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FIXED POINTS, MINIMAX INEQUALITIES AND
EQUILIBRIA OF NONCOMPACT ABSTRACT ECONOMIES*

Xieping Ding

Abstract. Several new fixed point theorems in H-space are first proved.
Next, by applying the fixed point theorems, some minimax inequalities
and existence theorems of maximal elements for Lz correspondences and
Lp-majorized correspondences in H-spaces are obtained. Finally, using
the existence theorems of maximal elements, some equilibrium existence
theorems for one-person games, qualitative games and noncompact ab-
stract economies with £p-majorized correspondences in H-spaces are ob-
tained. Our theorems improve and generalize most known results due
to Border, Borglin-Keiding, Ding-Kim-Tan, Ding-Tan, Ding-Tarafdar,
Mehta-Tarafdar, Shafer-Sonnenschein, Tan-Yuan, Tarafdar, Toussaint,
Tulcea, Yannelis and Yannelis-Prabhakar etc.

1. INTRODUCTION

Recently, Ding-Kim-Tan [7,8], Ding-Tan [10,11,12], Ding-Zhuang [14],
Tan-Yuan [24,25], Tian [32,33] have proved some very general equilibrium
existence theorems for noncompact abstract economies (= generalized games)
with an infinite number of agents, with infinitely dimensional strategy spaces
and with majorized type preference correspondences defined on noncompact
strategy sets of agents. These theorems improve and generalize most known
results due to Borglin-Keiding [4], Shafer-sonnenschein [21], Tarafdar [30],
Toussaint [34], Tuclea [35,36], Yannelis-Prabhakar [38] and others. To my
best knowledge, all the above existence theorems are proved by assuming that
the strategy sets are nonempty convex or nonempty compact convex subsets
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of topological vector spaces. The assumptions are very restrictive since the
strategy sets of agents generally are not compact and convex in any topology
of commodity spaces; the commodity spaces may not have the linear structure
and various kinds of preference and constraint correspondences will be encoun-
tered in general economic situations. Thus, it is important and of interest to
establish some equilibrium existence theorems for an abstract economy with
noncompact and nonconvex strategy sets of agents.

Tarafdar [31] and Ding [6] have established some equilibrium existence
theorems for qualitative games and abstract economies under H-space setting
without linear structure which generalize some known results under the setting
of topological vector spaces.

In this paper, we shall first introduce the notions of correspondence of class
Lr, Lp-majorant of ¢ at x and Lp-majorized correspondence in H-space.
These notions generalize the corresponding definitions of Borglin-Keiding [4],
Toussaint [34], Tulcea [35,36], Ding-Kim-Tan [7], Ding-Tan [10, 11, 12], Tan-
Yuan [25] and Ding-Tarafdar [13]. Next some new fixed point theorems for
set-valued mappings with noncompact domain in H-space are proved un-
der very weak coercive condition and some equivalent forms are also given.
These theorems unify and generalize many known results in the literature. As
applications. an existence theorem of maximal elements for £p-majorized
correspondence is obtained which generalizes the corresponding results of
Borglin-Keiding [4], Yannelis [37], Yannelis-Prabhaka [38], Toussaint [34], Tul-
cea [35,36], Ding-Kim-Tan [7], Ding-Tan [10, 11, 12], Tan-Yuan [25] and Ding-
Tarafdar [13]. By applying earlier results, several equilibrium existence the-
orems of one-person games and qualitative games with an infinite number of
agents and with £p-majorized preference correspondences are proved under
H-space setting. Finally, some equilibrium existence theorems of an abstract
economy with an infinite number of agents and with £p-majorized correspon-
dences defined on noncompact and nonconvex strategy sets of agents are ob-
tained under H-space setting. Our results are new and generalize most known
results in the economies literature mentioned above.

2. PRELIMINARIES

Let A be a subset of a topological space X. We shall denote by 24 the
family of all subsets of A, by intx(A) the interior of A in X, and by clx(A)
the closure of A in X. A subset A of X is said to be compactly open (resp.,
closed) in X if for each nonempty compact subset K of X, AN K is open
(resp., closed) in K. If X and Y are topological spaces and 7,5 : X — 2V
are two correspondences, then T7NS : X — 2Y is a corresopndence defined
by (T'N S)(x) = T(x) N S(z) for each z € X. The graph of T is the set



Fixed Points, Minimax Inequalities 27

Gr(T) = {(x,y) € X xY :y € T(x)} and the correspondence T : X — 2" is
defined by T(z) = {y € X : (z,y) € clxxy(Gr(T))} (the set clxxy (Gr(T)) is
called the adherence of the graph of T') and the correspondence ¢l T : X — 2¥
is defined by (cl T)(z) = cly(T(x)) for each x € X. it is easy to see that
(cl T)(z) C T(x) for each z € X.

The following notions, which were introduced by Bardaro-Ceppitelli [1, 2],
were motivated by the earlier works of Horvath in [18,19].

A pair (E,{T'4}) is said to be an H-space if E is a topological space and
{T'4} is a family of contractible subsets of E indexed by A € F(E) such that
'y C T'ar whenever A C A’ where F(E) denotes the family of all nonempty
finite subsets of E. Clearly, each topological vector space and its convex subset
are all H-spaces with I'y = co(A) for each A € F(E) where co(A) is the convex
hull of A. A subset D of an H-space (F,{['4}) is said to be (i) H-convex if
I'a C D for each A € F(D) and (ii) weakly H-convex if I'4 N D is contractible
for each A € F(D).

Following Tarafdar [29], for a nonempty subset D of an H-space (E, {I"4}),
we define the H-convex hull of D, denoted by H-co(D), as

H-co(D) =n{B C X : D C B and B is H-convex}.
By Lemma 1 of Tarafdar [29], we have
H-co(D) = U{H-co(A): A€ F(D)}.

Let D be a nonempty set, (X,{I'4}) be an H-space and G : D — 2%
be a correspondence. The correspondence H-coG : D — 2% is defined by
(H-coG)(xz) = H-co(G(x)) for each = € D.

The following notions are more general than the corresponding notions
due to Ding-Tan [10,12], Tan-Yuan [25] and Ding-Tarafdar [13]. Let X be a
topological space, Y be a nonempty subset of an H-space (E,{I'4}).0: X — FE
be amap and ¢ : X — 2 be a correspondence. Then (1) ¢ is said to be of class
Ly if (a) for each x € X, H-co(¢(x)) C Y and 6(x) ¢ H-co(¢(x)) for each x €
X and (b) there exists a correspondence v : X — 2¥ such that ¢ (z) C ¢(x)
for each x € X and for each y € Y,¢~(y) = {x € X : y € ¢(x)} is compactly
open in X and {z € X : ¢(z) # 0} = {z € X : ¢Y(z) # 0}; (2) (¢, Vs, Nz)
is called a Ly r-majorant of ¢ at = if ¢, 9, : X — 2Y and N, is an open
neighborhood of x in X such that (a) for each z € N,,¢(z) C ¢.(z) and
0(z) & H-co(¢z(2)), (b) for each z € X, 95(2) C ¢5(2) and H-co(¢(z)) C Y
and (c) for each y € Y, ¢ 1(y) is compactly open in X; (3) ¢ is called Ly -
majorized if for each x € X with ¢(z) # (), there exists an Ly p-majorant
(¢, ¥z, Nz) of ¢ at x such that for any nonempty finite subset A of the set
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{x € X : ¢(x) # 0}, we have

{Z € ﬂxeAN:c : mxeAH'CO((z)x(z)) 7& (Z)}
= {Z € NpealNg : ﬂxGAH‘CO(d}x(Z)) 7£ ®}

It is clear that every correspondence of class Lgr is Ly p-majorized. We
note that our notions of the correspondence ¢ being of class Ly r and Lg -
majorized correspondence generalize the corresponding notions of Ding-Tan
[10, 12], Ding-Kim-Tan [7], Tan-Yuan [25], Ding-Tarafdar [13] and Tulcea [35].
In this paper, we shall deal mainly with either the case (I) X =Y and is a
nonempty H-space and 6 = Ix, the identity mapping on X, or the case (II)
X =1LierX; and 6 = 7 : X — Xj is the projection of X onto X; and Xj is
an H-space. In both cases (I) and (II), we shall write Lr in place of Ly p.

