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A SURVEY ON p-ADIC NEVANLINNA THEORY AND
ITS APPLICATIONS TO DIFFERENTIAL EQUATIONS

Chung-Chun Yang and Pei-Chu Hu*

Abstract. In this paper, we will give a brief survey on Nevanlinna theory
of p-adic meromorphic functions and some of its applications. Also we
will study p-adic meromorphic solutions of differential equations, and
show that some differential equations have no admissible transcendental
p-adic meromorphic solutions as in the complex-valued function cases.

1. INTRODUCTION

Recently, p-adic Nevanlinna theory has become one of active mathemat-
ical fields. For example, Khéai [19], Khéai-Quang [22], and Boutabaa [3]
proved p-adic analogues of two “main theorems” and defect relations of clas-
sical Nevanlinna theory. Khoai [20] and Cherry-Ye [6] studied several-variable
p-adic Nevanlinna theory, and proved the defect relation of hyperplanes in gen-
eral position. Hu-Yang [12]-[14] proved p-adic analogues of the defect relation
for moving targets, the second main theorem for differential polynomials and
unique range sets with finite elements. Cherry-Yang [5] characterized some
unique range sets with finite elements for p-adic entire functions. Bézivin-
Boutabaa [2] studied decomposition of p-adic meromorphic functions. Also
there are some results in several variables and hyperbolicity (see, e.g., [20],
[21]). In [24], p-adic valued distributions in mathematical physics were
studied.

There are a lot of results on meromorphic solutions, in particular, on
Malmquist-type theorems, of algebraic differential equations. For example,
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see [7], [11], [15]-[17], and [25]-[37]. In this paper, we will give a brief survey
on the p-adic Nevanlinna theory and the results mentioned in the previous
paragraph, and will prove p-adic analogues related to Malmquist-type the-
orems, and show that some p-adic algebraic differential equations have no
admissible transcendental meromorphic solutions.

2. NEVANLINNA THEORY OF p-ADIC MEROMORPHIC FUNCTIONS

Let p be a prime number, let Q, be the field of p-adic numbers, and let C,
be the p-adic completion of the algebraic closure of Q,. The absolute value
| |, in C, is normalized so that | p [,= p~'. We further use the notation ord,
for the additive valuation on C,.

Recall that in a complete metric space whose metric comes from a non-
Archimedean norm, an infinite sum converges if and only if its general term
approaches zero. Then expressions of the form

f(z) = i anz" (an € (Cp)

is well-defined whenever

n — 0'

| anz" |,

Define the “radius p of convergence” by

;:Jingosup’an B

Then the series converges if | z |,< p and diverges if | z [,> p. Also the
function f(z) is said to be p-adic analytic on B(p), where

B(p) ={2€C, || 2[,<p}.

If p = oo, the function f(z) is said to be p-adic entire on C,.

Let f be a nonconstant p-adic analytic function on B(p) (0 < p < o0).
The essence of the Wiman-Valiron method is the analysis of the behaviour of
the function by means of the mazimum term:

plr, f) = max [ a, |, 7 (0 <7 <p)
together with the central index:

v(r, f) =max {n [ |an [, " = ulr, f)}.
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Define
v(0, f) = lim v(r, f).

Further, we note that if h is another p-adic analytic function on B(p), then
(1) pu(r, fh) = p(r, u(r, h).

Lemma 2.1 ([12]). The central index v(r, f) increases as r — p, and
satisfies the formula:

(0, f)

"v(t, f)—v
log u(r, f) = log | auo.p) | + / 1) t dt+0(0, f)logr  (0<r < p).

The following technical lemma can be found in [6]:

Lemma 2.2 (Weierstrass Preparation Theorem). There ezists a
unique monic polynomial P of degree v(r, ) and a p-adic analytic function g
on B(r] such that f = gP, where

Blrj={2¢cC, [|z[,<7}.

Furthermore, g does not have any zero inside B[r], and P has exactly v(r, f)
zeros, counting multiplicity, on B[r].

Let n(r, %) denote the number of zeros (counting multiplicity) of f with
absolute value < r and define the valence function of f for 0 by

]. n t? - n 07 1 ].
N(r,):/ ( f) ( f)dt—l—n(O,)logr (0<r<p).
f 0 t f
Lemma 2.2 shows that
1
n <r, ) =uv(r, f).

f

Then Lemma 2.1 implies the Jensen formula:

1
@) N (. 7) =loga(rf) =105 | oy |-

We also denote the number of distinct zeros of f on Blr| by a(r, %) and define

N(r,}) :/OT ﬁ(t’});ﬁ(o’})dt—i—n(o,}) logr (0<r<p).

For each n we draw the graph ~, (¢) which depicts ord,(a,2") as a function
of t = ord,(z). Then ~,(t) is a straight line with slope n. Let (¢, f) denote
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the boundary of the intersection of all of the half-planes lying under the lines
~Yn(t). This line is what we call the Newton polygon of the function f(z) (see
[22]). The points t at which (¢, f) has vertices are called the critical points
of f(z). A finite segment [, ] contains only finitely many critical points. It
is clear that if ¢ is a critical point, then ord,(a,) + nt attains its minimum at
least at two values of n. Obviously, we have

,U,(T’, f) = p*W(tf)’

where 7 = p~*. A basic property of the Newton polygon is that, if ¢ = ord,(z)
is not a critical point, then

| f(2) [p=p""T,

which implies
| f(2) [p= ulr, f).

By a meromorphic function f on B(p) we will mean the quotient { of two
p-adic analytic functions g and h such that g and h have no common factors in
the ring of p-adic analytic functions on B(p). Because the function p satisfies
(1) and because greatest common divisors of any two p-adic analytic functions
exist, we can uniquely extend u to a meromorphic function f = { by defining

_ (r.g)
,U'(Tv f) - M(Tv h)
Also set
v(t, f) =(t.g) — vt h).

