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INTEGRABILITY, MEAN CONVERGENCE,
AND PARSEVAL’S FORMULA
FOR DOUBLE TRIGONOMETRIC SERIES

Chang-Pao Chen and Chin-Cheng Lin

Abstract. Consider the double trigonometric series whose coeflicients
satisfy conditions of bounded variation of order (p,0), (0,p), and (p,p)
with the weight (|5 |k|)?~! for some p > 1. The following properties con-
cerning the rectangular partial sums of this series are obtained: (a) reg-
ular convergence; (b) uniform convergence; (¢) weighted L"-integrability
and weighted L"-convergence; and (d) Parseval’s formula. Our results
generalize Bary [1, p. 656], Boas [2, 3], Chen [6, 7], Kolmogorov [9],
Marzug [10], Mdricz [11, 12, 13, 14], Uljanov [15], Young [16], and Zyg-
mund [17, p. 4].

0. INTRODUCTION

Let {cjx : j,k € Z} be a double sequence of complex numbers satisfying
the following conditions for some p € IV:

(0.1) [ (WW)H 0 as  max{|j|, |k|} — oo,
(0.2) ‘kl‘iinoc > 1 Apcsl (KNP =0,

j=—o0
o \jlliinoo > [Agpes] (G1EDP =0,

k=—o0
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(0.4) S 3 A (TP < oo,

j=—00 k=—o00

where £ = max{¢, 1} and the finite-order differences A,,c;; are defined by

Aoocjk = Cjk;
ApgCin = Bpo1,4Cjk — Bp_1,4Cj 41k (p=>1);

ApgCir = Bpg-1Cjk — Bpg-1¢j 111 (¢=1).

Conditions (0.2) — (0.4) are known as conditions of bounded variation of order
(p,0), (0,p), and (p, p) with the weight (|5 |k[)?~", respectively. They general-
ize the concept of monotone sequences. Any double sequence {c;;} satisfying
(0.4) with p = 2 is called a quasiconvex sequence (cf. [4,9,12]). For p = 1,
conditions (0.2) and (0.3) can be derived from (0.1) and (0.4). Moreover, (0.1)
and (0.4) reduce to

(0.1%) ¢ — 0 as max{ljl, [k]} — oo,

and

(04*) Z Z |Allcjk:| < 0.

j=—00 k=—00

Let T = [—m, 7] and denote by $,,,(x,y) the rectangular partial sums of
the double trigonometric series

(0.5) SN ettt (z,y € T);

Jj=—00 k=—00

that is,

Smn(T,y) = Z Z Cik etliztky)

l7]|<m |k|<n

We say that the series (0.5) converges in Pringsheim’s sense to f(z,y) if
Smn(z,y) — f(x,y) as min{m,n} — oo. In addition, if the row series
Z;’;foo c;x€'UTTR) converges for each fixed value of k, and the column series
Sre o CretITTRY) converges for each fixed value of j, then series (0.5) is said

to converge regularly to f(x,y) (cf. [8]). For E C T?, the series (0.5) is said to
converge uniformly on E to f(x,y) if s;yn(z,y) — f(x,y) uniformly on E as
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min{m,n} — oco. Set

= ([ [ 15010t )1 deay)

10e = ([ 1@ riow as)

T

1/r

19 = ([ 170 oty

It is well known that || f||,.4, || f (-, y)|/»s, and || f(z, )], define norms for r > 1,
while || fII7 5, | £(-,9) I}, and | f(z, )]}, induce metrics for 0 < r < 1.

The purpose of this paper is to investigate the validity of the following
statements for suitable r and ¢:

(0.6) Spn(z,y) converges uniformly to f(x,y) on {a < |z| <7} x {8 < |y| <
7} forall 0 < o, 8 < m;

(0.7) Spn(z,y) converges regularly to f(x,y) on (T \ {0})?
(0.8) |f(z,y)|"d(z,y) € L'(T?);

©9) [ [ sun(a.9) = Fo )l |6, )] dady — 0

as  min{m,n} — oo;

(0.10) el,ié% // flx,y)é(x,y) dedy = (47%) Z chkgb —k),

e<|z|<m J=—00 k=—00

where
56 = lim s [ 0w pe = duy,

e

s<lyl<n
Formula (0.10) is known as Parseval’s formula. The definition for ¢*(j, k) is
a generalization of the Fourier coefficient qg(j, k). These problems have been
investigated by Bary [1], Boas [2,3], Kolmogorov [9], Ul’janov [15], Young
[16], Zygmund [17] for one-dimensional case, and by Chen [4,5, 6], Marzug
[10], Méricz [11,12,13,14] for higher dimensions. All of them discussed the
case of p =1 or p = 2 only. Our goal in this paper is to extend the above
results from p = 1 to general cases. A detailed argument on these problems
will be given in the next five sections. Throughout this paper C, C,, and C,,
denote constants, which are not necessarily the same at each occurrence.
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1. THE FamiLy {W¥%(t)}