3. FiIXED POINT THEOREMS

Lemma 3.1. Let D be a topological space, (X,{T'a}) be an H-space and
F : D — 2% be such that F~'(y) is compactly open in D for each y € X.
Then the correspondence H-coF : D — 2% satisfies that (H-co F)™(y) is
also compactly open in D for each y € X.

Proof. For any fixed y € X and for any nonempty compact subset C' of
D, let z € (H-coF)~(y) N C, then x € C and y € H-co(F(z)). By Lemma 1
of Tarafdar [29], there exists a finite set A of F'(x) such that y € H — co(A).
Hence we have that z € F~!(y)NC for each y € A and each F~!(y)NC is open
in C since each F~1(y) is compactly open in D. Let U = Nyea(F~(y) N C),
then U is an open neighborhood of z in C. If z € U, then z € C' and y € F(z)
for all y € A and hence A C F(z) and y € H-co(A) C H-co(F(z)). It follows
that

z € (H-coF) ' (y)nC for all z € U.

Therefore (H-co F)~(y) N C is open in C and so (H-co F)~!(y) is compactly
open in D for each y € X.

The following result is Corollary 1 of Ding-Tan [9].

Lamma 3.2. Let (X,{T'4}) be an H-space and G : X — 2% be such that
(1) G is an H-KKM mapping,

(2) for each x € X, G(x) is closed in X and for some xo € X, G(xg) is
compact.
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Then NgexG(x) # 0.
We shall first show the following main fixed point theorem.
Theorem 3.1. Let (X,{T'a}) be an H-space, F,G : X — 2% and K be a
nonempty compact subset of X such that
(1) for each x € X, F(z) C G(z),
(2) for eachy € X, F~(y) is compactly open in X,

(3) for each N € F(X), there exists a compact weakly H-conver subset Ly
of X with N C Ly such that for each nonempty compact subset C' of X,

Ly NNgerycle((X\(H-coG)"Hx))NC) C K,

(4) for each x € K, F(x) # 0.
Then there exists y € X such that y € H-co(G(Y)).

Proof. Suppose that the conclusion does not hold. Then for each x €
X, © ¢ H-co(G(z)). By assumption (2) and Lemma 3.1, for each nonempty
compact subset C' of X and for each y € X, (H-coF)™'(y) N C is open in C
and (H-co F)~1(y) is compactly open in X for each y € X.

For each z € X, let

T(z) = clx(X\(H-coG)~}(z)) N K, and
S(z) = (X\(H-coF) Y(2))N K.
We shall prove that the family {T'(x) : € X} has the finite intersection
property. Let N € F(X). By (3) there exists a compact weakly H-convex
subset Ly of X with N C Ly and hence (Ly,{I'4a N Ly}) is a compact
H-space. Define two mappings Tp, So : Ly — 25V by
To(z) = el (X\(H-coG)™1(z)) N Ly), and
So(x) = (X\(H-coF)"}z))N Ly

for each x € Ly. Then we have

(a) for each x € Ly, So(w) is closed in Ly since (H-co F)~!(z) is compactly
open and Ly is compact,

(b) for each x € Ly, To(z) C So(x) by (1) and (a),

(c) for each = € Ly, Tp(x) is compact,

(d) Tpis an H-KKM mapping. Indeed, it is enough to show that the mapping
T* : Ly — 25N defined by
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T*(z) = (X\(H-coG)™Y(2)) N Ly for each x € Ly,
is an H-KKM mapping. If this were false, then there exists A € F(Ly) and a
point z € H — co(A) such that
z g UxeAT*(‘r)
= Ugeal(X\(H-coG)™!(z)) N L]
= (X\Ngea (H-coG) 1 (z))N Ly.
It follows that z € Nyea(H-coG)~1(x) and hence A C H-co(G(z)). Therefore

we have
z € H-co(A) C H-co(G(z)),

which contradicts the fact that for each z € X, =z ¢ H-co((G(x)). Hence T
is an H-KKM mapping and so Ty is also an H-KKM mapping. By applying
Lemma 3.2, we have
0 # NeeryTo(z)
= MeeLyCliy (X\(H-coG)™}(z))NLy)
C Meeryclx(z\(H-coG) (z)) N Ly.
Take § € Nyeryclry (X \(H-coG)~1(z)) N Ly). By assumption (3), we must
have § € K and hence
9 € Neenycx(X\(H-coG) Y z))NK
- meLNT<m)
That is, the family {T'(z) : « € X} has the finite intersection property. By

the compactness of K,NexT(z) # 0. By (1) and (2), we have T'(z) C S(z)
for each z € X and hence

0 # NyexS(x)
= Meex(X\(H-coF) Y(z))N K
= KN (X\Ugex (H-coF) (z))
= K\ Ugex (H-coF) ().
But, by the assumption (4), for each x € K, F(z) # 0 and hence

K C Ugex(H-co F)™Y(x))
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which is a contradiction. Therefore the conclusion must hold.

Corollary 3.1. Let X be a nonempty convex subset of a topological vector
space and F,G : X — 2% be such that

(1) for each x € X, F(z) C G(z),

(2) for eachy € X, F~(y) is compactly open in X,

(3) there exist a nonempty compact convex subset Xo of X and a nonempty
compact subset K of X such that for each y € X\K, there is an x €
co(XoU{y}) with y & clc((X\(coG)~1(z))NC) for any nonempty com-
pact subset C' of X,

(4) for each x € K, F(x) # 0.
Then there ezists a point § € X such that § € co(G(Y)).

Proof. For each A € F(X), let I'y = co(A), then (X,{I"'4}) is an H-space.
Since X is compact and convex, for each N € F(X), Ly = co(XoUN) is also
a nonempty compact and convex subset of X with N C Ly. Now we claim
that condition (3) implies condition (3) of Theorem 3.1. Indeed, if condition
(3) of Theorem 3.1 does not hold, then there exist a finite set N € F(X) and
a nonempty compact subset C' of X such that

Ly NNeerycle((X\(coG) Hx))NC) ¢ K.

Thus there exists a point y € Ly\K such that y € clo((X\(coG)~(z)) N O)
for all x € Ly which contradicts assumption (3) since y € Ly implies co(XoU
{y}) € Ln. The conclusion of Corollary 3.1 follows from Theorem 3.1.

Remark 3.1. Corollary 3.1 is Theorem 3.1 of Ding-Tarafdar [13] which
improves and generalizes Theorem 3” of Ding-Tan [11] (also see Lemma 1 of
Ding-Tan [12]). Corollary 3.1 also generalizes Theorems 2.4’, 2.4” and 2.4”’ of
Tan-Yuan [25], Theorem 1 of Ding-Tan [10], Theorem 1 of Tarafdar [26] (also
Theorem 1 in [20]), Theorem 2 of Tarafdar [28] and Theorem 1.2 of Tarafdar
[27].

