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g-CONCAVITY AND g-ORLICZ PROPERTY ON
SYMMETRIC SEQUENCE SPACES

Oscar Blasco and Teresa Signes
Abstract. We give a general method for constructing symmetric sequence
spaces that for 1 < ¢ < 2 satisfy a lower g-estimate but fail to be g-concave
and, for 2 < g < oo, have the ¢-Orlicz property but fail to be g-concave. In

particular, this gives examples of spaces with the 2-Orlicz property but without
cotype 2.

1. INTRODUCTION

Let 1 < g < co. A Banach lattice X is said to be g-concave if there exists a
constant C' > 0 such that

(S ) <0 (S )],

for every choice of elements z1,...,z, in X.
A Banach lattice X is said to satisfy a lower g-estimate if there exists a constant
C > 0 so that, for every choice of elements 1, ..., x, in X, we have

(Byrert)t el

Obviously g-concavity implies lower g-estimate and both notions are the same
when ¢ = 1. On the other hand, there are Banach lattices that satisfy a lower
g-estimate but fail to be g-concave (see [1, Prop. 3.1], [4, Ex. 1.£.19 and 1.£.20]).
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Two related concepts from the theory of Banach spaces are the following:
A Banach space X is said to have cotype ¢, 2 < ¢ < oo, if there exists a
constant C' > 0 so that

(Soteutt)’ < [ S mon] o

for every choice of elements x1, ..., x, in X, where r; stands for the Rademacher
functions.

X is said to have the ¢-Orlicz property if the identity operator ¢d : X — X
s (g, 1)-summing. That is, if there exists a constant C' > 0 such that regardless of
the choice of x1,...,x, in X we have

(3 m)F =€ o S,

|ex|=1

Let us observe that every Banach space with cotype ¢ has the g-Orlicz property,
2 < g < 0. The converse was an open problem for some time and was solved by
Talagrand in [7] and [8]. Actually, Talagrand showed in [8] that if a Banach space
has the ¢-Orlicz property for 2 < ¢ < oo, then it also has cotype g. Also, he proved
in [7] that the situation for ¢ = 2 is a bit different. He constructed an example with
the 2-Orlicz property but without cotype 2.

There are many connections between all these notions. The reader is referred to
[2] or [4] for the following chain of implications.

For 2 < ¢ < oo, we have that

g-concavity = cotype q < ¢-Orlicz property < lower g-estimate.

The examples mentioned above show that the converse of the first implication
fails.

For ¢ = 2, we have that

2-concavity < cotype 2 = 2-Orlicz property = lower 2-estimate.

The converse of the two last implications fail. E. M. Semenov and A. M.
Shteinberg [6] showed that the Lorentz space Lo 1(]0, 1]) satisfies a lower 2-estimate
but fails to have the 2-Orlicz property. As we said before, M. Talagrand in [7]
constructed an example with the 2-Orlicz property but without cotype 2. Moreover,
in [9] he was even able to construct a counterexample in the setting of symmetric
sequence spaces.

The aim of this paper is to continue the study of the relationship between all these
notions and to give a general method, which is inspired by Talagrand’s techniques
in [9], to construct symmetric sequence spaces that satisfy a lower g-estimate but
fail to be g-concave, 1 < ¢ < 2, and that have the ¢-Orlicz property but fail to be
g-concave for 2 < q.
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Let us recall that a symmetric sequence space (X, || - ||) is a Banach space of
sequences such that

1. ifx € X and |y(i)| < |z(¢)| for all i € N, then y € X and ||y|| < ||z]];
2. ifzx € X and o € TI(N), then zo € X and ||zo|| = ||z]|.

We shall consider the following method to construct symmetric sequence spaces
generated by a family of sequences.
Let F be a family sequences in £, with the following properties:

(i) (Solid) If f € F and |g(i)| < |f(7)| for all : € N, then g € F.
(ii) (Symmetric) If f € F and o € II(N), then fo € F.
(ii1) (Bounded) There exists a constant C' > 0 such that

sup || flle., < C-
fer

In this case, F will be called a generating family.
Given 1 < ¢ < oo, we consider X,(F) the space of sequences such that

i
2]l x, ) = sup (|zl,[f]«) < o0,
fer

where (x, f) means > 2, x(7) f(i).
It is easy to see that X (F) is a symmetric sequence space and

U = Xg(F) = Ll

with Ve
2]l ene (50D (| Flles) Ve < Nll < Nllley sup [|£]],"7
fer fer

Our main theorem can now be stated as follows.

