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ON CYCLICITY IN THE SPACE H?(p)

K. Hedayatian

Abstract. Let {3(n)} be a sequence of positive numbers with 3(0) = 1 and
let p > 0. By the space H?((3), we mean the set of all formal power series
S22, f(n)z™ for which S2°° | £(n)[PA(n)? < oo. In this paper, we study
cyclic vectors for the forward shift operator and supercyclic vectors for the
backward shift operator on the space H?(}3).

1. INTRODUCTION

Let = be a vector in a Banach space X, and 7" be an operator on X. The orbit
of = under T is defined by

orb(T,z)={T"x:n=0,1,2,---}.

We recall that a vector z in a separable Banach space X is cyclic for an operator
T on X if the closed linear span of orb(T, x) is equal to X; it is supercyclic if
the set of all scalar multiples of the elements of orb(7', x) is dense in X; also it is
said to be hypercyclic if orb(T, x) is dense in X. An operator 7" is called a cyclic,
hypercyclic, or supercyclic operator, respectively, if it has a cyclic, hypercyclic,
or supercyclic vector. Nowadays, the study of these vectors for operators is in
progress. For instance, one can see [4, 5, 6, 9, 10, 11, 12]. Suppose that p > 0 and
{B(n)} denotes a sequence of positive numbers such that 3(0) = 1. For a sequence
f={f(n)}, we define

IF11E = " 1f(n)[PB(n)P < oo.
n=0
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Furthermore, we shall use the formal notation f(z) = > °, f(n)z" regardless
whether the series converges for any complex value of z. Throughout this article,
by the space H?(/3) we mean

HP(B) ={f: f(2) Zf )2", || fllp < oo}

This notation is taken from [14] where p = 2.

From now on, p/ denstes the complex conjugate of p > 1, i.e.,, 1/p+1/¢ = 1.
Define the finite measure p on the set of nonnegative integers Ny by u(K) =
Y nek B(n)P, K C Ny. Since HP(3) = IP(u), we conclude that HP(/3) is, indeed,
a Banach space. Moreover, it is known that the dual of ?(p), is (I?(p))* = I’ (1),
which implies that (H?(8))*, the dual of H?(j3), is H” (v), where v = gr/¥',
For more information on the space HP(/3) see [8, 13, 15, 16]. For the sake of
completeness, we first recall the following definition.

Definition 1.1.  The operator M, on HP(3) given by (M, f)(&) = £f(§) is
called the forward shift; furthermore, the backward shift is the operator B on H?((3)

given by (Bf)(z) = f(2) — f(0)/=.
The conditions for the boundedness of the forward shift and backward shift are
given in the following two elementary lemmas.

Lemma 1.2. If sup, B(n+ 1)/B(n) < oo, then the operator M is bounded
on HP(3). Indeed, || M.|| = sup,, B(n +1)/6(n).

Proof. For f € HP([3) it is seen that

I Z\zf )P (n

= Z\ (n—1)|PB(n)P

= Z\f )PB(n +1)P

o0

(sup n—l— 1 Z ‘p/@

n=0
ﬁ(n + 1)
= (sup=——)"||f
(sup = Al
and thus || M.|| < sup,, B(n + 1)/B(n). Onthe other hand, |[2" ]|, < [|M.]] ||2"],
and so B(n+ 1) <||M,||B(n); hence sup,, B(n+ 1)/B(n) < ||M,|| and the result
holds. ]

IN
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Lemma 1.3. Ifsup,>; B(n —1)/B(n) < oo, then the operator B is bounded
on HP(3). Infact, || B|| = sup,,>; B(n —1)/8(n).

Proof. The proof is similar to the previous lemma and so is omitted.

