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ANALYSIS OF LARGE DEFORMATION OF A
NONPRISMATIC BEAM

Shin-Feng Hwang and Li-Rong Yeh

Abstract. This paper studies the mathematical model that describes the
deformation of a nonprismatic beam by its own weight. The nonprismatic
beam is considered to be with circular or rectangular cross-section. We
fix the density and hold an angle « at one end but free at the other
end. The shape of the beam depends on the angle «, the density and the
length to that of flexural rigidity. We analyze the bifurcation phenomena
for the vertical case, a = m. Several numerical results are presented.

1. INTRODUCTION

The deformation of a cantilever by its own weight is of interest both prac-
tically due to its engineering significance and theoretically its nonlinearity. We
assume that a tapered cantilever (nonprismatic beam) of circular or rectangu-
lar cross-section and density is held fixed with an angle « at one end and free at
the other end. If the tapered cantilever is thin enough, then its deformed shape
can be described by the elastic theory. For the prismatic beam (cross-section
shape is fixed), Wang [7] studied the bifurcation phenomena numerically, and
Hsu and Hwang [3] gave the complete global bifurcation results for the pris-
matic vertical cantilever mathematically. In this paper, we consider two types
of nonprismatic beam with circular cross-section and rectangular cross-section.
We first give the uniqueness for the solutions of the governing equation, and
then give the complete bifurcation results for the vertical case, &« = 7, in the
spirit of [3], [5]. Finally, for a@ # 7, we give the global bifurcation phenomenon
of numerical results.
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2. FORMULATION

We assume a tapered beam with length L, uniform density p and con-
tracted circular cross-section, the circular cross-section area given by [0(L —
s")]?m, which is held fixed at an angle v at one end, say, the origin, and is free
at the other end. Let us consider a small segment of the tapered beam. A
moment balance gives (see Fig. 1)

(2.1) m—gp/L 7 [§(L — €))* d€ sinfds’ = m + dm,

where m = m(s’) is the local moment, s’ is the arc length from the origin,
0 = 0(s') is the local angle of inclination, and § is a small constant such that
the cantilever is thin enough so that its deformed shape can be described by
the elastic theory. According to Euler, the local moment is proportional to
the curvature df/ds’, i.e.,

(2.2) m=—FEI d0

ds”
where E is the modulus of elasticity, and for the circular cross-section I is the
moment of inertia 76*(L — s')*/4. From (2.1), (2.2), we obtain

1 2 N3 o 1 4 na 420 4 s a9
(2.3) ggpﬂ'é (L—s")° sin 0 = zﬂEé (L—s") i wE* (L — ') I
and the boundary condition is

do
2.4 0(0) = —(L) =0.
(24) )=, <)
Let s = s'/L. Then (2.3), (2.4) become
d*0 de )

(2.5) { (1— 3)4@ =4(1 — 3)3£ +K(1-3s)*sinf, K>0, 0<s<1;

000)=c«, 0'(1)=0, —nm<a<m.

The parameter K = 4Lgp/3E§? represents the relative importance of density
and length to that of flexural rigidity. The main concern of this paper is to
determine the multiplicities of solutions of (2.5) provided that K > 0, —7 <
a < 7 are given. The reformulated mathematical problem is as follows:
Let
P(s) =0(1—s), 0<s<Ll.
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FIG. 1.

Then (2.5) becomes

(P.).) (s*)'(s)) = K s*sin(s), K >0, 0<s<1;
o Y1) =a, ¢'(0)=0, —r<a<m.

Since 9(s),0 < s < 1, is a solution of (P.), if and only if —(s) is a solution
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of (P.)_q, we only consider the problem with 0 < o < 7. We may also reduce
the problem (P.),,0 < o < 7, by the following rescaling:

o(s) = ¥(s/K).
Then ¢(s) satisfies

(s*d(s)) = s* sing(s), 0<s<K;
(26) { H(0)=0, ¢(K)=a, 0<a<m

For a tapered cantilever of the rectangular cross-section, the cross-section area
is given by db(L — s'), with width b and height §(L — s’), and the moment of
inertia [ = b6*(L — s')®/12, where the fixed b and § are small constants such
that the cantilever is thin enough so that its deformed shape can be described
by the elastic theory. Then we have

(Fr)a) (1) =a, '(0) =0, —-rT<a<m,

where K = 6Lgp/Ed%. Since 9(s), 0 < s < 1, is a solution of (P,), if and only
if —1(s) is a solution of (P.)_,, we only consider the problem with 0 < o < 7.
We may also reduce the problem (P,),, 0 < o < 7, by the following scaling:

¢(s) = ¥(s/K).