Theorem 1.1. Let 1 < q < oco. There exists a generating family F such that
X4(F) satisfies a lower g-estimate but is not g-concave.

As a corollary, we have that X (F), for 2 < ¢ < oo, are examples of spaces of
cotype ¢ which are not g-concave and Xo(F) satisfies the 2-Orlicz property but is
not of cotype 2.
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2. FAMILIES GENERATED BY A FUNCTION

In this section, we give the main construction for our families.

Let (ks)22, be a strictly increasing sequence of natural numbers with kg =
k1 :=1, and let (ors)S°, be a sequence in RT with g = oy, such that the sequence
(as/ks)2, is decreasing and

(1 lim — = 0.

Step 1.

We start with a single function on N,

h = Z X[ks 1,ks)?

and the set of functions
H={ho:o e€TI(N)}.

By (1), we know that h € ¢,(N) and so H C ¢,(N). Observe also that H is
symmetric and bounded by s /ko.

Proposition 2.1. The following properties hold:

LY, b)) < Y ig y for s > 2.
2. If W € H and A C N with card(A) < kg, s > 2, then

S

LTI

icA =2

3. Let h' € H and s > 0. Then, there exists A C N such that card(A) = ks
and ||h'x el < Qsg1/kss1.

4. Let ' € H and s > 0. Then, there exist h' and hly, functions on N, such
that

card (supp h}) = ks,

B =K, + bl with Qi1
! ? Hh/2H£OO S k8+ °
s+1

Proof. 1) Let s > 2. Then

Zh(i)gZZ‘ (ke — ko) + O‘8+1<Z—kz+ ks~ ko1 +1) <Y ar.
=2 =2

k
i<k s+l
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3) Suppose that i/ = ho, o € TI(N), and let A = o~ 1([1, k4]). If i € A, then
B (i) = h(j) with j > ks (j = o(i)), and hence h'(i) = h(j) < ast1/ks1-
2) and 4) follow from 1) and 3), respectively. ]

Step 2.

For each m € N, we consider the family:

con(H) = {d G+ hjeM, GERY, S G =1}
j=1

J=1

The family co,,(H) is symmetric, bounded by as/ks.
Let (m,)>, be a strictly increasing sequence of natural numbers, m; > 2.
Then, for r € N, we define

Gr = {f N— Rt : f< iQ_Efg with f, € comg(H)}.
£=0

Again, G, C co(N) and HC G C Gy C ... CGr CGry1 C ...

Proposition 2.2. Let r € N, f € G, and s > 2. Then
1Y ica f(i) < D07y ap for every A C N with card(A) < k.
2. There exists A C N such that card(A) = ks and

ZZ:Q Qy
ks

x4l <

3. There exist f1 and fs, functions on N, such that

card (supp f1) = ks

f=r+ f2 with o QL
ol < 222

Proof. 1t suffices to show the result for functions in co,,(H) for a fixed m € N.

1)is immediate. To prove 2), let f € com(H) C co(N). Then there exists
i1 € N such that f(i;) > f(i) for all € N. We consider now N; = N\ {i;}.
Since f € c¢,(N1), there exists io € Ny such that f(io) > f(i) for all i € Nj.
Hence we can find A = {i1,...,ix,} such that f(j) < f(i) ifi € A and j &€ A.
Therefore,

Fasup £(7) < 3 £()

€A =2



336 Oscar Blasco and Teresa Signes

3) follows from 2). [
The family G, is a generating family which is almost convex.