Let W, (t) = W) (t) = 3, WI(t) = 9" for j > 1, and WO ;(t) = WI(—t) =
e~ for j > 1. Denote by {¥%(t)} the Cesaro sums of order k of the sequence
{wO(t)} (cf. [17] for this terminology). By this we mean

J

Th(t) = > wil() (k>1,5>07%),
s=0+
J
=) U (k>1,7>0%).
s=0*

Here —0" = 0~. Obviously, W* (t) = W¥(—t) for all k > 0 and all j > 0*. As
given in [6], we introduce the following finite-order differences

AjoCik = Cjk

Anik = Ap 1 4Gk = By Cipk (P2 1);

qucjk = A;ﬁqflcjk — A;’qflcjﬁ(k) (¢g>1).
Here co+ = co- 1 = cor, and ¢; o+ = ¢jo- = ¢jo. The function 7(j) is defined

by 7(07) =1,7(07)=—-1,7(j)=j+1for j > 1,and 7(j) = j— 1 for j < —1.
After applying a double summation by parts, we obtain

Smn(2,Y) = Z Z oCik) W () WY (y)

lil= 0+ |k|=0+

+Z i D (A V5 (2) W (y)

=0 |j|=0* [kl=n

+Z > Z R () TR (y)

5=0 [j|=m [k|=0"
p—1p—1

30> > (ALY () U (),

5=0 =0 |j|=m |k|=n

(1.1)

where m,n > 0, z,y € T, and 3 7 _o+ = Dg+<jcm + 2o mejco- - It is impor-
tant to get an estimate of |[W¥(t)| and an upper bound for [[W¥|.,. For the
latter, we introduce the concept of pairs of type I, below. We say that (¢, 0)
is a pair of type I, if there is an absolute constant C' such that

p(/|t§n/p 190l dt)l/r " (/ﬂ/p<t|<w ‘Tt(\ : dt)l/r < O0lp) forallp 1.

This generalizes the concept of pairs of type I given in [6]. The main result of
this section reads as follows.
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Theorem 1.1.
(i) Forallt €T, all j, and all k > 1,
(Wh ()] < 28D 2 min{ ([])"%, (15" e

(i) Letp>1,0<r < oo, and (¢,0) be of type I,.. Then

w 1/r o o
([ whrsola) < c, @Gy o)

for all j and all0 < k < p.

Proof. An elementary calculation gives
W ()] < min{|j] +1/2,7/]t]}.

This proves (i) for k = 1. For j > 0%, we have

Wk ()] < Z | Uk (¢) and [wrE()] < Z |W* (¢

s=0+ s=0+

By induction on k, we get (i). As for (ii), it follows from (i) that
(W5 (1) < 2°®HD 2 min{([])7, (1717 e1 7'}

forallt € T, all j,and all 0 < k < p. Let p = m We obtain

(/" wsoriowna)”

. 2”“’“”2““7r{<m>p ([, 1owld) v

(] )

2. CONVERGENCE FOR ¢(z,y) = O(|zy|" 1)

The following theorem confirms (0.6)—(0.9) for the case that ¢(z,y)/|zy|" €
L'(T?), where » > 0. In particular, it will apply to the case that ¢(x,y) =
O(|zy|”), where 0 > r — 1. Our result for ¢ = 0 generalizes [11], [15], and
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[17, p. 4]. Since any quasiconvex null-sequence is of bounded variation, the
following result also includes [9] as a special case.

Theorem 2.1. Assume that conditions (0.1) — (0.4) are satisfied for some
p > 1. Then series (0.5) converges reqularly to some measurable function
f(z,y) for all x,y € T\ {0}, and the convergence is uniform on the rectangle
{a<|z| <m B < |yl < 7w} forall0 < o, < 7. In addition, let r > 0 and
Zo,Yo € T \ {0}

(1) If ¢(x, yo)/|z|" € L'(T), then | f(z,y0)["¢(x, y0) € L(T) and

[$mn (- 50) = F (- 90) [l — 0 as min{m, n} — oo.

(i) If ¢(xo,y)/ly|" € L'(T), then |f(zo, y)|"¢(x0,y) € LN(T) and
||$mn (2o, -) — f(20, ) |lre — 0 as min{m,n} — oc.

(iii) If ¢(x,y)/|wyl" € L'(T?), then |f(z,y)|"¢(x,y) € L'(T*) and

||$mn — fllr.e — 0 as min{m,n} — oco.

Moreover, the conclusions (i)—(iii) still hold provided the corresponding L*(T)
and L'(T?) are replaced by C(T) and C(T?).