Corollary 3.2. Let (z,{T'a}) be an H-space, G : X — 2% and K be a
nonempty compact subset of X such that
(1) for each y € X, G1(y) is compactly open in X,

(2) for each N € F(X), there exists a nonempty compact weakly H-convex
subset Ly of X with N C Ly such that for each y € Ly\K, there is an
x € Ly with x € H — co(G(y))

(3) for each x € K, G(x) # 0.
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Then there exists a point § € X such that § € H-co(G(9)).
Proof. Condition (2) implies that for each N € F(X),
LN\K C Ugery (H-coG)™(x)
and hence

LynN ﬁweLN(X\(H—coG)*l(ac)) = LnN(X\ Ugery (H-coG)~1(x))
= Ln\Usery (H-coG)™Y(z) C K.

Thus for any nonempty compact subset C of X, we have
Ly N Nerny (X\(H-coG) ' (z))nC)c KNC C K.

By assumption (1) and Lemma 3.1, (H-co G)~!(z) is compactly open in X for
each z € X. It follows that each (X\(H-coG) !(x))NC is closed in C and so

cle((X\(H-coG) Hx)) N C) = X\(H-coG) ! (z)) N C.
Hence we have
Ly NNgerycle((X\(H-coG)"H(z))NC) C K.

By applying Theorem 3.1 with F' = G, there exists a point § € X such that
g € H-co(G(7)).

Remark 3.2. Corollary 3.2 improves and generalizes Theorem 3” of Ding-
Tan [11] (also see, Lemma 1 of Ding-Tan [12]).

The following are some equivalent versions of Theorem 3.1.

Theorem 3.2. Let (X,{T'4}) be an H-space, F,G : X — 2% and K be a
nonempty compact subset such that

(1) for each x € X, F(x) C G(z) and G(x) is H-convez,

(2) for each y € X, F~Y(y) is compactly open in X,

(3) for each N € F(X) there exists a compact weakly H-convex subset Ly
with N C Ly such that for any nonempty compact subset C' of X,

Ly NNeerycle((X\G™Y(z))NO) C K,

(4) for each y € K, F(y) # 0.
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Then there ezists a point § € X such that y € G(y).

Theorem 3.3. Let (X,{T'4}) be an H-space, G : X — 2% and K be a
nonempty compact subset of X such that

(1) for each y € X, G~ (y) contains a compactly open subset O, (which
may be empty) of X,

(2) for each N € F(X), there exists a compact weakly H-convex subset Ly
with N C Ly such that for any nonempty compact subset C of X,

Ly N Ngeryclo(X\(H-co) Hz))NC) Cc K

and K C UzexOy.
Then there exists a point § € X such that § € H-co(G(9)).

Theorem 3.4. Let (X,{T'4}) be an H-space, G : X — 2% and K be a
nonempty compact subset of X such that

(1) for each x € X, G(z) is H-convez,
(2) for each y € X, G~ (y) contains a compactly open subset O, (which
may be empty) of X,
(3) condition (3) of Theorem 3.2 holds and K C UgzexOy.
Then there exists a point § € X such that g € G(9).

Sketch of Proofs:

(1) Theorem 3.1 <= Theorem 3.2 and Theorem 3.3 <= Theorem 3.4 are
obvious.

(2) Theorem 3.1 = Theorem 3.3: Define a mapping F : X — 2% by
F(z) ={y e X :2 € Oy} for each z € X.

3) Theorem 3.3 = Theorem 3.1: For each y € X. Iet O, = F~'(y) where
y
F' is given in Theorem 3.1.

Remark 3.3. Theorem 3.2 generalizes Theorem 2.4’ of Tan-Yuan [25]
to H-space and the coercive condition (3) in Theorem 3.2 is weaker than the
condition (d) in Theorem 2.4’ of Tan-Yuan [25]. Theorem 3.3 improves and
extends Theorem 3.3 of Ding-Tarafdar [13] and Theorem 2.4”” of Tan-Yuan
[25] to H-space and in turn generalizes Theorem 1 of Tarafdar [26], Theorem 2
of Tarafdar [28] and Theorem 1.2 of Tarafdar [27] and the corresponding results
of Ding-Tan [7], Metha-Tarafdar [20], Border [3], Browder [5] and Yannalis
[37].
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4. MINIMAX INEQUALITIES

In this section, we shall show some minimax inequalities in H-space which
generalize some recent results in the literature.

Let (X,{T"4}) be an H-space and ¢ : X x X — RU{xoo}. ¢(z,y) is said
to be y-H-diagonally quasiconcave (in short, v-HDQCV) in z for some v € RU
{£o0}, if for any A € F(X) and for any xg € H—co(A), mingea ¢ (z,zo) < 7.
Clearly, the notion “i(x,y) is v-HDQCYV in x” is a generalization of the notion
“p(x,y) is v-DQCV in z” introduced by Zhou-Chen [40].

Lemma 4.1. Let (X,{l'a}) be an H-space and ¢ : X x X — RU {£o0o}.
Then the following conditions are equivalent:

(1) ¢¥(x,y) is 0-HDQCV in z,
(2) the map x — F(z) ={y € X : ¢¥(x,y) <0} is HHKKM,

(3) for each x € X, © & H-co(G(x)) where G(y) = {x € X : ¢(z,y) > 0}
for each y € X.

Proof. (1) = (2). Suppose (1) holds. If (2) does not hold, then there
exists A € F(X) such that H —co(A) ¢ UzeaF(z). Choose any xg € H-co(A)
such that zo € UzeaF(x). It follows that ¥ (z, o) > 0 for all z € A and hence
minge 4 ¥(x, z9) > 0 which contradicts (1).

(2) = (1). Suppose (2) holds. If (1) is not true, then there exists A €
F(X) and zg € H-co(A) such that mingea ¢(z,x9) > 0. Hence we have
xo € F(x) for all z € A so that xg € UyeaF(x) which contradicts (2).

(1) = (3). Suppose (1) holds. If there exists a point xg € X such that
xg € H-co(G(xp)). By Lemma 1 of Tarafdar [29], there exists A € F(G(xg))
such that xg € H-co(A) and hence ¥ (z,z9) > 0 for all z € A which contradicts
(1).

(3) = (1). Suppose (3) holds. If ¢)(x,y) is not 0-HDQCV in z, then there
exist A € F(X) and z9 € H-co(A) such that ¢(z,z¢) > 0 for all z € A. Hence
we have A C G(zg) and so xg € H-co(A) C H-co(G(zp)). This contradicts

(3).

Theorem 4.1. Let (X,{T'a}) be an H-space, ¢, : X x X — RU{+oo}
and K be a nonempty compact subset of X such that

(a) for each (z,y) € X x X, ¢(x,y) < ¢Y(x,y),

(b) for each x € X, y+—— ¢(x,y) is lower semicontinuous (in short, l.s.c.)
on each nonempty compact subset C of X,

(¢) ¥(z,y) is -HDQCV in x,
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(d) for each N € F(X), there exists a compact weakly H-convex subset Ly
of X with N C Ly such that for any nonempty compact subset C of X,

Ly NNgerycle((X\(H-coG) " H(x))NC) C K,

where G(y) = {x € X :(x,y) > 0} and (H-coG) (z)={ye X:z €
H-co(G(y))}-
Then there exists § € X such that ¢(x,9) <0 for all x € X.

Proof. Define the maps F,G : X — 2% by

F(y)={z € X : ¢(z,y) > 0}, G(y) = {z € X : ¢(x,y) > 0}

for each y € X, respectively. Then conditions (1), (2) and (3) of Theorem 3.1
are satisfied by asumptions (a), (b) and (d). By assumption (c¢) and Lemma
4.1, the conclusion of Theorem 3.1 does not hold. Hence condition (4) of
Theorem 3.1 is not true and so there exists a point § € K such that F(3) = 0.
This shows that ¢(z,9) <0 for all z € X.