Lemma 2.3. Let r € N and let (fj)j<m, be functions in G,. Let §; € R,
j=1,...,m,, such that ngmr & = 1. Then

% Z & fi €Gr.

j<my

Proof. Since f; € G,, we have

o0
FEY 270 il
=0

£
s<mj.

with s € H, ves5 = 0and 30 0 Ve =1 for all £, j. Hence

% DUGHSD 2Ny Grsghes,
£=0

J<my s < mf
Jj<mr
and the point is that there are at most m‘*! terms in the last summation. u

Finally, we glue the families G, as follows:

G={0<f <> f €G>0 =1}
r=1 r=1

The family G is again a generating family with the following convexity property.

Lemma 2.4. Let (g¢)e<n be a finite collection of functions in G and let &, € R,
=1,...,N,such that ), & = 1. Then

| N
gz&gz €g.
=1

Proof. Let us write g¢ = > ooy Yerfor With fop € Gr, 0, € RT and
Yoy Yer = 1 forall £ < N. Welet Iy = [1, N]N N and for each r > 1
we set

g;’ = Z 5[)’(,7’.]6[,7’ and Vr = Z 5[)’[,7’-

fe[l,mr]ﬁIN fe[l,mr]ﬁIN
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By Lemma 2.3, we have that ¢g/. € 21,.G,. On the other hand, if we fix r and take
s < r, we can show that

®) S &vsfes € 206

Le(mpe,mpg1 NIy

where w, = Zfe(mr,mrﬂlﬁm &ves- Indeed, for all s <, f; s € Gs and G5 C G,
so that f; s € G,41; by Lemma 2.3, we get (2). We take now

g;*/ = Z Z 5[)’(,8.]6[,8 and 57’ = Zws-

s<r fe(mr,mr+1]ﬁIN s<r

Then by Lemma 2.3, we have that ¢/’ € 40,G,41, since r < m,. Now observe that

00 oo N
Z(VT’ + 57’) = ZZ&[}’E,T =1,
r=1 r=1¢=1
because
o0 o0 o0
D= D0 D Ewa=). D D s
r=1 r=1 s<r te(mr,m,41]NIyN r=1¢e(mp,mp41]NIN ST

= Z Z 5[7[,7’-

r=1¢e(m,,NNIyn

Therefore, using Lemma 2.3, one more time we know that the function ¢ =
> r>19r + g, belongs to 8G. Now we are going to see that g = Zévzl &oge,

so that Zévzl &oge € 8G. Indeed,

N co N 00
nggf = Z foﬂ)'ﬁ,rfﬁ,r = Z( Z 5[)’(,7’.]6[,7’ + Z f[)’ﬁ,rff,r)
(=1 r=1 (=1 r=1 te[l,m.|NIx Le(mp,NJNI N
0
= Z (g;* + Z ffﬂ)’ﬁ,rfﬁ,r> .
r=1 ﬁe(mr,N]ﬁIN
But
0 0 0
Z Z 5[)’(,7’.]6[,7’ = Z Z fo’)’&sfﬁ,s = Z g;*/
r=1¢e(m,,N]NIy r=14e(my,my41]NIN s<r r=1
Therefore,

N 00
Zfzgz = Zgi« +9r- -
/=1 r=1
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Our first result about concavity of these spaces is the following.
Theorem 2.5. Let 1 < g < oo. Then the space X4(G) is g-concave.

Proof. Let x1,...,xy be a finite number of elements in X (G). We set
§7 =320, ||zl and & = e[| 7/ 5. Then 327, & = 1.
For each ¢, take f; € G such that

el < 3kael, /172D

Hence,

N

4 X / 4 . /
gZszH(q_l)ﬂwL VIfel) = gZSC’/q YV |z, Y1)
/=1

(=1

Sq

IN

N oo
= 2SS )| YTl

=1 i=1
Using Holder’s inequality and Lemma 2.4, we have that } ,_ | fe| € 8G. Now
1

q4q_1°°N .q%N .71q_1N ¢\
s1<58 ;(;mm\) (;\&fmw) < s H(;m\)

This implies

(35w’ < 30’

and the proof is complete. ]

Step 3. For each r > 1, we write

Fo={reg: e <21

Again, F, C ¢,(N) and F, are generating families with F; C F, but now, for
T 2:2,]% ¢ﬂf}+1.
Finally, we define the generating family