{ (s*Y/(s)) = K s*sin¢p(s), K >0,0<s<1;

Then ¢(s) satisfies

(s¢(s)) = s? sing(s), 0<s<K;
(2.7) { H(0)=0, ¢(K)=a, 0<a<m

3. UNIQUENESS OF SOLUTIONS OF (P.), AND (P,),

In this section, we present some results concerning the uniqueness of solu-
tions of the boundary value problems (P.), and (P,),:

P (s*/(s)) = K $*siny(s), K >0, 0<s<1;
(Fe)a) (1) =«a, ¢'(0)=0, —m<a<m,

(s*Y/(s)) = K s?sinyp(s), K >0, 0<s<1;
(Pr)a) { v(1) =a, ¢'(0)=0, —r<a<m.
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Theorem 3.1. The solution of (P.)y (resp. (P,)o) is unique, namely,
P(s)=0, 0<s<1, for any K > 0.

Proof. Obviously ¥ (s) = 0 is a solution of (P,),. Multiplying the equation
in (P.)y by ¥'/s* and integrating the resulting equation from 0 to 1, we obtain

/01 s2Y" ()Y’ (s)ds + /01 45(¢'(s))*ds = /01 Ks(sin 9(s))y' (s)ds.

Then we obtain
S+ [ aswoyias = K [ [ eos gisyis 1] 20

However,
1
[/ cosp(s)ds — 1} <0.
0

Hence we have ¢'(1) = 0. Since ¥(1) = 0 and ¢'(1) = 0, the conclusion
¥ (s) = 0 follows directly from the uniqueness of solutions of ordinary differ-
ential equations. The proof is similar for the (P,)q case, if we multiply the
equation in (P,)o by ¢'/s with the same discussion. So we omit it. [

The existence of solutions of problems (P.),, and (P,),, follows directly from
the results in [4] since the right-hand side of (P.), and (P,),, Ks® sin ¢ and
K s? sin 1), are bounded for 0 < s < 1. Hence, one can present a uniqueness
property of (P.), and (P,),.

Theorem 3.2. If K < /35, then (P.), has a unique solution for every
a € [0,m7].

Proof. Let 1(s) be a solution of (P.),. Then

v =a— [ KE sim v(€)6(s,€)de

where
G(s,€) = ((max(s,£)) > —1)/3.
Let 11(s),14(s) be solutions of (P.),. Then
6n(5) ~ ()< K [ G, €un(e) — a(6) g
1/2

<k[[ Goed] fv-wl,
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or

1
i = all3= [ wi(s) ~ (o) ds
, Lot . B )
<i?([ [ @eoedcds) o -l

since

1 1
/ / G*(5,€) €5dé ds = 1/35.
o Jo
If K < /35, then we must have

= s. n

Theorem 3.3. If K < /20, then (P,), has a unique solution for every
a € [0,7].

The proof of Theorem 3.3 is similar to that of Theorem 3.2 by considering
the Green’s function G(s, ) = ((max(s,§))™2 —1)/2.

4. THE MULTIPLICITIES OF THE SOLUTIONS OF (P.),
AND (P,), FOR a =T

In this section, we shall present the analytic results for the vertical case,
a = 7. The discussions for circular cross-section and rectangular cross-section
are similar; we only consider the tapered cantilever of circular cross-section.
The analytic results for this special case will help us to understand the bifur-
cation phenomena for the general problem (P,),, 0 < a < 7. In the remainder
of this section, we shall restrict our attention to the vertical case @« = m. So
by (P.), we have

(4.1) % (54@;{;)) _ K sin(s),  (0)=0, (1) =r.
Let s = x and v(z) = ¢(x/K) — m. Then (4.1) takes the form
(4.2)  (z™'(z)) + 2 sinv(z) =0, ' (0)=0, v(K)=0, '=d/dz.

We shall study the boundary value problem (4.2) by the shooting method and
consider the following initial value problem

(4.3) (z''(2)) + 2® sinv(z) =0, ' (0)=0, v(0)=a, a€cR.
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We denote the solution of (4.3) by v(x,a). From the uniqueness of solutions
of ordinary differential equations, it follows that

v(x,2m +a) =271+ v(z,a),

(
o o o e
v(z,0) = v(z,m) =m.

From (4.4), we shall consider v(z,a) only for 0 < a < 7.

