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EXISTENCE OF STRONG SOLUTIONS TO SOME QUASILINEAR
ELLIPTIC PROBLEMS ON BOUNDED SMOOTH DOMAINS

Tsang-Hai Kuo and Yeong-Ju Chen

Abstract. We consider the following quasilinear elliptic problems in a bounded
smooth domain Z of RN, N > 3:
N N
0? 0
Lu= 3 (o) g+ 3 blm g ol wu=fi@)  in

iq=1

u =0 on 07,

where f(z) € LP(Z) and all the coefficients a;;, b;, ¢ are Carathédory
functions. Suppose that a;; € C%(Z x R), a;j, da;;/0x;, dayj/or,
bi, c € L¥(Z xR), ¢ < 0 for i,j = 1,...N and the oscillations
of a;; = a;;(x,r) with respect to 7 are sufficiently small. A global
estimate for a solution v € W2P(Z) N WO1 P(Z) is established and the
existence of a strong solution v € W?2P(Z) N WO1 P(Z) is proved for
p> N.

Furthermore, we replace f(x) by f(x,r,&) which is defined on
Z x R x RN and is a Carathédory function. Assume that

|f(z,r, )| < Co+h(r)Ig’, 0<0<2,

where C) is a nonnegative constant, i(|r|) is a locally bounded function,
and —c > a9 > 0 for some constant ag. We prove the existence of
solution u € W2P(Z) N Wol’p(Z) for the equation Lu = f(z,u, Vu).
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1. INTRODUCTION

Let 2 be a bounded C'!+! domain in RV, N > 3, and L be the following elliptic
operator in the general form:

N 0%u N ou
Lu= Z aij(x,u) ez, + Zbi(x, u)% + c(x, u)u, z €N
ij=1 v i=1 v

We study the existence of strong solutions to the following problems:

{ Lu=f(z) in

(1.1 u=20 on 0f),

where f € LP(2), and

Lu= f(x,u,Vu) in €,
u =0 on 012,

where f(z,r,&) has less than quadratic growth in &. All the coefficient functions
aij, bi, c and the function f(z,7,&): Q x R x RY — R are Carathédory functions,
that is, the function x — f(x,r, &) is measurable for all (r,&) € R x RY and the
function (r,&) — f(x,r, &) is continuous for a.e x € Q.

The basic idea is to consider a mapping F defined on W2P(Q) N Wol’p(Q)
by letting u = F(v) be the unique solution in W2P(Q) N Wol’p(Q) to the linear
Dirichlet problem:

N 9%y N ou
(1.2) Lyu = ijZZI a’ij(xa U) axiaxj + Lzzl bi(xa U)a_t + C(xa U)u = f(x) in Q,
u=0 on 0f).

The unique solvability of problem (1.2) is guaranteed by the linear existence result
[1, p. 241] under appropriate coefficient conditions. We notice that F' is well-
defined for p > N/2. We shall then obtain solutions of problem (1.1) by finding
fixed points of F.

The regularity theorem of Agmon-Douglis-Nirenberg [2] asserts that

(1.3) [ullwzr < Cllullze + ([ Loul|2e),

where C is a constant dependent on the moduli of continuity of the coefficients
aij(xz,v(z)) on Q, etc. If a;;(z,7) = a;j(x), then the constant C' in (1.3) is
independent of v and by [1, p. 243], there exists a constant C' independent of v
such that

(1.4) [ullwzr < CllLvullLe = C| f s+
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According to the uniqueness of problem (1.2), F' is a continuous mapping in the
topology of WP(2) (Lemma 2.2.1). From (1.4), |lu||yy2» < K for some constant
K > 0. Let

K={veW>@QnWoP(@)| Ilvllware) < K}.

By the Sobolev imbedding theorem, K is a compact convex set in W1P(Q). Apply-
ing the Schauder fixed point theorem, we then obtain a solution to problem (1.1).

In the general case a;; = a;j(z, ), the essence of our consideration is to establish
estimate (1.3) for which the constant C' is independent of v. If {2 = B is a ball in
R it has been shown in [3, Proposition 3.1.2] that

(1.5) lullw2r () < Clullzes) + |1 Lott]| e (5));

where C' is independent of v. In Section 2, we intend to transform the coordinates
in a bounded smooth domain Z into a ball B. By imposing stronger conditions on
ajj € C%1(Z xR) so that the oscillations with respect to 7 are sufficiently small, we
have the same estimate of (1.5) in Proposition 2.1.1. Together with the maximum
principle of A. D. Aleksandrove [1, p. 220],

Sgp lu| < C”fHLN(Z)v

where C' is a nonnegative constant, we show that u is W2?(Z) bounded. By the
same argument as above, the existence of strong solutions to problem (1.1) is proved
in Proposition 2.2.2.