32{03]632’)’71]671ifrefr,’YrZO,Z’erl}-
r=1 r=1

We have to observe that the family § depends on the sequences (ks)22, (as)32,
and (m,)> ;.



g-concavity and g-Orlicz property on Symmetric Sequence Spaces 339

3. q-ORLICZ PROPERTY AND LOWER ¢-ESTIMATE

In this section we prove under suitable conditions on § that the space X(%§)
satisfies a lower g-estimate for 1 < ¢ < oo and has the ¢-Orlicz property for
2 < g < oo (the reader should notice that this is stronger only for ¢ = 2).

We begin with some lemmas to be used in the sequel. The first one follows
from Lemma 2.3.

Lemma 3.1. Let r € N, let (f;)j<m, be functions in F, and let §; € R,
j=1,...,mg, be such that ngmr & = 1. Then

% Z fjfj e F,.

Jj<my

From here on we will assume another property on the sequence ()32

S
(*) There exists a constant C' > 1 such that Z oy < Cay for all s > 2.
=2

Lemma 3.2. Let s, r € N with s < r, let (fj)j<m,., be a collection of
Sunctions in Fy and let §§ € RY, j =1,... ,myy1, such that Zjémr+1 =11
the sequence (a5)S2) satisfies (x), then there exists As, C N with card(As,) = k,
such that .

XAgm% ‘ Z §ifj € Fraa
J<myq1

Proof. If r = s = 1, we only have to notice that 7; C F,. Assume that
r > 2. Wedefine g = (1/2) 32, ,, & fj- If we show that g € Gy and that
H%QXA;TH!OO < a, [k, for a set A, of integers, then the proof will be finished.

By hypothesis, f; € Gs € G, C G,41 for all j < m,41, so by Lemma 2.3,
g € Gr11. On the other hand, by Proposition 2.2 (2) and (%) we can find A, C N
with card(As,) = k, such that

.
« «

<@<_ﬁ .
s~ Ck.  — k

[Lovs.

Our next result shows a convexity property of the family §.

Theorem 3.3. Let (g¢)e<n be a finite collection of functions in § given by

9]
47 < Z Vﬁ,rfﬁ,rv
r=1
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where fo, € Fry vor € RT and 3777 ve, = 1 for all £ < N. Let & € R be
such that ), n & = 1 and assume that the sequence (as)32 satisfies (). Then
there exists B, C N with card(B,) < rk,, r > 1, such that the functions defined

by

T(f) o0
fo=xse, S verfer Y Verfer
r=1 r=r()+1

satisfy
|
sc DGl €5,
/=1
where r(() is chosen so that m,. ;) < £ < My(g)41.

Proof. Write Iy = [1, N]N N and set

g= > v and vi= > &

fe[l,mr]ﬁIN fe[l,mr]ﬁIN

Then by Lemma 3.1, we have that g € 2v, F,.

Fix 7 € N and let s < 7. We consider the functions (f¢.s)ee(m,,m, 1 )nix S Fs-
Then, by Lemma 3.2, we know that there exists As, C N with card(4;,) = k,
such that

XAg . Z 5€7€,sf€,s € QCwsj:r—i—lv
Le(mpe,mpeg1 NIy

where wy = Zée(mr mri1]NIy &ve,s- Set B = U._; As,, and note that card(B;)
< rk,. Since r < m,, Lemma 3.1, gives that the function

g =xs: Y > Evesfos < Xag, > Eove,s fos
s<r fe(mr,mr_H]ﬁIN s<r EE(mr,mr-&-l]mIN
belongs to 4C6, F;41, where 6, = > __ w,. Therefore, applying Lemma 3.1 again
we see that the function -
9= _g.+4]
r=1

belongs to 8CF. Observe also that Zfil v+ 6, = 1.