It is clear that, if ¢ = ord,(z) is not a critical point for f(z), i.e., t is not a
critical point for either g(z) or h(z), then

| f(2) [p=p7 "0 = u(r, f).

Define
‘(Cp‘ = {‘Z|p | z € Cp}-

Note that {p* | w € Q} C |C,|. Then |C,| is dense in R[0, 4+00).
If a : R[0,+00) — R and b : C, — R are real-valued functions, then

I a(r) <b(2)

means that for any finite positive number 0 < R < p, there is a finite set F in
|C,| N[0, R] such that

a(r) <b(z), r=]|z[, €|C,NI[0,R]—E.
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By using this notation, we have

I plr, 1) = [f ()l

for a p-adic meromorphic function f on B(p).
Define the counting function n(r, f) and the valence function N(r, f) of f
for poles respectively by

n=a(od). e =(o)

Then applying (2) for g and h, we obtain the Jensen formula:

(3) N<r7}-)_N(r7f>:10g:u’(r7f)_cf7

where C is a constant depending only on f. Define
m(r, f) =1log" p(r, f) = max{0,log u(r, f)}.
Finally, we define the characteristic function:
T(r, f) =m(r, f) + N(r, f).
Here we exhibit some basic facts which will be used in the following sections.

Lemma 2.3 (First Main Theorem; cf. [3], [22]). Let f be a non-
constant meromorphic function in B(p). Then for every a € C, we have

m<r’fia> —i—N(r,fl_a) =T(r,f)+0(1) (r— p).

Lemma 2.4 (Lemma of Logarithmic Derivative; cf. [3], [6], [22]). Let
f be a nonconstant meromorphic function in B(p). For any positive integer

n7
f(n)
m(nie] =0 —p.
Lemma 2.5 (Second Main Theorem; cf. [3], [6], [22]). Let f be
a nonconstant meromorphic function in B(p) and let aq,...,a, be distinct

numbers in C,. Then

= DTGNS NEH + N (r ) = Nl ) —logr+0(),
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where

Furthermore, we have

N(r, f)—i—il]\/ (r, 7 _1 aj)—Nl(r, f) < N(r, f)+zq:Z\7 (r, f—1a]> —Ny (r, ;) ,

j=1
Y. O5(a) <2,
a€CprU{oo}

where Ny(r, %) is the valence function of the zeros of f' where f does not take
one of the values ay, ..., a,, and where

. N(r, +)
@f(a) =1- hmsup W

3. A DEFECT RELATION FOR MOVING TARGETS

Let P*(C,) denote the projective n-space over C,. By a holomorphic curve
f:C, — P*(C,),

we mean an equivalence class of (n + 1)-tuples of p-adic entire functions

f=(fos-- s fa) : C, — CJ*!

such that fo,..., f, have no common factors in the ring of p-adic entire func-
tions on C, and such that not all of the f; are identically zero. Here f is also
called a reduced representation of f. Write

I f(2) l|l=max | fi(2) |, -
Then the characteristic function

T(r,f)=log | f(z) | (1= ,="7)
is well-defined up to O(1).

Let g : C, — P"(C,) be another holomorphic curve with a reduced repre-
sentation § = (go, ..., gn). The pair (f,g) is said to be free if

(f,3) =gofo+ -+ gnfn 0.
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Assume that the pair (f,g) is free and put

Nf(Tvg)=N<r,<~1~>, mys(r,g) = —lo pwr {f, )

f>9) FCIECIE

where | z |,= r. Then the Jensen formula implies the first main theorem:
Ny(r,g) +my(r,g) = T(r, ) +T(r,g) + O(1).

The defect of f for g is defined by

Ny (r,
o) =1L I 7

For g > n, let
g;:C, — P"(C,), j=0,...,q,
be g + 1 holomorphic curves with reduced representations
g = (gj07 e 7gjn) N (Cp I (C;H_l.

The family {g;} is said to be in general position if det(g;,;) # 0 for any
Joy e ey dn with 0 < jo < -+ < j, < q. If so, we may assume that

gj0§é07 jZOJ“'qu
by changing the homogeneous coordinate system of P"(C,) if necessary. Then

put
ik

Cjk - %
with (jo = 1. Let G be the smallest subfield containing
{Gr | 057 <q,0<k<n}UC,

of the meromorphic function field on C,. The holomorphic curve f is said to
be non-degenerate over G if fy, ..., f, are linearly independent over G. We have
the following defect relation:

Theorem 3.1 (Hu-Yang [12]). Given holomorphic curves
fagj :(Cp —>Pn(cp)’ ]2077(]
with ¢ > n. If the family {g;} is in general position such that

T(Tvgj) :O(T(T’f))v r—o0, j=0,..,q,
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and if f is non-degenerate over G, then

q
Z(Sf(gj) <n+1.
§=0

Theorem 3.2 (Hu-Yang [14]). Let V' be a vector space of dimension
n+1 over C,. Let G = {g;}i_, be a finite family of p-adic holomorphic curves
gj : C, — P(V*) in general position with ¢ > n. Take an integer k with
1<k<n. Let f:C, — P(V) be a p-adic holomorphic curve which is k-flat
over R such that each pair (f,g;) is free for j =0,...,q. Assume that g; grows
slower than f for each j. Then we have

q

Jj=0

For the case of constant targets, see Khéai-Tu [23], Cherry-Ye [6].