Based on the preceding results, in Section 3, we further study the existence of
strong solutions to the following quasilinear elliptic problem:

16 { Lu= f(x,u,Vu) in Z,

u=20 on 0Z.

Suppose that
—c > ag >0, for some constant «,

and f(z,r, &) is a Carathédory function which satisfies

|f (w7, )| < Co + h(|r|)I¢]",

where Cj is a nonnegative constant, h is a locally bounded function and 0 < 0 < 2.
Then problem (1.6) has a strong solution u € W2P(Z)N WO1 P(Z) provided that the
oscillations of a;; with respect to r are sufficiently small. The result will be shown
in Theorem 3.1. To prove the theorem, we consider the approximation of problem
(1.6). Denote the corresponding solutions by (u,,) (derived in Lemma 3.2). We first
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obtain a L bound of subsequence of (u,) (Lemma 3.3), still relabeled as (u,,),
and then establish a W2? bound of (u,,) (Lemma 3.4). Finally, we pass the limit to
verify that the limit u of (u,,) is a W2P(Z) N Wol’p(Z) solution of problem (1.6).
The following notations are used in this paper. We denote by (2, 012, B, Z,
and Vu the open set in RY, the boundary of €, the ball in RY, the bounded
smooth domain in RY, and the gradient of u, respectively. We define C"“’O‘(Q) to
be the space of functions in C*({2) consisting of function whose kth order partial
derivatives are uniformly Hoélder continuous with exponent o in €2, 0 < a < 1,
and C§° to be the space of functions in C°°(§2) with compact support in 2. Let
WmP(Q):={u € L¥(Q) | weak derivatives D € L (Q) for all |a] < m} and
WP be the closure of C§°(Q) in W™P(Q2). We denote by D*u = [D;ju] the
Hessian matrix of second derivatives D;;u (= 0?u/dz;0z;), i,j = 1,2, ..., N.

2. THE EXISTENCE OF STRONG SOLUTIONS IN BOUNDED SMOOTH DOMAINS

Let Z be a bounded domain in RY which is C! diffeomorphic to a ball B
in RV, ¢ be a Cb! diffeomorphism from Z onto a ball B in RY and L be a
second-order elliptic operator of the following form:
N
82
2.0) Lu= Z aij(x,u) u

0x;0x;
ij=1 R

N
0
—I—Zbi(x,u)a—g—i—c(x,u)u x € Z.
i=1 !

In this section, we consider the Dirichlet problem for Lu = f(z) with f € LP(Z).
A global W2? estimate for u € W2?(Z) "W, (Z) is also established and is used

to prove the existence of a strong solution u € W?2P(Z) N WO1 P(Z).
2.1. Global Estimate

An operator L in (2.0) is said to be uniformly elliptic in € if there exists a
constant A > 0 such that
N
QLD Y ay(w &g > MEP for (r,€) e R x RN and ae. 2 € Q.
i,j=1

For a fixed point z € RY, we denote by osc a;j(x,r) the oscillation of a;; with
respect to r in R, that is, osc a;j(x, r) = sup{|a;j(x,r1) — aij(z,72)| [r1,72 € R},
and let

osc a(x,r) = | Dnax osc a;j(x,r).

For v € W2P(2) N W, (Q), let

N 9%u N ou
L,u= ijz:l a;j(z, v)m + 2 bi(x, v)ﬁ—xz + ¢z, v)u.
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Recall the Marcinkiewicz Interpolation and Calderon-Zygmund theorems. The
LP estimate for a solution u € WO2 P(Q2) of Poisson’s equation in a domain 2 [1, p.
235] is given by

2.1.2) ID%u| o) < K[| Aul Lo,

where K = K(N, P) is a nonnegative constant. Notice that if {2 is a unit ball B,
the global estimate of the W?2P(B) norm on u is given by [3, Proposition 3.1.2]

(2.13) lullwar sy < Clllullzes) + [ LoullLr(s)),

where C' is a constant (independent of v) dependent on N, P, A\, A,0B, B and
the moduli of continuity of the coefficients a;;(x,r) with respect to x on B,
laij], |bil, lc| < A and osc a(z,r) < A\/4K Vx € B, osc a(z,r) < \/8N2KVzx €
OB, K is a constant by (2.1.2). We start to establish a similar W?P(Z) estimate
as (2.1.3) for a bounded smooth domain Z of RV, A global W?P(Z) estimate can
be derived by using the diffeomorphism to transform the coordinates to B and then
applying the W?2P(B) estimate. Therefore, we have the following proposition.