2. FORWARD SHIFT oN HP([3)

Assume that 3 can be chosen so that H?(3) consists of all analytic functions
on the open unit disc D, and the function f in HP(53) is noncyclic if and only
if f has a zero in . In this case, the set of all noncyclic vectors is an open
subset of HP(3)\{0}. The reason is that if f € HP(3)\{0} is noncyclic, then
f(w) = 0 for some w in D. Now, if f is not an interior point of the set of noncyclic
vectors in HP(3)\{0}, then for each n, one can find a cyclic function f,, such that
l|f — full < 1/n. Since f,, — f asn — +oo on compact subsets of D, a corollary
to Hurwitz Theorem [3] indicates that there exists a positive integer N so that for
every n > N, f, has a zero in D. This contradicts the cyclicity of f,’s.

Before stating the next two theorems, we first bring a lemma, useful in their
proofs.

Lemma 2.1. If lim inf 8(n)'/™ = ||M,|| = 1, then every function in HP?(() is
analytic on the open unit disc D. Furthermore, the convergence in H ?(3) implies
the uniform convergence on compact subsets of D.

Proof. Since 1 = ||M,|| = sup,, B(n+ 1)/B(n), we see that
(2.1) B(n) < B(0)=1 foralln >0.
Thus,

1 =liminf {/4(n) < limsup {/G(n) <1,
which impliesthat {/3(n) convergesto 1asn — +oo. Now, if f(2) = 3.2 f(n)z"
is in HP(3), then

limsup {/|f(n)| = limsup i/ |F(m)PBn)? < 1.

Therefore, limsup {/|f(n)] < 1, which means that the radius of convergence of

f(z) is at least 1. Hence, f(z) is analytic on D.
Furthermore, If f(z) € HP(53), then

%) 1/ np 1/]9/
=13 Fma| < (Z\f )PA( >> (Zﬁ‘ )
n=0 N ‘np l/p/
= ik (X5 ) -
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The convergence of the series 3°° 2™ /B(n)?" for every z with |z| < 1
completes the proof of the second part of the lemma. ]

Theorem 2.2.  Suppose that lim inf 3(n)Y/™ = ||M,|| = 1. Then a polynomial
m(z) is cyclic for M., if and only if m(z) has no zero in the open unit disc D.

Proof.  Let m(z) be cyclic. There exists a sequence of polynomials {m,,}

such that m,m — 1 in HP((3) and so m,(z)m(z) — 1 for every z € D. It follows
that m(z) has no zero in D.
For the converse, suppose that m(z) is a polynomial with no zero in . Without
loss of generality, assume that m(z) = (z — a1) - - - (2 — ay). Using induction on
k, we are going to show that m(z) is cyclic. Let m(z) = z — «, and define the
isometric isomorphism U from ¢ onto H?(3) by

U({a;}) = Z Sl

= 80"

Suppose that L is a complex bounded linear functional on H?(3) such that L(z"m/(z)) =
0forn=0,1,2,3,---. Since LU is a bounded linear functional on /7, there exists
a sequence {b;}, in £7" such that

(2.2) (LU)({a;}) =L (Z 3" ) Zaa
7=0

Fix n, and choose a sequence {a;}32, so that a, = —af(n), apt1 = B(n+1), and
aj =0 for j #n,n+ 1. Then (LU)({a;}) = L(z"™' — az") = L(z"m(z)) = 0;
moreover, (2.2) implies that

(LU)({a;}) = B(n + 1)but1 — aB(n)by
Thus
B(n+ Dbpy1 —aB(n)b, =0, n=0,1,2,---,
and consequently,

__Bm)
bl = 5

It follows that |b,,| = 3(0)/5(n)|a|™|bo|, for every positive integer n

If by #= 0, knowing the fact that {b,,}°%, is in 7', the above equality says that
{la|™/B(n)}22, is also in 7. But it is impossible; because by (2.1), f(n) < 1
for all n and a with || > 1. Hence, b, = 0 for all n, which implies that L = 0.