Proof. By Theorem 1.1 (i), we get the following estimates:

S (AL ) () W)

+ +

(2.1) |51=07 |k|=0
Z Z |ALpciil (GTTRD" ™ | oy~
|71=07 |k|=0%

and

p—1 m
> Z! i) W (@) U (y)
1=0 |j|=0+ [k|=

t=0 v=0 |7|=0% |k|=n+v+1

(2.2) <c, ZZ( ) ( i > \Azocjkl(!ﬂlkl)’”) jwy| ™

|7]=0%

<G, (Supk|>n Z ‘AZOCJH (UHkDPI) lzy| ="

Similarly, we have
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gM'

Z ) T (@) U ()]

|k|=0+

(2.3)
(Suppm Z A5 cjk!(MW)“) jay

and

(A%crGyr) U (@)U ()

(24) - Cp( i Zi(8> (Z> |j=§u+1 |k|=§u+1ASOCjk’

(L[ TRD)P~ ayl =

< Cy (500 el (TP b

Obviously, conditions (0.2) — (0.4) are equivalent to

(25) Jm ST A (TR =
|[=0%
(2.6 Tm > A (TR =0,
il=ee Ao

(2.7) Z Z [Apciel (1G1TRD" ™ < oo,

|7]=0" |k|=0%

Putting these with (0.1),(1.1), (2.1) — (2.4) together, we infer that s,..(z,y)
converges to some measurable function f(x,y) for x,y € T \ {0}, and the
convergence is uniform on the rectangle {o < || < 7w, 8 < |y| < 7} for all
0 < a, 8 < m. Moreover,

(2.8) Z Z oGk ) V5 () W (y).

|7[=07 |k|=0%

A modified proof also shows that series (0.5) converges regularly to f(z,y)
for z,y € T\ {0}. Assume that r > 0 and ¢(z,y)/|xy|” € L*(T?). Then, by
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(2.1),(2.7), and (2.8), we get

| [ 1 it vl ardy

< Cyllé(x,y) /eyl Ih{ >3 el (GITRP- }

|7|=07F |k|=0F
< Q.

This says that | f(z,y)|["¢(z,y) € L'(T?). Set M = ||¢(x,y)/|zy|"||, and Amn =
{(j,k) € ZXZ : |j| >mor |kl >n}. By (1.1), (2.1) — (2.4), and (2.8), w
infer that, for 0 < r < 1,

”Smn - f”;’“qf)
< CpM{ (Z \A;chjk!(ﬂ!k\)p1> + <Sup Z | A%l (1] KNP~ )
. [kI>n | j1=0+
(s 3 e G+ (o el @) |
|k|=0+ [F]>m,|k|>n
—0 as  min{m,n} — oo,
and, for r > 1,

Hsmn - f”ﬂd5

A kI>n | 1=0+

<c M”T{Z gl IR+ sup S (Aggesel (G1TR)™

+8upn, D |AG,cl (GITK)" ™"+ sup \%(UHM)“}

|k|=0+ [71>m,|k|>n

—0 as  min{m,n} — oo,

which proves (iii). For z,y € T\ {0}, it follows from (2.8) that

xyf(z,y) = Z Z (Ay,cn) (@95 () (yPh(y)) -

7[=0% |k|=0*

We have [|(zP%(2))(y¥3(y)) ||l < Cp([j][k[)P~" for all j and k. By (2.7), we
find that wyf(z,y) € C(T?). If ¢(x,y)/|xy|" € C(T?), then |f(z,y)|"¢(z, y) =
lzy f(z,y)|" (¢(z,y)/|zy|") € C(T?). The proofs of (i) and (ii) are similar, and

we leave them to the reader.
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Set ¢1(x) = O(|z]"), d2(y) = O(ly[*), and ¢3(z,y) = O(|z|°|y|*), where
0.\ > 1 — 1. Then ¢,(z)/|z]" € LM(T), 62(y)/Iyl” € L (T), and ey(a, y)/|ay|
€ L'(T?). Thus, Theorem 2.1 can apply to this case.

Corollary 2.2. Assume that conditions (0.1) — (0.4) are satisfied for
some p > 1.Then series (0.5) converges reqularly to some measurable function
f(z,y) for all z,y € T\ {0}, and the convergence is uniform on the rectangle
{a <z <m0 < |yl < 7w} forall0 < a,B < w. Moreover, let r > 0 and
o,A>1r—1. The following statements are true.

(i) Forally € T\{0}, [f(z,y)["[x|” € LX(T) and ||smn(-,y) = f(-9)]lre — O
as min{m,n} — oo, where ¢(z,y) = O(|x|7).
(i) For allx € T\{0}, |f(z,y)["ly|* € L(T) and ||smn (@, ") = f(2,)[lro — O
as min{m,n} — oo, where ¢(z,y) = O(|y|*).
(i) |f(z, )"zl |y* € LN(T*) and |[spn = fllre — O as min{m,n} — oo,
where ¢(z,y) = O(|z|"[y|*).
Whenever o, X = r, |f(z,y)["z|” € C(T) for all y € T\{0}, |f(z,y)["ly]* €
C(T) for all x € T\{0}, and |f(z,y)|"lx|"|y|* € C(T?).

As indicated in [5,6,12], Corollary 2.2 may not hold for the case that
o =X =r— 1. For this case, consider ¢;(z) = O(|z|""*(log 1/]z|)™°), ¢=(y) =
O(lyl"*(log 1/[y[)°), and ¢s(z,y) = O(zy|"*(log1/|z[)<(log1/|y|)~°),
where €,6 > 1. We have ¢(z)/|z|” € LY(T), ¢2(y)/|ly|” € L*(T), and
os3(z,y)/|zy|” € L*(T?). Thus, we are led to the following result.

