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SOLVABILITY OF NONLINEAR ORDINARY DIFFERENTIAL
EQUATION WHEN ITS ASSOCIATED LINEAR EQUATION HAS NO
NONTRIVIAL OR SIGN-CHANGING SOLUTION

Zhi-Qing Han

Abstract. In this paper we investigate the existence of nontrivial solutions of
a two-point boundary value problem. Under the condition that the associated
linear boundary value problem has no nontrivial solutions or no sign-changing
solutions and some other additional conditions, we prove some existence the-
orems of (nontrivial) solutions.

1. INTRODUCTION
We consider the two point boundary value problem:
(@)) W +u+g(z,u) =h(z) in (0,7), u(0)=u(r)=0,

where g : (0, 7) x R — R is a Caratheodory function, that is, g(z, u) is measurable
in z € (0, 7) for each uw € R, continuous in u € R for a.e. = € (0, 7) and satisfies
for each » > 0, there exists a,.(z) € L'(0,7) such that | g(z,u) | < a,(x) for
ae. x € (0,m)and |u| < r. And h(z) € L(0, ) is a given function. We prove
some existence theorems of (nontrivial) solutions to (1) under some conditions on
g(z,w) by coincidence degree method.

The following assumption is used in this paper.

(C1) lim supy,—oo 9(x, u)/u = T'(x), where I'(z) € L(0,7) and the conver-
gence is uniform for a.e. z € Q.

If I'(x) < const < 0, the problem (1) has been studied by topological degree
method, sub- and supersolution method and critical point theory (boundedness from
below for I'(x) is needed sometimes). We refer to [8] for refererce. Instead of
the assumption of boundedness from above for I'(z), we use the condition (H1)(see
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section 2) similar to the one used in [3], which is satisfied under a type of Lyapunov
condition.

When I'(z) > 0, I'(x) < 3 and the strict inequality holds in a subset of (0, 7)
with positive measure, the problem has been widely investigated in the literature
under some further conditions, e.g. Landesman-Lazer condition. We refer to [2],
[4], [71, 8], [9] and the references therein. Of particular interest to our work is
the paper of Dancer and Gupta ([1]) where they proposed a condition on an initial
value problem related to I'(z). This makes it possible to investigate the problem
(1) with unbounded T'(z). In this paper, we propose a different kind of condition
(H2) on T'(z) involving a boundary value problem to deal with (1) in this case.
Some situations satisfying the above condition on I'(z) are also presented. Finally
we prove a theorem about the existence of nontrivial solutions for (1). It seems that
there are not many results in this respect.

In this paper, C}[0, 7] denotes the subspace of C1[0, 7] of functions satisfying
u(0) = wu(m) = 0. The usual norm of C0, ] is denoted by ||u|l. For any
v(x) € H(0, ) with Fourier series "'~ b, sin nz, set vo(x) = by sinz, v(z) =
Y on—s bpsinn.

2. ExisTeENcE THEOREM UNDER CoNDITION (H1)
We assume the following condition on I'(x) in (C1).
(H1) For every a(x) € L0, 7) with -1 <a(z) < T'(x), the boundary value
problem
2 W' +u+a(z)u=0 in (0,7), wu(0)=wu(r)=0

has only the trivial solution in H2(0, ).
(C2) There exist r > 0 and «(z), B(z) in L(0, ) such that for a.e. = € (0, 7)

utg(z,u) > plx) f u>r;, u+g(zu) <alz) if u —r
Theorem 1 Assume (C1), (C2) and (H1). Then the boundary value problem
(1) has at least one solution in C[0, 7].
Proof. By (H1)andthe variational characterization ([1]) of the least eigenvalue of
W4+ u+T(z)u=- u in (0,7), u(0)=wu(r)=0

we can prove that I'(x) + § also satisfies the condition (H1) for some ¢ > 0.
For the given ¢ > 0, by (C1), we can get R > 0 such that g(x,u)/u< I'(x)+0
for |u| > R. Without loss of generality, we assume R = r, where r is in (C2). It is
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a standard argument (e.g. see [1], [5], [7]) that we can decompose g(x,u) + u =
y(x,u)u + g(z,u), where v(z,u) and g(x,u) are Caratheodory functions and,
moreover, satisfy

3) 9(z, w)| < a(z) € L'(0,),

(4) 0< y(w,u)< 14+T(x)+6

for a.e. x € (0,7) and every u € R.
Let X = C[0, 7], Z = L*(0,7), domL = {u € X: o/ is absolutely continuous
in [0, 7]},
L:domLcCc X — Z, u+— "
N:X —Z ur—y(,w)ut+g(-,u)—h
A X —Z u— (D) + 0+ 1)u.