laf |bp|, m=0,1,2,---
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Using the Hahn—Banach theorem we observe that the polynomial multiples of m(z)
are dense in HP(3), and so m(z) is cyclic. Now, by the induction hypothesis,
s(z) = (z—aq)---(z—ay) is cyclic. Thus, there exists a sequence of polynomials
{sn(2)}52, such that s,s — 1 in HP(3). Therefore, s,(z)m(z) — z — ki1,
where m(z) = (z — a1) -+ - (2 — ag+1). But z — ag4q is cyclic, and so is m(z).
This completes the proof of the assertion of the theorem. ]

The natural question which now arises is whether, under the hypotheses of
Theorem 2.2, every function with no zero in the open unit disc is cyclic for M,; or,
equivalently, is there a noncyclic function in H?(3) so that it never vanishes on D?

In the rest of this section, we are going to discuss this problem and give some
sufficient conditions for the existence of these kinds of functions.

Theorem 2.3. Let Py be the set of all polynomials with no zeros in the open
unit disc D. Then the closure of P in HP(/3) contains many functions other than
polynomials which never vanish on D.

Proof. Choosing the sequence {a,,} so that |a,| > 2"+ /3(n) for n > 0 and
ap = 1, we observe that for every complex number ¢ with |¢| = 1,

< 1.

> farB(k)
k=1

Applying Rouché’s theorem [2] to the analytic functions f(z) = 1 and g,(z) =
S py 2% /arB(k), we conclude that ki, (2) = 1+ g,(2) € Pn.

It is easily seen that the sequence {a,} can be chosen so that >"~° (1/an) <
oo. Thus, the function h(z) = > .2, (2"/a,B(n)) is in HP(3) and the sequence
{hn(2)}n converges to h(z) in HP(/3). To show that h(z) does not have any zero
in the open unit disc, let w be any complex number with |w| < 1 and B(w,r) be
the open disc with center w and radius » whose closure lies in D. Considering the
fact that

o0 n

2 (n)

Qa
n=1 "

<1, |z2|<1,

and applying Rouché’s theorem to the constant function 1 and the function ) > ,
(2" /anB(n)), we see that h(z) never vanishes on B(w,r). Since this holds for
every disc with the closure in D, the result follows. ]

To obtain the next results, we need to introduce the concept of bounded point
evaluation for the space H”(3). Recall that for a complex number w, the functional
e defined on polynomials by e, (m(z)) = m(w) is called evaluation at w. A
point w is said to be a bounded point evaluation on H?(g3) if the functional e,,
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can be extended to a bounded linear functional on H?(/3). In this case, we denote
ew(f) by f(w) for f in HP(3). Density of polynomials in HP(3) implies the
equivalency of the above definition to the existence of a constant ¢ > 0 such that
lew(m(2))| < ¢|lm(z)||, for all polynomials m(z). Since the spaces H”(3) and
[P(1) are isometrically isomorphic for a measure p on nonnegative integers, we
conclude that there is a unique element k., in Hp/(y) where v = 3P/?" such that
for all f € HP(3) we have

Fw) = ew(f) =Y F)ku(m)Bn),  lewll = [kully-
n=0

The element k,, is called the reproducing kernel at the point w.
By taking for f the monomial f,(z) = 2™ we obtain

~ w"

ky(n) = By

Hence w is a bounded point evaluation if and only if

,wn
Eall?, = Z‘ |

Theorem 2.4.  Suppose that lim inf 3(n)'/™ = [|M,|| = 1 and G is an open
disc in D which is tangent to 0D at 1. If p > 2, and there exists a positive constant
¢ such that for every w in G,

Z‘w‘p < ‘Zg

then there is a noncyclic function in H ?(3) which never vanishes on the open unit
disc D.

