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THE BEST APPROXIMATION BY PROJECTIONS IN BANACH SPACES
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Dedicated to Professor Ko6z6 Yabuta on his sixtieth birthday

Abstract. We consider the best approximation by projections in Banach spaces
under certain suitable conditions. Furthermore, applications are discussed for
multiplier operators and convolution type operators associated with strongly
continuous families of bounded linear operators as well as for homogeneous
Banach spaces which include the classical function spaces, as particular cases.

1. INTRODUCTION

Let X be a Banach space with norm || - ||, and let B[X] denote the Banach
algebra of all bounded linear operators of X into itself with the usual operator
norm, which will be denoted by the same symbol | - ||. Let Z denote the set of all
integers, and let ¢ = {P; : j € Z} be a sequence of projection operators in B[.X|
satisfying the following conditions:

(P-1) ‘B is orthogonal, i.e., P;P, = d;,P, for all j,n € Z, where ¢;, denotes
Kronecker’s symbol.

(P-2) P is fundamental, i.e., the linear span of the set Ujcz Pj(X) is dense in X.
(P-3) P is total, i.e., if f € X and P;(f) =0 for all j € Z, then f = 0.

Let N be the set of all nonnegative integers. For each n € N, M,, stands for
the linear span of the set {P;(X) : |j| < n}, which is a closed linear subspace of
X. Let %, denote the set of all bounded linear operators 1" of X into M,, such
that T'(f) = f for all f € M,,. In other words, ¥, is the set of all bounded linear
projections of X onto M,,.
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In this paper, we consider the best approximation by operators in ¥,, under
certain suitable conditions. Moreover, applications are discussed for multiplier op-
erators (cf. [1, 4, 5, 11]) and convolution type operators associated with strongly
continuous families of operators in B[X] (cf. [4]) as well as for homogeneous
Banach spaces (cf. [2, 4, 8, 12]), which include the Banach space C5, of all
27-periodic, continuous functions f on the real line R with the norm

[flloo = max{|f()] - [t] <7}

and the Banach space L} of all 27-periodic, pth power Lebesgue integrable func-
tions f on R with the norm

1 (7 » 1/p
1= (5= [ 1F@PFat) " (1 <p<o),
m —T
as special cases.
For the general theory of the best approximation in normed linear spaces, we
refer to [10].

2. BEST APPROXIMATION BY PROJECTIONS

Let ({2, 1) be a probability measure space. Let T = {7}, : t € 2} and U =
{U: : t € 2} be uniformly bounded families of operators in B[X| such that for all
f € X and all T € B[X], the mapping ¢ — T;TU,(f) is strongly p-measurable on
(2. For any T € B[X], we define

Br(f) = Br(T 4 f) = /Q TTU(f) du(t)  (f € X),

which always exists as a Bochner integral in X. Then &7 belongs to B[X| and the
uniform boundedness of T and 4 yields

[®r[l < AB|[T],
where
ey A =sup{|[T3] : t € 2} < o0
and
() B =sup{||U]| : t € 2} < 0.

From now on we suppose that the following additional conditions

3) T,P; = P;T; foralljeZ, te
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4) UiP; = PjU; forall j € Z, t e (2,
and
(5) T\U; =1 forallte (2

where [ is the identity operator on X.

Lemma 2.1. Let T € B[X|. If ;T =TT, or UT = TU, for all t € (2, then
S =T.

Proof. Let f € X and suppose that T;1T" = T'T; for every t € {2. Then by (5),
we have

r(f) = /Q (TT)UL(S) dp(t) = /Q TI(f) du(t) = T(f).
The case of U;T = TU, is similar. [ ]

For each n € N, we define

s

j=—n
which belongs to ¥,,. Then (3) and (4) imply
(6) STy =TSy,  SpUr = UrSy (neN, te ).
Lemma 2.2. If T € %, then &1 € T,,.
Proof. Let f € X. Then we have
TU(f) = Su(TUL(f))  (t€ ),

and so (6) gives

r(f)= /Q Ty(S2(TUF))) du(t) = /Q Su(TTUS)) dp(t)