In fact, Theorem 3.1 and Theorem 4.1 are equivalent.
Proof of Theorem 3.1 using Theorem 4.1. Define ¢, : X x X — R by

1 ifze Fy),
¢(“’”’y>:{o g Pl

1 itz eG(y),
vl y) = { 0 ifzd&G(y).

By assumptions (1), (2) and (3) of Theorem 3.1, conditions (a), (b) and (d) of
Theorem 4.1 are satisfied. If the conclusion of Theorem 3.1 does not hold, by
Lemma 4.1, ¥(x,y) is -HDQCV in z. By applying Theorem 4.1, there exists
g € K such that ¢ (z,9) <0 for all z € X and hence z ¢ G(9) for all z € X.
Therefore G(g) = () which contradicts assumption (4) of Theorem 3.1. Hence
the conclusion of Theorem 3.1 must hold.

The following results are direct consequences of Theorem 4.1.

Corollary 4.1. Let X be a nonempty convex subset of a topological vector
space and ¢, : X x X — RU{xo0} be such that

(a) for each (z,y) € X x X, ¢(z,y) < ¢(z,y),
(b) for each x € X, y+—— ¢(x,y) is l.s.c. on each nonempty compact subset
C of X,
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(c) Y(z,y) is 0-DQCV in z, (see, [40])

(d) there exist a nonempty compact convex subset Xo of X and a nonempty
compact subset K of X such that for each y € X\K, there is an x €
co(Xo U {y}) satisfying y & clc((X\(coG) ™ (z))NC) for any nonempty
compact subset C' of X, where G(y) = {x € X : ¢(x,y) > 0} for each
y€ X and (coG) Hz)={y € X : 2 € co(G(y))}.

Then there exists §j € K such that ¢(x,9) <0 for all z € X.

Proof. For each A € F(X), let 'y = co(A). Then (X,{T'4}) is an H-
space. Assumptions (a), (b) and (c) imply that conditions (a), (b) and (c) of
Theorem 4.1 are satisfied. For each N € F(X), let Ly = co(Xo U N), then
Ly is a nonempty compact convex subset of X with N C Ly. If condition (d)
of Theorem 4.1 does not hold, then for some N € F(X) and some nonempty
compact subset C' of X,

Ly N Ngeryclo((X\(coG) )N C) ¢ K.

Therefore there is a y € Ly\K such that y € clo((X\(coG)~(z)) N C) for
each z € Ly. This contradicts assumption (d) of the Corollary since y € Ly
implies co(Xo U {y}) C Ly. Hence condition (d) of Theorem 4.1 holds. The
conclusion follows from Theorem 4.1.

Corollary 4.2. Let X be a nonempty convex subset of a topological vector
space and ¢, 1 X x X — RU{do0} be such that

(1) conditions (a), (b) and (c¢) of Corollary 4.1 hold,

(2) there exist a nonempty closed and compact subset K of X and an zo € X
such that ¥(xo,y) >0 for ally € X\K.

Then there exists § € K such that ¢(x,y) <0 for all z € X.

Proof. 1f Xo = {z0}, then Xj is a nonempty compact convex subset of X
and zg € co(XoU {y}) for any y € X\K. Let G(y) = {z € X : ¢(z,y) > 0}
for each y € X. Assumption (2) implies

X\K Cc {y € X :1p(xo,y) >0} = G (20) C (coG) (o)
and hence X\(coG)~!(xg) C K. It follows that
ce((X\(coG) Hz))NC) Cc K

for any nonempty compact subset C' of X. Therefore for each y € X\K,
there exists 2o € co(Xo U {y}) such that y & clc((X\(coG)1(x9) N C). The
conclusion of the Corollary follows from Corollary 4.1.
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Remark 4.1. Corollary 4.2 is Theorem 2.2 of Tan-Yuan [25]. Hence
Theorem 4.1 improves and generalizes Theorem 2.2 of Tan-Yuan [25] to H-
spaces.

The following results are equivalent formulations of Theorem 4.1.

Theorem 4.2. (First Geometric Form) Let (X,{T'a}) be an H-space,
BCDCX xX and K be a nonempty compact subset of X such that
(1) for each x € X, the set {y € X : (z,y) € B} is compactly open in X,

(2) for each A € F(X) and for each y € H-co(A), there excists x € A such
that (z,y) € D,

(3) for each N € F(X), there exists a nonempty compact weakly H-convex
subset Ly of X with N C Ly such that for any nonempty compact subset
C of X,

Ly N Neernycle((X\(H-coG)"Hz))NC) C K,

where G(y) = {z € X : (2,y) € D} and (H-coG) z)={ye X :x €
H-co(G(y))}-

Then there exists § € K such that {x € X : (z,9) € B} = 0.

Theorem 4.3. (Second Geometric Form) Let (X,{T'4}) be an H-space,
M CLCXxX and K be a nonempty compact subset of X such that
(1) for each x € X, the set {y € X : (z,y) € L} is compactly closed in X,

(2) for each A € F(X) and for each y € H-co(A), there exists x € A such
that (xz,y) € M,

(3) for each N € F(X), there exists a nonempty compact weakly H-convex
subset Ly of X with N € Ly such that for any nonempty compact subset
Cof X,

Ly N Ngernycle((X\(H-coG) Y x))NC) C K,
where G(y) ={z € X : (z,y) € M} and (H-coG) Hz)={ye X :x €
H-co(G(y))}-
Then there exists § € K such that X x {y} C L.

Sketch of Proofs:

(1) Theorem 4.1 = Theorem 4.2. Let ¢,1 : X x X — R be the character-
istic functions of B and D, respectively.

(2) Theorem 4.2 = Theorem 4.1. Define B = {(z,y) € X x X : ¢(z,y) >
0} and D = {(z,y) € X x X : ¢(z,y) > 0}.
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(3) Theorem 4.2 = Theorem 4.3. Let B =X x X\L and D = X x X\ M.
(4) Theorem 4.3 = Theorem 4.2. Let L = X x X\B and M = X x X\D.

Remark 4.2. Theorems 4.2 and 4.3 improve and generalize Theorems 2.2’
and 2.2” of Tan-Yuan [25] and the corresponding results of Shih-Tan [22, 23],
Yen [39] and Ky Fan [16].

5. EXISTENCE OF MAXIMAL ELEMENTS

Let X be a topological space and T : X — 2% be a correspondence. A
point 2y € X is said to be a maximal element of T" if T'(xo) = 0.

The following result is an equivalent formulation of Theorem 3.1.

Theorem 5.1. Let (X,{T'4}) be an H-space, F,G : X — 2% and K be a
nonempty compact subset of X such that
(1) for each x € X, F(xz) C G(x) and for each x € K, © ¢ H-co(G(x)),
(2) for each y € X, F~1(y) is compactly open in X,
(3) for each N € F(X), there exists a compact weakly H-convexr subset Ly
of X with N C Ly such that for any nonempty compact subset C of X,

Ly N Ngernycle((X\(H-coG) Y z))NC) C K.

Then there exists §j € K such that F(§) = 0, i.e. § is a maximal element of
F.

Remark 5.1. Theorem 5.1 improves and generalizes Theorem 2.2”’ of
Tan-Yuan [25] to H-space.

Theorem 5.2. Let (X,{T'a}) be an H-space, G : X — 2% be of class Lp
and K be a nonempty compact subset of X. Suppose that for each N € F(X),
there exists a compact weakly H-convexr subset Ly of X with N C Ly such
that for any nonempty compact subset C' of X,

Ly NNgerycle((X\(H-coG)"Hx))NC) C K.
Then there exists § € K such that G(g) = 0.

