f)
n—oo

< lim sup (nC1Cy max{cy, ca}")

n—oo

= max{cy, ca} < oc0.

1/n

Therefore,
G(tx) = Qu(a)t"
n=0

is a pre-generating function. Since

Dbty gal@)t" =D bnokgr(@)t" = ¥(t, ),
n=0 n=0

n=0 k=0

(¢, z) is the multiplicative renormalization of (¢, ). E,1(t,z) =1 is obvious.m

Theorem 2.5. Let ¢(¢,x) be the multiplicative renormalization of a pre-
generating function and

(23) Ut z) =Y Qu(x)i™.
n=0

Then the polynomials Q.,, n > 0, are orthogonal in L2 (1) if and only if E 4 (¢, -)4 (s, -)
depends only on ts. (Hence (¢, z) is a generating function for 1.)
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Proof. Suppose the polynomials @Q,,, n > 0, are orthogonal. Then

Bt )o(s,-) = Y EuQuQut"s™

n,m=>0

=D EuQn(ts)".
n=0

Hence E,(t, )1 (s, ) depends only on ts. Conversely, suppose a double series in
t and s depends only on ts, namely,

(2.9) i Apmt"s™ = 0(ts).

n,m=>0

Let n > m. Differentiate Equation (2.4) n times in ¢ to get

(2.5) oy Z At ™ = s"0 ().

n,m=>0

Then differentiate Equation (2.5) m times in s and put ¢t = s = 0 to show that
anm = 0. In case n < m, we first differentiate Equation (2.4) m times in s, then
n times in ¢ and put ¢ = s = 0 to show that a,,, = 0. Hence we have a,, = 0 if
n # m. Therefore, if E,(t, )1 (s,-) depends only on ts, then

EuQan - 07 n 7é m

and so the polynomials Q,,, n > 0, are orthogonal in L?(p). ]

For a given probability measure 1 on R, Lemma 2.4 and Theorem 2.5 provide
a method to derive the corresponding orthogonal polynomials {£,}>° , in Equation
(1.1). Try a certain form ¢(¢, ) of pre-generating function and take the multi-
plicative renormalization (¢, z) = ¢(t,z)/E,p(t,-). Then use the condition in
Theorem 2.5 to find the exact form of (¢, x). With this (¢, ) we can compute
¥ (t,z) and by the series expansion we can obtain the polynomials @,, in Equa-
tion (2.3). Let a, be the leading coefficient of @,(x). Then the polynomials
P,(z) = Qn(x)/an,n > 0, are those associated with . as given in Equation (1.1).
This can easily be seen from the Gram-Schmidt orthogonalization process to the
sequence {1, x, 22, ..., 2", .. .}.

Thus a critical question is how to find an appropriate form of a pre-generating
function. We will address this issue in Section 3.

Recall that the interacting Fock space Iy associated with p, the annihilation,
creation, and « operators acting on I'y are defined in terms of the Szego-Jacobi
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parameters in Equation (1.1). Therefore it is desirable to find a way to derive
these parameters from the corresponding generating function. In order to do that we
rewrite the generating function in Theorem 2.5 as follows:

2.6 (ta) =3 anPu(e)t"
n=0

where a,, is the leading coefficient of @, (z) in Equation (2.3) and P,(z) =
Qn(x)/ay. Thus the polynomials P,’s are those in Equation (1.1).

There are two ways to compute the Szego-Jacobi parameters. After deriving the
polynomials B,’s from (¢, z), we can use Equation (1.1) to compare the coeffi-
cients (e.g., of 2™ and z°) in both sides to find o, and w,.

Another way to compute the Szego-Jacobi parameters is a classical one. Multiply
both sides of Equation (1.1) by P, and take the expectation to get

E,.(zP2)
(2.7) an, = =1
" E,P2

On the other hand, multiply both sides of Equation (1.1) by P, _; and take the

expectation to get
_ E,(xP,P, 1)

T BPL
But from Equation (1.1) with n being replaced by n — 1 we get
B, (xPyPy_1) = B, (Po(2Py-1))

= Eu (Pn(Pn +ap 1P 1+ Wn—lpn—2))

= E,P2.
Hence w, and \,, are given by
E, P2 )
(2.8) Wy, = ﬁ and X\, = E,P;.

The formulas in Equations (2.7) and (2.8) are well-known (see, e.g., the book [7].)
Hence the question now is how to find the quantities in the right hand sides of
Equations (2.7) and (2.8) from the generating function (¢, z) in Equation (2.6).
The answer is given by the next theorem.

Theorem 2.6. Let ¢(t,z) =3 a,P,(x)t" be a generating function for .
Then

. Ty o=~ n
(2.9) lim s (, %) = Z% ana”,
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(2.10) Euap(t,)? = ai\at™,
n=0

(211) Eﬂxw(t7 ')2 = Z <a72’b)‘nant2n + 2anan—1)\nt2n_1>7
n=0

where a_1 = 0 by convention.

