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ON THE POLYA-SCHIFFER CONVEXITY THEOREM AND ITS
APPLICATIONS FOR EIGENVALUES OF VIBRATING STRINGS

Min-Jei Huang

Abstract. We consider eigenvalue problems for the vibrating string

u’(x) + Ap(x)u(z) =0, u(0)=wu(a) =0
where the density p(z) is a positive continuous function on [0, a]. Let A, (t)
be the nth eigenvalue of the string with p = p(z,¢). A classical convexity
theorem of Polya and Schiffer states that for any k£ > 1, the sum Zf;:l %(f) is

a convex function of ¢ if p(x,t) is convex with respect to ¢. In this paper, we
shall give a different approach to this result based on variational analysis. The
ideas used also lead to applications in the case of symmetric densities and in
the case of concave densities.

1. INTRODUCTION

If a string has a density given by a positive continuous function p(x) defined
on the interval [0,a] and is fixed at its end points under unit tension, then the
natural frequencies of vibration of the string are determined by the eigenvalues of
the boundary value problem

(1) u(z) + Ap(z)u(z) =0, u(0) =wu(a) =0.

Let L2([0,a]) denote the Hilbert space which consists of those complex-valued
measurable functions f such that

/O @) o) de < oo.

The inner-product in L2([0, a]) is defined by
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g) = /0 " (@) g@p() d

As is well-known, the eigenvalues of (1) form a strictly increasing sequence of
positive numbers which depend on the density p(x). We denote them accordingly

by
0 < Mfp] < A2p] < Aslp] <

Also, the corresponding normalized eigenfunctions u, (z), wua(x), us(z),--- can
be chosen so as to be real-valued and to form a complete orthonormal basis for
L7 ([0, a)).

Suppose that p(-,t) is a one-parameter family of densities, and let \,,(¢) be the
nth eigenvalue of (1) with p = p(z, t). It is a classical result that for any k£ > 1, the
sum Zn Pwo is a convex function of ¢ if p(x, t) is convex with respect to ¢ (P6lya
and Schiffer [4f) This convexity result was established in [4] by using Poincaré’s
theorem and the method of transplanting extremal functions. In the present paper,
we shall give a different approach to this result based on variational analysis. The
ideas used also lead to applications in the case of symmetric densities and in the
case of concave densities.

In order to apply the idea of perturbation theory to eigenvalues, we assume that
dp(a: t) exists. Then there is a simple formula for the derivative of \,,(¢):

d “op 2
2 —An(t) = =\ (¢ —(z,t ,t) dx,
@ (0 = (0 [ Pt w.0) da
where u,(z,t) is the normalized eigenfunction corresponding to the eigenvalue
An(t) (see Huang [1] or Keller [3]). The derivatives of higher order can be derived
if we increase the differentiability conditions on p(x, t). Here we note the following
basic formula that we need.

Theorem 1. (the second-order perturbation formula)

d? ? “9%p
Ehalt) = 2 [/ 22 (o, tyid (., ) d:r] - | L,y (1)
2
2
+ 27 ( Z Wi [/ T (@, t)up(z, t)uj(x, t) d:r] :
J#Fn
Proof. See the Appendix in Section 3. ]

As a consequence of Theorem 1, we obtain the following convexity result.
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Theorem 2. If ?i(x,t) > 0, then, for any & > 1,

ot2
2 [ 1
a2 [; )\n(t)] =0

Proof.  Since g—jg(x, t) > 0, we have from Theorem 1 that
1
An(t) < 20a(8) A7 () +220() D An (1)

in )‘n(t) - )‘j(t)
where A, ;(t) = [o % (z, t)un(z, t)uj(z, t) dz. So,

An(t) = 2Xn(t) A2, (t) 1
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where we have used (2) in the second step and the fact that A, ;(t) = A;,(t) in

the fourth step.

2. APPLICATIONS

Let p(x) be a density on [0, a]. We define the density ps(z) by

pol@) = 5 [p@) + pla—x)], O<z<a

It is clear that p(x) is symmetric about =z = a/2 and

| o= [ ptayda.
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To compare the eigenvalues \,[p] with A, [ps], let us put ¢ = max pla=z) Then

z€[0,a] p(z)

ep(x) < pla— =) < ep(x) so that

c+1 c+1
< <
5 P(@) < ps(z) < ——p(2)
It follows that
2c c+1 c+1 2

g > > = .
C+1>\n[p] An[ 5 p] > Anlps] _An[ 5 p] ] nlp]

From this we obtain, in particular, that for any k > 1,

cH1N 1 1
P Ibwr D S wrat

n=1 n=1

An improvement on this inequality is given in the next theorem.

