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BOUNDED STABLE SETS OF SKEW PRODUCT
FOR MEROMORPHIC FUNCTIONS

Wang Sheng

Abstract. Boundedness of components of the Fatou set of the skew product is
studied, which is associated with finitely generated meromorphic semigroup.

1. INTRODUCTION AND MAIN RESULT

For some integer m > 1, X, denotes the one sided symbol’s space of m digits,
¥m :{1;2;... ;m} X oo X {1;2;... ;m}x R {1;2;... ;m}:

% : ¥ — Xm denotes the shift map, i.e. for any w = (wy;Wo;Ws;---) € ¥,
Yiw = (Wo; Ws; - - ).

Let fj (j = 1;2;---;m;m > 1) be transcendental and meromorphic in C.
The map f is said to be the skew product associated with the generator system
{fi;fa--- i fm}, e )

f: Ty xC—>2hxC
(w; X) — (%aw; fw, (X));
where w = (wy;Ws; -+ ) € Xy, See [9] for the case of the skew product associated
with rational semigroups. We define the following projection:

]/40f~: Em X C%E
(w; X) — Fu, (X):

Some notations and definitions are stated below.
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{f"} is said to be normal at a point (wp; zg) € Xm x C, if there is a neighborhood
V x U C By x C of (wg;zo) such that " are defined in V x U for all n and
{# 0"} is normal in V x U in the sense of Montel.

Furthermore, {f"} is said to be normal in V x U if {f"} is normal at each
point (w;z) € V. x U.

The Fatou set F (F) of f is defined by the subset of ©y, x C in which {f"} is
normal. The Julia set J(f) of f is the complement of F (f), i.e.

J(f) = Bm x C\F(f):
A component V x U ¢ F(f) is said to be bounded, if U is bounded.
If m = 1, the dynamical behavior of f is the same as that of f. In this case,

denote F(f); J(F) by F(f); J(F) respectively. See [5] for reference.
Let £ be transcendental and meromorphic in C. Set

L(r;f) = inf |[F(z)]:

jzj=r
If f(z) is meromorphic in C satisfying

L(r;f
lim sup (r ):oo;
rel r

then any non wandering component of F () must be bounded (see [12], [13], [14],
[15] for some extension). Obviously it is still a research topic to consider the
bounded components of F (f) in the research field, see also [1], [2], [8], [10], [11].
Our main result is following:

Theorem. Letfj(j = 1;2;--- ;m; m > 1) be transcendental and meromorphic
in C with the properties: given d > 1, for any positive number £ > 1 and for all
sufficiently large R > 0, there exists R; € (R%; R] such that

(1) L(Rj;fj)>LR; j=1;2;---;m:

Suppose that f is the skew product associated ‘with the generator system {f1;F2;-++
fm}. If there is a component V. x U C F(f) such that %o f" : V x U — U for

all n, and %(J3(f)) has an unbounded component, then V x U is bounded.

Remark. If fj is transcendental and entire of order less than % (see [4]) or
with gaps (see [6]) or is transcendental meromorphic of order % less than £ and
T(z) has the deficient number +(oo; F) at oo satisfying +(oco; f) > 1 — cos %Y (see
[7]), then f; satisfies (1), for j =1;2;---;m.
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2. LEmmas

Let us recall some known results on hyperbolic geometry. An open set in C
is hyperbolic if its boundary contains at least three points. Let Q be a hyperbolic
domain and _q(z) denote the hyperbolic density of the hyperbolic metric on 2. Let
Yo (21; 22) stand for the hyperbolic distance between z; and z; on €, i.e.

z

(2) %a(z1;22) = infeyg  ,q(z)|dz|;
where © is a Jordan curve joining z; to z, in Q. If Q is simply-connected and
d(z; @1?) is the Euclidean distance between z € 2 and @2, then for any z € Q

# < (Z) < ;
4d(z;09Q) — -8 = d(z;09Q)

Let f : U — V be analytic, where U and V are hyperbolic domains. By Contraction
Principle we have

(3) Y (F(z1); F(z2)) <%y (z1;22); VZ1;22 € U:
In order to prove the Theorem, we need the following lemmas.