Proof. Equation (2.10) follows from the orthogonality of the polynomials B,
and Equation (2.8). To show Equation (2.11) note that

E,x(t, Z anm B, (x P P ) t"t™
n,m=0

(2.12)
= Za E, xP2 2" 42 Z anamE, (P, P, )

n>m

But when n > m we have

E,(2PyPp) = Ey((Pos1 + Py + W Po1) Pry) = Smn—1wn Eu(Pa_y).

n

Therefore,
(2.13) > anamEp(wPaP)t™™ =Y " anan_1 B, (P21
n>m n=1
Hence Equations (2.7), (2.8), (2.12) and (2.13) yield Equation (2.11). ]

Once we have a generating function v (¢, =) for n, we can find the power series
of B, (t,-)? and E,x1(t, )% Then by the above Theorem 2.6 we can find a,, and
the Szego-Jacobi parameters «,, and w;,.

3. Two TYPES OF PRE-GENERATING FUNCTIONS

In part | of our paper [5] we mentioned two types of pre-generating functions

o0

(3.1) o(t,z) = 7 Z i

l
n=0 s
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6D et =(1-p02) =3 (¢ ) 1 (p00)"

n
n=0

where the function p(t) and constant ¢ are to be derived so that the multiplicative
renormalization v (t, =) satisfies the condition that E,1(¢, - )1 (s, -) depends only on
ts according to Theorem 2.5. These two types of functions cover many classical
examples of orthogonal polynomials as shown in [5]. In fact, the first type in
Equation (3.1) can be applied to more general cases.

In both cases in Equations (3.1) and (3.2), p(¢) must be analytic around ¢ = 0,
p(0) =0, and p’(0) # 0 in order to get a polynomial g, () of degree n in Equation
(2.1). For these cases, the coefficients {a,} in Equation (2.6) can be obtained as
follows. We can easily see that

t,Z
limw<t, E) = lim M = hmap(t, E)
t—0 t t—0 Eutp(t, ) t=0 t

For the case in Equation (3.1), we have

hm@@ f) i P/t _ op(0)'e _
t—0 Tt t—0 nl

and hence

(3.3) ap =

For the case in Equation (3.2)

tim o 1) = (1= (0)a) = f% (&) oo

and hence

(34) w={ o) oo

Definition 3.1. A probability measure 1 on R is said to be of exponential type
if there exists a constant 0 < a < oo such that [, e?*l du(z) < cc.
For an exponential type probability measure 1, define its Laplace transform by

lr) = /Rem du(z), Ir| < a.
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Theorem 3.2. Let i be an exponential type probability measure on R. Let ¢
be its Laplace transform and g(r) = ¢'(r)/¢(r). Suppose p(t) has a power series
expansion near 0 such that p(0) = 0, p’(0) = 1 and satisfies the following equation

B5)  g(pt) +p(s) (to'(t) — sp'(s)) = g(p(t))0'(t) — g(p(s))sp'(s).
Then the multiplicative renormalization of e ()

o eft)r ef(t)x
Yt z) = Euer(t)z— £(p(t))

is a generating function for p.

Note: Let¢,s > 0and put p(t) = 0(logt). Then Equation (3.5) can be reduced
to an equation for 0(r), r < —K, (K a positive constant)

g(0(r) +0(w) (0'(r) — 0/ (w)) = g(0(r))0' (r) — g(0(u))0' (u)
and lim, ,_, 6(r) = 0,lim, ,_ e "0'(r) = 1.

Proof. Let p(¢) be a function with a power series expansion near 0 and
p(0) = 0, p'(0) = 1. Then it is easy to see that the function o(t,z) = e/()®
is a pre-generating function. Note that E,¢(t,-) = £(p(t)) and so the multiplica-
tive renormalization of (¢, x) is given by

o) — ef(t)x
YD = 0wy
Then for any ¢, s, we have
(3.6) Ep(t, (s, ) = B(p(t) + p(s))

L(p(t)e(p(s))

Observe that E,1(t, )1 (s,-) in Equation (3.6) depends only on ts if and only if
after we put s = r/t the following function is independent of ¢

L(p(t) + p(r/1))

(o) (p(r /1))

En(t, )y (r/t,-) =

Therefore,
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where g = ¢’ /¢, the logarithmic derivative of ¢. Putting r/t = s back, we see
that this equation is equivalent to Equation (3.5) in the theorem. Thus if p(¢)
satisfies Equation (3.5) then E 4 (t, )4 (s, -) depends only on ts and so ¢ (t, x) is
a generating function. [ ]

4. CrAssIcAL ORTHOGONAL PoLYNOMIALS

In this section we will use our method of generating function developed in
Sections 2 and 3 to find several generating functions and derive the corresponding
orthogonal polynomials together with the Szego-Jacobi parameters. In addition, we
will verify that our orthogonal polynomials derived from generating functions are
indeed the classical ones (up to a scaling constant). However, we do not assume
any classical formula on generating functions. In fact, this is the whole point.
Our technique is first find a generating function then use it to derive orthogonal
polynomials and other quantities. Thus, a priori, our orthogonal polynomials are
not defined by the classical definitions.

4.1. Gaussian Measure and Hermite Polynomials

Let 1 be the Gaussian measure with mean 0 and variance o2

1
du(a) = —=—e 7% dz.