Corollary 2.3. Assume that conditions (0.1) —(0.4) are satisfied for some
p > 1. Then series (0.5) converges reqularly to some measurable function
f(z,y) for all z,y € T\ {0}, and the convergence is uniform on {a < |z| <
w0 < |yl <7} for all0 < o, B < w. Moreover, let v > 0 and €,0 > 1. The
following statements are true.

(i) For ally € T\ {0}, |f(z,y)|"|z|""*(log1/|x])~¢ € L*(T) and

| Smn () — f(',?/)”r,(;& — 0 as min{m,n} — oo, where
o(z,y) = O(|z[~ (log 1/|z[) ™).

(it) For all x € T\ {0}, |f(x,y)|"|y["""(log 1/ly])~° € L'(T) and

|Smn(z, ) = f(x, )|lre — 0 as min{m,n} — oo, where

oz, y) = O(|ly|" (log 1/[y]) ).
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(iii) |f (2, )| [xy""*(log 1/|z])"“(log 1/]y[)~° € L'(T?) and

|Smn — fllre — 0 as min{m,n} — oo, where

¢(z,y) = O(Jzy|"" (log 1/]z])~*(log 1/[y]) *).

3. CONVERGENCE FOR ¢(z,y) = O(|zy|"~17°)

Theorem 2.1(iii) excludes the case ¢(z,y) = |zy|”, where 0 < r — 1. In
this section, we investigate the case. To do so, we shall assume the following
conditions, which are stronger than (0.1) — (0.4).

©O1)  lesel (TRD~ o@D OTH) — 0 as masc{ll, 41} —
0.2) Jim, 3 el (TR 0G0 =
09) Jim_ 3 1opead (709D =o.
(0.4) B S el TP 0GR <o

where 6 and ¢ are two positive increasing functions defined on [1,00). For
p = 1, conditions (0.2") and (0.3") can be derived from (0.1*) and (0.4"), and
conditions (0.1*) and (0.4") together imply (0.1’). The main result of this
section is the following theorem, which extends [6, Theorem 1] from p =1 to
general cases. As indicated in [6], our result also generalizes Boas [3], Marzug
[10], Méricz [12], and Young [16]. A detailed argument on these will be given
later.

Theorem 3.1. Assume that 6 and ¥ are two positive increasing functions
defined on [1,00) such that (0.1") — (0.4") are satisfied for some p > 1. Then
series (0.5) converges reqularly to some measurable function f(x,y) for all
z,y € T\ {0}, and the convergence is uniform on the rectangle {a < |z| <
m B < |yl <7} forall0 < o, < w. In addition, let r > 1.

(1) If (¢, 0) is of type I, then for all y € T\ {0}, |f(z,y)|"¢(x) € L*(T) and
[8mn (- y) = F(9)llrs — 0 as min{m,n} — oo, where ¢(x,y) = ¢(x).

(ii) If (¥, 9) is of type I, then for all x € T\{0}, |f(z,y)|"¢¥(y) € L*(T) and
[8mn (25-) = f(,)[lrs = 0 as min{m,n} — oo, where $(z,y) = P(y).
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(iii) If (¢,0) and (1,9) are of type I, then |f(x,y)|"d(x)(y) € L*(T?) and
[$mn = fllre — 0 as min{m,n} — oo, where ¢(z,y) = ¢(x)¥(y).

Proof. Since (0.1") — (0.4’) imply (0.1) — (0.4), it follows from Theorem 2.1
that series (0.5) converges regularly to some measurable function f(z,y) for
all z,y € T\ {0}, and the convergence is uniform on the rectangle {a < |z| <
w0 < |yl <x}foral0<apf<m Letr >1and assume that (¢,0) and
(1,9) are of type I,.. Set

%=Uﬂwwwwwww,@eﬁﬂwmwwwwf7

Then Theorem 1.1(ii) says that o < C,,,|4] i (m) and fF < Cprmp_lﬁ(m)
for all j and all 0 < k < p. By ( ) (2.8), Fatou’s lemma, and Minkowski’s
inequality, we infer that

([ ] v riseo) )

<Cp,{hm1nfm_)oo Z Z |A ]k\aﬁﬂi}
|7|=07F |k|=0F

<Cud 325 1Bmesel (TP aTD0RD )

Jj=—00 k=—o0

< oQ.