Proposition 2.1.1. Let Z be a bounded smooth domain in RY and the coeffi-
cients of L satisfies

(2.1.4) aij € C¥Y(Z x R), by, c € L(Z x R), |ai;|, |bi], |e| <A,

where A is a positive constant, i,j =1, ..., N. Assume that there exists a C1!
diffeomorphism 1 from Z onto unit ball B in RN | 4(0Z) = 0B,

opr .. 9%

ox1 oxr N
G= ;
%y .. OYn
ox1 oxr N
A
(2.1.5) osc a(z,r) < Vo € Z,
45K
(2.1.6) osc a(x,r) < A Va € 07,
8N2(Z
where
(2.17) E(GGTET > alg|?  for some constant o > 0 ([4, P.539)),

N
ﬁ _ _max Z ‘ 8wz(x) 8wj(x

2E€Z,1<i,j<N “— oxr, Oxs

~—

| >0, and K is a constant by (2.1.2).
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Then if u € W2P(Z) N Wol’p(Z) and Lyu € LP(Z), with 1 < p < oo, we have the
estimate

(2.1.8) [ullw2r(z) < C[Loullrz) + [lulle(z)),

where C' is constant (independent of v) dependent on N, P, \, A, 0Z, Z, 1 and the
moduli of continuity of the coefficients a;j(x, ) with respect to x on Z.

Proof. ¢ = (1, ..., ¢n) is C"! diffeomorphism from Z onto B. Let y = ()
for z € Z, u(y) = u(x), 0(y) = v(z) and Lzu(y) = Lyu(x), where

- Y s, 00 IR
Lya(y) = Y ij(y,5(y)) 5, ==+ D _bi(y, 0(y) 5~ + ely, 8(y))ii in B,
=1 Yi0Y; — Yi
o N oy 0,
Gij(y, 0(y) = Y 5= Lars(z, u(z)),
r,s=1 r s
N ) N

i 00)) = Y gt Y oy (o u(w), and ey, () = el u(a).

It is readily seen that a;; € C®'(B x R), b;, ¢ € L™(B x R). For all £ =
(&1, .-, €n) € RY, we have

10 ) agig;=gag”
= (£G)a(€G)T
> \EG)?
= MEG) ()T
= \eGGTeT
> Aal€]? = NE? by (2.1.7), where A = a,

0 : = _
2° yeB: oscalyr)=  Jpax ose aij(y,r)
Mi(x 5%
= 1;‘1,%1\12‘ | 0S¢ ars(2,7)
a 5\
<5 D=2 by 1),
(g)K 4K 4K

by (2.1.6),

A
y € 0B : osca(y,r)< SNIE



Solutions to Quasilinear Elliptic Problems 193

3% Ja;| < BA Vi, g, |é] <A,

N

Oi
‘“"Za e+ Y S, u(a)|
r,s=1 r=1
< /BIA V’Lv
where
N 52y, b
(2.19) Lomax_ | Z e 8; + | Z ! ’ = (31 for a constant 31 > 0.

Hence we get \ELU\ |bil, |¢] < A = max{1, 81, B}A, osc a(y,r) < ;\ 7 Yy € B and

osc a(y,r) < g N2 = Vy € dB. Since the coefficient of L satlsﬁes the assumption
of [3, Prop. 3.1.2], we have the global estimate of WW?2? on 4 by (2.1.3),

il w2p () < CUE Lr(m) + HiﬂﬁHLP(B))a

where C' = C(N, p, A A, ) and C' is independent of v. Since G is a nonsingular
bounded operator for all x € Z, we have

[ 1awray= | ju@)Plo@ds
B Z
< max [det G /Z () Pda,

where Ji)(x) = det G, where implies that ||il|rp)y < ollullp(z), Where o =
(max,. 7 |det G|)1/P > 0. Similarly, we obtain