Now we are going to define functions f; such that >, & f; = g. Let us fix
¢ € {my,...,N}. Then there exists a unique r such that m, < £ < m, ;. We
denote by r(¢) this unique r and define the function

7’(() o0

fo=xse, Z;w,rfe,r + > Yo
r=

r=r(f)+1
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For ¢ € {1,...,m1}, we define (corresponding to r(¢) = 0) the function f; =
> vei Ve for. Thus f; can also be expressed as

)
fé = Z ,‘Yf,T’ff,T’hf,T’v

where hy, = 1 if ¢ < m, and hy, = XB if m, < £. The same proof as in
Lemma 2.4, gives that Zévzl &f; =9 € 8CF. [ |

We need also some general lemmas.

Lemma 3.4. Let F be a generating family and let 1 < q < oco. Assume that
(x0)e<n s a finite collection of elements in X4(F) and B C N. Then

Z lzex sl < card(B) sup HZ ezwzH

leg]=1

Proof. Set ¢ = sup se 7 || f |l - Since ¢/ ||z]|o, < |lz]| < ¢/7|z||s,, we have

N N N
Y lzexsll < 30D lw@ICYT =37 fai) |V
r=1 ¢=14i€B i€B r=1
< card(B) sup HZ QWH@ c/d < card(B) sup HZ egmgH
lee|=1 lee|=1
which yields the result. u

Lemma 3.5. Let F be a generating family, & € RT, £ = 1,..., N, and let
(fe)e<n be a finite collection of functions in F such that ),y §efe € F.

a)If 1 < q < o0, then

Sl /& < | St

b) If 2 < q < o0, then

leg|=1

S i, V&) <2 s |3
(=1



342 Oscar Blasco and Teresa Signes

Proof. Since Zzg ~ &efe € F, by Holder’s inequality we get

S ed, Va0 < <(Zm\) X

If 1 < g < oo, then

>t ) < (L)

(o) ] < [ ]

Hence a) is true. If ¢ > 2, by Kintchine’s inequality (see [2, 1.10]) there exists a
constant B; = v/2 such that for all i € N,

(i \xz(i)\qf S(i \xz(i)p)é < B /1‘§:rg(t)xg(i)‘dt_
/=1 /=1 0 "y

Therefore,
Zﬂxz\ Z\/fﬁfﬁ ) < \/—/ HZW xg (% Hdt < V2 sup H H
(=1 t€[0,1]"'y
From this we get b) and the proof is complete. ]

Lemma 3.6. Let F be a generating family and let 1 < q < co. Suppose that
(nr)22, is an increasing sequence of real numbers and that {x1, ... ,xN} is a finite
collection of elements in Xq(F) such that the sequence (||z¢||)i<n is decreasing.
Let (Cy)r>1 be subsets of N. Consider, for r > 1, the subsets of N,

H,={{:1<{<N, my <l <mypy1 and ||z¢]| < nrllzexe, |},
and let H = U,>1H,. Then,

1
P

Z | 2¢]|? < (Z l|lze||? ) Es;pl“; QWH (i anE:;;in_(rCr))

leH

Proof. We assume that supj,, | || Zévzl eexy|| = 1. By Lemma 3.4 and the
definition of H,, we know that

Sl < e Y lzexe, | < npcard(C).
{eH, leH,
Thus

> lleel” < (mae el ™) (Y llael) < (uae e |~ rcard (C).

{eH, (eH,
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On the other hand, since (||z¢||)¢<n is decreasing we get

N N
o |lxe]|? e |2
foHq < ZEI@H H < Zﬁfl H H

my

1
_/

if £ € H, and so ||z¢]|7" < M Whence we conclude that

1
P

S el < (Zrmu )’ (Z ]

leH u

We are now ready to study the g-Orlicz property and a lower g-estimate of the
space X,(F).

Theorem 3.7. Let (1), be an increasing sequence of real numbers with
Ny > 2. Assume that the sequence (as)2,, satisfies (x) and that the sequences

(Mr)224, (kr)$2y and (my)32 ) satisfy

(3) Z T??r T

Then if 1 < q < oo the space X,(F) satisfies a lower g-estimate. Furthermore, if
2 < g < oo the space X4(§) has the q-Orlicz property.