Lemmal. Let f be the skew product associated with {fy; fy;--- ; i}, where
f; are meromorphicin C, j =1;2;--- ;m;m > 1. Suppose V x U is a component
of F(f). If %o f"(V x U) c U;n = 1;2;--- and %(J(F)) has an unbounded
component, then for any point (w;zy) € V x U, there exists a compact set B
containing z and % o £((w;z)), B c U such that for all sufficiently large n

o F((Wi2))] < cltho 731 (Wi 2))] + % (Wi 2) € {w} x B;
where ¢ and C0 are some constants.

Proof. Let I' be an unbounded component of %(J (f)). Then C\T is a simple
connected domain and

YiofM: {w}xU - C\I;n=1;2;---:
Take a € I'. Then for any z € C\I', we have

.cnr(z) > 1_ > 1 :
4d(z;T) — 4(|z| + [al)

Let © be a Jordan curve in U connecting zo and %o ((w;zy)). Then %of({w} x °)
connects %o F((w; zg)) and %o F2((w; zg)). Clearly, ° U%of({w} x °) is compact
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and for any (w;z) € {w} x °, it follows that % o f((w;z)) € ® U¥% o f({w} x °).
Set
A =max{%hy(z;2"): z€ ;2" € °U%o F({w} x °)}:

Then A < co. From (2) and (3), for sufficiently large n, we have
o (0 TN (W;2)); %0 T (F(W; 2))) <y (%o F(W;2) < Ajz € °:

Note that

Z e (wiz))j 1

A > Yo (o T3 (w3 2)); %0 T7(W; 2))) > dzl:

il ((w;z))j 4(’2’ + ’a’)

By a simple calculation, we obtain

o f(W2)) [ +1al _ k., ¢ o
tao FRit((w;2))| + [a]

Then Lemma 1 follows, with ¢ = e*A, ¢! = (e*A — 1)|al and B = °.
The following lemmas from [4, pp.165].

Lemma 2. Let D be a domain and f, — f;g9n — g locally and uniformly
on D, fn;gn are analyticon D, n=1;2;---. If g(D) C D, then f,o0g9q — fog
locally and uniformly on D, in the chordal metric.

Lemma 3. Let f be the skew product associated with {fy; Fo; - -- ; fm}, where
fj are meromorphic in C, j = 1;2;--- ;m;m > 1. Suppose V x U is a component
of F(f)and foraw eV, %of": {w} xU —-U,n=1;2;---. If {iof"} has a
nonconstant limit function on {w} x U, then there exists a subsequence {f"«} of
{f"} such that

Yoo £k ((W;2)) = z;V(W;2) € {w} x U;k = oc:

Proof. By the assumption in Lemma 3, any subsequence {t}, {¥% o fi} is
normal in {w} x U. Note that {%of"} has nonconstant limit function in {w} x U.
Let g(z) be a limit function of % o f" on {w} x U. Obviously, g : U — U. Then
there exists a subsequence {l,} such that % o f' locally and uniformly converges
to g(z) in {w} x U. Set

Nk = lx — lxj1 — 00, K — o0:

{# 0™} is normal in {w} x U. Without loss of generality, assume A(z) is a limit
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function of % o ™ in {w} x U. By Lemma 2, it deduces
Aog(z) =limguq YoMk oY oflkil((w;z))
= Timp g2 [(Fwy, 00 Fwy) 0 (Fuy 1y 0+ 0 Fu ) i1
o(fwy, ;1 00 Fuy)(2)]
—limp w1 fu, 00y (2)
= limy s 1 %0 Fi%((wW;2)) = g(2):

So, A(z) = z. Lemma 3 follows.