ILstl Lr () < ol Loull Lr(z),

[ tu@pas= [ jalrise wldy

< mae] 70! \/\u )Pdy

implies that |[ul| zo(z) < pl|i]l Lo(p), Where p = (min, ¢z |[det G|)~1/7 >0,
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‘ Ou I aa oy,
ox; Lr(Z) - Yy 0% || 1 )
ot o 1 o 9 )
< (/ ‘Mﬂ‘pdx)p +...+(/ ‘M yN‘pd ¥
Z oy P YN

ayr / ou(y / 1
< Pd Pdr
- J:EZHF;)7§<N ox; s 8y ‘ + al I ayN ‘ )?]

8 r| ou(y 1 Ju(y _ 1
< max |2 /\ \puw ()\dy)p+---+(/\—\p\J¢ (y)ldy)7]
r€Z,1<r<N ax 7 OYyn
<
_J:EZHF;)7§<N ax 8yr Lo(B)
< a“’ by (2.1.9),
YrllLr(B)
which implies that
N -
ou ou
< Bip ‘
‘8952‘ Lr(2) Zr: e |l Lo ()

for all 7, and

0%u B 0%t Oy, Oys Z ou 0%y,
O0x;0x; Lr(2) - 0ys Ox; Ox; Oy, Ox;0x; )
N 92a ay, Ay, Zau 82y,
ayrays Ox; Ox;j Lp(Z Oy, 0x;0x; L2(2)
8yr dys 9%
<
- J:EZI{IBT s<N axz Ox;j | Z 'ayrays Lr(2)

9%yr
+  max
weZ1<r<N axzaxj ;Hayr

Lr(2)
N -
0% o
+ B1p
0y, 0ys L»(B) Z Oy Lp(B)
which implies that

' 82’11, N 82~
Ox;0x; »(2) 0y 0ys LP(B) Yy LP(B)
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for all % and j. To summarize, we can obtain that

ullw2e(zy < nllillw2r sy,

where 7 is a nonnegative constant dependent of v». Thus, returning to our original
coordinate Z, we have got our estimates,

HUHWM(Z) < C(HUHLP(Z) + HLquLP(Z))v
where C' = C(N,p,\, A\, Z,0Z, 7). [ |
2.2. Existence Results

The results of the preceding section will now be applied to establish the existence
of solutions of the following quasilinear elliptic problem:

N N
8211/ au
Lu = : el _ 7
(2.2.1) u i;1 aij(z, u) 0z:0x; + ; bi(z,u) o, +c(z,u)u= f(x) in Z,
u=0 on 0Z.

where f € LP(Z), p > N. For the moment, we suppose a;; € C%1(Z x R),
a;j, Oa;j/0x;, Oa;j/Or, b;, c are bounded Carathédory functions, with ¢ < 0.
By the existence and uniqueness theorem of the strong solution for the Dirichlet
problem [1, p. 241], there exists a unique solution u € W2P(Z) N Wol’p(Z) to the
equation L,u = f(x) for each v € WO1 P Consider the mapping F which assigns
v e WP(Z) N W,y P(Z) to the solution u € W2P(Z) N W, (Z) satisfying the
following equation

N N
821,1/ ou
222) Lyu= iz, i (2, 0) =— , — Z
( ) u igz:lch(x U)axiaxj +;b (x “)ax,- +ce(z,v)u= f(x) x€

e, F:ve WP(Z)nWyP(Z) — F(v) = u € WP(Z)NW,P(Z) (F is
well-defined provided p > N/2). From the following theorem, we can obtain the
L*° estimate for the solution u = F'(v) to equation (2.2.2).

Weak Maximum Principle of A. D. Aleksandrov [1, p. 220]:
Consider

N

0%u N ou
Lu= L; aij(x)m + ; bi(x)ax,- + c(x)u = f(z),

where L is elliptic in the domain (2, and the coefficient matrix A = [a;;] is positive
definite everywhere in ). For such operators, we will let D denote the determinant of
A and set D* = D'/™ so that D* is the geometric mean of the eigenvalues of A such
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that 0 <w < D* < ~, where w and +y are the minimum and maximum eigenvalues
of A respectively. If [b|/D*, f/D* € LN(Q), ¢ <0in Q, u e CO(Q) N W2 (),
and Lu > f in bounded domain (2, then

supu < suput +C H—
Q o9

)

LN(Q)

where C is a constant dependent on N, diam €, and ||/ D*(| 1~ ().

