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SUBMANIFOLDS OF CONSTANT SCALAR CURVATURE IN
A HYPERBOLIC SPACE FORM

Zhong Hua Hou

Abstract. Let M"™ be a closed submanifold immersed into a real hy-
perbolic space form H"*? of constant curvature —1. Denote by R the
normalized scalar curvature of M™ and by H the mean curvature of M™.
Suppose that R is constant and bigger than or equal to —1. We first
extend Cheng-Yau’s technique to higher codimensional cases. Then, for
M™ with parallel normalized mean curvature vector field, we show that,
if H satisfies a certain inequality, then M™ is totally umbilical or the
equality part holds. We describe all M™ whose H satisfies this equality.

0. INTRODUCTION

Let M™ be an oriented, connected submanifold immersed into a space form
M:er of constant curvature c¢. We say that M™ is closed if it is compact and
without boundary. Denote by o the second fundamental form and by & the
mean curvature vector field of M™. Denote by H the length of £ which we call
the mean curvature of M™. We denote by H"™?(c) the real hyperbolic space
form of constant curvature ¢ (< 0). We simply denote H"™?(—1) by H"*?.

As far as we know, there is a lot of results obtained on the rigidity problem
for minimal submanifolds and for submanifolds with parallel mean curvature
vector field immersed into a sphere or a Euclidean space, but less of that
were obtained for submanifolds immersed into a hyperbolic space form, even
for hypersurfaces. Walter [11] gave a classification for non-negatively curved
compact hypersurfaces in a space form under the assumption that the rth mean
curvature is constant, where the rth mean curvature is defined to be the rth
elementary symmetric function of the principal curvatures. Morvan-Wu [7],
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54 Zhong Hua Hou

Wu [12] also proved some rigidity theorems for a complete hypersurface M in
a hyperbolic space form H""!(¢) under the assumption that the Ricci curvature
tensor is positive semi-definite and the mean curvature is constant. Moreover,
they proved that M is a geodesic distance sphere in H"*?(¢) provided that it
is compact.

Cheng-Yau [2] constructed a second order differential operator and used it
to classify compact hypersurfaces with non-negative sectional curvature and
constant scalar curvature in a space form. They also classified complete non-
compact convex hypersurfaces with constant scalar curvature in a Euclidean
space.

In this paper, we first extend Cheng-Yau’s technique to higher codimen-
sional cases and then study the rigidity problem for closed submanifolds with
constant scalar curvature in H"*?.

In Section 3, we will prove the following:

Proposition 3.1. Let M™ be a connected submanifold immersed into
T Suppose that the normalized scalar curvature R of M™ is constant and

greater than or equal to c. Then

(3.1) Vol > n?|VH|?

and the symmetric tensor T defined by (1.14) is negative semi-definite. More-
over, suppose that the equality in (3.1) holds everywhere on M™. Then

(i) if R—c >0, then H is constant and T is negative definite;

(ii) if R — ¢ =0, then either H is constant or M™ lies in a totally geodesic

subspace MZH ofM:+p. In the latter case, if H is not constant on M™,
then r(L,+1) <1 on M"™, where r(L, 1) denotes the rank of L, .

Remark 0.1. It should be noted that, in Proposition 3.1, if we denote
o¢ = (0,§), then we have T' = o — (nH)g, where g denotes the induced metric

of M™. Moreover, L, is nothing but the coefficient matrix of o, under an
orthonormal frame field of T'(M™).

In Section 4, we will prove the following:

Theorem 4.1. Let M™ (n > 3) be a closed submanifold in H" P with
parallel normalized mean curvature vector field. Suppose that the normalized
scalar curvature R is constant and greater than or equal to —(n —2)/(n —1).
Let h be defined by (4.10). If the normal bundle of M™ is flat and H < h, then
R > 0 and either

(i) H=+VR+1 and M" is a geodesic distance sphere S™(1/v/R) in H'"?;
or



Submanifolds in a Hyperbolic Space Form 99

(i) H = h and one of the following cases occurs:

(a) H=+/(n—1)R/(n—2)+1 and M" is a Clifford hypersurface
S Hrgy/(n —1)/n) x S*(roy/1/n)

in a geodesic distance sphere S"T'(ry) of H"*?, where

ro =+ —2)/(n—1)R;

(b) VR+1+R/n(n—2) < H < /(n—1)R/(n—2)+1 and M™" is
a pythagorean product of the form S"~'(r) x S'(\/r? —r?) in a
geodesic distance sphere S"*1(ry) of H"*?, where ri® = nR/(n — 2)—

R?/(n—2)*(H* - R—1) andr = +/(n —2)/nR.