Let A, consist of all (j,k) with |j| > m or |k| > n. By (1.1), (2.8), and
(0.1") — (0.47), we get

([ [ w5 )o@t dsay)

<%{memmwwwmww>

Amn

PSS X el G o)

t=0 v=0 |§|=0"F |k|=n4v+1

(e ><| DS rAzpcjkumm)“e(mww)

s=0 u=0 ] m+u+1|k-|=0+

SESSO)) ST e

s=0 t=0 u=0 v=0 ljl=m+u+1 |k|=n+v+1

xmwwwmwwﬁ
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S%{ZMMMMWVWMWW>

Amn

+2r (Sup|k|>n Z |A7 o] (5] T&[)P~ 9(|J|)19(|k‘)>
[j]=0F

420 (supyn 3 85l (G 00T )

|k|=0+
29 (5001 e TR 00D )}
— 0 as min{m,n} — occ.
This completes the proof of (iii). For (i) and (ii), we leave them to the reader.

We now go back to discuss applications of Theorem 3.1. By definition,
we find that if (¢,1) is a pair of type I, then ¢(t)/|t|” € L'(T). Thus, the
case 0(p) = Y¥(p) = 1 has been dealt with in Theorem 2.1. If we consider
9(p) = (log p)t=9/" and ¥(p) = (log p)*=9/" with 0 < ¢, < 1, then conditions
(0.1") — (0.4") become

(0.17)

lejil (TN Qog [11) =9/ (log [K[) =/ — 0 as max{|j], [k[} — oo,

0.2)  tim > [Agocyl (TR (og [T/ (og R/ = 0,
J=—00

|k|—oo

(0.37)  lim > [Agpes| (511K (log 7))~/  (log [k]) =/ = 0,
k=—o00

|5]—o00

(047 > D0 1Apeid (51 1ED ! (log [5) 97" (log [k])" " < oo.

j=—00 k=—00

Conditions (0.2"”) and (0.3”) are not necessary for p = 1, and condition (0.1”)
can be replaced by (0.1*) for this case. An elementary calculation says that
(¢,0) and (¢, 9) are of type I,, where ¢(t) = O(|t|"*(log 1/[t|)~¢) and 9 (t) =
O(|t|""*(log 1/]t|)~°). As a consequence of Theorem 3.1, we get the following
extension of [6, Corollary 2]|. As indicated in [6], it generalizes [12, Theorems
2, 4, and 5] and [16].
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Corollary 3.2. Let p,r > 1 and 0 < ¢,§ < 1. Assume that conditions
(0.1") — (0.4") are satisfied for p,r,e, and 6. Then series (0.5) converges
regqularly to some measurable function f(x,y) for all z,y € T\ {0}, and the
convergence is uniform on the rectangle {a < |z| < m, 8 < |y| < w} for all
0<a,B <m. Moreover,

(i) for ally € T\{0}, |f(,y)|"[x|""*(log 1/]x])~* € L(T) and
|$mn (-5 y) = FCY)|lre — 0 as min{m,n} — oo, where

¢(z,y) = O(lz|"* (log 1/]])™);

(it) for all x € T\ {0}, [f(z,y)["|y["""(log1/|y])~* € L'(T) and
|S$mn(z, ) = f(x,)|lre — 0 as min{m,n} — oo, where

oz, y) = O(ly|" (log 1/[y[)~°);

(i) |f(z,y)l ey~ (log 1/]z])~*(log 1/]y[)* € L(T?) and
|Smn — fllre — 0 as min{m,n} — oo, where
$(x,y) = O(|zy|"~" (log 1/]a])~*(log 1/[y]) ™).

The third case we investigate is 6(p) = p'~@+D/" and V¥(p) = p'~A+V/7,
where —1 < 0, A\ < r—1. In this case, conditions (0.1") — (0.4") take the forms:

0.17) el (GNP~ ([K)P=AD/" 0 as max{|j], |k|} — oo,

027y i ST Ayl (I (RO < o,
j=—o00

(0.3") |j1\i£>noo Z | Aoyl (J7])P~ 0/ ([P~ O+0/m = 0,
k=—oc0

(0.4) Yo > 1Al (GNP (R)PTADT < oo,
j=—00 k=—00

It is known that (¢,6) and (¢,9) are of type I, where ¢(t) = O(|t|”) and
(t) = O(Jt]*). This leads us to the following extension of [6, Corollary 6],
which generalizes [10, Theorem 4] and [3, Theorems 4.1 and 4.2].

Corollary 3.3. Assume that conditions (0.1”) — (0.4"") are satisfied for
some p,r > 1 and some —1 < o,\ < r — 1. Then series (0.5) converges
reqularly to some measurable function f(x,y) for all z,y € T\ {0}, and the
convergence is uniform on the rectangle {a < |z| < m, 8 < |y| < w} for all
0<a,B <m. Moreover,
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as min{m,n} — oo, where qﬁ(az y) =0

(l217);
(i) for allx € T\ {0}, |f(z,y)["ly]* € LY(T) and ||smn(x,-) = f(z,)llre — 0
as min{m,n} — oo, where ¢(x,y) = O(|y|*);
(ii) [f(z, )| z|7ly]* € LY(T*) and [|spn — fllre — 0 as min{m,n} — oo,
where ¢(z,y) = O(|z|”[y[*).