Proof.  First note that the Hardy space H? is, indeed, the space H?(3) with
B(n) = 1, for all n. Considering this fact along with (2.1), we observe that H?
is a subset of H?2(3) for every 3 satisfying the hypothesis of the theorem. Thus
H> C H?*(3). Suppose that f = > >° f(n)z" is in HP(3). Then there exists a
positive integer N such that | f(n)|P5(n)? < 1 for all n > N. Moreover,

|f(m)PB(n)? < | f(n)?B(n)>

for all n > N, and consequently, H> C H?(3) C HP(f).
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Now, define s(z) = exp(z+1)/(z — 1). Obviously, s is in H*> and so is in
HP(3). Furthermore, s never vanishes on . It remains to show that s is noncyclic.
On the contrary, assume that it is cyclic. So there exists a sequence of polynomials
{pn} such that p,s — 1 in HP(j3) as n — +o0.

Now, considering the proof of Lemma 2.1, and applying the ratio test, it is easily
seen that if [w| < 1, then the series 3.°°  |w|™'/3(n)?" is convergent; so w is a
bounded point evaluation. In fact, k., (z) = > ,(@w"/B(n)P)z" is the reproducing
kernel for H?(3) at w. Consequently, if f € HP((3), then

@) < 1l kol = 1111 Z L "

Replacing f(w) by p,(w)s(w), the boundedness of the sequence {p,,s} implies the
existence of a constant A/ such that

w p
(2:3) [pn(w Z‘ 2y

For § > 0, let Cs be the circle with center 6/(1 + d) and radius 1/(1 + ) which
is tangent to 9D at 1. Choose ¢ so large that if w € Cs and w # 1 then w € G. If
w # 1 ranges over the circle Cs, then |s(w)| = e~%; thus by (2.3)

[Pr(w)s(w)] = 6_6\pn(’w)\‘

On the other hand,

Z\w\ ) < Ci‘Zﬁ" weG.
— n

This implies that

o0
J
|pn(w Zﬁw Y<eMe®, n=1,2,3,-

Let G consist of all points inside the circle Cs, and define

)7L if w e Gs\{1},

0 fw=1.
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It is apparent that f,, is analytic on G5 and continuous on G's, and so

1
sup |fu(w)| < e Me®, n=1,2,3,---
weGys

Since p,,(w) converges to 1/s(w) for every w in the open unit disc, we have

1 o J
1< e Med|s(w)] |y =], w e Gs. (2.4)
jzoﬁ(J)p

Now, let w range over the set G5 N [0,1). Putting h(w) = (wi/ B(5)?") exp((w +
1)/(w — 1)), a straightforward computation shows that

1—+v27+1 1 2j
sup h(w) = h(IEZYH L) o Lt
wel0,1) J B(5)P

Using the ratio test and considering the fact that lim {/3(j) = 1, itis easily observed
that the series Z?‘;O(l/ﬁ(j)p/) exp ((27/(1 — /25 + 1)) + 1) is convergent, and so
Z;‘;O(wj/ﬁ(j)p/) exp ((w+1)/(w — 1)) converges uniformly on [0,1). Therefore,
by using Lebesgue’s dominated convergence theorem, it follows that

i ()Y 5 = 3 i B 0

m s(w ~7 1m e 5

wolm = BEY et B

which contradicts (2.4) |

Example 2.5. Let 3(n) =1 for all n. > 0, and p = 2. Clearly lim 3(n)"/" =
|[M.|| = 1. Put

Z‘ ‘72‘ \w\Q

and N
W) =12 el ‘Z 7

for w € D. Suppose w = x + iy # 1 ranges over the circle Cs, with center
§/(1+6) and radius 1/(1+48),6 > 0. Then |w|? = (1 — 6 + 225)/(1 + §) and
1 —w|?/(1 - |w|?) = 1/8; thus f(w) = g(w)/s. For a fixed §; > 0 we see that
f(w) < g(w)/dy, for all w on Cs where 6 > §;. Thus the inequality in the theorem
holds for G consisting of all points inside the circle Cy,, and ¢ = 1/6;.
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3. BACKWARD SHIFT ON HP([3)

In this section, we first present necessary and sufficient conditions for a vector
in HP(3) to be supercyclic for certain weighted backward shift that we will denote
by B. Next, we discuss the hypercyclicity of the operator B.