Theorem 3. Forany k > 1,

oo 1
(4) Dz

= Xalp] T = Aalps]

where the equality holds only when p = pg; i.e., only when p is symmetric about
xr=a/2.

Proof. We consider the one-parameter family of densities: p(z,t) = tp(x
(1—t)ps(z), where 0 < t < 1. Fix k and let A(t) = S2F_, .- Since g—ig’(x,t =
0, we have by Theorem 2 that A”(¢) > 0. This implies that A(¢) — A(0) > A’(0)t

for 0 <t¢ < 1. In particular, taking t = 1, we get

_l’_

k
®) 2 Anl[p] p3 Aipg = AL —A0) 2 ().

n=1 n=1

Next, by (2), we have
A0 1

[Anl(t)]/ =0 A(0) A

Since the density p,(x) is symmetric about = = a/2, the corresponding normalized
eigenfunctions u,, (z, 0) satisfy u2(a —x,0) = u2(z,0) foralln = 1,2, --- . On the
other hand, the function p(z) — ps(x) is antisymmetric about x = a/2. It follows

5 [ @) - (@l 0)da
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/
that [ﬁ(t)} T 0, and hence that A’(0) = 0. This together with (5) proves the

desired inequality.

Finally, if the equality holds in (4), then A(1) = A(0). Since A”(t) >
and A’(0) = 0, this implies that A(t) is constant for 0 <¢ < 1, and so A”(t) =
On using (3) and taking ¢ = 0, we find that

A0s0) = [ [p(@) = pu(@)] . O ,0) da =0

for1<nmn<kandj>k+1. Thus, for 1 <n <k, we have

pa) = pl) (o S [ )
L) 0y = S [ 2 a0, 00 a0

j=1
o0

0
0.

An,j(0)u;(z,0)
=1

<
I

I
] =

Amj(())uj‘({l?, 0).

.
I
—

This shows that for each = € (0, a), % is an eigenvalue of the k x k matrix
[Am].(o)]lgn’jék. Since £72= s a continuous function on [0, ], it follows that £7£=

must be constant. Hence p = p,, because p(§) = p,(5). This completes the proof
of the theorem. ™

For the constant density p(x) = 1, the eigenvalues and eigenfunctions are well-
known. We have
M1 =n2n%/a®, n=1,2,---;

I

and the corresponding normalized eigenfunctions can, for example, be taken as
up(x) = +/2/asin(nrx/a), n=1,2---

Lemma 4. (Huang [2]) If f: [0, a] — R is a concave function, then

[ (22) w2 [ s
forn=1,2,---

With this lemma, we can now prove the following result for concave densities.

Theorem 5. Ifp

—~

x) is a concave density on [0, a], then, for any & > 1,

2 (5 e d"’“") > pwi

(6)

3
—
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Moreover, the equality holds if and only if p is constant.

Proof. ~ To compare the eigenvalues A, [p] with \,[1], we consider the one-
parameter family of densities: p(x,t) = tp(x) + (1 —¢) - 1, where 0 < ¢ < 1. Then
%(m, t) = p(z)—1and g—jg(g:, t) = 0. As in the proof of Theorem 3, we fix & and
let A(t) = Zﬁzl ﬁ(t) It then follows from Theorem 2 and (2) that

1 b
Z)\ _Z)\nm = A1) —A0)

“— Anlp]

(7 P ¢ 0p
— Z)\ [1]/0 E(m,())ui(:r,()) dx

" (@) sin? (nra/a) do — 1
/ }

where wu,(x,0) = \/2/asin(nrz/a), n = 1,2, -, are the normalized eigenfunc-
tions corresponding to the constant density p(z,0) = 1. Hence

LN 2en 1 [,
;m > E;m/o p(x)sin® (nmx/a) dz
1 [ 51
L om) S rm

on using Lemma 4. This proves (6).