Proof. Let N € N and let (z¢),<n a collection of elements in X, (). We
assume that the sequence (||z¢||)¢<x is decreasing. We set 9 = SV, ||l¢[|9 and

& = ”W” . Hence Zg 1&=1.
By deﬁmtlon of the norm in X,(§), for each ¢ there exists a function g, € §

such that
4) |2el] < - <W\ et 7).

If we apply Theorem 3.3 to the functions g, and the numbers & = lze Sq” , then
we can find functions f; so that Zévz 1&f; € 8CF and subsets B, C N with
card(B,)< rk;.

In order to estimate S9, we split it as

51 = Z el = Z el + D llzell”+ > el

(eH (gHU{1,...,m1}
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where H = U,>1 H, and

H,={(:1<{<N, my <l <muq and ||| < n.llzexs, ||}

If £ € H, then by Lemma 3.6 we have

Z ngHq < SQ/‘J sup Hiegmg“(i ZT/::_:) < 7811 sup Hieg%z“,

cH lee|=1 lee|=1"",—

where T := > °2, rn.k,/ {/m,. On the other hand, if ¢ € {1,...,m4}, then
ge < f; and hence

Zrmuq< Zuxeuql\xe\ —3ZHweH“\wd (/10

Finally, if we assume that ¢ ¢ HU{1, ..., m4}, then there exists a number r(¢) > 1
such that m,.(y) < £ < m,(y)41 and by the definition of H, we have for n, > 2,

el _ [l
X Bl < — < ——-
looxg <0< 55
Whence by (4) we have
1 3 1 /
gzl = gllzell = llzell < {lzel, ¥/g¢) — llzexs, |

< (e, Va0 — {lroxn, | Va0 < (wexss, |, V)

(el faexpe,) < (e, /52,

where we have used the fact that fj(i) > gexse, (1) ifi € By, and fi) =
Do o+1 Verfer = 0if i € B,p. It follows from these relations that

S e < 4 Y el e, /)

(gHU{l,...,m1} (ZHJ{1,...,m1}

N
< A |t el {1
/=1
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Thus

4 al /
ZHWHC’ Sl < G+ el (ad, 35
(¢HU{L,... m1} =1
16 N q_l/ / /
= 25 Ve, (/1
= Sq IZ |wel, /€0 f7)-

Assume that 1 < ¢ < co. Then, by Lemma 3.5 (a), we get

g1 < 16 qu 1“2\x ‘H_’_qu L sup HZGM@H

lee|=1

Therefore,

(S tea)’ < (S5 ) [

and the space X (F) satisfies a lower g-estimate.
If 2 < g < o0, by (b) in Lemma 3.5 we have

575 (5w 1) 3|

lee|=1

and hence the space X,(§) has the ¢-Orlicz property. [ ]

4. q-CONCAVITY

In this section, we show that the space X, (&) is not g-concave if the family §
satisfies some further conditions. In order to do this we need to introduce another
increasing sequence of natural numbers (ns)S°; with n; = 1.

Again we need some lemmas.

Lemma 4.1. Let s, r € N withr < s. Let (ns)22, be an increasing sequence
of natural numbers, n1 = 1, such that ng < k41 for every s > 1, and assume that
the sequence (ovs)32, Satzsfes (). Then for every function f € F, there exists a
pair of functions f1 and fo such that f = fi1 + fo with

N C )

card(su <2mjks and ) < ag (— +
(suppf1) ;fz als o
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Proof. Since f € G,, we can assume that

f= 22 N Gl

j<m

where hj, € M, (e € RT and 37,0 (e = 1 for all £ We know that
for each h;, € H we can find h; and h”g such that hj, = hﬂ -+ hj s> With
card(supp h bo) = ks and ||R7 ) lle,, < st / ksi1. Therefore we can decompose f
as f = f1 + fo, where

22 B Z Cﬂhﬂ
j<m[
and
22 N Gabl Z 270N G
j<mt {=s+1 j<mt

Now, the support of f; has at most 2ksm; points. Indeed, since m; > 2 and
(ms)22, is a strictly increasing sequence we have that