It is standard to check that V and A are L-compact in bounded subsets of X, and
that A is a linear Fredholm operator of index zero. In order to apply Theorem iv.5
in [8]. It suffices to prove the solutions of Lu+ (1 —\)Au+ ANwu = 0 are bounded
uniformly in A € [0, 1] in X. We shall prove by contradiction. Suppose that there
exist a sequence {u, } in dom L and a corresponding sequence {\,} in [0, 1] such
that ||uy||c — oo and

un(0) = up(m) = 0.

Let v, () = up(x)/||unlloo. Dividing the above equation by ||u, ||, We have
(5) vp + pu(z)vy, = hp(z) in (0,7), v,(0) =wv,(7) =0,

where
Pu(x) = (1= An)(T(2) + 0+ 1) + Ay (2, un),
hn(2) = (Anh(2) — Ang (2, un))/||tnl o
Hence, we can easily obtain a(z) € L'(0,7) such that | v”(z) | < a(z) for a.e.
x € (0,m). From v,(0) = v,(w) = 0, one can choose &, € (0, ) satisfying
v (&) = 0. So,

T

(6) @) | < | [ o(s)ds| < /0 " a(s)ds.

&n

Thus {v,} is a bounded subset of equicontinuous functions in C[0, 7]. Hence by
the Arzela-Ascoli theorem, without loss of generality, there is a v € C[0, =] such
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that v,, — v in C[0, «] (for a subsequence, all convergent series in the following
are understood like this and the n — oo is also omitted ). Furthermore, it follows
from (5), (6) that {v/,} is also compact in C[0, 7]. Hence v,, — v in C[0, ].

On the other hand,

0< po(z) < 14+T(x)+6 € LY0,7).

Hence from the Dunford-Pettis theorem and Mazur theorem we assume that {p,,}
converges weakly to p in L(0,7) and 0 < p(z) < 1+ I'(z) + 6.

Now, multiplying (5) by ¢ € C3°(0, 7) and letting n — oo, yield that v(z) is a
weak solution of the following problem

V" +p(x)v=0 in (0,7), v(0)=wv(r)=0.

Since I'(x) 4 satisfies condition (H1), we conclude that v = 0. It is a contradiction
to the fact ||v, |0 = 1. Hence the proof is completed.

If a(t), b(t) are measurable functions in (0, 7), a(t) < b(t) and the strict in-
equality holds on a subset of (0, 7) with positive measure, then we denote a(t) <
b(t) or b(t) = a(t).

Now, we give some remarks on the condition (H1).

Remark 1. If a(t) < 0 = A\; — 1, where \, = n%(n = 1,2,---) are the
eigenvalues of —u” = Au together with the boundary condition «(0) = u(w) = 0,
a(t) satisfies condition (H1). This is well-known in the literature, see [7].

Remark 2. We claim without proof that:

max |u(z)| < VT

/
velon] = 7”“ 22
for u € C}[0,7]. Multiplying the equation (2) by «' integrating over (0, 7) and
noticing the above inequality yield condition (H;) provided a(x) satisfies the Lya-
punov type inequality |1+ a(x)||;1 < 4/7. Hence functions a(z) € L'(0, ) satis-
fying the Lyapunov type inequality have the property (H1). This fact can be used to
deal with the resonance problem (1) which may cross infinitely many eigenvalues.

Remark 3. Assume that I'(z) € L(0, ) and the boundary value problem
W' +u+T(x)u=0 in (0,7), u(0)=u(r)=0

has a positive solution in (0, 7). Then any measurable function a(z) € L'(0, )
with a(z) =< T'(z) satisfies the condition (H1). Particularly, I'(z) = 0 is such a
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function. In fact, we first note that in this case A\; = 1 is the least eigenvalue of the
problem
v +T(x)u=—-Xu in (0,7), u(0)=u(r)=0,

and the assertion follows immediately from the variational characterization of ;.