4. UNIQUENESS OF p-ADIC MEROMORPHIC FUNCTIONS

For a nonconstant meromorphic function f on C and a set S C CU {oco}
we define

E:(S) = U {mz | f(z) = a with multiplicity m},
a€s
and
Es(S) = U {z | f(2) = a ignoring multiplicities }.
a€s
A set S C CU {oo} is called a unique range set for meromorphic functions
(URSM) if for any pair of nonconstant meromorphic functions f and g on
C, the condition E;(S) = E,(S) implies f = g. A set S C CU {0} is
called a unique range set for entire functions (URSE) if for any pair of non-
constant entire functions f and g on C, the condition E;(S) = E,(S) implies
f = g. Classical theorems of Nevanlinna show that f = g if E;(a;) = E,(a;)
for distinct values aq,...,as, and that f is a Mobius transformation of g if
E¢(a;) = Ey(a;) for distinct values ay,...,as. Gross and Yang [10] showed
that the set
S={z€C | z+¢* =0}
is a URSE. Recently, URSE and also URSM with finitely many elements have
been found by Yi ([38], [39]), Li-Yang ([27], [28]), Mues-Reinders [31], and
Frank-Reinders [9]. Li-Yang [27] introduced the notation

Ay = inf{#S | Sisa URSM },
Ap = inf{#S | Sisa URSE },
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where #S is the cardinality of the set S. The best lower and upper bounds
known so far are
5< A <7, 6< Ay <11

For a p-adic meromorphic (or entire) function f on C,, we can similarly define
E4(S) and E;(S) for a set S C C,U{oo}, and introduce the notation Ay, and
Ar. We recall the following useful fact (see [6]):

Lemma 4.1. If f is a p-adic entire function on C, that is never zero,
then f is constant.

Theorem 4.1 (Hu-Yang [12]). Let f, g be nonconstant p-adic meromor-
phic functions on C,. Let ay,az,as,a4 be four different points in C, U {oo}.
Assume

Ef(a;) = Ey(a;), j=1,..,4.
Then f=g.

Theorem 4.2 (Hu-Yang [12]). Assume that f,g are nonconstant p-
adic meromorphic functions on C, for which there exist three distinct values
ay,as, a3 € C, U {oo} such that

Ef(aj):Eg(aj)v ]:1a2a3
Then f = g.

Adams-Strauss [1] showed that if f and g are two nonconstant p-adic entire
functions on C, for which there exist two distinct values a4, a; € C, such that

Ef(aj) = Eg(aj)7 .] = 1727
then f =g.

Theorem 4.3 (Hu-Yang [12]). If f is a nonconstant p-adic analytic
function on C,, then there is no a € C, such that E¢(a) = Ey (a).

Theorem 4.4 (Hu-Yang [12]). Take an integer n > 4 and choose a,b €
Cp, — {0} such that the set

S={z€C, | 2" +az"""+b=0}

contains n distinct elements. If f and g are nonconstant p-adic analytic func-
tions on C, such that E;(S) = E,(S), then f = g.
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Theorem 4.5 (Hu-Yang [12]). Take an integer n > 12 and choose
a,b e C, — {0} such that the set

S={z€C, | 2" +az""*+b=0}

contains n distinct elements. If f and g are nonconstant p-adic meromorphic
functions on C, such that E;(S) = E,(S), then f = g.

Of course, a URSE must have at least three points, because given two
points a, b, there does exist an affine function of the form h(z) = ¢z + d with
¢ # 0 such that h(a) = b,h(b) = a, and therefore, putting S = {a,b}, it is
easily seen that for every entire function f, we have E(S) = Ejpor(95).

In the same way, a URSM must have at least 4 points, because given 3
points a, b, ¢, there does exist a bilinear function A that permutes the set S =
{a,b,c} (in a nontrivial way) and therefore, for every meromorphic function
[, we have E;(S) = Ejo(S).

Boutabaa, Escassut and Haddad [4] announced recently that they have
characterized the URS’s for polynomials in any algebraically closed field, and
proved that in non-Archimedean analysis, there exist URS’s of n elements for
entire functions for any n > 3. When n = 3, they characterized the sets of
three elements that are URSE.

Theorem 4.6 (Hu-Yang [13]). Take an integer n > 10 and let b €
C, —{0,—1}. Then the polynomial P(z) defined by
(n—1)(n—2)

P(z) = fz” —n(n—2)z"""+

nn—1) ,

b
5 +

has only simple zeros, and if f and g are nonconstant p-adic meromorphic
functions on C, such that E;(S) = E4(S), then f = g, where

S={z€eC, | P(z)=0}.

5. GROWTH ESTIMATES OF p-ADIC MEROMORPHIC FUNCTIONS

Let M(C,) be the space of p-adic meromorphic functions on C,. Define

@) Azyw) = Y, (),

k
Jj=0

where a; € M(C,) with a;, # 0.
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Lemma 5.1. If w € M(C,), then

N(r,A) = kN(r,w) + O (Zk:(]\f(r,aj) —|—N(7“, ;))) .

=0 J

—
ot
Na?

Proof. For a € C, U {00}, let u?(z) denote the a-valued multiplicity of w
at z. Obviously, we have

k
px < kpgy + o pes

7=0
and hence .
(6) N(r,A) < kEN(r,w) —i—ZN(r, a;).
3=0
Now we prove the following inequality
k
(7) pxy > kg — Z; 1S+ pe,)-
i=

Define
bi(2) = a;(2)w(z)!, j=0,..k.

Now fix z € C,. If u°(z) = 0, it clearly holds. Assume that po°(z) > 0. If
ppy (2) < iy, (2) (5 < k),

then

i (2) = i (2) 2 by (2) + 15 (2) = o (2) 2 ki (2) = pig, (2).

If there exists [ < k such that
s (2) < pg (2) (3 # 1),

then for j = k we have

ke (2) + pay (2) = g, (2) < lpiy (2) + pgs (2) = g, (2),

which implies
por (2) < (k= Dy (2) < gt (2) + g1, (2)-
If p5°(2) = gy (2) for some j > I, then

pay (2) < (5 = Dpiy (2) < gy (2) + g, (2)-

11
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Hence (7) follows, and consequently
k
1
(8) N(T,A)sz(r,w)—kZ(N(r,aj)—i—N(r,)).
; a;
Jj=0 J
Now clearly (5) follows from (6) and (8).