Finally, we examine the case of equality. Since p is concave, so is ps. Hence,
by Theorem 3 and (8), we have

(8)

\Y

LA LA
250 2 2
2. 1 [© ,
> EZ)\n[l]/o ps(z) sin” (nmz/a) dx

(A
N
Q|+~ 3
o\g
)
w
—
2
IS8
8
~_
B
p
S |~
=

Thus, by Theorem 3 and Lemma 4, equality holds in (6) only when p = p, and

2 /Oa ps(z) sin? (?) dx = /Oa ps(x) dz
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forall n = 1,2,---, k. To see that these conditions imply that p is constant, we
take n = 1 and note that both p, and sin? (7/a) are symmetric about x = a/2
and are monotone increasing on [0, a/2]. It follows that

a 2 'a ™ a
2 [ po(z)sin? (I >—/Sd/’2—d_/sd.
/Op(:):)sm (a)dx_a ; ps(x) dx A sin (a) T Op(:):) T

Moreover, the equality holds here only when p; is constant. This together with the
condition p = p, completes the proof of the theorem. ]
The above comparison techniques also work in the case p(z,t) = p(z)?.

a

Theorem 6.  Let p(x) be a density on [0, a] such that log p(x) is concave.
Then, for any & > 1,

3 w2 (14 [ oot o) il i

Proof. The proof is similar to that of Theorem 5. Here we take p(z, t) = p(z)*.
Then %(:):,t) = p(x)log p(z) and & dtQ £(x,t) = p(z)t [log p(x)]*> > 0. Correspond-
ing to (7), we obtain

k

1 c'?p
Z)\nl g;()) 2 (2,0) dx

AV

Nl 2 A (ol

3

niy / [log p(x)]sin? (n7x/a) da

n 1

Since log p(z) is concave, the theorem now follows from this and Lemma 4. m

3. APPENDIX

In this appendix, we give an elementary proof of Theorem 1.
By the formula (2), we have

—Ault) [ Op
®) Nt) o 0t
Differentiating (9) with respect to ¢ gives

9?p 9 e ap Ouy,
9
| FEw oo+ [ L e G da

 DGOF AN
N2 (t

_ [ /O "%,y 1) df’fr B ;:8

—(x, t)u?(z,t) dr.
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So, it suffices to show that

ou
/ T :):tun:):t)at(:):t)d

(10) - [/Oa %(9«“7 t)uup (2, 1) dg;r
_#Zn An [/ 3¢ (@ Dun(@, D)u; (2, 1) d:):r,

Since {u;(-, t)};?‘;l forms a complete orthonormal basis for Lg(. 5 ([0, a]), we can
write 7

(1) %(w,t) _ Z{ 85”: (2, Oy (, £)pl, 1) d:):}uj(:):,t).

j=1 70
The normalization condition [ u2(x,t) p(z, t)dz = 1 implies that

¢ Ju,,

. ot — (z, )up(x, t)p(x, t) de = 1 /Oaui(x,t)%(:r,t) dx.

(12) 5

Now differentiating the equation
Up (2, 8) + A (t)p(2, t)un(z, ) =0
with respect to ¢ gives

" au

8;:(1’,75)4’)\71(75) [ (2, ) (1) + gt (2, t)un(z, 1)
= —An(t)p(, hun(z, t).

(13)

Multiplying (13) by w;(x,t), j # n, and then integrating over [0, a], we obtain

au//
, ot

(s (2, t) do + An(t) -
(14) /0“ [p( )8811:( )+ %(w,t)un(:):,t) uj(z,t) dv

L) [ pla (o (o t) do
= 0.
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Using integration by parts twice and the boundary conditions u,,(0,t) = uy(a,t) =
0, we find that

a " a a n
; a;f”(:):,t)uj(:):,t) dx = ; %(m,t)ug(:):,t) dx

= —X\;(t) /Oap(x,t)%(x,t)uj(x,t) dx.

This together with (14) gives, for j # n,

¢ Ju,,

ot —(z, t)u;(z, t)p(x, t) do

15
o An(t) “p

Aj(t) = An(t) Jo Ot
It follows from (11), (12) and (15) that

—(x, )up(z, t)uj(x, t) do.

Oun iy L [
T (z,t) = ~3 {/0 us (x,t) T (z,1) dx}un(x,t)

_|_Z t (1) S {/ N (@, t)un(z, t)u;(z,t) dx}u](x t).

Substituting (16) into (10), we obtain the desired result. This completes the proof
of Theorem 1.

(16)
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