Try the type of pre-generating function o(t,2) = ¢”)* in Equation (3.1). It is
easily checked that E,(t, -) = e2°°7()” and so the multiplicative renormalization
of ¢ is given by

W(t,x) = erDe=30°p(),

We can find p(t) by using Theorem 2.5 as in [5] or by using Theorem 3.2 as
follows. The Laplace transform of p and its logarithmic derivative are given by
lr) = 37’ and g(r) = o®r, respectively. Therefore, Equation (3.5) in Theorem
3.2 is reduced to the following equation:

p(t)sp'(s) = p(s)tp'(t).

and so tp'(t)/p(t) = sp'(s)/p(s) = ¢, a constant. Thus p(t) = ¢1t°. Choose
c1 = ¢ =1to get p(t) = ¢ and we have the following pre-generating and generating
functions:

ot ) = e, (t,z) = el*37 T,
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To derive the orthogonal polynomials, note that

x x
1 (—02)m
tor, —Lo2t2 E : n,..n § : 2m
ore _< n!tx>< ml2m t )

m=0

00 [n/2] 2 N
n—2 n
Z( n—2k 'mkx )t'

k=0

M

Therefore, we have

o0

1,242 1 n
(4.1) Gt w) =TI =Y — P ()t
n=0
where the polynomial P, (x) is defined by
[n/2] nl
(4.2) P,(z) = : 2yk =2k,

(n = 2R)eE )

To find the Szego-Jacobi parameters, first note that P, (x) is even or odd when n is
even or odd, respectively. Hence B, (x)? is even for any n and so E,z P, (z)? = 0.
Hence by Equation (2.7) we have

a, =0, n>0.

(In fact, it is well-known that 1 is symmetric if and only if «,, = 0 for all n > 0.)
To find w,, we first check that £, (t,-)*> = """ and so

n=0
Compare this equation to Equation (2.10) with a,, = # by Equation (4.1) to get
A\p = 02"nl,
which satisfies the condition in Equation (1.3). Therefore, by Equation (2.8) we get
wn =0o’n, n>1. (wo=1).

Finally we show that the polynomials defined by Equation (4.2) are the classical
Hermite polynomials with parameter o2 (see, e.g., page 354 in [12].)

Theorem 4.1. Let P, be the polynomial defined by Equation (4.2). Then

2 22

Po(z) = (—=0°)"e2:2 D¢ 22 .
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Proof. From Equation (4.1) we have

o0

_ 12,2 1
TR = Z HPn(x)t”.
n=0

By completing the square of the exponent in ¢ we can rewrite this equation as

o0
ac2

1
(4.3) e2? f(x — o? —'Pn
n:
n=0
where f(u) = e 57, Note that
D} f(z —ot) = [ (& — o*t)(—0®)".

Hence if we differentiate both sides of Equation (4.3) n-times in ¢ and then let¢ = 0
then we get

2 ) )
Py (x) = €27 f()(2)(—0?)" = (—0?)"e2? Dlje” 257, m

4.2. Poisson Measure and Charlier Polynomials

Let x be the Poisson measure with parameter A > 0

)\k
p({k}) = e_’\y, k=0,1,2,....

Try the type of pre-generating function (¢, x) = e’ in Equation (3.1). It is easily
checked that E,¢(t, ) = exp (A(e”® — 1)). Then we can either use Theorem 2.5
as in [5] or apply Theorem 3.2 to derive that ¢”(!) = 1 +¢. Thus the multiplicative
renormalization of ¢ (¢, x)

(4.9) Y(t,z) =e M1 +1)°

is a generating function for n. To derive the corresponding orthogonal polynomials
we need to use the binomial series

(1+1)"

=0

where p, o = 1 by convention and p, , = x(z—1)---(x —n+1) for n > 1. Hence
we have
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e (14 t)" = <n§% (_n—)")nt”>< 3 p:ﬂ:”w)

m=0

S (3 )
k=

n=0
x 1 n
— Z —'< < ) (—)\)n_kpm’k> t".
n=0 n k=0
Therefore, we have
<1
At T __ - n
(4.5) Dt ) = e M1 4+1)" = Z% — ()1,

where the polynomial P, (x) is defined by
@) P =3 () (0 o

One way to find the Szegv-Jacobi parameters is to use Equation (2.11) with a,, =
1/n! in view of Equation (4.5). First we can easily compute that

Eua(t,)? = M1 +1)% A

Therefore, by Equation (2.11),

A1 +1)2eM = nf% <(n1')2)\nant2” + Qﬁ)\ t2”_1>.
By comparing the coefficients of £ and t*»~! we get
Anan, = A" (A +n)nl, A, = AN'nl.
Hence by Equation (2.8) the Szego-Jacobi parameters are given by
ap=A+n, n>0,
wp=An, n>1 (wg=1).

Moreover the parameter )\, satisifes the condition in Equation (1.3).
Now we will show that the polynomials defined by Equation (4.6) are the clas-
sical Charlier polynomials with parameter A [7] [9].
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Theorem 4.2. Let P, be the polynomial defined by Equation (4.6). Then

Calai®) = (1" TG + DA (2 )

where A is the difference operator Af(x) = f(x + 1) — f(z) and T'(-) is the
Gamma function.