Proof. Since G is of class L, we have
(a) for each z € X, x & H-co(G(x)),
(b) there exists a correspondence F' : X — 2% such that (1) for each z €
X,F(z) C G(z); (2) for each y € X, F~(y) is compactly open in X;
B){zeX:F(x)#0} ={r e X :G(x) # 0}.
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Suppose G(z) # 0 for all z € K, then by (3), F(z) # 0 for each x € K. By
applying Theorem 3.1, there exists a point § € K such that § € H — co(G(7))
which contradicts (a). Hence there must exist an § € K such that G(g) = 0.

Remark 5.2. Theorem 5.2 generalizes Theorem 4.1 of Ding-Tarafdar
[13], Theorems 3 and 4 of Ding-Tan [10] and Theorem 3.2 of Tan-Yuan [25] to
H-spaces.

Lemma 5.1. Let X be a reqular topological space, Y be a nonempty subset
of an H-space (E,{T'a}). Let0: X — E and P : X — 2Y be Ly p-majorized.
If each open subset of X containing the set B = {x € X : P(x) # 0} is
paracompact, then there exists a correspondence ¢ : X — 2 of class Ly r
such that P(x) C ¢(z) for all z € X.

Proof. Since P is Ly p-majorized, for each x € B, let N, be an open

neighborhood of z in X and ¢, ¢, : X — 2¥ be such that
1) for each z € N, P(z) C ¢5(2) and 6 & H-co(¢y(2)),
2) for each z € X, 9,(2) C ¢2(2) and H-co(¢,(2)) C Y,
3) for each y € Y, ¢ 1(y) is compactly open in X,
4) for each A € F(B),

{z € NpeaNy : NzeaH-co(d:(2)) # 0}

- {Z € NgealNy : mxeAH'CO(T/}w(z)) # Q)}
Since X is regular, for each x € B, there exists an open neighborhood G, of
x in X such that clxG, C N;. Let G = UzecpGy,, then G is open in X which
contains B so that G is paracompact by the assumption. By Theorem VIII.1.4
of Dugundji [15, p. 162], the open covering {G,} of G has an open precise

neighborhood-finite refinement {G/,}. For each x € B, we define ¥/, ¢’ : G —
2Y by

(
(
(
(

W (2) = | Hreola(z) if 2 € GNelxGy,
; Y if 2 GNelxG

T

¢ (2) = H-co(¢z(2)) if z€e GNelxGl,
Y if z¢ GNelxG.

Then we have

(1) for each z € G, ¢ (z) C ¢.(2) by (2),
(i) {z € G:¥,(2) # 0} = {2 € G : ¢/;(2) # 0} by (4), and
(iii) for each y €Y,

39



40 Ding Xie-Ping

W) 'y = {zeGiyevi(=)}
= {zeGNdxG :yel(z)} U{z € G\cxCG, : y € V.(2)}
= {ze€GnNdxG :y e H-co(pu(2))} U{z € G\cIxG, : y € Y}
= [(GNdxGy) N (H-cotps) " ()] U (G\elxGY)
— (G N (Hocotn) 1) U (G\elx ).
It follows from (3) and Lemma 3.1 that for each nonempty compact subset C
of X, (W,) Y (y)NC = (GN (H-cotb,) *(y) N O)U ((G\clxG.) N C) is open
" le\'IOW define 1, ¢ : X — 2Y by

) MeeBl(2)  if z €@,
1/’("’)_{ 0 if 2 € X\G;

_ m:pEBQb,w(Z) if z €@,
9(2) = { 0 if 2 € X\G.

Let z € X be given. Clearly, (2) implies ¢(z) C ¢(2) and H-co(¢(z)) C Y.
If z € X\G, then ¢(2) = 0 so that 0(z) & H-co(¢(2)); if z € G, then z €
G Neclx G, for some x € B so that ¢,(z) = H-co(¢,(z)) and hence ¢(z) C H-
co(¢z(2)). As 0(z) & H-co(¢l,(z)) by (1) we must also have (z) ¢ H-co(¢(z)).
Therefore 0(z) ¢ H-co(¢(z)) for all z € X. Now we show that for each
y €Y, v~ !(y) is compactly open in X. Indeed, let y € Y be such that
Y~ Yy) # 0 and C be a nonempty compact subset of X; fix an arbitrary
ueYtyYyNC={zeX:yc())}NC={2€G:yecy(z)}nC. Since
{G"} is a neighborhood- finite refinement, there exists an open neighborhood
M, of w in G such that {z € B: M,,NclxG!, # 0} = {x1, -+, x,}. Note that
for each € B with « & {x1, -+, 2,},0 = M, NG, = M, N clxG!, so that
Y, (2) =Y for all z € M,,. Thus we have

P(2) = Neepy(2) = Mz ¥, (2)
for all z € M,,. It follows that
v Hy) = {zeX:yev(x)}={2€ G y€uepyi(z)}
C {z€My:y € Nuepy(z)}
{z € My:y ey, (2)}
Myn{z € Gy ey ()}
= M.n [Ny (4r,) " W)
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But then M} = M, N [N, (¢, )" (y)] N C is an open neighborhood of u in
C such that M, C ! (y) N C since (¢,,)*(y) is compactly open in X. This
shows that for each y € Y, 9 ~!(y) is compactly open in X. Next we claim
{z€X :¢(2) #0} = {2z € X : ¢¥(2) # 0}. Indeed, for each w € X with
d(w) # 0, we must have w € G. Since {G/;} is neighborhood- finite, the set
{r e B:weddxG,} ={x, -, x},} is finite so that if z & {2, -+, 2]}, then
w & clxGl and ¢ (w) =L (w) =Y. Thus we have

¢(w) = Neepdlp(w) = M2y H-co(¢), (w)),
(W) = Neepty(w) = MLy H-co(y, (w)).

Since w € MiZyclx Gy C ML Ny, it follows form (4) that ¢(w) # 0. Hence
{z € X :¢(2) # (ZJ}ZC {z € X : ¢¥(2) # 0}. Conversely, (2) implies that
{ze€ X :¢(z) #0} C {z € X : ¢(z) # 0}. Therefore

{zeX Y(z) #0} = {2z € X : ¢(2) # 0}.

This shows that ¢ is of class Lg . To complete the proof, it remains to show
that P(z) C ¢(z) for each z € X. Indeed, let z € X with P(z) # (. Note
then z € G. For each x € B, if z € G\clxG., then ¢, (2) =Y C P(z)
and if z € GNelxGl, we have z € clxG), C clxG, C N, so that by (1),

P(z) C ¢u(2) C ¢,(2). Tt follows that P(z) C ¢! (z) for each z € B so that
P(z) C Ngepdly(z) = ¢(2).

Remark 5.2. Lemma 5.1 generalizes Lemma 2 of Ding-Tan [10,12],
Lemma 2 of Ding-Kim-Tan [7], Lemma 3.1 of Tan-Yuan [25] and Proposition
1 of Tulcea [35] to H-spaces.

As an application of Theorem 3.1 and Lemma 5.1, we shall now present
the following result concerning the existence of a maximal element.

Theorem 5.3. Let (X,{['4}) be a paracompact H-space, P : X — 2% be
an Lp- majorized correspondence and K be a nonempty compact subset of X .
Suppose that for each N € F(X), there exists a nonempty compactly weakly

H-convex subset Ly of X with N C Ly such that for any nonempty compact
subset C' of X,

Ly N Neernycle((X\(H-coP) }(z))NC) C K.
Then there exists a § € K such that P(g) = 0.