=5, ([ B0 du(0) = 5,020
Therefore, @7 maps X into M,,. Also, if f € M, then (6) gives

Ut(f) = Ut(Sn(f)) = Sn(Ue(f)),
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and so T(Ui(f)) = T(S,U(f)) = SpUi(f) = U(f). Thus by (5), we have

r(f)= /Q T(TUL(f)) dp(t)
_ /Q U dut) = [ D du) =1 (7€), m

N

For each n € N, we define
T, ={T €%, :PrP;=0forall j € Z,|j| >n}.
By (P-1), (6) and Lemma 2.1, S,, belongs to %;;.
Lemma 2.3. If T € T, then &7 = S,

Proof. Let T € %, and suppose that
(7) ¢rP; =0 whenever j € Z, |j| > n.

Since @7 and S, are continuous linear operators on X, it will suffice to show that
D (Pj(f)) = Sn(Pj(f)) forall f € X and all j € Z because of Condition (P-2). If
l7] < n, then S,,(P;(f)) = Pj(f) and by Lemma 2.2, we have &7 (P;(f)) = P;(f).
If |j| > n, then Condition (P-1) and (7) give

n n

Su(Pi(f) = D PulPi(f)) = D 0k, Pi(f) =0=Sr(P(f)). u
k=—n k=—n
We are now in a position to establish the following main result.

Theorem 2.4. Let S be an operator in B[X] such that SU, = U.S or ST, =
TS for all t € 2. Then we have

(8) IS — Snl| < ABinf{||S—-T| : T € %,,}.
In particular, if AB < 1, then
IS = S, = min{||S — || : T € T4},
which implies that S,, is an operator of best approximation to S from T,

Proof. Suppose that SU; = U;S for all t € £2. Let f € X and T € T;,. Then
by Lemma 2.3 and (5), we have

(S~ 8)(f)= (S — Br)(f) = /Q (S — TTU)(f) dult)
— [ (@ - T () dutt) = [ (TSU - TTUN($) du(t)
0 0

_ /Q (TW(S = TYU) (f) du(t) = Bs_r(f).
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Therefore, we obtain
1S = Sull = [|@s-7| < AB||S - T,
which yields the desired inequality (8). The case of STy = TS is similar. ]

Corollary 2.5. Let o be a scalar. Then
ol = S,|| < ABinf{|laf =T : T € % }.
In particular, if AB < 1, then
ol — Sy|| = min{|jal = T||: T € T,,}.

Let U = {V; : t € 2} be a uniformly bounded family of operators in B[X]
such that for each f € X, the mapping ¢ — Vi(f) is strongly p-measurable on (2
and let X be a p-integrable function on 2. Then we define the convolution type
operator Wy, x associated with U and X by

©) W (f) = /Q XOViH) dult)  (f € X),

which exists as a Bochner integral in X (cf. [4]). Clearly, Wy, y belongs to B[X]
and

|Wagxll < © /Q ()| dpu(8).

where

(10) C =sup{||V{]| : t € 2} < 0.

Corollary 2.6. Suppose that V,,U; = UV, or V,, Ty = T}V, for all t,u € S2.
Then the claim of Theorem 2.4 holds for S = Wg; x.

3. APPLICATIONS

For any f € X, we associate its (formal) Fourier series expansion

o0

(11) fo~ D P,

j=—00
An operator T' € B[X] is called a multiplier operator on X if there exists a sequence
{7j : j € Z} of scalars such that for every f € X,

o0

T(f) ~ > mP(f),

j=—oc
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and the following notation is used:

o
T ~ Z Tij
Jj=—00

(cf. [1,4, 5, 11]). Let M[X] denote the set of all multiplier operators on X, which
is a commutative closed subalgebra of B[X| containing I and S,,, which is the nth
partial sum operator associated with the Fourier series (11).

From now on, let {2 be a separable topological space and 4 a probability measure
on {2.