Lemma 5.2. Ifw e M(C,), then

9) m(r, A) = km(r,w) + O (zk: (m(r, a;) + m(r, (j))) .

i=0 J
Proof. Note that

| u(r, A) = [A(z,w(2))], < max {|a;(2)],|w(2)]}}

0<j<k
= max {p(r,a;)p(r,w)’},
and consequently .
plr, 4) < max {u(r, a;)u(r, w)’}

holds for all » > 0 by continuity of the yu functions. Thus we obtain

(10) m(r, A) < km(r,w) + foax. m(r,a;).

Take z € C, with

w(z) #0,00; a;(z) #0,00 (0<j<k),

(= I

If lw(z)|, > A(z), we see

and define

la;(2) |plw(2)], < law(2)lpA(2)" 7 lw(2)]; < law(2)|plw(2)];.

Hence
Az, w(2))lp = |ar(2)]plw(2)[;-

Setting r = |z|,, we obtain
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If Jw(z)|, < .A(z), we have

Therefore we obtain

| pw(r,w)* < max {1, p(r, A) (M(T’ aj))kk]}.

~ o<k | p(r,ag)’

Thus by continuity of the p functions, we have

(11) Em(r,w) < m(r,A) + km (7"7 1> +k max m(r, a;).
a

k 0<5<
Thus (9) follows from (10) and (11). [ |

Now Lemmas 5.1 and 5.2 yield the following result:

Theorem 5.1. If w € M(C,), then

(12) T(r,A) = kT (r,w)+ O (Z T(r, aj)) )
Take {bo, ..., b,} C M(C,) with b, # 0 and define
(13) B(z,w) = ij(z)wj.

Assume that A(z,w) and B(z,w) are coprime polynomials in w. Define

A(z,w)

(14) R(z,w) = Blow)

Theorem 5.2. Ifw e M(C,), then

J=0 Jj=0

(15)  T(r,R) = max{k,¢}T(r,w) + O (Z T(r,a;)+ ZT(T’, bj)) :

Proof. W.lo.g, we may assume deg(A) = k > q = deg(B). By using the
algorithm of division, we have

A(z,w) = Pi(z,w)B(z,w)+ Q:i(z,w),
deg(P) =k —q, deg(Q:) =1t <gq,

13
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B(Zv w) = PZ(Z)w>Q1(Z¢w) + QQ(Za w)a
deg(Pg) =q— tl, deg(Qg) = tQ < tl,

Qm-2(z,w) = Pul2,w)Qm-1(2,w) + Qu(z),
deg(Py) =tm—2 — tm_1, deg(Qm)=1tnm =0.
Since A(z,w) and B(z,w) are coprime, then @,,(z) # 0, and
(16) Az, w)Q(z,w) + B(z,w)P(z,w) = 1,
where P(z,w) and Q(z,w) are polynomials in w such that
deg(P) < k—1, deg(@)<g— 1,

and such that coefficients are rational functions of {a;(z)} and {b;(2)}. Note
that
k+deg(Q) = g +deg(P), k>gq.

We also have deg(Q) < deg(P). By Theorem 5.1 and the first main theorem,
we see

T(r,R)=T (7", g) <T(r,P)+T (r, %)
=T(rP)+T (r, Bl> +0(1)

Qm-1
=) o)
(17) =(k—q)T(r,w)+ (qg—t)T(ryw)+ - (tyo1 — tm)T(r,w)

<T(r,P)+---+T(r,P,)+T (r

+ O (i T(r,a;)+ iT(T, bj))

Jj=0 J=0

=0 =0

=kT(r,w)+ O (zk: T(r,a;) + zq:T(r, bj)) .

Now we use induction. If ¢ = 0, Theorem 5.2 follows from Theorem 5.1.
Assume Theorem 5.2 holds for rational functions of w with the degree of
denominators < g — 1. By (16), we have

T <7°, % + i) _7 (r, Alp) — T(r, AP) + O(1)

Jj=0 J=0

= (k + deg(P))T(r,w) + O (Z T(r,a;)+ ZT(T‘, b;)

Eal
)
N————
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By the assumption of the induction, we see

T( g i) < T(r,S) +T(r,R) +0O(1)
deg(P)T'(r,w) +T(r, R)

+0 (zk: T(r,a;)+ Xq:T(r, bj)) :

J=0 Jj=0

A

Therefore we obtain

which combines (17) to imply (15). |

For meromorphic functions on the complex plane C, Theorem 5.2 was
proved by Gackstatter and Laine [7], and Mokhon’ko [30]. Also see He-Xiao
[8]. For several variables, see Hu-Yang [16], [17].

Theorem 5.3. If w is a nonconstant p-adic entire function and if f €
M(C,) — C,(2), then
T
lim T(r, fow) = +o00.
r—0o T('r,w)
Proof. Since f € M(C,) — C,(2), there exists some ¢ € C, such that
f — ¢ =0 has infinitely many zero points as, as, ... with |a; — a;], > 1 (j #1).
Set
f(z) —c=(z—ay)gi(z), j=1,2,.. .
Then for any positive integer v, there exist positive constants K and (< %)
such that
|gj(z)’p§K7 |Z_aj|P§6> j:l’..,’lj

Hence we have

log* —log"(0K), =z€C,,

0
’f(z>_ clp Z: \z—a]|p

which yields

m<T,1>ZZm<T, ! ‘>—Vlog+<1$—log+(5K).
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Note that

- 1 1
SN (n ot Yen(rl),
= w — a; fow—c

Adding up the two inequalities above and using the first main theorem, we
have
vT(r,w) <T(r,fow)+ O(1).