1., 1 m
Zm < (me Gy = e M o

1
£=0 mr 2

Therefore,
S
card(supp f1) < ks me < 2ksm;.
(=0
On the other hand, by »*, 3’ (1) < nsz—‘*;i, ns < ksy1 and Proposition 2.1 (1),

Ns s+1
Spi0<n gty ts 3 23 a)
i=1 f=s+1
Finally, by (%) we get
Ns
Zf( )<as+1k +Cas+12
i=1 s+1
and conclude the proof of the lemma. ]

As a consequence, we have:
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Lemma 4.2. Let s, r € N with r < s, and let (ns)?°, be an increasing
sequence of natural numbers with ny = 1, such that ng < kg1 for every s > 1.
Finally assume that the sequence (o)$2, satisfies (x). If (fr)i_, are functions in
Fr and v, € R so that "<, v = 1, then there exist f' and " functions of §,
so that

ZVrfr :f/+f//
r=1

with
S

card(suppf’) < 2ks (Z mi) and if”(i) < as+1< Bs 4 C).
i=1

r=1 k8+1 2

The new assumption on the sequence ()22, that will be needed is the follow-
ing:

(**) There exists a constant K > 0 such that O‘;—ng < K for all s > 2.

Proposition 4.3. Let (ng)°, be a 2-lacunary sequence of natural numbers,
ie., 2ng < ngy1, n1 = 1, such that ks < ng < kg1 and assume that the sequence
(vs)S2 satisfies (xx). Let T > 0 be a fixed integer, 1 < q < oo and let x and y
be the vectors belonging to X ,(§) defined by

T T

1 1
x = ————X[k._1.k,) and y= ————— X 1)
2, o X 2 Vg
Then there exists a finite number of permutations of the set N, {o1,..., on}, such
that if we set x; = xo; then
LN
(5) ~ > 2l(i) < 202K +1)y%(i), forallieN.
j=1

Proof. Let N=n, —n,_; and let o € II(N) be defined as

{ olns—1)=mns_1, s>2,

o(i)=1i+1, otherwise.



348 Oscar Blasco and Teresa Signes

We take z; = z07, j = 1,...,N. Then for i € [ns_1,ns), s > 2, we have
N
1 1 N
150 2 T (el )
N2 mi < 52 SO)E— ]
Jj=1 ng_1<j<ns
2 . .
< ﬁ( . D+ D xQ(ﬂ))
sl <<k ks <j<ns
_ —ocg_llks (ks — ns_l) + _Oég;ilks_J (ns — ks)
Ng —Ns—1

Lets > 2andi € [ns_1,ns). Since ks < ng < kgy1, ns > 1, ng—ng_1 > %ns
and (os)22, satisfies (#x), we conclude that

; ks 1 (ns - ns_l) 1
— ) 213i) < 2 ( + )
N jzl j( ) — Oéq_lks (ns - ns—l) az;}ks—l—l (ns — ns_l)

K1 1
()
q 1( _ns—l) q—1

Qg1 g1 kst
2K91 1 _ ,
< 2( ) = 2K+ Dyi(i). .

Qsp1Ms A Tls
The main theorem of this section is the following:
Theorem 4.4 Let 1 < q < oo and let (ng)$2, be a sequence of natural numbers
with ny = 1. Assume that the sequence (a5)2, satisfies (x) and (xx), and that the

sequences (ng)>2, and (k)32 are 2-lacunary and satisfy ks < ng < ksi1 for all
s > 1. Assume further that the sequences (ks)32,, (ns)22, and (m,)$, satisfy

S < e SifeEmm

Then the space Xq(g) fails to be q-concave.

Proof. Let 7 > 0 be a fixed integer and let x, y and z;, j = 1,..., N, be
the vectors defined in Proposition 4.3. We know that X,(§) is a rearrangement
invariant space, h € § and (k)52 is a lacunary sequenc. Therefore, ||z;| = ||z||
forallj=1,...,N and

T

ol > (i, V) = 32 Go ket U0 g fha b))

1)
; —(r—1).
s=2 %// Qs \(yk—s Vk—s s=2 S 2
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Thus,
N

N
> llasll? = Nl = S (r = 1)7.