Let ¥ ={T;:t € 2} and U = {U, : t € 2} be families of operators in M[X]
satisfying (1) and (2) and having the expansions

o0

(12) T, ~ > )P (ten)
j=—00

and

(13) U ~ Y fiP  (te),
Jj=—00

where {e; : j € Z} and {f; : j € Z} are sequences of scalar-valued continuous
functions on {2 such that

(14) ej(t)fi(t)=1 forall j€Z, te i
By (12), we have
lim [|T4(g) — Tu(9)| = lim [e; () — e;(w)] 9] =0 (u€ 2)

for every g € P;j(X),j € Z. Therefore, the mapping ¢ — Ti(f) is strongly
continuous on {2 for each f € X, since P is fundamental and ¥ is uniformly
bounded. Similarly, the mapping ¢ — Uy(f) is strongly continuous on {2 for each
f € X. Therefore, the mapping ¢ — T, TU,(f) is strongly continuous on (2. Also,
Conditions (3), (4) and (5) hold because of (12), (13), (14) and Condition (P-3).
Consequently, all the results obtained in the preceding section hold under the above
setting.
Now, we suppose that

(15) / e (8) fu(t) du(t) = 0 whenever j # .
2

Lemma 3.1. T, =%,.
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Proof. Tt will suffice to show that every T’ € T, satisfies (7). Letj € Z, |j| > n
and f € X. Then by (12), (13) and (15), we have

or(Py(f)) = /Q T,TUP;(f) dpu(t)
= [ @ny e ano = | @O0 da)
0 0
= [ BT At = [ HOTEP) dut)
0 0
- / i OSu(TTP() dp(t) = S / £ (O PL(TT (1)) dp(t)
0 = o

S /Q £ (®)er() Pu(TP;(£)) dps(t)

k=—n

= S { [ swa®duo}rrrn =o (il>m)
k=—n 7%

which implies (7). ]
Theorem 3.2. Let S € M[X]. Then
IS — Snl| < ABinf{||S—T|: T € %, }.

In particular, if AB < 1, then S,, is an operator of best approximation to S from
T

Proof. Since S commutes with U; and T} for every t € {2, this follows from
Lemma 3.1 and Theorem 2 .4. [ |

Let U = {V; : t € 2} be a family of operators in M[X] satisfying (10) and
having the expansions

o0

(16) Vi o~ > ut)P (te ),

j=—oc

where {v; : j € Z} is a sequence of scalar-valued continuous functions on {2. Then
the convolution type operator Wy; x given by (9) belongs to M [X] and

o0

(17) Wax ~ D ¢(B,0)P,

j=—oc
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where

(T, X) = /Q Xty (8) du(t)  (j € 7).
Thus we have the following corollary.

Corollary 3.3. The claim of Theorem 3.2 holds for S = W, x.
Theorem 3.4. Let o be a scalar. Then we have
ol — Spl| < ABinf{|lal = T| : T € %, }.
In particular, if AB < 1, then

ol — Sy|| = min{|jal = T||: T € T, }.

Proof. This follows from Lemma 3.1 and Corollary 2.5. ]

Remark 1. Suppose that
A=sup{||T;|| : t €e R} < o0

and
o0

(18) T, ~ Y e¥'P  (teR),
j=—00

where {\; : j € Z} is a sequence of scalars. Then T = {7} : t € R} becomes a
strongly continuous group of operators in B[X| and

G(f) ~ Z APi(f) - (f € D(G)),

where G is the infinitesimal generator of T with domain D(G) [4, Proposition 2].
Let {2 = [a,b] C R. Then in view of (14) and (18), (13) reduces to

Uy ~ Y eMP (telab]).
j=—00

Also, typical examples of the sequences {e;} and {f;} satisfying (14) and (15)
are given by

ej(t) = e MO fi(t) = M0 (i€ [a,b], j € 2),
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where

o) = (¢ 30-0) (e lat)

and {m; : j € Z} is a sequence of integers such that m; # m;, whenever j # k.