Lemma 4.1. Let 0 < a < w. Then

(i) —7/2 <v(m,a) <7/2 for0<a<m/2, 0<uz.
(ii) —7m <wv(z,a) <mwform/2<a<m 0<uzx.

(iii) v(z,a) is oscillatory over [0,00) for all 0 < a < 7.

Proof. Multiply (4.3) by v/(z)/x* and integrate the resulting equation from
0 to x. We obtain

/ " (€)' (€)de + / "4/ (6))2de = / " g0/(€) sin v(€) de.

Then, we have

(4.5) fx +/ 3¢E(V'(€))%dE = x cos v(z) — /x cos v(§)d€ > 0.
0

If 0 < a < 7/2, then cos a = cos v(0) > 0. We claim that cos v(z) > 0 for
all x > 0. If not, then there exists zo > 0 such that cos v(z) > 0 for all
0 < x < xy and cos v(zg) = 0. This contradicts (4.5) with x = x, and we
complete the proof for (i).

If 7/2 < a <, then cos a = cos v(0) € (—1,0]. We claim that cos v(z) #
—1 for all z > 0. If not, then there exists xy, > 0 such that cos v(z¢) = —1 and
cos v(z) > —1 for 0 < z < zp. Again from (4.5), we obtain a contradiction.
Hence —7 < v(z,a) < 7 for all z > 0 and we have established (ii).

We next show that v(x,a) is oscillatory over [0, 00) for any 0 < a < 7. Let

2 (v'(2)”

V(z) = (1—cos v(z)) + 5

It is easy to verify that
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Then we have
1 —cosv(z) <V(x) <V(0)=1-cos a.

Since —m < v(x) < m, we then have |v(z)| < a for all x > 0. We rewrite the
equation in (4.3) as

,  gsin v(z)

(4.6) (' (2)) + o(2)

Let 0 < § < ming<,<,(sin v/v). Using Sturm’s comparison theorem, we com-
pare (4.6) with

v(x) = 0.

(4.7) (x*'(x)) + §2° v(x) = 0.

Since the Bessel function 273/2.J5(2v/dx) is the solution of (4.7), which is oscil-

latory over [0, 00), v(z) is oscillatory over [0, 00), too. Thus we complete the

proof for (iii). ]
Next, let us define:

A(z,a) = %(m, a), o(x) = Az, 0).

Differentiating (4.3) with respect to a yields

(4.8)  (z*A'(x)) +2® A(x) cosv(z,a) =0, A(0)=1, A'(0)=0.
Setting a = 0 in (4.8) yields

(4.9) (24 (1)) +2%0(x) =0, 6(0) =1, ¢(0) =0.

The equation in (4.9) is oscillatory over [0, 00). Let A, and =, be the nth zero
of ¢(z) and ¢'(z), respectively, for n = 1,2,.... We note that

A~ 10,1765, Ao ~ 23.8194, \; ~ 42.3488,

(4.10) A~ 65.8002, A5 ~ 94.1813, etc.

From Lemma 4.1 (iii), v(z,a) is oscillatory over [0,00) for any 0 < a < 7.
Let y,(a) and z,(a) be the nth zero of v(x,a) and v'(z,a), respectively, for
n=12,....,0<a<m.

Lemma 4.2. (i) lim, o+ yo(a) = Ay, lim, o+ 2,(a) = 7, forn =
1,2,.... (i) lim, r- yu(a) =400 forn=1,2,....

The proof of Lemma 4.2 follows directly from [3].
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In addition to the properties (i), (ii) in Lemma 4.2, we shall show that, for
all 0 < a <, y,(a) satisfies

d
(4.11) y;(a) >0 foralln=1,2,... and 0 <a <.
a

Assume that (4.11) holds, then we may plot the following graph for y,,(a), n =
1,2,.... (See Fig. 2.) Then we conclude from (4.2) and (4.4) the following:

If 0 < K < Ay, then (4.2) has the unique solution v(z) = 0.
If Ay < K < Ay, then (4.2) has three distinct solutions.

If A, < K < \,y1, then (4.2) has 2n + 1 distinct solutions.

Since

(4.12) v(yn(a),a) =0, O0<a<m,

FIG. 2.
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differentiating (4.12) with respect to a yields

(). 4 8 (a). a) = 0
2.13) dyn(a) _ A(ya(a),a)

da V'(Yn(a),a)’
We now state our main result.
Theorem 4.1. Let 0 < a < 7.