Proof. We first prove that for each z € X\K, P(z) # (. Indeed, for
r € X\K, L, is a nonempty compact subset of X with {z} C L,; and by
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the assumption, we must have
x & ﬂxeL{I}clL{z}((X\(H—coP)*l(a:)) N Lizy)-

It follows that there exists a y € Ly, such that x € (H-coP)~'(y) and
hence y € H-co(P(z)) and P(x) # (). Now suppose that the conclusion of
the theorem does not hold. Then P(x) # ) for all z € X and hence the
set {x € X : P(x) # 0} = X is paracompact. By Lemma 5.1, there exists
a correspondence ¢ : X — 2% of class Lr such that P(z) C ¢(x) for each
x € X. It follows that for each N € F(X) and for any nonempty compact
subset C' of X,

Ly NNgeryele((X\(H-cop)~ (x)) N C)
C Ly NNgeryclo((X\(H-coP) Y(z))NC) C K.

By Theorem 5.2, there exists an § € K such that ¢(g) = () so that P(g) = 0.
which is a contradiction. Therefore there exists a point § € K such that
P(y) = 0.

Remark 5.3. Theorem 5.3 generalizes Theorem 1 of Ding-Tan [12] and
Theorem 3.3 of Tan-Yuan [25] to H-spaces and in turn generalizes Theorem 5 of
Ding-Tan [10], Corollary 1 of Borglin-Keiding [4]. Theorem 2.2 of Toussaint
[34], Theorem 2 of Tulcea [35], Theorem 5.1 and Corollary 5.1 of Yannelis-
Prabhakar [38] and Theorem 2 of Yannelis [37] to H-spaces.

6. EQUILIBRIUM EXISTENCE THEOREMS

Let I be a (possibly infinite) set of agents. For each i € I, let its choice or
strategy set X; be a nonempty subset of a topological space. Let X = Il;c1X;.
For each i € I, let P; : X — 2%i be a preference correspondence. Following
the notion of Gale and Mas-Colell [17], the collection I' = (X;, P;)ier will be
called a qualitative game. A point x € X is said to be an equilibrium of the
game I if P;j(z) = () for all i« € I. For each i € I, let A; be a subset of Xj.
Then for each fixed k € I, we define

H Aj R A, = {x = (l‘i)igj cx; € A; forall 1 € I}.
JELj#k

An abstract economy (=generalized game) is a family of quadruples I' =
(X, Ai, B;, P;)ier where I is a (finite or infinite) set of agents (players) such
that for each i € I,X; is a nonempty subset of a topological space and
A;, B; + X = I;er X; — 2% are constraint correspondences and P; : X — 2%
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is a preference correspondence. When I = {1,---, N} where N is a positive
integer, I' = (Xj, A, By, P;)icr is also called an N-person game. An equilib-
rium point of ' is a point € X such that for each i € I, x; € B;(x) and
Ai(xz) N Pj(z) = 0. we remark that when each X; is a nonempty subset of a
topological vector space and B;(z) = clx, B;(z) (which is the case when B; has
a closed graph; in particular, when ¢l B; is u.s.c. with closed values), the defi-
nitions of an abstract economy and an equilibrium point coincide with that of
Ding-Kim-Tan [7] and Ding-Tan [10,12]; and if in addition, A; = B; for each
1 € I, the definitions of an abstract economy and an equilibrium point coincide
with the standard definitions; e.g. in Borglin Keiding [4], Tulcea [35, 36] and
Yannelis-Prabhakar [38].

As an application of Theorem 5.2, we shall prove the following equilibrium
existence theorem for a one-person game.

Theorem 6.1. Let (X,T'4}) be an H-space, A, B, P : X — 2% and K be
a nonempty compact subset of X such that

(1) for each x € X, H-co(A(z)) C B(x),

(2) for eachy € X, A=Y(y) is compactly open in X,
(3) AN P is of class LF,

(4)

4) for each N € F(X), there exists a compact weakly H-convex subset Ly
of X with N C Ly such that for any nonempty compact subset C of X,

Ly N Naerycle(X\(H-coANP)"(2))N C) C K,

(5) for each x € K, A(zx) # 0.
Then there exists a point & € K such that & € B(%) and A(2) N P(z) = 0.

Proof. If M = {x € X : 2 ¢ B(x)}, then M is open in X. Define
¢: X — 2% by

_J Alx)nP(x) ifxz¢gM,
o) = { A(x) if € M.

Since AN P is of class L, for each x € X, x ¢ H-co(A(z) N P(z)) and there

exists a correspondence 3 : X — 2% such that

(a) for each z € X, B(x) C A(x) N P(z),
(b) for each y € X, 7 (y) is compactly open in X, and
(c) {zeX:Bx)#0}={xeX:A(x)NP(x) #0}.

43



44 Ding Xie-Ping

Now define a correspondence ¢ : X — 2% by

) Blx)  ifx¢g M,
V(@) —{ Alz) ifze M.

Clearly for each z € X, ¢(z) C ¢(x) and {x € X : ¢(z) # 0} = {z €
X : ¢(x) # 0} by (c). For each y € X, it is easy to see that ¢~ 1(y) =
(M U B Y(y)) N A~ 1(y) and is compactly open in X by (2) and (b). For each
x € X, if z € M, then z ¢ B(x), it follows from (1) that x & H-co(¢(z)); if
x & M, then z ¢ H-co(A(x)NP(z)) = H-co(¢(x)) since x ¢ H-co(A(x)NP(z))
for all z € X. This shows that ¢ is of class Lr. By (4) and the definition of
¢, for each N € F(X) and for any nonempty compact subset C' of X, we have

Ly N Neeryele(X\(H-co$) " (2)) N C) € K.

By applying Theorem 5.2, there exists a point & € K such that ¢(z) = 0.
Since for each x € K, A(x) # () and the assumption (4) implies that A(x)

for all z € X\ K. Hence A(z) # 0 for all z € X so that we must have 2 € B(%)
and A(z) N P(z) = 0.

Remark 6.1. Theorem 6.1 improves and generalizes Theorem 5.1 of Ding-
Tarafdar [13], Theorem 4 of Ding-Tan [11], Theorem 4.1 of Tan-Yuan [25] and
Theorem 6 of Ding-Tan [10] to H-spaces.

As an application of Theorem 5.3, we shall show the following equilibrium
existence theorem for a noncompact qualitative game in H-spaces.

Theorem 6.2. Let I' = (X;, P;)icr, be a qualitative game such that X =
IL;c1 X; is paracompact. Suppose the following conditions are satisfied:
(1) for each i€ I, (X;,{T'4,}) is an H-space,
(2) for eachi €I, P;: X — 2Xi is an Lp-majorized correspondence,
(3) Uier{z € X : Pi(z) # 0} = Ujerintx{z € X : Pi(x) # 0},
(4) For each N € F(X) there exists a compact weakly H-convexr subset Ly
of X with N C Ly and there exists a nonempty compact subset K of X
such that for each y € X\K, there is an © € Ly with y & clo((X\(H-

co Pi)_l(:n)) NC) for each i € I and for any nonempty compact subset C
of X.

Then I' has an equilibrium point in K.