Proof. Let ¢(t,x) = e (1 +t)*. Then

(4.7) Op(t,x) = e M1+ )"z — M1 +1)).
On the other hand, we can easily check that
AA+)" _ (Aa+y)”

Cancel out the common last factor in Equations (4.7) and (4.8) to get

Ot a) = (14 )7 A ”mAm((A(l +t))m>

()\(1 + t)) I'(x)
= —e A1+ ) T (@ + 1A, (7@(1{;;)) )

Bring the factor e (1 4-¢)~! inside the difference operator A, to get

T

Op(t,x) = =N""T'(z+ 1)Am< A e (1 —|—t)””_1>

I'(x)
=-A""T(z+1)A iw(t x—1)
Then apply induction to show that for any n we have
n ny— n )\m _
of(t,x) = (=1)"A*T'(x + 1)AZ (71“@ o 1)w(t, x n)).
Finally put t = 0 to get
n ny—x n )\m
P =aputta)|_ = T 0a (g )

4.3. Gamma Distribution and Laguerre Polynomials

Let p be the Gamma distribution with parameter o > 0

1
du(x) = Ww”‘_le_m dx, x> 0.
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Try the type of pre-generating function o(t,z) = () in Equation (3.1). The
Laplace transform ¢ and multiplicative renormalization ¢ (¢, z) of u are given by

@9) ) = e
er(t)z
(4.10) vita) = ol

We can use Theorem 2.5 as in [5] to derive the function p(¢). On the other
hand, we can apply Theorem 3.2 to derive p(t) as follows. From Equation (4.9) we
see that the logarithmic derivative of ¢ is given by

and so Equation (3.5) in Theorem 3.2 becomes

() —sps) _ () sp(s)
T=p(O—p(s) T=p(d T—p(s)

By letting £(t) = 1 — p(t) we see that this equation is equivalent to

te' () (£(s)” — &(s)) — s€'(s) (€()* — £(1) = 0.

Therefore, we have

1
f(t) - 1—cpte
Hence p(t) is given by
Cltc
t) = — .
pt) = —1— pr

Since p(0) = 0 and p’(0) = 1 as required in Theorem 3.2, we get p(t) = 1%1:

Hence the resulting generating function for x in Equation (4.10) is given by

Y(t,x) = (1+1) T,
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To derive the corresponding orthogonal polynomials, first note that

n=0

ooxnnoo _n i
SaeE(7)

n= =

m=0 “n=0
Therefore,
= — [ = 2F —k
(1+t)" et :Z< . )tnz [Zy ( N )]tm
n=0 m=0 " k=0
[ —a Lok —k "
:Z%m( n—j §H<y’—k )]t |
In the double summation inside [- - -] change the order of summation to get

o ok nk B B
22w s Gt ) (G
In the summation over m we apply the formula
(%) ()= (")
m=o \ T m J
and get the following the equality

(1+41) et = i [Zn:% ( _no‘__kk )xk] .

n=0
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Therefore we have shown that

Lo T 1 n
(4.12) Y(tz) = (141 % =) — Pu()t",
n=0
where the polynomial P, (x) is defined by
(4.12) ) =3 (O )
' N A A

k=0

Next we find the Szego-Jacobi parameters. Direct computations show that
Eup(t,)? = (1)
and so we have the power series expansion
> «
N2 — _1\n - 2n
Bu(t)? = (1) (0 )en
n=

Hence use Equation (2.10) in Theorem 2.6 with a,, = 1/n! by Equation (4.1) to get

—a>_n!F(a+n) n>1

o= @0 () =T e

which satisfies the condition in Equation (1.3). Therefore, by Equation (2.8) we
have
wp=n(la+n—-1), n>1, (w=1).

On the other hand it can be easily checked that
Eap(t, ) = a1l +t)*TH (1 — )7t

Thus we have the power series expansion

B (t, ) = a1 - )15
- a[i(—l)n ( _no‘ ) t2”] (1 + 2§:1tm>,

whose coefficient for 2" is given by

a(—l)”( o ) 49 [(—1)”—1 ( Y ) + (—1)n2 ( 2 )
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By using the formula
() e () e (L)
_ (_1\n—1 —a—1
we see that the coefficient of ¢>" is given by

a(—l)”( —a ) +2a(—1)"! ( a1 ) _L+a) o,

n n—1 I'(a)n!
Therefore, by Equation (2.11)

2L(n+a)
I'(a)n!
Hence by Equation (2.7) we have

n!T'(n + «)

Ay, = (n!) T'(a)

(o +2n) = (o +2n).

a, =a+2n, n>0.

Finally we show that the polynomials defined in Equation (4.12) are the classical
Laguerre polynomials up to a constant multiple.