Since T'(r,w) — oo as r — 00, the theorem follows. ]

Corollary 5.1. A p-adic meromorphic function f on C, is a rational
function of degree d if and only if, for any nonconstant p-adic entire function
w on C,, we have

T
i L fow) _
r—oo  T(r,w)
Corollary 5.2. A p-adic meromorphic function f on C, is a rational
function of degree d if and only if
T
tim L) g
r—oo logr

Traditionally, p-adic meromorphic functions in M(C,) — C,(z) are called
transcendental. Obviously, a p-adic meromorphic function f on C, is tran-
scendental if and only if

T
lim M = 4-00.
r—oo logr

6. MALMQUIST-TYPE THEOREMS (I)

We talk of a p-adic algebraic differential equation if it is of the form

(18) Qz,w,w', ..., w™) = R(z,w),

where

(19) Qz,w,w', ..., w™) = Z caw™ (w')™ - (w("))i"
el

and i = (ig,11,...,4,) are nonnegative integer indices, I is a finite set, ¢; €
M(C,), and R(z,w) is a p-adic meromorphic function on C;. Define

deg(2) = max {Zn:za} , T'(Q) = max {i(a + 1)ia} , () = max {i aia} .

a=0
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We first give some properties of the differential operator €. For w €
M(C,), we abbreviate

Q(2) = Uz, w(z),w'(2), ..., w™(2)).

Note that

N(r,w'®) = N(r,w) + aN(r,w) < (a+ 1)N(r,w).
We have
(20) N(r,Q) < deg(Q)N (r,w) +¥(Q)N (r,w) + ZGE N(r,c;),
and
(21) N(r,Q) <T(QN(r,w) + > _ N(r,c;).

i€l

Obviously, we have

w

n w@
(22) m(r,Q) < deg(Q)m(r,w) + max {m(r, ¢i) + Z: 1M (r, > } )

Thus we obtain from the Logarithmic Derivative Lemma
(23) T(r,Q) < deg(Q)T(r,w) +v(Q)N(r,w) + ZT(T, ¢i)+0(1)
iel
and
(24) T(r,Q) <TQ)T(r,w) + > _T(r,c;) + O(1).
iel
Next, we will keep the notations in §5 and consider the equation (18)

with R(z,w) defined by (14). The following Clunie-type theorem will play an
important role in the proof of Malmquist-type theorems.

Lemma 6.1. Let w € M(C,) be a solution of (18). If ¢ > k, then

(25) m(r,Q) < Zm(r, ¢)+ > m(r,a;)+ 0 (m(r ;q) +2 m(r, bj)) ,

el 7=0 J
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Proof. Take z € C, with
w(z) # 0,00, a;(2) # 0,00 (0<j <k);

¢i(z) #0,00 (ie€l); bj(z)#0,00 (0<j<gq),

Bte) = s {1, (020) 7,

If |w(z)|, > B(z), we see

and define

1b; (2)]plw(2) ), < [by(2)|pB(2)" 7 |w(2)[}, < [bg(2) | lw ()]}

Hence
1B(2, w(2))lp = [bg(2)]pw(z)[5-

Hhen Az w()l, 1
&l = B )], = B, ol

If |w(z)|, < B(z), then

i1 in

w'(z)

w(z)

w™(2)
w(z)

(=), < B(2)*= max|e;(z)],

1€

p

Therefore

<
| 2(7, €2) < Jmax

p(r, bq)7

(n) n b deey
w . a—J

- 1 -
ﬂ@aw) s {10 (r ) }}

which also holds for all » > 0 by continuity of the pu functions. Thus (25
follows from this inequality and the lemma of logarithmic derivative.
Now we prove (26). Take a point zo € C, with w(zy) = co. Then

{M(r, a;) (s e (r’ "Z’)“ .

k
13 (20) < kpgy (20) + Y 1 (20),

Jj=0

q

K (20) > qpg, (2z0) — Zﬂgj(ZO)‘

Jj=0

)
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If s (20) — S7—o 13, (20) > 0, then

ey (20) < p(20) — 5 (20) < ZMZ?(ZO) + Zﬂgj(zo)a

=0 =0

since ¢ > k. If quiy (20) — Yo7 1y, (20) < 0, e,

q

ZM?,-(ZO);

=0

fay (20) <

Q=

then

S () < T (20) + 3 i (20) < F(q“) iuzy(m Y i ().

i€l icl

Therefore,
k

re 2
ug’;g§ u§j+max{1,(q)}§ ngJrE s -
j=0

j=0 i€l
Hence (26) follows. [
Definition 6.1. A solution w of (18) with R(z,w) defined by (14) is said
to be admissible if w € M(C,) satisfies (18) with

k q

ZT(T‘, ¢i) + Z T(r,a;)+ ZT(T, b;) = o(T(r,w)).

il =0 3=0

Theorem 6.1. If R is of the form (14) and if (18) has an admissible
solution w, then

qg=0, k<min{T'(Q),deg(2)+~v(Q)(1 —0O,(x))}.

Proof. The equation (18) can be rewritten as follows

As(z,w)
0 ™y = A 22\
(Z,'LU,'LU, 7w ) 1(Z,UJ)+ B(z,w) )

where deg(A;) = k —q if k > ¢, and deg(As) = ks < ¢. By Lemma 6.1, we
have
T(r,Q—Ay) =o(T(r,w)).

Theorem 5.2 implies

Tr,Q—A) =T (r, 142) =qT(r,w) + o(T(r,w)).
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Thus we obtain ¢ = 0, and (18) becomes
Qz,w,w', ..., w™) = A(z,w).
By using Theorem 5.1, we have
T(r,Q)=T(r,A) = kT (r,w) + o(T(r,w)).
Our result follows from this, (23) and (24). [

For meromorphic functions on the complex plane C, this theorem is well-
known, called Malmquist-type theorem; see Malmquist [29], Gackstatter-Laine
[7], Laine [26], Toda [34] and Yosida [37]. Also see He-Xiao [8]. For several
variables, see Hu-Yang [16] and [17]. Theorem 6.1 implies the following result
of Boutabaa [3].

Corollary 6.1. Let Q(z,w,w’,...,w™) be a differential polynomial with
coefficients in Cp(z) and let R(z,w) € Cy(z,w). If (18) has a p-adic meromor-
phic solution w = w(z) & Cy(z), then R(z,w) is a polynomial in w of degree

<T(9).
Finally, we study (18) for more general R(z, w).