Next, we consider a fundamental, total, biorthogonal system & = {g;, g; }jez,
where {g; : j € Z} and {g] : j € Z} are sequences of elements in X and X~
(the dual space of X)), respectively (cf. [3, 9]). That is, & satisfies the following
conditions:

(G-1) & is fundamental, i.e., the linear span of {g; : j € Z} is dense in X.
(G-2) & is total, i.e., if f € X and g;(f) =0 for all j € Z, then f = 0.
(G-3) @ is biorthogonal, i.e., g}(gn) = 0; for all j,n € Z.

Then we define
Pi(f)=g;(flg; (EZ feX),

which satisfies Conditions (P-1), (P-2) and (P-3). Therefore, Theorems 3.2 and 3.4
and Corollary 3.3 are applied in this setting.

Now, we restrict ourselves to the case where X is a homogeneous Banach space
(cf. [2, 4, 8, 12]). That is, X is a space which satisfies the following conditions:

(H-1) X is a linear subspace of L} and it is a Banach space with norm || - || x.

(H-2) X is continuously embedded in L3 , i.e., there exists a constant K > 0 such
that
£l < K[l fllx  forall feX.

(H-3) The right translation operator 7} defined by

L(HE)=f=1t)  (feX)

is isometric on X for each ¢t € R.
(H-4) For each f € X, the mapping ¢ — T;(f) is strongly continuous on R.

Typical examples of homogeneous Banach spaces are Co, and L) .1 < p < oo.
For other examples, see [4] (cf. [2, 8, 12]).
Now take

(Q, W) = <[—7T,7T],%dt>, ej(t) — e—z‘jt7 fj(t) _ gj(t) _ ez‘jt7

5N =5 [ st

which is the jth Fourier coefficient of f (cf. Remark 1). Then %, is the set of all
bounded linear projections of X onto the closed linear subspace of X consisting of
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all trigonometric polynomials of degree at most n. Also, we have U; = T_; for all
te[-m,mland A=B=1. LetY =% and X € L}_. Then we have

W x(@) = 5= [ XOF =1 dt = (D)) (7€ X

Consequently, by Corollary 3.3 and Theorem 3.4 we have the following:
Theorem 3.5. Let X € L3 and let o be a scalar. Then we have:

(@) IX % T — Syl = min{|[X* I — T : T € T},

(b) ol — Sy|| = min{|jal = T||: T € T, }.

Here, we mention several concrete examples of X in Theorem 3.5 (a), which
induce the classical important approximation processes of convolution operators (cf.
[1,4,5,6,7, 11]).

1° (Fejér). Let & > 0,m € N and

m (04)
_ m—|j| 5t
j=-m “m
where
A0 _ (MA@ (Bhm)
m m m! ’ '
2° (Riesz). Let m € N, k, A > 0 and
B B m B ] K\ A ijt
X0 =rmaa®)= 3 (1-[25[7) e

j=-m

3° (de la Vallée-Poussin). Let m € N and

E;nwll); (2 cos %t) 2m.

4° (Jackson). Let m € N\ {0},r € N\ {0,1} and

X(t) = v (1) =

s 1

. sin 5mt Y 2r

X(E) = s (8) = eno{ =20
sin 51

where the normalizing constant ¢, , > 0 is taken in such a way that

— 1

jm,r(o) = _/0 jm,r(t) dt =1.

s
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5° (Fejér-Korovkin). Let m € N and

X(t) = Kp(t) = W‘Z)\ et

where

)\m(j):sin<ril—:_12>7r (G =0,1,2,...,m), Am:<§:)\fn(j)>

J=0

-1

6° (Gauss-Weierstrass). Let A > 0 and

(t=2 >
X(t) = wy(t \/7 Z exp 7” } Z e N i
j=—00 j=—00
7° (Poisson). Let 0 < r < 1 and
1—r?
1—2rcost +1r2’

o
X(t) =pr(t) =1 —|—22rj cos jt =
j=1

Finally, it should be noticed that other applications can be devoted to certain
negative problems of estimetes for the degree of the best approximation, and we
omit the details (cf. [6, 7]).
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