Theorem 4.3. Let P,(z) be the polynomial defined by Equation (4.12). Then
Py(x) = (—1)"n!L{M (@),
where Lﬁf‘)(x) is the classical Laguerre polynomial defined by

1
L (z) = Ex_o‘ﬂeng <xo‘+”_le_m>.

Proof. Since we will use the parameter « in the proof, we denote the generating
function v (¢, x) in Equation (4.11) by (¢, =), namely, let

Yalt, ) = (1 +1) T,
Differentiate ¢, (¢, z) in ¢ to get
(4.13) Oa(t, ) = (1+ )" Leiie ( —a+ —)

On the other hand, we have

(4.14) D, <x°‘e_ﬁ> = —xo‘_le_ﬁ< —a+ —)
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Cancel out the common last factor in Equations (4.13) and (4.14) to get
Opiho(t,z) = —z e (1 + )" !D, <x°‘e_ﬁ>
= —g~otler D, <x°‘(1 -+ t)_o‘_le_ﬁ>
= —g~otle?D, <x°‘e‘mwa+1(t, x)) .
Inductively we have for any n > 1
Mo (t, x) = (—1)"z~ T le? DN <x°‘+”_1e_mwa+n(t, x))
Put t = 0 to get

P,(z) = 0{"1a(t, x)‘tzo = (=1)"z e DT <xo‘+”_le_m>.

Hence we conclude that P, (x) = (—1)”n!L§f‘)(x).

4.4. Uniform Distribution and Legendre Polynomials

Let y be the uniform distribution on the interval [—1, 1]
1
du(x) = 5 dz, —-1<z<1.

Try the type of pre-generating function in Equation (3.2) with ¢ = —1/2
1
1—p(t)x
The expectation and the multiplicative renormalization of ¢ (¢, x) are given by
_ V1+p() —/1-p(1)
p(t) ’

o p(t) 1
P(t, z) VIt () — /1= p(t) V/1—p(D)z

Consider small ¢, s > 0 so that p(t), p(s) > 0. We can check that
p(t) p(s) ]
VI+p(t) = /1= p(t) /T4 p(s) = /1= p(s)

% log (\/P(S)\/l —p(t) — Vo) V1= p(s) >
V() 1+ p(t) —v/p(t)/1+ p(s)

(P(tv (L‘) =

Eup(t,-)

(4.15)

Buab(t, Ji(s,-) = [
(4.16)
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In order for E,1(t, ) (s, -) to be a function of ¢s the quantity inside [- - -] must be
a function of ts. Hence

p(t)
VI+p(t) = /1-p(D)

which can be easily solved for p(¢) to be

= atb,

4at??
) = T
Choose a = 1/v/2,b=1/2 to get
2t
4.17 ) = —.

Now, with this p(¢), we can check that the log factor in Equation (4.16) is indeed
a function of ts. Moreover, the other cases than ¢ > 0,s > 0 can be handled by
similar arguments. Thus we can conclude from Theorem 2.5 that for the choice
p(t) in Equation (4.17) the corresponding function from Equation (4.15), namely,

1

V) = e

is a generating function for the uniform measure 1 on [—1, 1]. To derive the power
series expansion of ¢ (¢, z) we first use the binomial series to get

() =3 ( 3 ) (Cvrea -

n
n=0

(4.18)

and apply the binomial theorem to expand (2tz —t2)™. Then observe that the powers
in each expansion have the pattern

{0},{1,2},{2,3,4},{3,4,5,6},..., {n,n+1,...,2n},....
Therefore, the coefficient of ¢ in the series expansion of (¢, z) is given by

[n/2] 1 _
Z(_l)nQn—Wc < n__gk ) < n . k )wn—Zk7

k=0
which is a polynomial of degree n in x with the leading coefficient

) (2n — 1)

- n!

_1
2
n

)

(—1)m2n (
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where (2n — 1)/l = (2n —1)(2n—3) ---3 -1 and by convention (—1)!! = 1. Thus
we have obtained the power series expansion of the function in Equation (4.18)

o0

1 2n — 1!
(4.19) Y(t,x) = N Z% %Pn(x)tnv

where P, (x) is defined by

! [n/2] B 1 —k )
(4.20) P,(z) = ﬁ kzg(_l)nQn 2k ( n—2k ) ( n . )xn 2k

To find the Szego-Jacobi parameters, first note that the uniform measure . on [—1, 1]
is symmetric and so
ay =0, n > 0.

Next we can easily evaluate

Ea(t,z)? = %(log(l +1t) —log(1 —1t))

and so we have the series expansion

o0

1
Bup(t, ) =) T T
n=0

Thus by Equation (2.10) in Theorem 2.6 with a,, = (2n — 1)!!/n! in view of
Equation (4.19) we get

((2n—1)!!>2)\n 1

n!

which yields that
1 (n!)?

T2+ 1 (20— 1))
satisfying the condition in Equation (1.3). Then by Equation (2.8) we have

n

n2

wn= s M > 1,
Finally we show that the polynomials defined in Equation (4.20) are the classical
Legendre polynomials up to a constant multiple.

(wo = 1).

Theorem 4.4. Let P,(x) be the polynomial defined by Equation (4.20). Then

Pale) = Gy nl)

(2n—1
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where L, (x) is the classical Legendre polynomial defined by

1
21

L,(z) = D (z? —1)™

Proof. The coefficient of 2”~2* in the summation of Equation (4.20)

() (77)

can be easily simplified to

(_1)’f2nln! ( " ) (20— 2K)(2n— 2k — 1) -(n — 2k + 1).