Theorem 4.2. Let M" be a closed submanifold in H" P with parallel
normalized mean curvature vector field. Suppose that the normalized scalar

curvature R is constant and greater than or equal to —(3n —5)/(3n — 3). Let
h be defined by (4.18). If H < h, then R > 0 and either

(i) H=+vR+1 and M™ is a geodesic distance sphere S™(1/v/R) in H'?;
or

(ii) H = v3R+ 1 and M? is a Veronese surface in a totally geodesic sphere
S*(1/V3R) of a geodesic distance sphere S°(1/v3R) in H*'P.

Remark 0.2. It should be pointed out that the assumption that the
normalized mean curvature vector field £/H of M™ is parallel is different from
that the mean curvature vector field & of M™ is parallel. It is significant to
consider the difference between these two assumptions. H. Li proved that, if
M™ is a closed and oriented pseudo-umbilical submanifold in M:er and H is
nowhere zero, then H is constant if and only if £/H is parallel.

Acknowledgements. The author would like to express the deep gratitude
to the Okazaki Kaheita International Scholarship Foundation which afforded
him such a good opportunity for study in Japan and gave him very precious
support while he was staying in Tokyo.

1. PRELIMINARIES

Let M™ be a connected submanifold immersed into a space form Mzﬂg.
We always assume that M™ is oriented and identify M™ with its immersed
image in M ZH).

n+p =Fn+p n

Choose a local orthonormal frame field {es},"| of T'(M_ =) over M

such that {e;}1; lies in the tangent bundle T(M") and {e,}n:’ ; in the
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normal bundle N(M™) of M™. Let {w4}" denote the dual coframe field
and (wap)y 4, the Riemannian connection matrix associated with {e4}4%.
Then (w;;)i;=, defines a Riemannian connection in 7'(M™) associated with
e}, and (wap)nd-,+, defines a normal connection in N(M™) associated
with {e,}ott ;.

Throughout this paper, we agree on the following index ranges:
1<4,5,k,...<n; n+1<a,06,7,...<n+p;, 1<ABC,...<n+p.
We know that the second fundamental form of M™ can be expressed as
o= Zwi®wm®ea = Z hiw; ® w; @ eq,
(i,0) (i,4,0)

where wi, = > ;) hijw; for all 7 and a. It is well-known that hf; = hf; for all
i,7 and a.

Denote L, = (h;)nxn and H, = (1/n) 3>, hi; for every a. The mean
curvature vector field £, the mean curvature H and the square of the length
of the second fundamental form, say S, are expressed as

é-: ZHaeaa H = |€|7 S = Z (h’LO;)2
(@) (@,i,5)

The Riemannian curvature tensor { R;jy, }, the normal curvature tensor { Ragr },
the Ricci curvature tensor {R;.} and the normalized scalar curvature R are
expressed as

Rijii= (0105, — 0udj1) ¢ + hS, G N5k

Raﬁkl = hgmhﬁzl - h?mhf@k7

(1.1) Rix= (n—1) ¢y + (nHy)he, — he-he

ij " gk
R= ;Z}% =c+ ;(nQHQ - 9)
n(n—1) 5 " n(n —1) '
We define the first and the second covariant derivatives of {hg;} by

(12) VhE = h&yw, = dhS + BS Wi + hiywms + Biwsa,

, m

(1.3) VA, = heuwi = dhSy + B Wi + Bl + D Wik + hiWsa-

It follows from Ricci’s identity that
(1.4) Ay

Cr =N, h = h = h Ruir + oy R + h Rgan.
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The Laplacian of h¢; is defined by Ahg; = 3= ;) hjy,. Using (1.4), we obtain
AhS =nH,; +nchf —ncH,d; + nHgh, hl, — Sashl;
2R G, s — WS Ry ki — Wi he

km'*myj im' “mk km'*mj>

where So5 =37 )hwhw for all & and . For a real matrix A = (a;;)nxn, We

define N(A) = Z(w) az;. Then we have
ZhaAh”‘ —nZHa ihsy +ncSy —en’HY,
—i—nHTr(LiLnH) — 82, 1o — N(LoLns1 — Ly La)

S 82— Y N(LaLs— LsLa),

(B>n+1) (B>n+1)

(1.5)

where we denote So, = Saa = >, ;) (h5)?, for all a.
Suppose that e, ; has the same direction as £&. Then £ = He, ;1 and

(1.6) H,.,=H, H,=0, for a>n+1.