The operator B is defined on HP((3) by

B o . " o . n+ 1 2 .
B f)m) =3 fn+ 12
n=0 n=0 ﬁ(n)
Similar to the proof of Lemma 1.2 it can be shown that
; B(n)
B|| = P,
1Bl gl)( (n—l))

Theorem 3.1.  Suppose that 3(i +1)3(i — 1) < 5(i)* < 1 for all i > 1, and
{B(i)/B(i —1)}2, € £P. Then f(z) in HP() is supercyclic for B if and only if
f(2) is not a polynomial.

Proof. Fix ¢ > 0, and let f(z) = 2%, f(i)2* be in HP(). Choose the
integer & so that S°5°, B(i)?/6(i — 1)P < e. Since lim;_ o |f(i)[PB(i)P =
there exists an integer n such that n. > k and | f(n)|P8(n)P = max{|f(i)|PB(i)?:
i > k}. Suppose that f(z) is not a polynomial. Then f(n) # 0. Moreover,

f(@) p BG)P
3.1 — P
(31 | f(n)‘ pn)p

Now, an easy computation shows that

<1 for i>k.

P B(i)?
and so ~ X )
((B)'N)(z) _x~flitn) Bli+n) i
B(n)2f(n) Zl f(n) B()?B(n)? th
Put

N~ fltn) Blitn)?
(2 = 2 = B

Let Q(7) denote the statement 5(i—1)3(n—1) < 5(i—2)F(n). Using induction on
i, we show that Q(¢) holds for every i > n + 1. Clearly, Q(n + 1) holds. Suppose
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that Q(7) holds. Then

B@Bn~1) < grTfli=Dfn—1) < 5Bl - 2)50)
< %é__ll);ﬁ(n) (by hypothesis of the theorem)
= B(i—1)B(n).

Thus Q(i + 1) holds. Similarly, applying induction it can be shown that

Bli—j—1)Bn—-1-j)<Bn—j)pli—3j—2)

foralli >n+1and 0 < j <n— 2. Considering these preliminaries all together,
we see that

f) _B>)? in
lhally =11 3 e o e

_ i ‘f(i) v BG)P  B(i — n)P
)
)

- Bli —n)*  B(n)?

(by (3.1))

IN
(]
=
B
. 3

=3
7=
S

bS]

i=n+1

& B80) LA BB —1—j),, 1
2 w0 U = map
— BGE , 1 €

< 2 Ga—n)" 50y < sap

It follows that (B)™f/(3(n)?f(n)) converges to 1 in H(3). Now, let M; =
\/g’ij{zi} ,j > 1,and P; : H?(3) — M, be the mapping defined by Pz(zg’io f(i)z%)
=2 f(i)z". If B; is the operator defined on M; by B;f = P;Bf, then for a
fixed j > 1,

0 ifk=j,
szk = ~
BZF if k> j,
and so there exists a sequence {~, } of scalars such that %B; f converges to 2/ as
n — 4oco. But (B)"f = B;f for a sufficient large n; hence -, (B)"f converges
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to z7. Now let Y°}" | ¢;, 27+ be a finite combination of 27’s, j > 0. So for every
1 < k < m there exists a sequence {x,, }» such that v, ,(B)" f converges to 2’
as n — +oo. Thus (371, ¢, k) (B)™f converges to Y ;" ;. z7k. It follows
that f is supercyclic for B. To prove the converse, if f(z) is a polynomial then
(B)™f = 0 for a sufficient large n; hence f(z) is not supercyclic for B. [ ]

Example 3.2. Let0 < §(1) < 1 be fixed and §(i) = B(1)/(: — 1)!,e > 1. If
p = 2 then it is easily seen that all conditions of the theorem are satisfied.