Theorem 6.2. Take R € M(C,). If the following differential equation
Qz,w,w', ..., w™) = R(w)

has a nonconstant solution w € M(C,) satisfying

ZT(T, ¢;) = o(T(r,w)),

then R is a polynomial with

deg(R) < min{I'(2), deg(€2) + (2)(1 — O, (c0))}-

Proof. Note that

. T(r,Row) . T(r,Q)
lim ——— =1 <TI(Q).
TLI{.IO T(r’ w) TLIEO T(r’ w) - ( )

Hence R is a rational function. Now the theorem follows from Theorem 6.1.m

For meromorphic functions on the complex plane C, this theorem is also
well-known; see Rellich [32], Wittich [36], Laine [25], or He-Xiao [8]. For
several variables, see Hu-Yang [15] and [16].
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Theorem 6.3. Let ay,as,... be a sequence of distinct p-adic numbers
which tends to a finite limit value a, and let R(z,w) be a p-adic meromorphic
function on (Cf). If (18) has a p-adic meromorphic solution w satisfying

ZT(T, ¢,)+T(r,R;) =o(T(r,w)), j=1,2,..,

il
where R;(z) = R(z,a;), then R(z,w) is a polynomial in w with

deg,,(R) < min{I'(2), deg(2) +~(2)(1 — ©,(c0))}.

Proof. Define

Q- R,
Qo[al] - )
w — ay
_ pla] = plas] Q
plar,ao] = a; —ay;  (w—a)(w—ay)
R1 RQ

+ )
(a1 —ax)(w —a1) (a1 — az)(w — az)
and inductively define

plai, ., aa] — plar, .., a9, @i

vlay,...,q] =
Qr—1 — Q
Q L ayR
_ 4 341
(w—ay) - (w—a) jz::lw—aj
= OBy

(w—ay) - (w—a)

where @;; are constants depending on {a, ...,a;}, and Q;(z,w) is a polynomial
in w of degree <[ — 1 with coefficients being linear combinations in R;(1 <
j <1). Here we write

V= P(Q)7 w1 = Sp[al(u-‘rl)-‘rlv seey a(l+1)(u+1)]7 [ = 07 17 s e

We claim that ¢; = 0 for some [ > 0.
Assume to the contrary that ¢, Z 0 for all [ > 0. Then

T(r,w)=T(r,w—a,1) + O(1)

(27) <T(r, (w— ayy1)po) +T(r,00) + O(1).

21
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Note that

w(z)

1
< &max{l,}, 7=1,..,v+1,
w(2) — a;lp

where @ = max;<;<,+1{1 + |a;|,}. By using the lemma of logarithmic deriva-
tive, we have

Q V+1d +1 R
m(r, po) < m (1, S D Ve
(r,%0) ( (w _a1)~--(w_ay+l)> ( ; W= aj

e

(28) v+1 v+1
SQZm(T, )—l—Zmrcz—i—Zer 0(1),
j=1 a;j el
m(r,(w—au+1)cp0)§22m( _a>—|—2m7“cl
(29) o T
+Y " m(r, R;) + O(1).
j=1

Now we consider the poles of ¢y. Fix zy € C,. Since w is the solution of (18),
we have

suppyig C SUPD/Y g, -
Thus if p? (29) > 0, then
Polan (20) < i (20) — 1.

By induction, if pu% (z) > 0 for some j with 1 < j < v+1, but ¢;(2q) # oo(i €
I), Ri(z0) # o0o(1 <l <v+1), then we have

pgo(20) < o (20) — 1.
If 115°(29) > 0, then

13, (70) < max{0, max{ug (20), 13, ,, (20)} = (v + g (20) }

v+1
<> w2 +ZMR %)
iel
Therefore,
+
1 — 1
Nirgo) gz ( —a'>_N<T’w—al>}
j=1 J J
(30) i

+ZN(T,Q)+ZN(T R

Jj=1
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Similarly, we have

N(r, (w = av11)¢o) Szi: ( —laj>_N<T’wi%>}

(31) Vi1
+ZN(T,C¢) +ZN(T R;)
i€l Jj=1
Therefore, by (27)-(31), we obtain
V41 vt1 1 B
T(r,w <4Zm +2Z{N aj)—N(r,w_aj)}—i—o(T(r,w)).
In a similar fashion, we have, for [ > 0,
(I+1)(v+1) 1 B
T(r,w) < 2j:l(§+:1)+1{2m(7’, pr— )+N(r, pr— )—N(r, pr— ) Ho(T(r,w)).
Therefore,
I(v+1) 1 B 1
<2 Z{Qm _a])—l—N(r,w_aj)—N(r,w_aJ)}—l—o( (r,w)).

By using the second main theorem, we obtain
(l - 8)T(7’, w) < O(T(Ta w))

This is impossible if [ > 8.
Hence ¢; = 0 for some [ > 0, say, [ = 0. It follows that w satisfies the
following equation

Qz,w,w', ..., w™) = Qi (2, w).

Define
H<27w) :R(va)_Qu+1(Z7w)7 HJ<2) :H(Z7aj)'

If Hj 7_é 0, then

NV 1
< — )< .
N(r,w_aj>_N<r, Hj) < T(r,H,) + O(1)
v+1

T(r,R;) + ZT(T’, R) +O(1) = o(T(r,w)).

=1

23
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By the second main theorem, there are at most two values of a; such that the
above inequality holds. Hence H; = 0, or

R(zaaj) = Qu+1(z>aj)a S (Cpa

holds except for these two values of a;. Then R(z,w) = Q,+1(2,w) by the
identity theorem which can be proved according to the standard method in
complex analysis. The rest of the theorem follows from Theorem 6.1. ]

For meromorphic functions on the complex plane C, this theorem is proved
by Steinmetz [33], or see He-Xiao [8]. For several variables, see Hu-Yang [16].