It follows from (1.2) and (1.6) that

(1.7) H,pipwp =dH = Hywy, Hapwy = Hwpi1a, for a>n+1.
We define a real function ez on M™ as follows:

[ 1yH ifH#0,
R if H = 0.

It follows from (1.3), (1.6) and (1.7) that

(1.8) Hpy10=Hi —¢, Z Hg Hg,,
(B>n+1)

where we denote VH;, = Hy,w, = dH}, + Hyw;, for all k.
From (1.5) and (1.8), we have

SR AR =0 S e, S

(4,) (i,4) (4,4) (5>n+1)
(1.9) +ncS,1 —cn?*H? +nHf 4 — Z S2 s
(B>n+1)
Z N(Ln+1L6 - LﬂLn+1)7
(B>n+1)
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where f, 11 = Tr(Ln41)®. We define L, ., and S, by

(1.10)  Lps1 = Loy —HI,, Spyr = N(Lysr) = Spir — nH>,

where I,, denotes the identity matrix of degree n.
By using the same arguments as in [4, pp. 1194], we obtain

neSpi1 —en®H? +nH f,q — S,

(1.11)

s N S
> _ . 2\ _ _Yntl .
> Spt1 {nc (Soa = n5) = nin ~2)H n(n —1) }

It follows from (1.2) that

(1.12) > (Susp)’= . {Z(hZJrl_Héij)h?j}‘

(B>n+1) (B>n+1) | (i.9)

Denote St = 37 55,11) Ss- From (1.12), we have

(1.13) > (Sni1p)? < SuraSt

(B>n+1)

and the equality in (1.13) holds if and only if there exists a real function cg
such that Lg = cg L, 11, for every 8 > n + 1.

Let T'= %, ;) Tijwiw; be a symmetric tensor on M™ defined by
(1.14) T;; = hii' —nH$

ij Zaj:]-a"'an'

Associated to T', we define a second order differential operator O on C?*(M)
by

(1.15) Of =Y Tifiy =Y hii™ fij — (nH)Af,  feC*(M).
(i,9) (4.9)
Since (T;;) is divergence-free, it follows from [2, Proposition 1] that O is a self-

adjoint operator relative to the L2-inner product of C*(M™). Setting f = H
in (1.15), we have

(116) S hI'Hy = OH +nHAH = OH + gA(H2) —n|VH.
(4,9)

Denote S = S,,1 + S;. Substituting (1.11), (1.13) and (1.16) into (1.9), we
get
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thﬂ Ah?jﬂ > nOH + %A(HQHQ) _ n2|VH|2

(4,5)
—neg  » Y HgHghl™
(B>n+1) (i,5)
(1.17) _ Z N(Ly+1Ls — LgLyy1)
(B>n+1)

+Sppidnc+nH? — 8 —n(n—2)H _On+t

2. UMBILICAL HYPERSURFACES IN A HYPERBOLIC SPACE FORM

In this section, we consider some special hypersurfaces in a hyperbolic
space form that will play an important role in our latter discussions.

We propose to give a description of the real hyperbolic space form H"!(c)
of constant curvature ¢ (< 0). For any two vectors X and Y in R""2 we set

n+1

g(X, Y) — Z Xzyz _ X”+2Y”+2,
=1

(R™*2 g) is the so-called Minkowski space-time. Denote R = \/—1/c. We
define

H*" ' (c) = {z e R"? | 2,45 >0, g(z,z)=—R*}.

Then H"™!(c) is a connected simply-connected hypersurface of R"*2. Tt is not
hard to check that the restriction of g to the tangent space of H"*!(c) yields a
complete Riemanian metric of constant curvature c¢. Hence we obtain a model
of a real hyperbolic space form.

We are interested in those complete hypersurfaces with at most two con-
stant distinct principal curvatures in H"™!(¢). This kind of hypersurfaces was
described by Lawson [5] and completely classified by Ryan [§].