Hence P, (x) can be rewritten as

n! 1
Pn(-l?) = WQUTU
[n/2] .
X Z (_1)k ( A > (2n —2k)2n—2k—1)---(n — 2k + 1)xn—2k.
k=0

Now, observe that
(2n —2k)(2n — 2k — 1) - - - (n — 2k + 1)z 2% = Drg?n—2k,

Therefore

(/2]
_ n! 1 k n n_2n—2k
Ful@) = Gy o kz(_l) ( k )Dmx
=0

[n/2]
_ n! L o Ef T 2n—2k
_(2n—1)!!2”n!Dm[Z(_1) (k)x '

Note that D?x?"—2k = 0 for any [n/2] < k < n. Hence we have

n

P(z) = (2%'1)”27%,1); [Z(_Uk ( Z ) (xQ)n—k]

n! 1 9
= @i e U

n!

= @@ -
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4.5. Arcsine Distribution and Chebyshev Polynomials of the First Kind

Let x be the arcsine distribution given by

1 1

== 1.
@) =T = o i<
Try the type of pre-generating function in Equation (3.2) with ¢ = —1
1
21 - _

The expectation of ¢(¢, z) can be checked to be
ot
1—p(t)?

and so the multiplicative renormalization of ¢(t, x) is given by

Eup(t,-) =

Direct computation shows that
p()VT= () = pl(s) V1= p(D)°
p(t) — p(s)

In order to find a function p(t) so that E,1(t, )1 (s, -) depends only on ts, let

o - LEVIZE 2000

(4.23) Ep(t, (s, ) =

11— /1 p()? 1+ 0(1)
Then Equation (4.23) becomes
0(t)0
Bttt s ) = VR

Hence 0(t) is given by
o(t) = at®
and so we have b2
2./at
o) = 2
at
Choose a =1 and b = 2 to get
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Thus the resulting function from Equation (4.22)

(4.24) ita) = ——
: r)=—7"
’ 1— 2t +t2

is a generating function for the arcsine distribution x. To derive the power series
expansion of (¢, x), first use the similar argument for Equation (4.18) to obtain

o [n/2]
;_ _1\k n—k n—2k,_n—2k | n
(4.25) 1_2m+t2_2[2( 1) ( f )2 z ]t.

n=0 * k=0

With this equality we can easily derive the power series expansion of the function
¥ (t,z) in Equation (4.24)

1—¢2 o n
(4.26) Y(t,z) = [EEp T ZQ Py(z)t",
n=0
where P, (x) is defined by
[n/2]
_ N i kT n—k—1 n—2k _n—2k
(4.27) Pyz) ==z +2n;( 1)k< L )2 a2k,

Next we derive the Szego-Jacobi parameters. Since p is symmetric, we have
ay =0, n > 0.
Direct computation shows that

1+
Bua(t,)* = 5

and so we have the series expansion
o
Bup(t, )’ =1+2) "
n=1

Therefore, by Equation (2.10) with a,, = 2" in view of Equation (4.26)
Ay, = 2172, n>1 and Xy =1,
which satisfy the condition in Equation (1.3). Recall that Py = 1 and so by Equation
(2.8) we get
1, if n=0;
wp =1 1/2, ifn=1;
1/4, ifn>2.
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Now we show that the polynomials defined in Equation (4.27) are the classical
Chebyshev polynomials of the first kind up to a constant multiple.

Theorem 4.5. Let P,(z) be the polynomial defined by Equation (4.27). Then

1
Pn(fI,') = Qn—_lTn(fL’), n Z 1, (PQ = 1),

where T;,(x) is the classical Chebyshev polynomial of the first kind defined by

T, (x) = cos(narccosz), n > 0.

Proof. It is well-known that cos(nd) is a polynomial of cos 6 as given by

[n/2]
cos(nf) = 2"t cos™ 6 + Z(—l)k% < " ;f; ! ) on—2k—Leogn=2k g p > 1.
k=1

Let 2 = cos @ and divide both sides by 277! to get

1 A
Py cos(narccosz) = " + on Z(_l)kE < b1 ) on—2k =2k,
k=1

Thus from the definition of P, (x) in Equation (4.27) we see that for n > 1,

1

1
P.(z)= =] cos(narccosz) =

4.6. Semi-circle Distribution and Chebyshev Polynomials of the Second Kind

Let x be the semi-circle distribution given by

2
du(z) = ;\/1 — x2dz, |z < 1.