The following theorem can be considered, in some way, as a generalization
of Theorem 3.1 of [10]. It is shown in [7] that when the operator satisfies the
Hypercyclicity Criterion and the essential spectrum meets the unit disc, then it has
an infinite dimensional Banach space of hypercyclic vectors. That a backward shift
satisfies the Hypercyclicity Criterion is shown in [10]. So we give the following
result.

Theorem 3.3.  If lim,, 4~ B(n) = 0 and limsup B(n — 1)/5(n) = 1, then
there is an infinite—dimensional Banach space of hypercyclic vectors for the back-
ward shift B on HP(j3).

A question which now arises and we study in the rest of this paper is: Which
operators in the commutant of the backward shift B on H?(/3), denoted by { B},
are hypercyclic?

Theorem 3.4. If 0 # A € {B} such that A1 = 0, then there is a dense
subset X C HP(/3) and a right inverse R for A(AR = I x, the identity on X ') such
that ||A™z|| — O for every z € X

Proof. Let fi(z) = 2* for every k > 0. Indeed, the space X is the linear
span of fi,k > 0. To prove that ||A"z| — 0 for every x € X, it is enough to
show that A*(fy) = 0 for all k. Assume that this is true for all j < &, and since
BAFY(fi) = A IB(fy) = A*1f._1 = 0 it follows that A*=1(f;,) = X for a
constant A and therefore A*(fi,) = AA*=1(f.) = 0. To prove that there is a right
inverse R for A, let n be the smallest integer such that Af,(0) # 0 (this n exists
because A # 0); thus

Afn =Y Afr(0)B*fn = Afn(0),
k=0

and so Agg = 1, where gy = f,,/Af.(0). Suppose that there exists an element g;
in HP(3) such that Ag; = f; for 0 < i < m. Now,

n+m+1 m—+1

Afpimir = > AfO)B* fugmir = > Afasi(0) frmrri-
k=0 i=0
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Thus,
m+1
Afnsmi1 o= Afasi(0)
i1 = ol S S
Frt =250~ 2 Ad) 0
m+1
Afn—l—m—i—l + Afn+1 (0
- — A m+1—1
Afa(0 Z Af,(0) "I
Al s Afar1(0)
n+m+1 n+1 )
- Z “Af,(0) I
Put
m+1
fn+m+1 i Afn—l—z
2 Im+1—i-

Hence by induction we conclude that there exists g; € HP((3) such that Ag; = f;
for every i > 0. If Rf; = g;,i > 0, then AR = Ix.

Corollary 3.5. Iflim,, .~ (3(n) = 0 then the operator A = B is hypercyclic
for every i > 1.

Proof. Let f,, and R be as in the proof of the previous theorem. By the
Hypercyclicity Criterion ([10] or [11]) and Theorem 3.4 it is sufficient to show that
lim,— 4 oo||R™ fim|| = O for every m > 0. Applying (3.2) we have Rf,, = gm =
fm+i, for m > 0 and so R"f,, = fmtin. Therefore, lim, || R" || =lim
n—tooB(m+in) = 0. [ |

Remark.  Note that another proof of the previous corollary is obtained by
considering a result in [12] and a result of S. Ansari [1].

Corollary 3.6. For a nonzero constant a and i > 1, if lim,, . 4 o, B(n)/a”/* =
0 then A = aB’ is hypercyclic.

Proof.  Applying (3.2), we have Rf,, = gm = fitm/c, for m > 0 and so
R" fr = fin+m/a™. Hence

. . B(m+ni)
n _
Jm IR fin]| = lim =
_p e T g, Blmdnd) .
n—oo 7y o™ n—+oo

Remark. If |a] > 1 and 3(n) = 1 for all n, then we conclude that aB"
satisfies the Hypercyclicity Criterion. For ¢« = 1 this was proved by Gethner and
Shapiro [5].
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