Lemma 2.1(Ryan[8]). Let M™ be a complete hypersurface in H"(c).
Suppose that, under a suitable choice of a local orthonormal tangent frame field
of T(M™), the shape operator over T'(M™) is expressed as a matrix A. If M"
has at most two distinct constant principal curvatures, then it is congruent to
one of the following:

(1) My = {xz e H""(¢) | x1 = 0}. In this case, A = 0, and M, is totally
geodesic. Hence M, is isometric to H"(c);

29



60 Zhong Hua Hou

1/R?

T e 5 In;
VIR 12

where 1I,, denotes the identity matriz of degree n, and M is isometric to
H"(—1/(r* + R?));

(3) My ={x € H""'(¢) | pso = Tpy1 + R}. In this case, A = (1/R) I,,, and
M is isometric to a Euclidean space E™;

(4) My = {CL’ EH " (c) | S a2 =12 > 0}. In this case, A = /1/R*> + 1/r?
I,,, and M, is isometric to a round sphere S™(r) of radius r;

(5) M5 = {33 € H" ' (¢) | Ef;l xlz =7r?>0, E;li/iw x? - xi+2 = —R* - Tz}'
In this case, A = A}, ® pu 1, 5, where A = /1/R*>+1/r? and pu =

1/R?
/ and Mj5 is isometric to S*(r) x H**(—=1/(r*> + R?)).

Remark 2.1. M,,---, M;s are often called the standard examples of com-
plete hypersurfaces in H"™!(c) with at most two distinct constant principal
curvatures. It is obvious that M, ---, M, are totally umbilical. In the sense
of Chen [1], they are called the hypersphere of H"™!(c). Ms; is called the
horosphere and M, the geodesic distance sphere of H"!(c).

(2) My = {z e H""(c) | &y =r > 0}. In this case, A =

Remark 2.2. Ryan [8] stated that the shape operator of M, is A =
V/1/r? —1/R?I,, and M, is isometric to H"(—1/r?), where » < R. This is
incorrect and we have it corrected here.

After a similar discussion as in the proof of Proposition 4.2 in [1, pp. 133],
we get

Lemma 2.2. Let M™ be a complete submanifold immersed into a hyper-
bolic space form H"*P(c). Assume that there is a globally defined unit normal
vector field & on M™ such that & is parallel and the second fundamental form
in the direction of £ has constant equal eigenvalues everywhere on M™. Then
M™ lies in a hypersphere of H"P(c). Moreover, if & is the normalized mean
curvature vector field of M™, then the immersion is minimal.

3. AN EXTENSION OF CHENG-YAU’S TECHNIQUE

Cheng-Yau [2] gave a lower bound estimate for the square of the length
of the covariant derivative Vo of o, which plays an important role in their
discussion. They proved that, for a hypersurface M" in H:H, if the normal-
ized scalar curvature R of M™ is constant and greater than or equal to ¢, then
Vo |* > n?|VHI|?. In this section, we propose to extend this inequality to
higher codimensional cases. Namely, we want to prove the following;:
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Proposition 3.1. Let M™ be a connected submanifold immersed into
M Suppose that the normalized scalar curvature R is constant and greater

c

than or equal to c. Then
(3.1) |Vo|? > n?|VH?

and the symmetric tensor T defined by (1.14) is negative semi-definite. More-
over, suppose that the equality in (3.1) holds everywhere on M™. Then

(i) if R—c >0, then H is constant and T is negative definite;

(ii) if R — ¢ = 0, then either H is constant or M" lies in a totally geodesic

subspace M:H ofM:er. In the latter case, if H is not constant on M™,
then (L,11) <1 on M™, where r(L,1) denotes the rank of L, 1.

Proof. 1t is known that n?H* — S = n(n—1)(R —¢) > 0. Taking covariant
derivative on both sides of this equality, we get n’H Hj, = 2 (i) iy Iy for
every k. It follows from Cauchy-Schwarz’s inequality that

(3.2) n*H?Hp <8 > (k)

(ihj?a)

for all k. Moreover, the equality in (3.2) holds if and only if there exists a real
function ¢;, on M™ such that

(33) h%’k:ck’hgd iaj:L'”?nv a:n+17"'7n+pa

for every k.

Taking sum with respect to k on both sides of (3.2), we obtain n* H*|VH|* <
S|Va|?, where [Vo|* = 3 i i o) (h)?. Tt follows that

(3.4) 0 <nP(n—1)(R—c)|VH|? < S (Vo] — n?|VH?) .