Try the type of pre-generating function in Equation (3.2) with ¢ = —1
1
1—p(t)x

The expectation of ¢(¢, z) can be checked to be

(P(tv (L‘) -

2

Buplt) = s
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and so the multiplicative renormalization of ¢(t, x) is given by

1+1-p(t)? 1

2 1—p(t)x’

(4.28) U(t, ) =
Direct computation shows that

1 1p(t)yT= ()% = pls) /1= p(0)?
272 o) — pls) |

Thus in view of Equation (4.23) we get

Eu(t,)(s, ) =

2t

1) = ——.
p(t) 14 ¢2

and the resulting function from Equation (4.28)

1

tr)=—
Vi) =T o

is a generating function for the semi-circle distribution p. Its power series expansion
is already given in Equation (4.25). Hence we have

(4.29) Yt x) = — RS T ZQ”P

where P, (x) is defined by

[n/2]
(4.30) Po(z) = 2% S (1) ( n ; k ) o2k, n—2k

k=0

To find the Szego-Jacobi parameters, first we have
ay, =0, n>0

since the measure y is symmetric. On the other hand, it is easy to check that

o0

1 n
Bp(t, ) = 1= = D"

n=0

Hence by Equation (2.10) with a,, = 2™ in view of Equation (4.29)
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and so by Equation (2.8) we get

Obviously, the condition in Equation (1.3) is satisfied.
Next we show that the polynomials defined in Equation (4.30) are the classical
Chebyshev polynomials of the second kind up to a constant multiple.

Theorem 4.6. Let P,(x) be the polynomial defined by Equation (4.30). Then

P,(z) = =Up(z), n>0,

on
where U, (x) is the classical Chebyshev polynomial of the second kind defined by

(4.31) () — S0Lln + D arccosa]

n > 0.

sin(arccosz)

Proof. It is well-known that sin[(n 4 1)6]/siné is a polynomial of cos® as
given by

[n/2]

sin[(n + 1)0] k( n—Fk \on—2k  n-2k
_— - = — 2 > .
g go( 1) 1 cos f, n>0

Let x = cos @ to get the function U, (x) in Equation (4.31)

. [n/2]
sin [(n + 1) arccos z] Z r{ n—k 2k n—2k
) — — _ 2n n .
(4.32)  Un(2) sin(arccos x) k:O( D < k !

By comparing Equations (4.30) and (4.32) we see that P, (z) = 2%Un(oc), n>0m

4.7. Beta-type Distribution and Gegenbauer Polynomials

Let x be the beta-type distribution with parameter 3 > —1/2 given by

_ L T+
V(B +1/2)
where T'(-) is the Gamma function. Note the following special cases

(@) 8 = 1/2: uniform distribution.
(b) 8 = 0: arcsine distribution.

dp() (1-2?P2, |a| <1,
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(c) 8 = 1: semi-circle distribution.

To find a generating function for p we try the type of pre-generating function
in Equation (3.2) with ¢ = —(

1
(1= p(t)z)”

Observe that although the measure p reduces to the arcsine distribution when 3 = 0,
this pre-generating function does not reduce to the one in Equation (4.21). Thus we
assume that 3 = 0 from now on.

From page 56 in [11] we have the formula

~Lr+n)l(r+3+n)z" /& 1 2=l
HZ% L(2r + n) H‘m(u@) '

This formula is equivalent to the following one by integration and differentiation

s 1 n) 2" o~ 2r—2
(4.33) ZF(T—I—i—n)F(r—Q—i— ) 2" f( 1 ) '

(P(tv (L‘) -

s I'(2r—1+n) n! r—1\1++1-2

We also have the formula
/2
(4.34) 5 / 02?1 g sin2i-1 9 gg — L@@
0 I'(p+q)

By using the binomial series and the formulas in Equations (4.33) and (4.34) we
can derive that

92 B
Euo(t, )= ——m——) .
we(t:) <1+\/1—p(t)2>
and so the multiplicative renormalization of ¢(t, x) is given by
t 14+ 11— p()2\’ 1
(4.35) Y(t,w) = E“P( ) :( 5 o) ) .
ue(t, ) (1—p(t)z)

Although the computation is much more complicated we can show as in the cases
of uniform and semi-circle distributions that £, (¢, -)i (s, -) depends only on ts if
and only if p(¢) is given by

_ 2at®
C 1+a?t?

p(t)

Choose a = b = 1to get p(t) = lﬁg. The resulting function from Equation (4.35)

1

(4.36) Y(t,x) = A2tz + )7
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is a generating function for . Note that by the binomial series we have

wuﬁm::§§<'x3)(—n"@my-#w.

n=0

Then we use the same argument as in the derivation of Equation (4.19) to show that
the coefficient of ¢" in the series expansion of (¢, ) is given by

[n/2]
Z(_l)nQn—Wc < n__ﬁk ) < n ; k )xn—Wc7

k=0
which is a polynomial of degree »n in = with the leading coefficient

(_U%n<_g)::wmﬁ+m

n T(B)nl
Therefore we have the following power series expansion
1 = 2nT
(4.37) Y(tr)= —————= = M&(m)t”,

(I—2tz + )7 &= T(B)nl

where P, (x) is defined by

[n/2]
(438) Pu(z)= % 3 (~1)r2nh ( n_—ﬁk ) ( n . k ) o2k

k=0
For the Szego-Jacobi parameters, since the measure y is symmetric we have
ay =0, n > 0.
To find w,,, observe that
Eu(t,)? = Bu(1 — 2t +2) 727