Remark 4.  Theorem 1 is quite similar to Theorem 2.2 in [3] which can
be applied to more general nonlinearities g(x, u) than (C1). But we use a weaker
condition (H1) than the corresponding condition (ii) in Theorem 3.1 there, at the
expense of an extra condition (C2). By Theorem 3.1, it seems that the condition
(H1) can not guarantee the positive definiteness of the quadratic form in (B1) in [3]
and hence Theorem 1 is not a direct corollary of Theorem 2.2 there and the proof
there can not be directly applied to our Theorem 1.

3. ExisTENCE THEOREM UNDER CONDITION (H2)

In this section, we let I'(z) in (C1) be nonnegative. We introduce the following
condition.

(H2) The boundary value problem (2) has no sign-changing solution for all
a(z) € L'(0, ) satisfying 0 < a(z) < T'(z).

Theorem 2 Let I'(x) € L'(0,7), T'(x) > 0 for a.e. = € (0,7), satisfy
conditions (C1) and (H2). Let g : (0,7) x R — R be a given Caratheodory
function and there exists p > 0 such that g(x, u(x)) > 0 for all u(z) € C'$[0, 7] with
u(z) > psinz and g(z, u(x)) < 0 for all u(z) € C}[0, 7] with u(z) < — psinz.
Then for each h(x) € L1(0, ) with

/ h(z)sinzdx =0
0
the boundary value problem (1) has at least one solution u(z) € C|0, ].
Proof. In order to apply Theorem iv.5 in [8], we need to prove
W tu+eu+T(x)u=0 in (0,7), u(0)=u(x)=0

has only the trivial solution for e sufficiently small. If the boundary value problem
(2) with a(x) = I'(x) has only the trivial solution, as we have pointed out in
Theorem 1, it is true for small positive e. So we can suppose that it has one-sign
solutions on (0, 7). If the above assertion were not true, we can find a sequence of
nontrivial solutions {u,,} for

up +up + €pun + L(@)u, =0 in (0,7),  up(0) = uy(r) =0,
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where ¢, > 0 and ¢, — 0. First multiplying the above equation by sinx and inte-
grating over [0, 7], yield that u,(z)(n = 1,2, - - -) must be sign-changing solutions.
Define v, (x) = up(x)/||unl|loo- Then v, (z)(n =1,2,---) are solutions of

vp 4+ v+ vy + D(2)v, =0 in (0,7), v,(0) =wv,(7) = 0.

As in the proof of Theorem 1, we assume that v,, — vo in CL[0, 7], where vy
is a solution of the following problem

vy +vo+T(x)vg=0 in (0,m), wv(0)=wp(m)=0.

By condition (H2), vy(x) is not sign-changing in (0, 7). Without loss of gener-
ality, we may suppose that v(z) > 0 on (0, 7). Also, by the basic existence result
about initial value problems, we have v((0) # 0 and v((1) # 0. Hence vy is in the
interior of the usual positive cone in C[0, #]. This is a contradiction, since vy, (z)
is sign-changing and v,, — v in C3[0, 7].

For the I'(x) in this theorem, the same argument can be used to prove that for
d = o(T") > 0 sufficiently small, I'(x) + ¢ still satisfies condition (H2). We also, as
in Theorem 1, decompose g(x, u) = v(z, uw)u+ g(x,u), where v(x, u) and g(x, u)
are Caratheodory functions satisfying (3) and (4).

Let X = C[0, 7], Z = L'(0,7), dom L={u € X: «' is absolutely continuous
in [0, 7]},

L:domLc X — Z, ur—u" +u

N:X —Z ur—y(,v)u+g(-,u) —h
A X —Z, u— (I(:) + )u.

It is routine to check that NV and A are L-compact in bounded subsets of X and
A is a linear Fredholm operator of index zero. In order to apply Theorem iv.5 in
[8], we first prove that all solutions of Lu + AAu + (1 — A\)Nu = 0 are bounded
in X, uniformly in X\ € [0, 1]. Otherwise, there exist a sequence {\,} in [0, 1] and
solutions {u,, } satisfying ||uy,||cc — oo and

(7) up +up + Andun + A L(@)un + (1= Ap)g(z, up) = (1=Ay)h(z) in (0,7)

un(0) = up(m) = 0.