For the equation (2.2.2), u is zero on the boundary of Z. Since a;; is bounded,
D* = DYV is a bounded function and 0 < A < D*, where X is an ellipticity
constant in (2.1.1). For p > N, we then have f € LV (Z) and

(2.2.3) Sgp\u\ < Ol fllv(z)s

where C' is a constant dependent on N, A, A, and diam Z (the maximum principle
is valid for p > N). With the aid of (2.1.8), we have the following inequality

224)  ullwze < C|fllirz) forall u = F(v),v € W*P(Z) "Wy P (Z).

We proceed to show that there exists a fixed point v of F'; u then is a solution of
the problem (2.2.1) by the Schauder Fixed Point Theorem. It suffices to show that
F : K — K is continuous and K is a compact convex set in a Banach space. We
have the following lemma.

Lemma 2.2.1. Let p > N. Under the hypotheses of Proposition 2.1.1, the
mapping F = W2P(Z) "Wyt (Z) — WP(Z) N WyP(Z) is continuous in the
topology of W1P(Z).

Proof: 1If {v,} € W2P(Z) N WP (Z) and v, — v in W'P(Z), then there
exists a subsequence, denoted by v, such that v,, — v a.e., and Vv, — Vv a.e.
Let u,, = F(v,) and v = F(v). We will show that u,, — u in W?(Z). Since
f € LP(Z), and p > N, by (2.2.4), {u,} is bounded in W?P(Z). Also since
W2P(Z) — WWP(Z) is a compact imbedding, there exists a subsequence (we
relabel as {u,}) such that u,, — w in W'P(Z) with w € W'P(Z), u,, — w a.e.,
and Vu,, — Vw a.e. We claim that w is a weak solution of the following equation

al 0w ow
(2.2.5) 2; V)5 o1 + ;bi(x, “)a_x,- + c(z,v)w = f(z).
It suffies to show that
N N N
ow 8(]5 Jaji(v) aaj,-(v) ov ow
ai;(v) >—) —bi(v)] 5 —¢
(2.2.6) /ZL;1 830 axt z; 221 Oz or Oz; ox;

+/Z(—c(x,v w(b:/z—fqb for all ¢ € C§°(Z).
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Let ¢ € C3°(Z). Since u, = F(vn), we have

aun 8¢ aa/_]t UrL aaji (Un) avn aun
ij\Un - bi n
/Z“J“ O O; /Z oz; o o, llmligoe

1,7=1 =1 j=1

+ [ (elunns = [ ~so.

Since a;j, Oa;j/0x;, Oa;j/0r, b;, ¢ are bounded Carathédory functions, u, — w
a.e., Vu, — Vw a.e., by Lebesgue’s Dominated Convergence Theorem we have

8un 0¢ 8aﬂ Un) . Oaji(vy) Oup A Ouy
/Za” 8x ox; /Z Ox;j + or ﬁxj) bz(vn)]ﬁxi¢

i,7=1 =1

—|—/Z —c(v w¢:/Z—f)q§ for all ¢ € C3°(Z).

Hence (2.2.5) holds. It follows from the uniqueness of the solution to equation
(2.2.2) that we have v = w and u, — u in WP(Z). Therefore, the proof is
completed. ]

Proposition 2.2.2. Let Z be a bounded smooth domain in RN satisfying the
assumption of Proposition 2.1.1. Suppose a;; € CY(Z x R), a;;, a;;/0x;,
daij/0r, bj, ¢ € L>®(Z x R), ¢ < 0 with i,j = 1,..N. Then, for p > N, there
exist a solution w € W?P(Z) N Wol’p(Z) to problem (2.2.1).

Proof. Consider u = F(v) forv € W?P(Z)N Wol’p(Z). According to (2.2.4),
we can obtain a nonnegative constant K, such that

Jullwzo(z) < K forve WP(Z)n Wi (2).