(i) The solution v(x,a) of (4.3) has an infinite number of isolated zeros
Yn(a), with y; < yo < -+ <y, and y, — 00 as n — oo; likewise v'(x,a)

has an infinite number of isolated zeros, z,(a), with z; < zo < -+ < z,,
interlacing the vy, ; furthermore
Jm g (a) = A, Tim 2, (a) =y,

and
lim y,(a) =00 forn=12,....

a—T

(ii) yn(a) is a differentiable function of a and

d
ﬂ>0 form=1,2,....
da

We have shown part (i) in the above lemmas. The proof of (ii) follows
directly from (4.13) and Lemma 4.3 below.

Lemma 4.3. Let 0 < a < w. Then A(z,a) has an infinite number of
isolated zeros o, 0 < a1 < @z < -+ < a, < ---. A(z,a) satisfies the
following:

(i) If 0 < a < /2, then A'(x,a) has an infinite number of isolated zeros
Bn(a),0 =01 < fa < -+ < B, < ---. Furthermore 1 = z1 =0 <y, <
0 <2< Pa< Y << - <Yp < < Zpa1 < Ona1 < Yng1 < ---.

(ii)) If /2 < a < 7, then A'(x,a) has an infinite number of isolated zeros
Bula), 0=0y < By < -+ < By <---. Furthermore, By =2z =0< 3 <
P <o <2< P <Y< <Yp < <21 < Ongt < Yng1 < -+-.

Before we prove Lemma 4.3, we consider (4.3) and (4.8). Let

(A): (z%') +2*sinv =0, v(0)=a, v (0)=1,
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(B): (z*A’Y +2* A cosv=0, A(0)=1, A'(0)=0.

In addition to (A) and (B), we form the following equations satisfied by A’
and w = (2? — 32y, )v’, respectively:

(C): (z*A") + (423A") + (23 A cos v)' =0,
(D):  (z*w') 4+ 2*w cos v = —32%(x — y,,) sin v — 2z*'.
Multiplying (A) by A and multiplying (B) by v, subtracting the resulting

equations from each other and integrating the final expression from « to (3,
we obtain

B
(a): z*(v'A —vA)B = / 2 Av(cos v —v~! sin v) dz.

«

Multiplying (A) by A’ and multiplying (C) by v, subtracting the resulting
equations from each other and integrating the final expression from « to g,
we obtain

B
(b): z(vA" —vA")|E = 423 A 0|8 —/ 4 A'v' dx
+x*Awv cos v|? — 23A sin v|?
8
+/ 3z°A sin v dz.

Multiplying (D) by A and multiplying (B) by w, subtracting the resulting
equations from each other and integrating the final expression from « to f,
we obtain

B 8
(c): z*(wA —wA")|? = —/ 32%(z — y,) A sin vdx—/ 22" Adx.

Finally, since v'(0) =0, v(0) =a, A(0) =1, A’(0) =0, 0 < a < 7, we have
sgv = (=1)"for y, < = < Ypny1,
sgv' = (=1)" for z, < © < zZpy1,
sgA = (=1)" for a, < x < 1,
sg A" = (=1)" for 5, < x < Bni1,

Proof of Lemma 4.3. We shall prove the lemma by induction on m.

99



100 Shin-Feng Hwang and Li-Rong Yeh

If 7/2 < a < m, then we claim that 3; < y;. Otherwise if 3; > y;, then
A'(z) > 0 for all 0 < x < y;. We specialize («, ) in (b) to (0,y;). Then we
obtain

Y1
(VA — oA |5 =43 A | — / 423 A" dx + 2 A v cos v|¥
(4.14) o
—x*A sin v|§! +/ 322 A sin v dz.
0

Since v(y;) = 0, (4.14) becomes

Y1 Y1
yiv' (y) A (1) = —/ 43 A"y dw —I—/ 3z Asin vdu.
0 0

Y1 Y1
It is easy to verify yjv'(y1) A’ (y1) < 0, / 423 A'v'dr < 0, and/ 3z Asin vdx >
0 0

0. Thus we obtain a contradiction.

We shall now show that a; > y; for 0 < a < w. If not, then there exists
a* € (0,y;) such that A(a*) = 0,A’(a*) < 0 and A(z) > 0 for 0 < z < o™
We specialize («, 3) in (a) to (0,a*). That is

(4.15) (WA - A = / 2*Av(cos v — v~ ! sin v) dx.
0

Since A(a*) =0, (4.15) becomes

*

(4.16) — (a")*v(a")A (o) = /Oa 2*Av(cos v — v ! sin v) dz.