4. PARSEVAL’S FORMULA

To ensure the validity of (0.10), we shall assume conditions (0.1) — (0.4) for
some p > 1. Under these conditions, Theorem 2.1 guarantees the existence of
the limiting function f of series (0.5). To derive (0.10), we shall also assume
that

(1) swp | [ 6w )W) ¥ (y) dody| < o
780<<efé,;<1rw e<|z|<n
S<|yl<m
in other words,
(4.2) sup  |PF(€,0)| < oo,
LS
where
(13) 25(e0) = [[ o(w.9) 5 @)V, (y) dody.
<[l
S<|y|<m

Let ¢e5(x,y) = ¢(x,y) for e < |z| < 7 and § < |y| < 7, and 0 otherwise. The
definition of W¥(t) tells us that

An*Gos(—4,—k) i il Ik 2 1,
21 Ges(—J, 0) if || > 1, [kl = 0*

% (e, 6) = 0 —0 ’

]k(67 ) 27T2¢56<07_k) ]f ‘j| :0+7’k‘ Z 17
6.5(0,0) it |j] = |kl =0*.

Moreover, for s,t > 1 and j,k > 0T,

J
3t (e,0) = > @i (e,0) = Z@St (e, 6)

u:OJr v=0"*

zzz(bsltleé

u=0t v=0"*



Double Trigonometric Series 205

This says that ®% (¢, §) with j,k > 0% can be regarded as the two -dimensional
Cesaro sums of order (s,t) of the double sequence {®)(¢,0) : j,k > 0T}
Similarly, ®*; (e, d) are the two-dimensional Cesaro sums of order (s, ) of
the double sequence {®%; ,(¢,9) : j,k > 07}. Based on these, we see that
condition (4.1) is equivalent to the existence of the constant C' such that

(4.4) sup  |[P%(e,0)| <C <oo  forall 0<s,t<p.

—o0<j,k<oo
0<e,6<m

Moreover, condition (4.1) with p =1 is equivalent to

sup $“¢.5(0,0) < oo, (W= (w1,wa), |lwi| = wa| = 1),
0<e,0<m

where s denotes the one-sided maximal operator defined below:

m

s°p(x,y) = sup | 45 (4, k)e'a= )| (w=(1,1));

m,n>0

INg

<
Il
o

ol = sup 33 é( RN (= (1, 1))

m,n>0

<
I
o

NE
M= 1 M: i M:

¢ (J, —k)e T (w = (1, -1));

I

~
Il
o
i
o

¢(z,y) = sup |

m,n>0

3

(Z)*(_ja _k)ei(_jx_ky)’ (w - (_17 _1))

[E

<
Il

o

x~

s¢(x,y) = sup |

m,n>0 —0
Hence, the following theorem and Theorem 2.1 together extend [7, Theorem
1] from p = 1 to the general case. As explained in [7], our result generalizes

[1, p. 656], [2], and [13, 14].

Theorem 4.1. Assume that conditions (0.1) — (0.4) are satisfied for some
p > 1. Then series (0.5) converges reqularly to some measurable function
f(z,y) for all z,y € T\ {0}, and the convergence is uniform on {a < |z| <
T, 0 < |yl <7} for all 0 < a, B < 7. Moreover, if ¢ : T?> — C is measurable
and locally bounded in (T \ {0})2, ¢*(j, k) exists for all (j, k), and condition
(4.1) is satisfied, then formula (0.10) holds and the following three statements
remain true for r > 1.

(1) If ¢(x,y)/|x| € L™(T) for almost all y € T, then

lim // flz,y)o(x,y) dedy = lim flz,y)o(x,y) dxdy.
€10 e 310 Js<|y|<n J—m
s<|yl<n
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(i) If ¢(x,y)/|y| € L"(T) for almost all x € T, then

lim // flz,y)o(x,y dxdy—hm/ / f(z,y)p(x,y) dedy.
€,610 el0 J_rx Je<|z|<n

e<le|<m
5<|y|<n

(iii) If ¢(x,y)/|xy| € L"(T?), then

im [[ fewotayydedy= [ [ fwgota.y)deay

e<le|<n
s<|y|<w

Proof. By Theorem 2.1, we find that it suffices to prove the validity of
(0.10) and the statements (i)—(iii). The proof of Theorem 2.1 indicates that,
for z,y € T\ {0},

Z Z wpCik) V2 ()W (y) — f(x,y) as  min{m,n} — oo,

|7]=07 |k|=0%

and the convergence is uniform on {e < |z| < 7,0 < |y| <7} for all 0 < €,d <
7. Since ¢ is locally bounded in (T\ {0})?, it follows that, as min{m,n} — oo,

(4.5) Z Z (A, cir) @27 (e, 6) —>// flx,y)o(x,y) dady,

[j]=0+ |k|=0F e<|z|<m
s<|y|<m

where ®% (¢, 0) is defined by (4.3). We have

W (—j—k) i IR 2 1,
it [j] > 1, [k = 0
1 (I)(J (5 (é( .77 ) 1 ) 9
i (e 0) = G0 K) =021
*(07 0) if |j| = |kl =0",

and ¢*(j, k) exists for all (j, k). Therefore, the limit 2t = lime 550 ®5(e, 0)
exists for all s,t, 7, k, and (4.4) implies that

(4.6) Gl <€ (il [k =07, 0<st<p)

Putting (0.4), (4.2), and (4.5) together, we infer that the following limit of
double integral exists, the double series at the right is absolutely convergent,

and
el,laIﬂ)//fxy xydxdy—z Z pCik)

e<|z|<m [j]=0% |k|=0+
s<|y|<m
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For m,n > 0, we have

A = (472) 37 " e 6" (=4, —k)

|7]1<m |k|<n

= lim // Smn (T, y)P(2,y) drdy.