Let
K={veW*(Z2)nWoP(Z)| |vllwenz) < K}

Then F is continuous from KC into itself in the topology of W1 by Lemma 2.2.1.
Since K is bounded in W2P(Z) and W?2P — WP is a compact imbedding, K is
a precompact set in W1P(Z). We claim that K is closed in W'P(Z). To see this,
let {u,} C K be such that u,, — u in W'P(Z). Since {u,} is bounded in W?2P
and WP is a reflexive space, there exists a subsequence weakly convergent to w €
W2P_ It can be shown that w = u. With the aid of ||u||yy2, < lim,,||un]|p2e < K,
we obtain that K is closed in WP, Hence K is a compact and convex set in W1
which is a Banach space. It follows readily from the Schauder Fixed Point Theorem
that there exists a solution u € W?2P?(Z) N Wol’p(Z) of problem (2.2.1) in K. =

Remark 2.2.3. It follows from the proof of Proposition 2.2.2 that the solutions
of equation (2.2.1) are bounded in W?2?(Z).
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3. AN APPLICATION TO THE EXISTENCE OF STRONG SOLUTIONS TO
OME QUASILINEAR ELLIPTIC PROBLEMS

In this section, we consider the following quasilinear elliptic problem:

N

0u ol ou .
Z a;j(z,u) eid, + Z bi(x, u)% + c(x,u)u = f(x,u,Vu) inZ,
j ¢ i=1 ¢

u =0 on 07,

3.1)

where Z is a smooth domain in RY, a;; € C%Y(Z xR), a;j, Da;j/0x;, Da;j/Or, b;,
¢, f(x,r, &) are Carathéodory functions and ZZszl aij&i&; > A€|? with a nonneg-
ative constant A. The results of Section 2 are used to prove the following theorem.

Theorem 3.1. Let Z be a bounded smooth domain in RN satisfying the as-
sumption of Proposition 2.1.2. Suppose a;; € C¥Y(Z xR), a;j, da;;/0zi, Day;/or,
bi, c € L*°(Z x R) with i,j =1,..N, —c > ag > 0 for some constant oy and

(3.2) |flz,r, &) < Co+h(r))E)  0<0<2,

where C\ is a nonnegative constant and h(|r|) is a locally bounded function. Then
there exists a solution u € W?P(Z) N Wol’p(Z) to problem (3.1).

The proof of Theorem 3.1 is done in the following steps:

(1) Approach equation (3.1) by truncation, and then prove the existence of
approximating solutions {u, }.

(2) Establish L* bound for the subsequence of {u,,}.
(3) Establish W?2? bound for the subsequence of {u,}.
(4) Pass the approximating problem to the limit.

(5) Verify that the limit u of the subsequence of approximating solutions {u, } in
W, belongs to WP N W, .

Lemma 3.2. Suppose that f(xz,r,&) has an L*™ bound. Then for 1 < p <
oo there exists a solution u € W?P(Z) N Wol’p(Z) to problem (3.1) under the
assumption of Theorem 3.1.

Proof: For each v € WLP(Z), f(z,v,Vv) € L°®°(Z) C LP(Z), the existence
and uniqueness theorem [1, p. 241] asserts that there exists a unique u € W2P(Z)N
W,P(Z) to the equation

d*u al ou
Lyu = Z aij(, v)axﬁxj + sz‘(ﬂv, v)ﬁ—xz + c(z,v)u= f(z,v, Vo).
=1
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Moreover, by Proposition 2.1.1, we have the global estimate

[ullw2ez) < Clllullrcz) + [1f (2,0, VO)ll o)),

with a constant C' > 0 (independent of v). Without loss of generality, we assume p >
N. Since f € L™, from the Maximum Principle of A. D. Aleksandrov [1, p. 220],
we obtain [|uly2»(z) < M for some constant M > 0. Following the same process
in subsection 2.2, let T’ be the map which associates v € W2P(2) OWOI’p(Z) to the
solution u € W2P(Z) N Wol’p(Z) satisfying L,u = f(z,v, Vv). Notice that since
f(z,r, ) is a bounded Carathédory function, we have f(z, v,, Vuv,) — f(z,v, V)
in LY(Z2) if v, — v in WP and v,, — v, Vv, — Vo a.e. By a similar argument
as in the proof of Lemma 2.2.1, we can show that T: W2P(Z) N W, ?(Z) —
W2P(Z)N WO1 P(Z) is continuous in the topology W'P(Z). The existence of the
solution u € W2P(Z) N WO1 P(Z) to problem (3.1) then follows from Proposition
22.2. "

Let’s now consider the approximating problem of problem (3.1):