J=1

In order to show that
N 1 N 1
(S lai) /| (2 Jasl)
j=1 J=1

is arbitrarily large, we are going to find an upper bound for the denominator in the
last expression. By Proposition 4.3, we know that (1/N) >,y (i) < 2(2K9~ 1y
1)y%(i) for all i € N, and hence it is enough to estimate ||y||.

Let f € § and assume that f < > o, 7. f, with f, € F., 7 > 0 and
> r>1 Y = 1. Then

(yl, /f Z\y )| &/f (i ZI + I1(s)+ I11(s)

where for s > 2,

1
I(S) S J——— Y f
VAs+1 \q/ Ng e 1Z<Z:<TL5 Z nr

1
II(s)= —— 1/ i),
( ) m\(yn—sn_;<ns 78+1f8+1( )

1
ITI(s)= ———— { Vo fr(0).
a8+1 Vs ns—§<ns 7’;"2 ' r(

We shall first estimate I1(s). We observe that Holder’s inequality and Proposition
2.2 (1) give us

1 o /
II(s) < —— %/ w1 fs 1/ ngy?/ 4 a

1
AT

%/ st

And by (%) we have

IN

’ [ Ca 1 ’ !
5) < Y/ Vst1 \/ Tj: = {1 VC.
S
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Thus, again, using Holder’s inequality, we have

S 11(s) < VO (A < VOUr =143 qunn < VOUT— L.
5=2 s=2 5=2

To bound I71(s), we observe that by Holder’s inequality

IT1(s) < —= +1<Vn— Z Y i) < :

i=1 r>s+2 kst

where in the last step we used || f,]|¢,, < 2‘: - < 2‘5“ for r > s+ 2.

Finally, we shall estimate I(s). Let us fix s > 2. By Lemma 4.2, we can find
functions f” and f” such that Y >, v, f = f' + f” with

S Ne
- C
card(suppf’) < 2k, <Z mi) and Zf”(i) < a8+1< s _>_
r=1 1 s+1
This allows us to split I(s) as I(s) < IV(s) + V(s) for all s > 2, where

1 e
IV(s) = ———— = Z Y F (i)

and
1

V(s) = %//(Xs+1\(yn—5n5_§<ns 1)

By Holder’s inequality,

IV(S) < Oés—i—l\’yn—sz \/ Xsuppf/

WW (Z Xsuppy’ (1 ) (Z i )

1
_/

IN

1
P

/7@11\‘7?1—5(0%(1 suppf’)) <Zf )

Since card(suppf’) < 2ks(>",_; m?), (x), Proposition 2.2 (1) yields

V(s < ¢ (S ms) o[l or _ g5 /ol Ko i)

s st s
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On the other hand, Holder’s inequality and the fact that ™", f”(i) < a8+1(
2—5) imply that

+

It follows from these relations that

ol /) < VU1 +2Z‘a/ %FZW

- ‘i/—xfz of B (rm M) 1m8).

Ns
o0 o0
. . /
Since we are assuming that A = Z Y/ ns/ksy1 and B = Z
s=1 s=1

finite, we have
‘i//—

(yl, /) < VO¥r—1 +2A+21//_1+x/_‘i/—B< YVCOYT =148,

where S is a constant independent of 7. Putting this altogether, we have

1

N 1
(S basl)” LYN(r— 1)
H <ZN " }‘q>% T RRKTTFD)YN(VCYT =1+ 8)
j=1 125
B (tr—1)
202K T+ 1)(VCYr—1+5)
This expression goes to infinity as 7 goes to infinity. ]

Proof of the Theorem 1.1. Let 1 < ¢ < oo and take (k)52 to be the sequence
of natural numbers defined by
ko=Fk =1,
kigyq = 325725 (Elg1+1) pl4s(Bld]+1)

and the sequences
/ k
g = 3287 (a0 = 9)7 mg = (328k8)E[q]+17 ns = 3%, ng = ;)—:1
for all s > 1. These sequences satisfy the assumptions in Theorem 3.7 and in
Theorem 4.4; hence X, (§) satisfies a lower g-estimate and is not g-concave. [
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