3. PrRooOF oF THEOREM

Assume V x U is unbounded. Then we shall prove by contradation that there
exists a point (w;a) € {w} x U C V x U such that

(4) Voo FN((w;@))| <oo;n=1;2;---;

where w = (Wy;Wa; -+ ;Wp---): In fact, if (4) is not true, then for any point
(w;z) € {w} x U, we must have

(5) Yoo FM((W;2)) — 00; N — oo
Otherwise, suppose that there exists a point (w;z) € {w} x U such that
(6) Yoo FM((W;20)) /4 00; N — 00:

From (6), there exists a subsequence {nk}k1:1 and nonnegative constant Mg such
that }
lim 1o £ ((w; 20))] = Mo:

So, there exists ko > 0 such that for all k > kq,
(7) Ve o £ ((W; 29))| < Mg + 1:

Fixed k > ko. Let I’ be an unbounded component of %(J (f)). Then C\I" is a
simple connected domain. From (3), we have

You (203 % o £((W; 29))) > Yoonre (¥ o T ((W; Z9)); % 0 M FL((W; 20))):

Set Ay = max{¥%y (zo; % o F((W; 29))); 1}. Then Ay < co. Since

.cnr(z) > ————d eIl
" A([z| + [a)
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and

Y Yo fN Yy o FkF1 e i) ! d
k((W:Zo)); kTH((w;z > TR
zanO( ‘e (( 0)) e (( 0))) j%if”k((w;zo))j 4(’Z’+’30’)’ ’

Ly o (W 20))] + o]

4 a0 £k ((W; 20))| + ||

From (7), it follows that
o £MH (Wi 20))| < e ([tao £ ((w;2o))| + al))
< e (M + 1+ [a"]) =e*oMy;
where M; = My + 1 4+ |&°|. Similarly, for any integer s > 0, we have
(8) |4 0 FRHS((w; 29))| < seSAoMy:

Choose £ > 2e*?0 and sufficiently large R > oMY, Then there exists R;
(Rd;R] such that

9) £

Wny +1

(2)| > L(Ry;

Wny +1

) > LR > eMy; |z| = R;:

Choose a Jordan curve ° in U connecting % o Mk ((w;20)) to a point in {z € C:
|z| = R;}. Then from (8), we have

fun 1 (P)N{Z € C:|z] <e™oMy} #0)
and from (9), it follows that
T (?)N{zeC:z| = LR} # 0
Therefore there exists 7; € © satisfying
ki

wn, 2 (Z1)] = LR:
By the assumption in Theorem, there is R, € ((£R)d; £R] such that
(10) Fwn 2 (2)] > L(R; ) > L7R > 26" 5220My; 7] = Ry:
Similarly, from (8), we have

funrz © Fwn e (7) N{Z € C 1 [z] < 26*52A0My } £ )
and from (10), we have

ank+2 Oank+1(°) N {Z € C: ’Z’ = ‘C2§} 7& (D:
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Hence there exists Z, € © satisfying

’ank+2 © an +1 )’ = ‘C2

By mathematical induction, there exists Zg € © satisfying

(11) ’ank+s o'fWnk+l Z)| = ISR
Set A’ = max{%y (Yoo F™((W; 29)); 2);Z € °}. Then A’ < cc. Similarly, from (3),
we have 7. _
Jank+sJ—’¢¢¢J—’ank+1 (Zs)j 1
A > S —
et FS (wiz0)j 4(|z| + (&)
— 110 ’ank+s 00 ank+1(ZS)’ + ’3.0’ .
4% o fres((wizo))| + [

Therefore
[Fuinges © - © T s (Z5)] < €M ([ 0 £ ((w; 20))] + [))
Let s = nky 1 — Ng. From (7) and (11), it follows that
LR < A M

equirvalently
- - 0
2nk+1 i nke4(nk+1 ink+d)Ao M{j < e4A Ml:

Similarly, for any integer p > 1, it follows that

INi+p i nke4(nk+p ink+d)Ao M{j < e4A0M1:
The above inequality is impossible when p — oo. This contradiction shows (5) is
valid.