_ L TBHY s [ 11— 22
- ey [ = o) a e

Define

1 1
1) = [ (1= pr)y 21 =0 b,

Then we have the following

=3 ( 0 ) (—p)%* / (1 - 2*)P 3 da

k=0

2%~ 1Fﬁ+ ir k+pB+1) 2
N (k + p)k!

k=0
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Therefore,
d 20+ 1) S T(k+ 6+ 1)
a <I( ) 2/3) _ 2 Z 2) ,2k+26-1
dp r(28) ~ il

_ 2y/7L (8 + %) (1— p2)—ﬂ—l 26-1
ING)
By Equation (2.11), we see that

o
S 2(n + Fa2 At

n=0

= L (Ba())
d (2B (o2t \P
‘%< NCEYEESY (%) ””“”)

—23

i (1)

2

272°1T(B+1) ,, . d
N VT F(ﬁ—F%)p(t)d_P(I(p)pQﬂ) ‘p:p(t)
2 ITE )20 - ) 2WATBHY) o sk g
ST Arerhaser  rg oo
= 261271 (1 — 1)
N 200 (n + 25) 2p+25-1

nzg r'(26)n! )

By comparing the coefficients we get

_ 200(n+28) _ BD(n+2B)0(3)%!
" 20+ BIT2B)mlaZ  2(n+ BT(2AT(n + B)?

and hence
An n(n —1+2p) R
A1 4(n+B)(n—1+p)
Finally we show that the polynomials defined in Equation (4.38) are the classical
Gegenbauer polynomials up to a constant multiple.

W = (wo = 1)

Theorem 4.7. Let P,(z) be the polynomial defined by Equation (4.38). Then

F(ﬂ)n! G(B)

(z), n>0,
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where fo)(x) is the classical Gegenbauer polynomial defined by

—)PT(B+ HT(n +26) (1 — a2)2~
2" T(26)T(n+ 8+ 3) n!

6P (a) = 4 ﬂDZ((l—wQ)”w_%)-

Proof. It is straightforward to check that Equation (4.39) is equivalent to

[n/2] 208)(26+2)---(28+2n—2k—2)
= (=1)" 26+n—1)28+n—-2)---(20) (1—x2)%—5

2B+2n—1)(28+2n—3)--(28+1)  nl
Dg<(1 - x2)”+ﬂ—%).

This equality can be verified by mathematical induction, but the computation is
rather lengthy and tedious. |

5. NecaTivE BinomIAL DISTRIBUTIONS

Let 1. be the negative binomial distribution with parameters» > 0and 0 < p < 1

-r

u({k})=pr< : )(—1)’“(1—;9)’“, k=0,1,2,....

When r = 1, u is the geometric distribution. To find a generating function for g,
try the type of pre-generating function

plt,x) = D7 = 0(t)"

in Equation (3.1). For simplicity, let ¢ = 1 — p. The expectation of ©(t, -) is easily

evaluated to be .
N b

and so the multiplicative renormalization of ¢(t, x) is given by

Wit z) = (LWYQ(W

p

Then we can derive that for any ¢, s

_ (1Y ( - ! L L B
Bu(t,)v(s,-) = (p) ( Y T T (1—q0(t)) (1 - q9($))> '
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This form is exactly the same except for the power r as the geometric distribution
case given in Example 3.7 of our part | paper [5]. Hence by that example we can
take

to get a generating function for

Pt x) = (1+8)"(1+qt)™"

Apply the binomial series expansion to show that

(14+)*1+qt) ™" = 2 ( fb )t” i ( _xm—r ) ¢

m=0

22 (el

* M

Note that ( %" ) = (=1)* ( “*"f*~' ). Hence

(1+8)*(1+qt)” —Z[Z (nfk><x+?“zk—1>qk]tn_

Note that the leading coefficient of the polynomial in the summation inside [- - -] is
given by
Zn: (n —1 %! (_kl')qu - %T'
k=0
Therefore, we have
(5.1) Dt x) = (1+1)%(1+qt) =" = Z P p (@)m,

where P, (z) is the polynomial defined by

(5.2) Pn(x):;b_izn:(_l)k<nfk><x—|—r—;ﬂ—k—1>qk_

k=0

Here are the first few polynomials:
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w-3{(5)- () (57
wa=3[(5)-(2) (1 () (75700
()

Now we find the Szego-Jacobi parameters. First we compute the expectation
and then use the binomial series to get

n
n=0
Thus by Equation (2.10) in Theorem 2.6 with a,, = p"/n! in view of Equation (5.1)
2 -r n,.n F(n + 7") n
g —1 ey e—— .

Hence we have
n!l'(n+r) ¢"
L(r) p>’

which satisfies condition in Equation (1.3), and so by Equation (2.8) we get

Ap =

wp=n(r+n-1) n>1

%, s (wo = 1).

p
To find the other Szego-Jacobi parameter «,, let us apply Equations (2.12) to

Byt 2 = M1+ 0% (1 = )7

Then we have

2o =14 Fin+r+1) , L(n+r) n—1
e g U T(r + 1)n! L(r+1)(n—1)!
¢"T'(n+r)
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Therefore
_(n4r)g+n

n =
p
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