Therefore (3.1) holds on M™ since S is continuous on M".

Denote the eigenvalues of L, ,; by {A\?"'}% . Then (\!*")2 < S, < S <
n?H? for all i. Thus |\!™'| < nH for all i. Therefore T = (T};) = L,,1 —nH]I,
is negative semi-definite.

Let |Vo|*> =n?|VH|? on M™. Tt follows from (3.4) that (R —¢)|VH|* =0
on M™. If R—c> 0, then |[VH|?> =0 on M™. In this case, none of |\!™'|’s is
equal to nH. Hence T is negative definite. Thus (i) follows.

Suppose R — ¢ = 0. Then S = n?H? on M™. In this case, the equality in
(3.2) holds for all k. From (3.3), we have
(3.5) AU =R RS = h®, a>n+l; iik=1---n

J ij ij ij
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Taking sum on both-sides of equations in (3.5) with respect to i = j, we get
(3-6) Hy = ¢ H; Ha,k:(), a>n+1; k=1,--- n.

From (1.7) and the second equation in (3.6) we can see that e, is parallel.
Multiplying both-sides of the first equation in (3.5) by H and using (3.6),
we have

(3.7) HhEE = Hehlt, i k=1, ,n.
Taking sum on both-sides of (3.7) with respect to j = k, we have
(3.8) (nH)H; = H;ht', i=1,---,n.

From (3.7) and the fact |Vo|? = n?|VH|?, we have H*|V.S;|> =0 on M".
From (3.8) and the fact S = n*H?, we have S;|VH|* =0 on M".

Denote M; = {z € M" | S;(x) > 0} and My = {z € M™ | |[VH|(z) > 0}.
Then M, and M, are open in M™. It follows from the equality S;|VH|* =0
that M, N M, = 0.

We assert that at least one of M; and M, is empty. In fact, if both of them
are not empty, then |[VH|*> =0 in M; and S; = 0 in M,. Hence H is constant
in M,. It follows from the equality S = n?H? that H > 0 in M;. Thus we
have from the equality H?|VS7|? = 0 that |[V.S7|> = 0 in M,. Therefore S;
is constant in M;. This is contradictory to the fact S; = 0 in M, since S} is
continuous on M™. Our assertion follows.

If M, # (), then M, = (). Hence H is constant on M™. On the other hand,
if My # (), then M; = (. So S; = 0 on M™. Therefore we proved the first part
of (ii).

Suppose that S; =0 on M™ and M, # ). Then it follows from (3.8) that
At = nH for some 4 in M,. Using the fact that S,.1 = S = n*H?, we can
see that AT' = 0 for all i # 4y in M,. From the continuity of A'’s, we have
that A\™! = 0 for all i # iy on the closure cl(M,) of My. If M \ cl(My) # 0,
it follows from (3.7) that all of A!™'’s are constant in M \ cl(M5). Since all
of A'""'’s are continuous, we have that A!** = 0 for all i # i, on M™. Hence
7(Lnt1) <1 on M™ The second part of (ii) follows. |

Remark 3.1. It is significant to classify all of M™ on which the equality
in (3.1) holds.

4. THE RIGIDITY OF SUBMANIFOLDS IN A HYPERBOLIC SPACE FORM

In this section, we propose to study the rigidity problem for submanifolds
in H™*? with constant scalar curvature. We continue to use the same notation
as in Section 1.
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Let M™ be a closed submanifold with parallel normalized mean curvature
vector field immersed into H"™?. Assume that R is constant and greater than
and equal to —(n —2)/(n —1).

Choose e,1 to have the same direction as £&. Then £ = He,, ;. From the
fact that e, is parallel, it follows that w, 1, = 0, which implies

(41) Ln-‘rlL(x - LQL,L+1 - 0
for all @. From (1.2) and (1.7), we have
(4.2) Hop=0, Hopm=0
for all k,l and o > n + 1. Substituting (4.1) and (4.2) into (1.17), we have
1
D hGTARET > nOH + on?A(H?) — n*|VH?
(@.4)
(4.3)

N . S
— 2_ 49 _ _ _Pntl
+Snt1 { n+nH?—S—n(n—2)H T p— } .