Proof. For each x € X, let I(x) = {i € I : PJ(x) # (0}. For each
i € I, define a correspondnce P/ : X — 2% by P/(z) = Hjesj2X; ® Pi(z).
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Furthermore, define the correspondence P : X — 2% by

ic1(zyH-co(P/(z)) if I(z) # 0,
Ple) = { “ if I(z) =0

Then for each x € X, P(z) # 0 if and only if I(z) # (). Now we prove that P
is an £ p-majorized correspondence. For each x € X with P(x) # (), by (3), let
i(x) € I be such that « € intx{z € X : Pi(x)(z) # 0} and by (2), N(z) be an
open neighborhood of = in X and ¢;(z), ¥;(z) : X — 2% be correspondences
such that

(1) for each 2z € N(z), Pi(2)(2) C ¢i(z)(2) and 2,y & H-co(¢i()(2)),
(ii) for each 2z € X, ;(4)(2) C ¢i(z)(2),
(iii) for each y € X;(,), T/J;(wl) (y) is compactly open in X,
(iv) for each finite subset {x1,---,x,} of the set {x € X : P(z) # (0} with
i(xr) = - = i(zn),
{z € Mo N () : Moy H-co(vi(;)(2)) # 0}
= {z € Nj_ 1 N(zy) : Nj_ H-co(i(a;)(2)) # 0}

Without loss of generality we may assume that N(x) C intx{z € X : Pj;)(2) #
0} so that P;;)(z) # 0 and hence i(z) € I(z) for all z € N(x). Let x € X be
such that P(z) # 0; define d);.(x), wg(x) : X — 2% by

Vi) = II X5 @ H-co(ti)(2)),
JE€l,j#i(x)

g{)é(w)(z) = H X @ H-co(¢i(z)(2))
JEI j#i(x)

for each x € X. Then we have
(a) for each z € N(z), by (i),

P(Z) = ZEI( )H CO(P( )) - H'CO(PZ‘/@‘(QC)(Z»

= Il X;®H-co(Py)(2))
JEI,j#i(x)

C I[I X;®H-co(¢y(2))
JEIj#i(z)

= d’;(x)(z)

and Zz(:p gH CO((Z)Z(;,;)( ))a
(b) for each z € X, by (ii), v}, (2) C &, (2);
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(c) for each y € X, ( ;(x))*l(y) = (H—cowi_(;) (Yi(z)) is compactly open in
X by (iii) and Lemma 3.1;

(d) for any finite set A of {x € X : P(x) # 0}, let U{I(x) : x € A} =
{i1,---,ix} where iy, -, i are all distinct and for each t = 1,---, k let A; =
{z € A:i(x) =14;}. Note that for each z € X,

ﬁggeAH—co(wg(x)(z)) = MNgea H X @ H-co((2)(2))
jelj#i(z)
= ﬂf:l H Xj ® (mxeAtH_CO(¢i(m)(z))
JEL j#it
so that for each z € NyeaN(x), if NyeaH-co(V)] »(2) = (), then there exists
m € {1,---,k} such that Nyea,, H-co(Viz(2)) = 0;
NeeA,, H-co(¢i(z)(2)) = 0. Thus

ﬂxeAH'CO(¢;(JC)(2)) = Mgea H Xj @ H-co(¢i(y)(2))
jel,j#i(z)
= ﬁ115:1 H Xj®(mx6AtH_CO(¢i(a:)(z))
JEl jFit

it follows from (iv) that

From this fact together with (b), we conclude that
{Z € macGAN(x) : mmEAH'CO(wi(x)(Z)) # 0}
= {2 € NgeaN(z) : NgeaH-co(d;(y)(2)) # 0}

This shows that P is Lp-majorized. By (4), for each y € X\ K, there exists
an x € Ly such that for any nonempty compact subset C' of X

y ¢ Uierclo((X\(H-coP)~'(x;)) N C)
= do(Uier(X\(H-co P;)~!(z;)) N C)
= co((X\ Nier (H-co Py)~!(z;)) N C),

and P;(y) # (0 for each y € X\K and i € I. Hence I(y) = I for each y € X\ K.
By the definition of P/ and P, we have

H-co(P(y)) = Nier H-co(PL(y)) = [] H-co(P(y)).
i€l
It follows that
(H-coP)™Y(2) = {ye€ X :2¢€ H-co(P(y))}
= {yeX:xe€ HH—CO(PZ‘(y))}
el
= {ye X :y€ (H-coP;) ! (x;) for each i € I}

= NMicr(H-co P) ().
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Thus we have that for each y € X\K, there exists an x € Ly such that
y & cle((X\(H-coP)~!(z)) N C) for any nonempty compact subset C of X.
It follows that for each N € F(X) and for any nonempty compact subset C'
of X,
Ly NNeerycle((X\(H-coP)H(z))NC) C K.

By applying Theorem 5.3, there exists a point & € K such that P(&) = 0.
This implies I(2) = @ and therefore P;j(2) = ) for each i € I, i.e. 2 is an
equilibrium point of I'.

Remark 6.2. Theorem 6.2 improves and generalizes Theorem 5.2 of Ding-
Tarafdar [13], Theorem 3 of Ding-Tan [12] Theorem 4.2 of Tan-Yuan [25]
and Theorem 7 of Ding-Tan [10] to H-spaces. In Theorem 6.2, if for each
i € I,(X;,{l'4,}) is compact H-space, then X = [];c; X; is also a compact
H-space. By letting Ly = K = X for each N € F(X), the condition (4)
of Theorem 6.2 is satisfied trivially. Hence Theorem 6.2 also improves and
generalizes Theorem 2.4 of Toussaint [34] and Proposition 3 of Tulcea [35] in
several aspects which in turn generalize the fixed point theorem of Gale and
Mas-Colell [17].

As an application of Theorem 6.2, we shall prove the following equilibrium
existence theorem for a noncompact abstract economy in H-spaces.

Theorem 6.3. Letr I' = (X;, A;, Bi, P)icr be an abstract economy such
that X = [[;c; Xi is paracompact. Suppose that for each i € I,

(1) (Xi,{T4,}) is an H-space,

(2) for each x € X, A;(x) is nonempty and H-co(A;(x)) C B;i(z),

(3) for eachy € X, A7 (y) is compactly open in X,

(4) A; N P; is Lrp-majorized,

(5) E;={xz e X : (4, NP)(x)#0D} is open in X,

(6) for each N € F(X), there exists a compact weakly H-convex subset Ly of
X with N C Ly and there exists a nonempty compact subset K of X such
that for each y € X\K, there is an x € Ly satifying y & clo((X\(H -
coA; N P)~Yx;)) N C) for each i € I and for any nonempty compact
subset C' of X.

Then I' has an equilibrium point in K.

Proof. For each i € I, let F; = {z € X : x; ¢ Bi(x)}, then F; is open in
X. For each i € I, define the correspondence Q; : X — 2% by
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We shall prove that the qualitative game I' = (X, Q;)ier satisfies all the
hypotheses of Theorem 6.2. For each ¢ € I, the set
{r e X :Qi(z) #0} = {z€F:Qi(z)# 0} U{r e X\F :Qi(z) # 0}
= F,UEFE;
is open in X and hence condition (3) of Theorem 6.2 is satisfied. By (4), for

each x € Ej, there exist an open neighborhood N, of x in X and correspon-
dences 1, ¢, : X — 2% such that

(a) for each z € Ny, (A; N P;)(2) C ¢u(2) and z; & H-co(¢,(2)),
(b) for each z € X, 1,.(2) C ¢=(2),
(c) for each y € X, ¢ 1(y) is compactly open in X,
(d) for each nonempty finite set A C Ej,
{z € NpealNy : NzcaH-co(1(2)) # 0}
= {2 € NyealNy : NzeaH-co(¢s(2)) # 0}

Now for each x € X with Q;(z) # 0, let

F,  if x e F;,
M(z) —{ N, ifzgh,
and define the correspondences ®,, ¥, : X — 2% by
_ ) da(z) i zg
o(2) = { Ai(z)  ifz€F,
) Ye(z) i 2 ¢ Fy
lllx(z) o { AZ(Z) if z € F;.