Since cos v < (sin v)/v for —7 < v < wand A(z) > 0,v(z) > 0for 0 <z < a*,
it follows that the right-hand side of (4.16) is negative. However, the left-hand
side of (4.16) is positive. This leads to a contradiction.

Now, we want to complete the induction by assuming the truth of the
statement us to m. For 0 < a < w, we want to show the following;:

(1) Ym < @m < Zmy1. By the induction hypothesis y,, < a,,, we want to
show that «,,, < z,,41. For a = 0, it is obvious that «,,(0) = A,,. From Lemma
4.2, we have

lm z,51(a) = Yme1 > A
a—0t

By continuous dependence on parameter a, we have that a,,(a) < z,,11(a) for
a > 0 sufficiently small. We claim that «,,(a) < zy,41(a) for all 0 < a < 7.
If not, then there exists a* € (0,7) such that «,,(a*) = z,,1(a*). We now
specialize («, 3) in (¢) to (z,,(a*), zmy1(a*)) and n = m. Then we obtain

Zm+1
ot (WA — wA)|Zm = —/ 32%(x — ym)A sin vdx
(4.17) o

Zm+41
— / 2 A d.

m
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Since w(zmy1) = w(zm) = 0,21 = O, W' (20) = (22, — 32Ym)V" (2m),
(4.17) becomes

Zm+1
—20 (Zm — BYm)V" (2m) A(zm) = —/ 323 (x — y) sin v Adx
(4.18) Z’Z"'NM
—/ 22 AV da.

Since (2m—3Ym )" (2m) A(2m) > 0, : 32% (2~ )A sin v < 0 and : 27"
Av'dr < 0, the left-hand side of Y4.18) is negative while the rigﬁ—hand
side of (4.18) is positive. This is the desired contradiction. Hence, we have
am(a) < zmai(a) for all 0 < a < .

(i1) Zma1 < Bmt1 < Yme1 < Qpy1. First we show that z,.1 < 1. If
not, then a,,, < Bni1 < zme1. We specialize (o, 3) in (a) to (@, Bme1). Then
we obtain

(4.19) 2*'(vVA -

)|Brmer = / 23 Awv(cos v —v~! sin v) da.

Since A(a,) = 0, A'(Bny1) =0, (4.19) becomes
Bmi1? (Br1) A(Brns1) + o, v(0em) A ()

(420) ﬁerl
= / 23 Awv(cos v — vt sin v) du.

It is easy to verify that the left-hand side of (4.20) is positive while the right-
hand side is negative. This is the desired contradiction.

Next we show that 3,11 < ymy1. If not, then 5,11 > ymi1. We specialize
(o, B) in (b) to (Zma1,Ym+1). Follow similar arguments in the case §; < y;.
Since v(Ymi1) = 0, V' (2m+1) = 0, we deduce that

y;ln-s-lvl(merl)A/(merl) + an-f-lA//(zmel)U(Zerl)

Ym+1
/ 3A,,
=423 AN (Zg1)0(Zmg1) — / 4x° A"v'dx
Zm+1

Ym+1
+ 32°A sin vdz — 22,1 €08 V(2mi1) A(Zmi1)V(Zmt1)

Zm+1

+Z7§1+1A(2’/m+1) sin v<zm+1)~

(4.21)

Because 2, 1 A" (2 1) +420, 1 A (Zmr1) +25,01 €08 V(2m41)A(2m41) = 0, (4.21)
becomes
y:ln+lvl(ym+1)A/(ym+l) Zm+1A(Zm+1) sin U(Zvn+1)

(422) Ym41 Ym+1
—|—/ 322A sin vdx — / 43 AV dzx.
Zm+1 Zm+41
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It is easy to verify y, . 0 (Yms1) A (Yms1) < 0, 25 1 A(Zma1) sin v(2p41) >

Ym+1 Ym+1
0, 42° A"v'dr < 0, and / 32°Asinvdx > 0. Thus we obtain a
Zm+ 1' . Zm+1
contradiction.

Finally, we want to show that y,,.1 < @my1. If not, then y,, 11 > .
We specialize (a, 3) in (a) to (Bm+1, @mi1). Then we have

_afn—&-lv(aerl)A/(aanl) - ﬁf‘nﬂvl(ﬁmﬂ)A(ﬂmH)

(4.23) Cm i1
= 2’ Av(cos v — v~
B'm#»l

! sin v) du.