Taking sum on both-sides of (1.5) with respect to & > n + 1 and using
(4.1) and (4.2), we have

S hEARS = (—n+nH)S + (nH) Y Te(L2Ln)
(4.4) ey ezntd)

- Z SZHQ - Z {SZ,B + N(LﬁLa - LaLﬁ)} :

(a>n+1) (a,8>n+1)

To estimate the right hand-side of (4.4), we need the following

Lemma 4.1 (Santos[9]). Let A and B be n X n symmetric matrices
satisfying Tr A =0, Tr B=0 and AB— BA=0. Then

ni_Q(TrfP)(TrBQ)l/Q < TrA’B < n-2
n(n —1) n(n —1)

and the equality on the right (resp. left) hand side of (4.5) holds if and only
if n — 1 many eigenvalues x; of A and the corresponding eigenvalues y; of B
satisfy

(4.5) — (TrA%)(TrB?)'/2,

(TrA2)1/2 0 (TI.Bz)l/Q (TrBz)l/g
i| = = Ti7; 20 yi=-——F——s Y
i vn(n—1) i Y n(n—1) resp Y n(n—1)

Using the left hand side of (4.5) to every Tr(L2L,,), we have

~ S,
2 > _(n— _Pntl
Tr(Li L) > —(n—2)S, n—1)
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Substituting this and (1.13) into (4.4), we have

COI

Z h%AhZZS[{ ( 1+H2)—nn—2 n(n - n+1}

(i,4,a>n+1)
— Y {8k 4+ NsLa - LaLs)} .
(a,8>n+1)
(4.6)
Note that AS = A(n*H?) and

1 n n [e% «
GAS = Vol + > ARG+ YT B ARG

(4,9) (i,4,a>n+1)
It follows from (4.3) and (4.6) that

0 >n0H + |Vo|]? — n?|VH|? + S%

7’L

(4.7) +S{( n+nH?) —n(n—2)H §”+1 }

— > {85+ N(LpLa = LaLg) }.

(a,B>n+1)

Let us now prove the main results of this section. We will reduce our
consideration to the following two cases. Each of them is interesting in its
own right.

Case 1. Submanifold with flat normal bundle. Suppose in addition that
M" is with flat normal bundle. Then 2,3 = 0 for all @ and (3, which is
equivalent to

(4.8) LoLs— LsLa =0

for all o and (.
Since the matrix (Sup)a.g>n+1 1S symmetric, under a suitable choice of
{eg}giﬁH, we can assume that S,3 = 0 for all a, 3 > n+1 and o # 3. Hence

(4.9) Y8, = > S5,
(e,B>n+1) (B>n+1)

where the equality holds if and only if at most one of S,’s is not zero.
Denote ¢, .1 = \/S'nﬂ/n(n — 1) and define

(4.10) h=2C <¢n+l S+ 40) -
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where C' = (n — 1)R/(n — 2) + 1 > 0. Note that S = n(n — 1)(H?> — R — 1).
Then

S{(—n+nH2)—n(n—2)H S"“)_S} — & (H— VEF1)(h— H),

n(n—1

where ® = n?*(n—1)(n—2)(H++vR+1)(H+ Ch™"). Hence (4.7) turns into

0> nOH + |[Vo|> —n?|VH|* + 57
4.11
(4.11) - > S;+®(H-vVR+1)(h—H).

(B>n+1)

If H < h, then ® > 0 and ®(H — vR+1)(h — H) > 0. Integrating
both-sides of (4.11) on M™, we have from (3.1) and (4.9) that

(4.12)  |Vol?=n’|VH]>, > S;=57, (H-vVR+1)(h—H)=0
(B>n+1)

on M™. So we can prove the following:

Theorem 4.1. Let M™ (n > 3) be a closed submanifold in H"? with
parallel normalized mean curvature vector field. Suppose that the normalized
scalar curvature R is constant and greater than or equal to —(n —2)/(n —1).
Let h be defined by (4.10). If the normal bundle of M™ is flat and H < h, then
R > 0 and either

(i) H=+/R+1 and M™ is a geodesic distance sphere S™(1/v/R) in H"*?;

or
(i) H = h and one of the following cases occurs:

(a) H=+/(n—1)R/(n—2)+1 and M" is a Clifford hypersurface

§" " (roy/(n— 1)/n) x §'(ro\/1/n)

in a geodesic distance sphere S"™!(ry) of H"'P, where
ro=+(n-2)/(n-1)R;

(b) VR+1+R/n(n—2) < H < \/(n—1)R/(n—2)+1 and M™ is
a pythagorean product of the form S™ '(r) x S'(\/ri—1r?) in a
geodesic distance sphere S"*1(r) of H"*?, where ri® = nR/(n — 2)—

R?/(n—2)*(H* - R—1) andr =+/(n—2)/nR.
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Proof. From the first equality in (4.12) and Proposition 3.1, we have that
H is constant. It follows from the third equality in (4.12) that H = VR + 1
or H = h.