N 9 N

o0“u ou
y —_— = f, in Z
(33) ,L-;l a;j(z,u) D207, + ; bi(x,u) oz, + c(z,w)u = fn(x,u, Vu) in Z,
u =0 on 07,

where f,(x,r, ) is the truncation of f by +n, i.e.,

noif f(z,r,&)=n,
falz,r, &) =4 flz,r,§) if [f(z,r 8] <n,
—n i fla,r€) < —n.
Clearly, f,(x,r, &) € L>®°(Z) C LP(Z) for all n. According to Lemma 3.2, for each

1 < p < oo, there exists a solution u,, € W2P(Z) N WO1 P(Z) to the approximating
problem (3.3). Without loss of generality, we assume p > N > 3.

Lemma 3.3. Under the assumption of Theorem 3.1, there exists a subsequence
of the approximating solution {uy,} to problem (3.1) which is L> bounded.

Proof: Since a;; € C%1(Z x R), the problem in (3.1) can be written in the
following divergence form:

Yoo ou -
(3.4) — ijz:l 8—xz~aij(x’ u)ﬁ—xj + f(z,u, Vu) =0,
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where

8aﬂ x,u) 8ajz~(x,u) ou A ou
f(z,u, Vu) ;{; or 8xj] bZ(x’u)}ﬁxi

—c(z,u)u+ f(x, u, Vu).

Since a;j, 0a;j/0x;, Dai;/0r, b, ¢ € L®(Z x R) with i,j = 1,...N, there exists
a constant A > 0 such that a;;, 0a;j/0x;, 0a;;/0r, b;, ¢ < A. Thus,

= c(z, u)ul

8aﬂ z,u) Ou  Oaji(z,u) du 8u
_— bi(
| Z Ox;  Ox; oz, or ox; ﬁxj Z z,u)

4,j=1 =1

AN A
< T(N + [Vul?) + A(|Vul?) + E(N + |Vul?) + Alul
<M|Vul* + Alu| + C,

for some nonnegative constants M = (A/2)(N + 3/2), C' = (AN/2)(N + 1).
Together with the hypothesis of (3.2), we have

|f(a,r, )1 < Co+ h(|r]) (L + [€]%) + MIE* + Alr| + C'
< b(Ir))(L+ 1€,

where b is an increasing function from R™ into R™. Let ¢ = —Cy/ap and ¢ =
Co/ap. 1t’s clear that ¢ and ¢ are the sub- and supper-solution of problem (3.1),
respectively. Thus, it follows from [5, Proposition 3.6] that there is a subsequence
of the approximating sequence of solutions {u,,} to problem (3.1) ( we relabel as
(un)) with ¢ < u,, <1 in Z. Hence (u,) are L°°(Z) bounded. ]

Theorem (Interpolation Inequality of Gagliardo-Nirenberg).

Let Q C RY be an open bounded regular set and v € L™ N W2P(Q) with
1<p<ooandl <r <oo Thenu € Wl’q(Q) where q is the harmonic average
of pandr, thatis 1/q = ((1/2) + (1/p))/2 and

1 1
(3.5) IVulla < Cllullfye, lul -
In particular r = oo and then q = 2p. We have u € WH2P(Q) and

1 1
(3:6) IVullgee < Cllafl g1l foc-

Lemma 3.4. Under the assumptions of Theorem 3.1, there exists a subsequence
of the approximating solution {u,} in W*P(Z) N Wol’p(Z) to problem (3.1) which
is W?P bounded.
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Proof. By Lemma 3.3, there exists a sequence {u,} which is L°° bounded.
Since h(|r|) is locally bounded, we have |h(u,)| < M for some constant M > 0.
According to (3.2), we have | f, (@, un, V)| < Co + h(Jun])|Vun|?, 0 < 0 < 2.
Hence there exists a constant C'; > 0 such that

(3.7) | fr(z,r, &) < Cy(1+ \Vun\e).
Since 8 < 2, there exists a constant C. > 0 for all € > 0 such that
(3.8) Vun|? < Ce + e Vuy 2.