Let v, (z) = up(x)/||unl|co- As in the proof of Theorem 1, we can prove that {v, }
is compact in CZ[0, 7] and v(z) is a weak solution of the equation

(8) v +v+Av+AN(z)v+ (1 —Nz(x)v=0 in (0,7), v(0)=uv(x)=0,

where v, — v in C3[0,7] and A\, — X and 0 < z(z) < ['(x) + J for some z(z) €
LY(0,7). By the preceding argument, if § > 0 is sufficiently small, (8) has no
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sign-changing solutions. Since v(xz) # 0, without loss of generality we assume
that v(x) is positive in (0, 7). Multiplying (2) by sinz and integrating over [0, 7],
yield that v(z) = sinz. Obviously, sinz is in the interior of the usual positive
cone in C}[0, 7]. Hence u,,(z) > 0 in (0, ) for n sufficiently large. Set v, (x) =
Un(2)/||unl|co- We now prove that o, — 0 in C}[0,7]. In fact, since {u,} are
solutions of (8), {v,} satisfy

~//

Ty = Bz, w) in (0,7), Tp(0) = Tp(r) =0,

/ Up () sinzdz = 0,
0

where | B, (x,u) | < folx) € L'(0,7), Bulz, W = h(@)(ltnlloe) ™ = Anbvn —
AL (@)vn = (1= M)y (2, un(@) )vn(2) = (1 = M) g2, un(@)) (J|lunlle) . Hence
{vy, } is uniformly bounded in [0, ]. Furthermore, | (v,)"(x)) | < B(x) for some
B(x) € LY(0, ). As in the proof of Theorem 1, we can prove that {%, } is compact
in C[0, «]. Since v,, — sin( ) in C}[0, ], we may assume that o, — 0 in C} [0, 7].
Hence if we set v0(z) = ul(x )/HunHoo = k,sinz, then k,, — 1. Therefore

un(@) = [[tn oo (tn (2)/ | tnlloo + tn(2)/[|unl )
(9)

> ||t |loo($sinz — $sinz) > psinz
for n > N (N is only dependent on p), where we have used the known inequality

lu(z) | < = |4/(x)|sinz

bo| 3

for all u(z) € C}[0, 7] and the boundedness of {v,,} in CZ[0, 7).
Finally, from the equation (7) we have

/O 10w + AL(@))tn + (1 — M), )] sinadz = 0.

This is a contradiction, since g(z, up(x))sinz > 0, I'(z) +J > ¢ and u,(z) is
positive in (0, ) for n sufficiently large. This completes the proof.
Now, we give some remarks on the condition (H2).

Remark 5. It is known in the literature that a measurable function a(z) such
that 0 < a(x) < T'(x) = 3 = Ay — A; satisfies condition (H2).

Remark 6. If

v +u+T(x)u=0 in (0,7), u(0)=u(r)=0
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has a solution u(xz) possessing only one zero in (0, ), where I'(z) € L>*(0, ),
then any a(z) € L>(Q) with a(x) < I'(x) satisfies the property (H2). In fact, by
choosing A such that I'(z) — A+ 1 < 0 and considering the eigenvalue problem

W' +u+ (T(x)— Au= - u—Au in (0,7), u(0)=u(r)=0,

the assertion follows from the Sturm-Liouville theory and variational characterization
of the eigenvalues. Obviously, I'(z) = 3 = A2 — A1 is such a particular function.

Remark 7. As is proved in [1], ['(x) € L*(Q) with [T .1 < 4 satisfies the
condition (H2).

4, EXISTENCE THEOREM FOR NONTRIVIAL SOLUTIONS

In this section, we investigate the existence of nontrivial solutions to (1). We
need the following result about the computation of coincidence degree proved in [6]
(see also [2]). For the terminology and more information about the degree, see [8].

Theorem 3. Let X, Z be Banach spaces and X be infinite dimensional, and
let L: domL C X — Z be a linear Fredholm operator of index 0. Furthermore
we let Q C X be a bounded open subset, N and N;: Q — Z be two L-compact
operators. If we assume the following two conditions

(i) Lu — Nu # ANju for all A > 0, w € domL N 022,
(II) lende |]KP7QN1u + JQNluH > 0,
then the coincidence degree D((L, N), ) = 0.

Theorem 4. Assume (C1), (H2) and the following condition
(C3) There exist R > r > 0 and a > 0 such that
(i) g(x,u)>0foru>—r, ae x €,
(i) g(z,u) < —aforu< —R,ae e
Then for every h(z) € L*(0,7) with [ h(z)sinzdz = 0, (1) has at least one
nontrivial solution in C0, 7].