7. MALMQUIST-TYPE THEOREMS (II)

In this section, we consider the following differential equation:
(32) Qz,w,w', ..., w™) = R(z,w)®(z,w,w, ..., w™),

where 4 4 |
<I>(z, w, wla 3] w(n)) :Z di’UJZO (w’)“ cee (w("))’"
(33) ieJ
(#J < 00,d; € M(C,)).

The following Clunie-type result will be needed.

Lemma 7.1. Let R(z,w) be defined by (14) and let w be a solution of
(32). If ¢ > k, then

: q
T (7’7 g) < T(T7 (I)) + ZT(Tv Ci) + Z T(T, aj) + 0 (Z T(T7 bJ)) :
If ¢ > k + deg(®), then

m(r,Q) < Zm(r, ci)—i—z m(r, di)+z m(r,a;)+0 (Z m(r,b;) + m(r, bl)) .

iel ieJ j=0 j=0 q

Proof. Following the proof of Lemma 6.1, we can prove

8) 50 o)+ s

iel §=0

i 1
+O( m(r,bj)+m<r,>),
a b,
7=0

(34)
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(35) N(r,fé) SN(T‘,;)) —i—ZN(r,ci)—i—zk:N(r,aj)—FO (iN(r,;)) ,

icl §=0 =0 j

if ¢ > k. Thus the first inequlity follows from (34) and (35). Similarly, we can
prove the second inequality. [

Theorem 7.1. If there exists a solution w of (32) with R(z,w) defined by
(14) such that

Y T(rc)+ Y T(rdi)+ Y T(r,a;) + Y T(r,b;) = o(T(r,w)),

iel ieJ Jj=0 Jj=0

then
g < min{I'(®), deg(®) + 7(®)(1 — O, (0))},

k < min{I'(Q2), deg(2) + v(2)(1 — O,(c0))}.

Proof. The equation (32) can be rewritten as follows

Ay(z,w)

Qz,w,w,...,w™) = (Al(z,w) + Blz,w)

)@(z,w,w',...,w(")),

where deg(A;) = k —q if k > ¢, and deg(As) = ks < ¢. By Lemma 7.1, we
have

T (7“, Qj;h(b> <T(r,®)+ o(T(r,w)).

Theorem 5.2 implies

T <r, Qj{:ﬁllqj =T (7“, 22) = qT(r,w) + o(T(r,w)).

Thus we obtain
AT (r,w) < T(r,®) + o(T(r, w)).

By combining this with (23) and (24), we obtain the upper bound for g.
Rewriting (32) as follows

® 1 B
Q R A
by the conclusion above, one can obtain the upper bound for k. [

For meromorphic functions on the complex plane C, this theorem is proved
by Tu [35]. For several variables, see Hu-Yang [16]. Similarly, we can prove

25
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Theorem 7.2. Take R € M(C,). If the following differential equation
Qz,w,w', ..., w™) = R(w)®(z,w,w, ...,w™)

has a nonconstant solution w € M(C,) satisfying

ZT(T‘, ¢i) + ZT(T, d;) = o(T(r,w)),

el i€J

then R = % s a rational function with

deg(B) < min{I'(®), deg(®) +~(P)(1 — Ou(0))},
deg(A) < min{I'(2), deg(€2) +~(2)(1 — O,(c0))}-

For the complex case, also see Hu-Yang [16].

8. ADMISSIBLE SOLUTIONS OF SOME DIFFERENTIAL EQUATIONS

In this section, we discuss the following differential equations

k
(36) Qz,w,w', ..., w™) = Zaj(z)wj
=0

for some special forms of Q. For w € M(C,), here and in the sequel Q(z, w, w’,
.., w™) is called a differential polynomial of w if

T(r,c;) =o(T(r,w)) (iel).

Lemma 8.1. If wy, w; € M(C,) are linearly independent, then
T(r,wo) <m(r,wo +wy) + N(r,wo) + N(r,wp)
+N(r, w%)) + N(r,w;) + N(r, w%) +O(1).
Proof. Setting w = wg + wy, we have

/ /
w w
l 0 1
w = —wy + —wWy,
Wo w

which implies
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Hence by using the first main theorem and the lemma of logarithmic derivative,
we have

N
1
<m(r,w) + N(r,w) + N(r,w,)

Thus the lemma follows. ]
Theorem 8.1. Assume
(37)  Qz,w,w,....,w™) = (P(z,w, v, ..., w"™) + Q(z,w,w, ..., w™)),

where P is a differential monomial of w and Q is a differential polynomial of
w with

deg(P) > deg(Q), ~(P)>~(Q).

If k < I, and if (36) has an admissible transcendental meromorphic solution,
then (36) assumes the following form

B 2w ) —a@ ) N = G

Proof. The case k = 1 is obvious. Assume 1 < k < [ and that, to the

contrary,
k m

Yo’ —ap(w+b)F =) Auw’ £0, b= o1,

=0 =0 kak
where 0 < m < k —2,A,, # 0 and A; are rational functions of {a;}. Then
wo = —ag(w + b)* and w; = Q = (P + Q)" are linearly independent. In fact,
suppose that

awy + fw; =0, {a,B} C C, —{0}.
Then

k

Z Baw’ = aa,(w + b)* = aaw® + aap_w Tt + -+ aagb”.
=0

27
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Let M,,(C,) be the set of p-adic meromorphic functions f satisfying T'(r, f) =
o(T(r,w)). Then 1, w,w?, ...,w" are linearly independent over M.,,(C,). Thus
a = (. Note that

Wo + Wy :ZAjwj §_£0

Jj=0

Hence a = 6 = 0.
Under the conditions of the theorem, we have

N(r,Q)=IN(r,P + Q) B
= l{deg(f)N(r, w) +y(P)N(r,w) + o(T(r,w))}

= N(r, Zajwj) =kN(r,w) + o(T(r,w)).