Thus | f,, (2, tun, Vu,)| < My + €C1|Vuy,|? for a constant M; > 0. With the help
of the global estimate (2.1.9), we have

[unllwzr(zy < CllunllLe + | fo(, tn, Vug) | e)
< M5 + GCQHV’U,”H%QP

for some constant M, Cy > 0. Since u, € L>(Z) N W?2P(Z), from the interpo-
lation of Gagliardo-Nirenberg Theorem, we obtain

lunllwzr(z) < Mz + Col|un|[we2.r (z)llunl| Lo (2)
S M2 + GCgllunHm/Q,P(Z),

where M,, C5 are nonnegative constants. Hence, by choosing Cse = 1/2, we obtain
[tin |l w207y < M3 for some constant Mz > 0. Therefore, {u,} are W2? bounded.
[

By Lemma 3.4, we get a sequence of approximating solutions to problem
(3.1) which is WP bounded. It follows from the compactness of the imbedding
W?2P — WP that there exists a norm convergent subsequence in WP, We extract
a subsequence, which is denoted again by {u,,} such that

up, — u ae., Vu,— Vu ae, and u, —u in WP,

In what follows, we show that u is a solution of problem (3.1). By passing to the
limit, we obtain

8un 1)) 8aﬂ Up) 8aﬁ(un) Ouy, - Ouy,
/ Z aij(u ﬁxj ox; / Z Ox;j or ﬁxj} ox; ¢

2j1

-/ beun)%—?ﬁ— [ etununs = / — ful, . V)

8u 0¢ 8aﬂ 8aji(u)% Ju
H/Z ﬁxj ox; /Z ﬁxj or ﬁxj]ﬁxi¢

Z_]f

_ / izlbxu)a—%m / c(uyup Yo € C5°(2).
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The next lemma shows that f,,(x, un, Vu,) — f(z,u, Vu) in L'(Z). Therefore,
u is a WHP(Z) solution to the problem (3.1).

Theorem (Vitali Convergence Theorem).

Let 1 < p < oo and (X, p) be a measurable space. Let {f,} be a sequence
of functions in LP converging almost everywhere to a function f. Then f is in LP
and || fr, — f|lp converges to zero if and only if

(1) limygy—o [5 | fulPdp = O uniformly ¥n;
(2) foreach e > 0 there exists a set E, such that u(E.) < oo and fQ_Ee | fn|Pdp <
eforn=12 ...

Lemma 3.5. f,(z,upn, Vu,) — f(z,u, Vu) in LY(Z).

Proof. Since f is a Carathédory function, u,, — w a.e., and Vu, — Vu a.e.
we have f,(z, un, Vuy,) — f(x,u, Vu) a.e. According to (3.7), we have
| f (s ttn, V)| < C1(1+ [Vug|%)
< C1(2 + |Vun|?).
Since {u,} is H' bounded with p > N > 3, {f,} is a sequence of functions in

LY(Z). Now, by Vitali Convergence Theorem, we conclude that f,, (2, t,, Viu,) —
f(x,u, Vu) in L(Z). ]

Lemma 3.6. Under the assumptions of Theorem 3.1, the limit u of the approx-
imating solutions {u,} to problem (3.1) belongs to W*P?(Z) N Wol’p(Z).

Proof. By Lemma 3.4, there exists a constant M > 0 such that [|uy[[y2r(z) <
M for all n. Let

K={veW>(2)nWyP(Z)| |[vlwzs(z) < M}.

By the same argument as in the proof of Proposition 2.2.2, it follows that IC is
closed in WP, Thus the limit u of (u,) belongs to W*P(Z) N Wol’p(Z). |

Therefore, the existence of solutions in W2P(Z) ﬂWO1 P(Z) asserted in Theorem
3.1 now follows readily from Lemmas 3.2-3.6.

Lemma 3.7. If f(x,r, &) has a quadratic growth in &, that is 0 = 2 in (3.2),
then there exists an H' bound for the approximating solutions {u,} to problem

3.1).
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Proof. The differential equation in (3.1) can be written in the following diver-
gence form:

N

0 ou
_ ijz:l a—{I;ZaU (fIf7 U)a—{I)j — C(II), ’U,)’U, = g((I;7 u, V’U,),
where
N N N
_ ou 80@» ou 8az~j ou Ou
9(@,u, Vu) = —f(z,u, Vu) +ZZ; bi(w) oz _ijzl dx; Ox; _ijz:l dr 0 0w,

Since f(z, &) satisfies (3.2), we have
lg(z,r,6)| < C + B(Ir])[¢f,

where C' is a nonnegative constant and F is a locally bounded function in R*.
Following from the proof of [6, Theorem 2.1], the approximating solution {u,,} is
H' bounded. n
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