Proof. Letd > 0 be a constant such that I'(z) 4 § satisfies the condition (H2).
We shall use the decomposition g(z, u) = v(z, u)u+ g(x, u) as in Theorem 2.

Let the Banach spaces X, Z and the operators L, N and A be defined as in
the proof of Theorem 2. It is immediate that

KerL = {u e X : u=asin(-),a € R},

ImL ={ue Z: /07r u(z) sin(z)dz = 0}.
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We define 1
P:X — X, Pu(-) = ;(/0 u(z) sin(z)dz) sin(-)
Q:7Z—Z, Qu(-) = %(/07r u(z) sin(z)dz) sin(+).

Hence Kp : ImL — domL N KerP (the inverse of L restricted to domL N KerP )
is given by

x ™
(Kpz)(z) = / sin(z — s)z(s)ds — %(/ (m — s) cos s + sin s)z(s)ds) sinz.
0 0

We recall that Kpo = Kp(I — Q). It follows that Kp : ImL — domL N KerP is
completely continuous and hence A, N : X — Z are L-compact.

We first prove that the solutions of Lu + AAu + (1 — A\) Nu = 0 are bounded
in X uniformly in A € [0, 1]. Otherwise, there exists a sequence {\,} in [0, 1] and
solutions {u,, } satisfying |||/« — oo and

(10) utu+ Nu+ AL(z)u+ (1 — N)g(z,u) = (1= AN)h(z) in (0,7),
u(0) = u(m) = 0.

Let v, (z) = up(x)/||un|leo- Similar to the proof of Theorem 1, we can prove
that {v,,} is compact in C3[0, 7] and v(z) is a weak solution of the equation

V" v+ Mv+ AD(z)v + (1= Nz(z)v=0 in (0,7),
(11)
v(0) =v(m) =0,

where v, — v in C}[0, 7] and A, — XA and 0 < z(x) < T'(z) + ¢ for some z(x) €
L'(0,7). By the preceding argument, if § > 0 is sufficiently small, (11) has no
sign-changing solutions. If we suppose that v(x) is positive in (0, 7), we will obtain
a contradiction following the proof of Theorem 2. Hence we may assume that v(z)
is negative in (0, 7). Also, following the proof of (9), we obtain

un(@) = [lun oo (un @)/ |unlloo + Tn(@) /||l o)
1. 1. 1 . .
< |]un|]oo(—§ sinx + 1 sinz) < — §Hun|]oo sinz, for n suffiently large.

Set I' = {z € [0,7] : un(z) < — R}, I = [0,7]\ I = {z € [0,7] :
—R < up(r) <0} C {x €0,7]:sinz < ﬁ}. Multiplying the equation (10)
by sin x, we have

</ +/ > [(And + NI (2))up + (1 — An)g(x, uy)] sinzdx = 0.
L, JI,
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Noticing that the integrand can be estimated by a function a(z) € L'(0,7) and
measure (I))) — 0, we have

/ [0 + AT(2)) et + (1 — A)g(, un)] sinzdz — 0.
Il
On other hand, by the condition (C3) of the Theorem, it follows that

/I (O 4 AT ()t + (1 — A, 1)) sin

< [ FRAG+T@) + (1= A (~a)] sinada
I,

™ pu—
. _/ [RX(S +T(x)) + (1 — Na sinadz < 0.
0
This is a contradiction. Hence we can choose Ry > r sufficiently large such that
[D((L, =N), Br,)| = 1.
Without loss of generality, we assume that Lu + Nu # 0,Vu € OB,.. Now we
prove
Lu+ Nu # )\(—%), YA > 0,u € dB,.
In fact if there are A\g > 0 and uy € 9B, such that
T
_Z)v
taking the inner product with sinz in L2(0, ), we have

Lug 4+ Nug = )\0(

/ g(x,up(x)) sinzdz + )\Og =0.
0

Hence, by condition (C3), we get Ay < 0. Therefore, the condition (i) in Theorem
3 is satisfied with Ny = —%. If we notice JQ(—7%) = —sinz and Kpgo(—7) €
{u: [y u(z)sin(z)dz = 0}, we obtain JQ(—%)+ Kpq(—7F) # 6. By Theorem 3,
we have D((L,—N), B,) = 0. Hence by the additivity of the coincidence degree,
equation (1) has at least one nontrivial solution in domZL N (Bg,\B.).
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