€,6]0
e<lz|<m
5<|yl<m

It follows from (1.1) that

3 B+ S 3 Y ()

7”71 -

gk

|7]=0" |k[=0+ t=0 [j|=0% |k|=n
p—1 n
* s+1p
+2_ 2. 2 (ALemr) G
5=0 |j|=m |k|=0+
p—1p—1
s+1, t+1
+ > (Aleryrm) G

W
I

0 4=0 |j|=m [K|=n

By (0.4) and (4.4), the series 3= 75_o+ >op5—o+ (A;,¢51) (fi converges absolutely.
On the other hand, (0.1) — (0.3) and (4.4) imply

p—1

m
IDIPIICTERRISHS oSy () S T el
1=0 |j|=0+ [k]= 1=0 =0 N/ 120+ k=441
m
Scp(SUP\k\>n Z |A;ocjk|)
7]=0+
—0 as min{m,n} — oo,
p—1 n p—1 s n
1 *
> 8neouliGE T SO (0) TS e
5=0 |j|=m |k|=0+ =0 u=0 " |j|=mtut1 K=o+
n
SCP(Sup\j|>m Z |A3pcjk|)
|k|=0+
—0 as min{m,n} — oo,
and
p—1p—1
> Z ALy |G
s=0 t=0 |j|=m \:
i t
=555 3 3 3 G143 D SRS SREOE
s=0 t=0 u=0 v=0 ljl=m+u+1 |[k|=n+v+1
< CP<SUP|j|>m,|k\>n |Cjk|
—0 as min{m,n} — occ.
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Hence, as min{m,n} — oo, A, tends to Zm:m Zm:m (Ay,cir)Ci and,
consequently, (0.10) follows. Let r > 1. Then L"(T) C L*(T) and LT(TQ)
L'(T?). With the help of Theorem 2.1, we find that (i) — (iii) follow from the
Lebesgue dominated convergence theorem. This finishes the proof.

5. ANOTHER TYPE OF CONDITIONS OF BOUNDED VARIATION

The rectangular partial sum s,,,(z,y) can be rewritten in the following

form:
m

Smn T y Z Z Ocjk \I/p ) iy

l51= 0* |k|<n

+Z > 2 (Al ) U5 (@)e™.

s=0 |j|=m |k|<n
Consider the following two conditions instead of (0.1) — (0.4):

(5.1) lim Z il (1717

lil—o0

(5.2) S 3 A [T < oo

j=—00 k=—o0

Obviously, condition (5.1) implies that ¢;;(]j])?~* — 0 as max{|j|, |k|} — oo,
and they are equivalent for p = 1 under the condition (5.2). Employing the
same proofs as those given in §2, we obtain

Theorem 5.1. Assume that conditions (5.1) — (5.2) are satisfied for some
p > 1. Then series (0.5) converges reqularly to some measurable function
f(z,y) for all x € T\ {0} and all y € T, and the convergence is uniform on
{a<|z| <7} XT for all 0 < o < m. In addition, let r >0, xy € T\ {0}, and
yo € T.

(i) If ¢(x,y0)/|z|" € L)(T), then |f(z,yo)l"¢(x,y0) € L'(T) and
[$mn(90) = f(s90)lre — 0 as  min{m,n} — oco.
(ii) If ¢(zo,y) € L'(T), then |f(xo,y)| (o, y) € L'(T) and

HSmn(iE’O, ) - f(x(h ')Hﬁd? —0 as min{man} — O0.

(iii) If ¢(w,y)/|o” € LM(T2), then |f(z,y)| ¢z, y) € L'(T?) and

|Smn — fllre — 0 as  min{m,n} — oc.
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Moreover, the conclusions (i)— (iii) still hold provided the corresponding L*(T)
and L*(T?) are replaced by C(T) and C(T?).

Apply Theorem 5.1 to the cases: ¢(z,y) = O(|z]?), ¢(z,y) = O(|y*),
and ¢(z,y) = O(|z|?|y|*), where r > 0, 0 > r — 1, and A > —1. Then we
get an analogue of Corollary 2.2. The difference between them is the range
of A.  We need to change A from “A > r — 17 to “A > —17. Similarly,
consider ¢(z,y) = O(Ja|"(log 1/[2]) ), ¢(x,y) = O(ly|~ (og 1/ly))*), and
d(x,y) = O(|z|" ty|*(log1/]x|)~¢(log 1/|y|)~?), where ¢,§ > 1. Then we
obtain an analogue of Corollary 2.3. For this case, we only replace |y|""! in
(ii) — (iii) of Corollary 2.3 by |y|~*.