If H=+vR+1, then S =n(R+1). So M™ is umbilically immersed into
a totally geodesic subspace H" ™! of H"*?. Since M" is closed, it follows from
Lemma 2.1 that R > 0 and M™ is a geodesic distance sphere S™(1/v/R) of
H"™tP,

If H=h, then S = n(—14 H?)—n(n—2)H/S,,1/n(n — 1). In this case,
all of the inequalities concerned become equalities. It follows from (4.9) and
the second equality in (4.12) that M™ lies in a totally geodesic subspace H" 2
of H"*?. Without loss of generality, we assume that Sz =0 for all @ > n + 3.
From the equality on the left hand side of (4.5), we can assume that, under a
suitable choice of {€;}™,, L, 11 and L, are of the form:

_ S, 1 0 0
Ln+1 =a U, a = n(niill) .
5 , where U,=| o 1 0
o o n+2
L’n+2_a2U’n7 Ao = n(n—l) 0 O 1_n

It is easy to see that a; = ¢,,.1 and

S
7 _fg?
n(n —1)

If ¢pp1 =0, then H=/(n—1)R/(n—2)+1and L,,; = HI,. There-
fore M™ is pseudo-umbilical and hence can be minimally immersed into a
hypersphere S™"*!(ry) of H"*2, where 7% = (n — 1)R/(n — 2). Since M™ is
closed with two distinct constant principal curvatures, it follows from Lemma
2.1 that ry < 4o0o. Therefore R > 0 and M™ is a Clifford hypersurface
S Y(rgy/(n —1)/n) x S (re\/1/n) in a geodesic distance sphereS™+*(r).

Suppose that ¢,.; > 0 on M"™. It is easy to see that e,.; = £/H and
ent2(L e,y1) are globally defined and parallel on M™. Take the transformation
of normal frame fields as follows:

(4.13) ai +a; = — (R+1).

6nJrl - n+1 n+27
vV (11 va
é 76“ +——
n+2 — n+1 n+2~
Vai+a Vva

Then the second fundamental forms with respect to é,,,1 and é,,» turn into

a HCLQ Ha1
4.14 D= ——= 22 [ By =Ja2 4+ a2U, + —— ],
W19 Lo = Tl L = Vol NGET
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From (4.14), we have that é, is an umblical unit normal vector of M™. From
Lemma 2.2 we have that M™ lies in a hypersphere S"*!(r;) of H"™? where
r7? = —1+ H?a2/(a? + a2). It is easy to check that

R 1 R \?
41 ~2 . AV ( ) .
(4.15) i n—2 H?—(R+1)\n—-2

Since M™ is closed with two distinct constant pricipal curvatures, it follows
from Lemma 2.1 that r; < 400. Hence R > 0 and M" lies in a geodesic
distance sphere S™™!(r;) of H"*2. Tt follows from (4.15) that H = h >
VR+1+ R/n(n—2).

It is obvious that the second fundamental form of M™ in S™*!(ry) is just
L. Thus M™ = 8™ 1(r) x SY(\/r2 = r2) C S"1(r,), where

2
Ha nR
-2 -2 2 2 1
ro=r "+ (\a] +a;+ = .
' ( P F@Mg) n—2

Therefore we complete the proof. O

Remark 4.1. It is very interesting that in the case (b) of (ii) of The-
orem 4.1, the radius r of the (n — 1)-dimension leaf of M™ = S"7!(r) x
S (y/r{ — r?) depends only on n and the normalized scalar curvature R. More-
over, from (ii) of Theorem 4.1 we can see that if VR+1 < H < h, then
H>\/R+1+R/n(n-2).

Case 2. Submanifold with parallel normalized mean curvature vector field.
Suppose that M™ is one with parallel normalized mean curvature vector field.
When p =2, M™ is in fact with flat normal bundle which has been discussed
in Case 1. We assume p > 3 in the following discussion.