It is easy to verify that the left-hand side of (4.23) is positive while the
right-hand side is negative. This is a contradiction. [

For the tapered cantilever of rectangular cross-section, in the vertical case,
we study the following boundary value problem (P,),:

(4.24) d% (33 dﬁf)) = Ks” sin (s),

YO)=0, Y1) =m
Let x = s,v(z) = ¢¥(s/K) — . Then (4.24) takes the form

(4.25) { (230 (z)) + 2? sin v(z) =0, "= d/dx,

)/
v'(0) =0, v(K)=0.

If we take the same function V(x) = (1 — cos v(z)) + x(v'(x))?/2, the initial
value problem

(4.26) { (30 (x))" + 2* sin v(x) =0, "= d/dx,

v(0) =a, v'(0) =0, a€R,

with the same results as Lemma 4.1 and Lemma 4.2, then Lemma 4.3 also
holds if we introduce the following equations,

(A): (x*v) +2*sinv =0, v(0)=a, v'(0)=1,

(B) : (A + 22 Acosv=0, A0)=1, A'(0)=0
(C): (x3A") + (3z2A") + (22 A cos v) =0,

(D) : (*w') + 2*w cos v = =32*(x — y,,) sin v — 230/,

where w = (2% — 3zy,)v’. Hence the bifurcation phenomena of (4.24) is the

same as the bifurcation phenomena of (4.1).
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5. NUMERICAL STUDIES FOR « # m AND DISCUSSIONS

In this section, we present our numerical studies for the multiplicities of
the solutions for 0 < o« < w. (P.), and (P,), will have the same bifurcation
phenomena, so we only consider the problem of (P.),. From (2.6), we consider
the following bifurcation problem,

('6(s)) = s* sing(s),  0<s<K,
(5-1) { H(0)=0,  6(K)=a, 0<a<r.

Let ¢(s,a) be the solution of the following initial value problem:

(5.2) (s'¢(s)) = s” sing(s), ¢(0) =a, ¢'(0)=0.
It is easy to verify the following relations:

b(s,a+ 2m) = ¢(s,a) + 2,
o(s,a —2m) = ¢(s,a) — 2m,

so we only consider —7 < a < 7. For any 0 < a < 7, the maps

a — yi(aa)
a = y;(aﬂa)’ 7122,3,4,'-',
a = x(a;a)a n:2a3747"'7

satisfy $(yi(a;)) = 7 — o = B(yh(a: ) = B(y(a: ). We have yi(aza) <
ys(a; @) < ys(a;a) < yhla;a) <ydla;a) < - < yhu(a;0) < s, (a; @) and
vh(a;0) < 92(a;0) < gh(a;0) < 92(a;0) < - < gh(a;0) < vl (330) for 0 <
a < m,and —7 < a < 0, respectively. Moreover y!'(a;; ) = y¥ (7 — a; ) = 0,
yi(an;a) =yl (an;a) with0 < ay =71 —a<az < -+ < ag,y < -+ <m,and
T << gy < - < ay < ag < 0. (See Fig. 3.)

From the numerical computation, we conjecture that the following hold:

U (6:0) >0 for a € (a7,

d u
%y?n(a; CE) < 0 fOT' ac <—7T, a’2n>7

d2
@yénﬂ(a; a)>0 foraé€ (agi1,m),

d2
Eyén(a’ a) > 0 fOT' a € (_ﬂ-v a’2n);
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FIG. 3.
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FIG. 4.

moreover, Y (12,;a) and yh, . (N2n41; @) take the global minimum value in
the open interval (—m,as,) and (ag,+1,7), n = 1,2,3, ..., respectively, where
O<m<nys < - <Mp1 <--<mand -7 < --- < Moy < ++- <My <12 <O
Let A\, = ¢\ (;a),n =2,3,4,.... Wehave 0 < My < A3 < My < -+ < \, <

Then we conclude from the above conjecture the following:

If 0 < K < Ay, then (5.1) has a unique solution.

If K = ), then (5.1) has exactly two distinct solutions.

If Ay < K < A3, then (5.1) has three distinct solutions.

If K=\, then (5.1) has exactly 2n—2 distinct solutions, for n=2,3,....
If A\, < K < A1, then (5.1) has 2n — 1 distinct solutions, for

n=23,....
Here we used the ODE Solver DGEAR of the IMSL Library to compute the
bifurcation phenomena and the values of A\,,n = 2,3,.... For @« = 7 — 0.01,
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we have (see Fig.4)

Xo & 10.961, \s =~ 26.857, \s ~ 49.812, \s ~ 80.311, \; ~ 118.628, etc.

—_
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