=0
Since deg(P) > 0,1 > k, we obtain
N(r,w) = o(T(r,w)).

Similarly, we can prove
k
T(r,P+Q) = YT(T‘, w) + o(T'(r,w)).

Note that
T(r,wy) = kT (r,w) + o(T(r,w)),

T(rywy) =1T(r,P+ Q) = kT (r,w) + o(T(r,w)),
N(r,wy) = o(T(r,w)), N(r,w;)=o(T(r,w)),

N (o) = (riy )+ olT(w)) < T0w) + ofT(ryw),

— 1
8 (ri)=
wq

=

<T’P—|1—Q> <T(r,P+Q)

T(r,w) + o(T(r,w)),

N‘?r

m(r,wy + wy) =m m(r,w) + o(T(r,w)) < mT(r,w) + o(T(r,w)).

By Lemma 8.1, we obtain
k
ET(r,w) < mT(r,w)+ T(r,w) + YT(T’ w) + o(T(r,w)),

which is impossible since k > m + 1 + % ]
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Corollary 8.1. If

(39) (W) =3 a;(z)w’ (k< n)

Jj=0

has an admissible transcendental meromorphic solution, then (39) assumes the
following form

(40) (W) = a4 b b = S,

Corollary 8.2. Ifn > k and if n — k is not a factor of n, then (39)
with constant coefficients a; has no admissible transcendental meromorphic
solution.

The result can be proved easily by Corollary 8.1 and by comparing the
multiplicity of poles and (—b)-valued points of w by using (40).

Conjecture 8.1. The equation (39) has no admissible transcendental
meromorphic solution.

For the complex case, this is the conjecture of Gackstatter-Laine [7].

Lemma 8.2. Assume
Qz,w,w', ..., w™) = B(z,w)P(z,w,w', ..., w™)
+Q(z,w,w', ..., w™) £ 0,

where P(# 0) and Q( 0) are differential polynomials of w, and where B(z,w)
is defined by (13). If

q = deg(B) > min{I'(Q), deg(Q) + 7(Q)(1 — Oy (0))},

(41)

then

(¢ = deg(Q)T(r;w) <(N(Q) — deg(Q) + )N (r, w)
+N (r, glz) + N (r, ;) + o(T'(r,w)).

Proof. Theorem 7.1 implies that %P is not constant, and hence 2 is not

Q
constant, i.e., 2, @Q are linearly independent. Thus

o (§-He

29
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Note that
Q Q'
ﬁBP + ﬁQ =Q'=B'P+BP +Q'.

Then BP* = Q*, where

By using Lemma 7.1, we see
m(r, P*) = o(T(r,w)).
Also we have the estimate
m(r, Q") < deg(Q)m(r,w) + o(T(r, w)).
By the first main theorem, we obtain
m <r, ;) =m(r,P*)+ N(r,P*) = N (7“, ;*) +0(1)
=N(r,P*)— N (r, ;) + o(T(r,w)).

Hence

gm(r,w)=m(r, B) + o(T(r,w))

<m(r,Q*)+m (7'7 ]i*) + o(T(r,w))
< deg(Q)m(r,w) + N(r, P*) — N (7“, ;) + o(T(r, w)).

Fix zy € C,. If u%(20) > 0 but 2, is not a pole or a zero of the coefficients
of B, P and @, then w(zy) # oo, and

pp-(z0) < 1.

If 12°(z9) > 0 but 2, is not a pole or a zero of the coefficients of B, P and @,
then

po-(20) < deg(Q)pq (20) + I'(Q) — deg(Q) + 1,
and further, if u%.(29) > 0, then
pp(20) = pgy-/p(20) < deg(Q)py (20) + I'(Q) — deg(Q) + 1 — qug (20),

otherwise if u%.(zo) = 0, then

157 p(20) = 150+ (20) = qpig (20) — {deg(@)py (20) + I'(Q) — deg(Q) + 1}
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Therefore, the lemma follows from

N(r, P~ N (r, ;) <N <r, é) LN (r, ;) (g — deg(Q))N (r, w)
+(I(Q) — deg(Q) + 1)N(r,w) + o(T(r,w)).

Theorem 8.2. Assume
(42) Qz,w,w’,...,w"™) = (WIP(z,w,w, ...,w"™) + Q(z,w,w’, ..., w™))V,
where P(# 0) and Q(# 0) are differential polynomials of w with

q > max{deg(Q) +2,T(Q)}.

If k < N, then (36) has no admissible transcendental meromorphic solutions.

Proof. Assume, to the contrary, that (36) has an admissible transcendental
meromorphic solution w. Then

N(r,Q) =N (r, Zajwj) = kN(r,w) + o(T(r,w)),

Jj=0

N(r,Q) =N N(r,w?'P+ Q) > NgN (r,w) + o(T(r,w)),

and hence
N(r,w) = o(T(r,w)).

According to the proof of Theorem 8.1, we can prove that (36) assumes the
form (38). Thus Lemma 8.2 implies

(r, qul—FQ) +N (r, i}) +o(T(r,w))
N <r, ! ) N <r, ;) +o(T(r,w)

=

(¢ — deg(Q))T'(r,w) <

w+b
2T (r,w) 4 o(T (r,w)),

IN

which is impossible since ¢ — deg(Q) > 2. [ ]
Similarly, we can prove

Theorem 8.3. Assume that Q) is defined by (42) with ¢ > T'(Q)+3. Then
(38) has no admissible transcendental meromorphic solutions for any positive
integers k and N.

31
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We end this paper by the following problem:

Conjecture 8.2. The following p-adic differential equation

(43)

w™ 4+ a, (2)w" ™Y + -+ ag(2)w + ay(2)w + ag(z) =0

with a; € M(C,) has no admissible transcendental meromorphic solutions.

For related topics of this section in the complex-variable case, see Hu [11],

and

10.

11.

12.

13.

Hu-Yang [18].
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