We propose to estimate the last term in (4.7). At first, we need the fol-
lowing:

Lemma 4.2 (Li’s [6]). Let A, Ao, -+, A, be symmetric n X n matrices,
where ¢ > 2. Denote So3 = Tr AL Ag, S, = Saa = N(A,) and S =S, + -+ +
Sy. Then

(4.16) S 82+ Y0 N(AsAe — Audy) < 587,
(a,8) (@,8)

and the equality holds if and only if one of the following conditions holds:

(i) Ay = =4, =0;
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(ii) Only two of the matrices Ay, Ay, -+, A, are different from zero. More-
over, if we assume Ay #0,A3 #0 and A3 =--- = A, =0, then S, =5,
and there exists an orthogonal n X n matriz U such that

0 1

1 0
0 i 0

0 -1 , UAUT =
2
0 | 0 o |o

S
2

[an)

UAlUT:

Setting Ano—(nt1) = Lo in (4.16) for « =n +2,---,n + p, we have

> {82+ N(LoLa - LaLy)} < %Sf.

(o, 8>n+1)

Substituting this inequality into (4.7), we obtain
1 - _
0 Z nOH + ‘VU‘Q - TL2’VH’2 + §Sn+1(5 + SI)
(4.17) 5 ;
+5’{n(—1—|—H2)—n(n—2)H "“)—25},

Denote ¢py1 = \/Sni1/n(n — 1) and define

(4.18) h=(CiR+1) <C2¢n+1 +1/C362,, +CIR+ 1) - :

where C; = (3n — 3)/(3n — 5) and Cy = (n — 2)/(3n — 5). Then
S{n(=1+H) —n(n = 2)Hé,11 — (3/2)S} = U(H - VE+1)(h — H),

where ¥ = n?(n — 1)(3n — 5)(H + VR + 1)[H + (C1R + 1)h~']/2. So (4.17)

turns into

(419) 0> nOH+[Vol?—n?[VH| + 3 8,r($+80)+ W(H —VR+ 1) (i~ H).
Suppose (3n —3)R/(3n —5)+1 > 0. Then h > 0. If H < h, then ¥ > 0.

Integrating both-sides of (4.19) on M™ and using (3.1), we obtain

(4.20) S, 1 (S+S5)=0, (H=—VR+1)(h—H)=0, |Vo|*>=n?VH?

on M™. Then we can prove the following theorem:

Theorem 4.2. Let M™ be a closed submanifold in H"*P with parallel
normalized mean curvature vector field. Suppose that the normalized scalar

curvature R is constant and greater than or equal to —(3n —5)/(3n —3). Let
h be defined by (4.18). If H < h, then R > 0 and either
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(i) H=+vR+1 and M™ is a geodesic distance sphere S™(1/v/R) in H'?;
or

(ii) H = V3R + 1 and M? is a Veronese surface in a totally geodesic sphere
S4(1/vV/3R) of a geodesic distance sphere S®(1/v/3R) in H*P.

Proof. Tt follows from the third equality in (4.20) and Lemma 3.1 that
H is constant. From the second equality in (4.20), we have H = VR +1 or
h=H.

If H= vVR+1, then S = 0. Thus M™ is umbilically immersed into
a subspace H"™! of H"™P. Since M™" is closed, it follows that R > 0 and
Mm™ = S™(1/v/R) C H"*?. Hence (i) of Theorem 4.2 follows.

If H=h>R~+1, then

S =(2/3) {n(—l + H?) —n(n — 2)H\/ Spy1/n(n — 1)} .

In this case, all of the inequalities concerned become equalities. From the first
equality of (4.20), we have S,,; = 0. Hence M™ is pseudo-umbilical. It follows
from Lemma 2.2 that M™ lies minimally in a hypersphere S™*?~!(r,) of H"?,
where r; > = 3(n—1)R/(3n —5). The equalities in (4.5) and (4.16) imply that
n = 2. Under a suitable choice of tangent frame fields, we can assume that

L4—1/2<0 _1>, L5_U2<1 0), Lz =0, forall §>5,

where Sy = S5s. As S; = S = (4/3)(—=1 + H?) = 4R and M™ is not a
sphere, we have R > 0. Therefore M™ lies minimally in a geodesic distance
sphere S*(1/v/3R) of H2*?. From the same arguments as in Chern-do Carmo-
Kobayashi [3], we have that M? is a Veronese surface in S*(1/v/3R) of HP*2.
Therefore (ii) of Theorem 4.2 follows. O
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