Next, choose a Jordan curve ! in U connecting z to % o f((w;z)), by Lemma
1, there are constants L > 0 and L > 0 satisfying

(12)  PeoF((w;2))| < LPeo F7HH(wiz))] + L (wiz) € {w} = °1:

Since °} connects z to ¥% o f((w;z)), take a part curve °} C %o F({w} x °})
lying between % o f((w;z)) and % o F2((w; z)) and connecting % o f((w;z)) to

Yoo F2((w;2)), ---, similarly, take a part curve °) C %o fMil({w} x °}) lying
between ¥ o £Mi 1(( z)) and % o f"((w; z)) and connecting % o FMil((w;z)) to
%o F((W;2)), ---, such that ! and °3,+1 have only one common end point,
n=1;2;---. LetT® = yL_,°Y. Then 'Y is a curve approaches oo in U. For any

point (w;2%) € T, there eX|sts a point (w;z") € °} and n > 1 such that

Voo £ ((w; 2%)| = |2°):
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Since for any sufficiently large R > 0, we have {z € C : |z| = R} NT" # (. Then
there exists infinitely many large n, and for each this kind of n, there exists a point
(w;zl) € {w} x °! satisfying

Rui, = [#0 £ ((w; 27))]:
By the assumption in Theorem, it follows
[0 £7((W; 20))| = [ 0 %0 £ ((W; 27))]
> L(Rwn; fw,)
> (L4 1)|%o fil((w;22))|:

This is a contradiction to (12), because (w;zY) satisfying (12). Hence (4) holds.
From (4), there exists a constant M > 0 such that

(13) Yo f(w;a))| <M <oo;n=1;2;---:

For any K > 1 and all sufficiently large R > 0, by the assumption of Theorem,
there is R; < R such that )
L(Ry;%of) > KR:

Make a Jordan curve ° in U connecting a to a point in U N {z : |z| = R}. Then
Yiof({w} x °)N{z:|z| = KR} #0

and
Vo F({w} x °)N{z:[z| <M} #0:

So there exists a point (w;z;) € {w} x © satisfying
Vo F((w;2z1))| = KR:
By the assumption in Theorem, there is Ry, < KR such that
L(Rz; fw,) > K®R; |z| = Rq:

Take °; C Yo F({w} x °), such that °; connects % o f((w;a)) to a point in
Un{z:|z|=KR}and °; C {z € C:|z| < KR}. Then

Yoo F({¥w} x °1)N{z: |z| = K’R} £ 0

and
Yoo F({¥w} x °1)N{z : |z| <M} #£ D
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Hence
Yoo F2({w} x °)N{z: |z| = KR} # 0

and
Yoo F2({w} x °)N{z: |z] < M} # 0

There exists a point (w;z3) € {w} x ° satisfying
Vo F2((wW; 22))| = K?R:

Inductively, for all sufficiently large n, there exist R, < K"i!R and a point
(W;zn) € {w} x ° such that

L(Rn; fw,) > K"R
and
(14) 0 F7((W; 2n))| = K"R:
It remains to be considered two cases below.

Case 1. {%o f"} has only constant limit functions on {w} x U. We can

choose au unbounded connected set I of %(J(F)) such that
Yo FM((W;2)) = q € T;¥(w; 2) € {w} x U;n — oo
Then C\I' is simple connected and
YofN({w} xU)c C\[;n=1;2;---:
For ay € I" and any z € C\T', then

.cnr(2) > — = = :
4d(z;T) — 4(|z| + [ao])

Similarly, from the above proof, there is a constant A, by Contraction Principle, if
follows that

Yenr (Yoo TN ((W;a)); Yo T (W; 2n))) < Yy (8 2n) < A:
So, from (13), it follows
[0 £7((W; 2n))| < e (% 0 £7((W;@))] + |ao]) < e*A(M + Jao)):
It leads to a contradiction if we let n — oo in the following

K"R < e™(M + |ay]|) < o<
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Case 2. {¥% o f"} has nonconstant limit function in {w} x U. By Lemma 3,
there exists a subsequence {%: o f"x} such that

Yoo £ ((W;2)) = z;¥(W;2) € {w} x U;k — oo:
Therefore, ¥(w;z) € {w} x U, for all sufficiently large k, it gets
(15) Voo £ ((w; 2))| < K|z|:

On the other hand, for all sufficiently large k, there is (w;z) = (w; zn, ) € {w} x °
satisfying (14). And then

¥ 0 £ ((W; Zn, )| = K"™R:

This contradicts to (15).
Hence in any case, V x U is bounded. We complete the proof.
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