To get an analogue of Theorem 3.1, we replace (5.1) — (5.2) by the following
stronger conditions:

(5.1 tim > Jesel (770 = 0.

|7]—00

o0

(5.2) S Ayl ()00 < oo

j=—00 k=—o0

Theorem 5.2. Assume that 0 is a positive increasing function defined on
[1,00) such that (5.1") — (5.2") are satisfied for some p > 1. Then series (0.5)
converges reqularly to some measurable function f(x,y) for all z € T\ {0}
and all y € T, and the convergence is uniform on {a < |z| < 7w} X T for all
0 < a<m. In addition, let r > 1.

(1) If (¢.0) is of type I,, then for ally € T, [f(z,y)|"d(z) €
||S7Tm(7y) - f('?y)||T,¢ — 0 as min{m7n} — 00, where Qﬁ(fﬂ,y)

(ii) If ¥ € LY(T), then for all x € T\ {0}, |f(z,y)["¥(y)
|Smn(z, ) — f(x,)|lre — 0 as min{m,n} — oo, where ¢(x,y)
)

LY(T) and
= ¢(x).

LY(T) and
b(y).

(iii) If (¢,0) is of type I, and ¢ € LN(T), then |f(z,y)["¢(x)¢(y) € L'(T?)
and ||mn = fllre — 0 as min{m,n} — oo, where ¢(x,y) = ¢(x)¢(y).

-

Consider the following conditions with p,r > 1 and 0 <e < 1:

o0

(5:17) Jim 37 el () Qog [7) 0" =0,
k=—oc0
(5.27) SN 1Aekl (D7 (og [1)) 97" < oo
j=—00 k=—00

These correspond to (5.1') — (5.2") with 0(p) = (log p)*=9/". Choose ¢(t) =
O(Jt|""'(log 1/]¢])~¢) and (t) = O(|t|"*(log1/|t|)~°), where 6 > 1. Then
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(¢,0) is of type I, and v € L'(T), and therefore, an analogue of Corollary 3.2
occurs. The only change is to replace |y|"~! in (ii) — (iii) of Corollary 3.2 by
ly|~1. If we consider §(p) = p*~(“+*V/" with r > 1 and —1 < 0 < r — 1, then
(5.1") — (5.2') reduce to

o4 Jm_ 3 el (P =0
jl=oo
(5.2") D 1Akl ()P < o,
j=—00 k=—00

Here we assume p > 1. It is known that (¢,0) is of type I,., where ¢(t) =
O(|t|”). Hence, as a consequence of Theorem 5.2, an analogue of Corollary 3.3
is established. The only change is to replace |y|* in (ii) — (iii) of Corollary 3.3
by |y|~*(log 1/|y|)~% with § > 1.

To correspond to condition (4.1), we assume

(5.3) sup | [ dlayp @) dudy) < o,
_ox<<e?é];<7roc e<lz|<n
S<|y|<m

or equivalently,
sup [ ®22(c,8)| < o,

where ®%} (¢, 0) is defined by (4.3). For p = 1, it is the same as the condition

sup  5¥¢¢5(0,0) <o (w = (w1,0),|wi] =1).
0<e,6<m

The maximal operator s is defined by

o) = (360 >| (w=(1,0),

—oco<k<oo

¢ (=g, k)e " (w=(=1,0))

s“¢(x,y) =sup  m>o

—oo< k< oo

Ms u‘Ms

<.
Il
=)

(cf. [7]). Like Theorem 4.1, we have

Theorem 5.3. Assume that conditions (5.1) — (5.2) are satisfied for some
p > 1. Then series (0.5) converges reqularly to some measurable function
f(z,y) for all x € T\ {0} and all y € T, and the convergence is uniform on
{a<|z| <7} X T for all 0 < a < 7. Moreover, if ¢ : T> — C is measurable
and locally bounded in (T\{0}) x T, ¢*(j, k) exists for all (j, k), and condition
(5.3) is satisfied, then formula (0.10) holds and the following three statements
remain true for r > 1.
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(i) If ¢(x,y)/x € L"(T) for almost all y € T, then

li ) dedy =1 dad
161?0// f(z,y)¢(z,y) dedy ;fg/ﬂqu/_?r (@, y)d(z,y) dxdy.

e<le|<n
s<lyl<n

(ii) If ¢(z,y) € L™(T) for almost all z € T, then
lim // flz,y)o(x,y) dedy = hm/ / f(z,y)o(x,y) dedy.
6,5lO GlO <‘$‘<7T

e<l|z|<m
S<|yl<m

(iii) If ¢(z,y)/x € L"(T?), then
im ([ tayétwyydedy= [ [ oy dedy.

es|z|<m
S<|y|<m

The theory developed here also works for the case:

o0 oo
Z Z e < oo.

Jj=—00 k=—00

We refer the reader to [7, Theorem 3| for details.
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