Then for each z € X with Q;(x) # 0, M(z) is an open neighborhood of z in

X such that

(i) for each z € M(z), Qi(2) C ®,(2) and z; € H-co(Pz(z)) by (2) and

(a),

(ii) for each z € X, W (2) C ®,(2) by (b),
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(iii) for each y € X;,
vt (y)

{zeX\F,:yeVU,(2)}U{ze F:yec¥,(2)}
= {zeX\F:yey,(2)}U{ze F,:ye Aiz2)}
= [(X\F) Nyt ()] U (F N A7 (Y)

[F Uy )] n AN (y)

is compactly open in X by (3),(c) and F; being open in X. Now let A
be a finite subset of {x € X : Q;(x) # 0}.

Then A= A; U As where Aj ={xr € A:x € F;} and Ay ={x € A:x ¢ F;}.

Case 1. If A; =0, then by (d),

{z € NgeaM (x) : NgeaH-co(V,(z2)) # 0}
={z € Mpea, M(x) N F; : Nyea,H-co(V,(2)) # 0}
)\F Neea, H-co(We(2)) # 0}
Ai(z) # 0}
Ey : Ngeay H-co(vz(2)) # 0}
Ai(z) # 0}
Fy : Ngeay H-co(¢e(2)) # 0}
i+ Naeay H-co(Pz(2)) # 0}
U{z € Naea, )\F Nzea, H-co(®y(2)) # 0}
={z € NgeaM(z) : NyeaH-co(®,(2)) # 0}.
Case 2. If A # (), then

{# € NyeaM(x) : NyeaH-co(Vy(2)) # 0}
= {2z € Ngea, M (z) N Ngea, M (z) : NgeaH-co(Vy(2)) # 0}
= {2 € F; N Nyea, M () : NgeaH-co(V,(2)) # 0}
= {z € F;NNzea, M (x) : NpeaH-co(P,(2)) # 0}
= {2z € NpeaM(z) : NgeaH-co(P,(2)) # 0},

since ¥,(z) = ®,(z) = A;(z) for each z € F;. This shows that for each
1 €1, Q; is Lp-majorized.

U{z € Nyea, M (

= {2z € Ngea, M (z) N

u{z e mxeA2M<‘r)\
={z € Nzea,M(z) N

U{z € ﬂzeAzM(fﬂ)\

)N

M (z

={z € Nyea,M(x

Finally, by (6), for each N € F(X) there exists a compact weakly H-convex
subset Ly of X with N C Ly and there exists a nonempty compact subset
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K of X such that for each y € X\K, there is an x € Ly satisfying y ¢
clo((X\(H-coQ;) ™ (z;)) N C) for each i € I and for any nonempty compact
subset C of X. By Theorem 6.2, there exists a point & € K such that Q;(%) = ()
for all i € I. By (2) and the definition of @), this implies that for each
1e€l, x; € El(i‘) and Al(i‘) N Pl(i') = 0.

Corollary 6.1. Let (X;, A;, Bi, P;)icr be an abstract economy such that
X = [l;er Xi is paracompact. Suppose that for each i € I,

1) X; is a nonempty convex subset of a topological vector space,

for each x € X, A;(x) is nonempty and co(A;(x)) C B;(x),

E,={ze X :(A;NP)(x)#0} is open in X,

there exist a monempty compact convex subset Xog of X and a nonempty
compact subset K of X such that for each y € X\K, there is an x €
co(Xo U {y}) satisfying

(
(2)

(3) for each y € X;, A7 (y) is compactly open in X,
(4) A; N P; is Lp-majorized,

(5)

(6)

y & clo((X\(coAi N P) ™)) N C)
for each i € I and for any nonempty compact subset C' of X.

Then I' has an equilibrium point in K.

Proof. For each i € I and for each A; € F(X;), let I'4, = co(A4;). Then
each (X;,{T'4,}) is an H-space. Since Xy is a compact convex subset of X,
for each N € F(X), if Ly = co(Xo U N), then Ly is a nonempty compact
H-convex subset of X with N C Ly. Hence condition (6) implies that the
condition (6) of Theorem 6.3 holds. The conclusion of Corollary 6.1 follows
from Theorem 6.3.

Remark 6.3. Corollary 6.1 is Theorem 5.3 of Ding-Tarafdar [13] which
improves and generalizes Theorem 4 of Ding-Tan [12], Theorem 3 of Tulcea
[35] (also see Theorem 4 of Tulcea [36]).

Corollary 6.2. Under the hypotheses of Corollary 6.1, if the coercive
condition (6) of Corollary 6.1 is replaced by the following condition:

(6)" there exist a nonempty closed and compact subset K of X and a point
20 = (29);er € X such that 29 € co(A;(y) N P,(y)) for alli € T and for
ally e X\K.
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Then I' has an equilibrium point in K.

Proof. We claim that the coercive condition (6)’ implies the condition (6)
of Corollary 6.1. By (6)’, for each i € I,

X\K C (coA; N Pi)fl(x?)

and hence
X\(coA; N P) ' (z?) Cc K.

Since K is closed and compact, we have
cdc((X\(coA; NP Had))NnC)c KNC Cc K

for any nonempty compact subset C of X. Now let Xo = {z}. Then X,
is a nonempty compact convex subset of X and x° € co(Xy U {y}) for all
y € X. It is easy to see that the condition (6) of Corollary 6.1 is satisfied.
The conclusion follows from Corollary 6.1.

Remark 6.4. Corollary 6.2 is Theorem 5.4 of Ding-Tarafdar [13] which
generalizes Theorem 4.3 of Tan-Yuan [23] to A; N P; being £ p-majorized for
each ¢ € I. Hence Corollary 6.2 positively answers the open question presented
by Tan-Yuan in [23]. Corollary 6.2 also generalizes Theorem 8 of Ding-Tan
[10], Theorem 3 of Tulcea [33] and Theorem 4 of Tulcea [34] in several aspects.
Therefore Theorem 6.3 further improves and generalizes the above results to
H-spaces.

Corollary 6.3. Let T' = (X;, A;, Bi, P;)ic1 be an abstract economy such
that X = [[;c1 Xi is paracompact. Suppose that for each i € I,

(1) (Xi,{T4,}) is an H-space,

(2) for each v € X, A;(x) is nonempty, H-co(A;(x)) C B;i(z) and x; ¢ H-
co(P;(x)),

(3) for eachy € X;, A7 (y) and P (y) are open in X,

(4) for each N € F(X), there exists a compact weakly H-convexr subset Ly
of X with N C Ly and there exists a nonempty compact subset K of X
such that for each y € X\K there is an x € Ly satisfying

y & clo((X\(H-coA; N P) "L (z))nC)
for any nonempty compact subset C' of X.

o1
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Then T has an equilibrium point in K.

Proof. Since {z € X : (4; 1 P)(x) # 0} = Uyex, (47 (y) N P (y)), by
(3), the conditions (3) and (5) of Theorem 6.3 are satisfied. Since for each
i € I and for each y € X;, (4; N P) "' (y) = A; '(y) N P! (y) is open in X,
for given any z € {z € X : (A, N P)(2) # 0}, let N, = X, ¢, = ¢ = A; N P;.
Then it is easy to see that the condition (4) of Theorem 6.3 is also satisfied.
The conclusion follows from Theorem 6.3.

Remark 6.5. Corollary 6.3 generalizes Corollary 5.1 of Ding-Tarafdar
[13] to H-spaces. Note that for any z; € X;, (H-co A; N P;)~(x;) is open in
X by the condition (3) of Corollary 6.3 and Lemma 3.1 and hence for any
nonempty compact subset C of X, we have

Clc((X\(H—CO A; N Pz)fl(l'z)) N C)
= (X\(H-co A; N P;)~Yx;)) N C.

It follows that y ¢ clc((X\(H-co A;NP;)~(z;))NC) implies x; € H-co(A;(y)N
P;(y)). Hence Corollary 6.3 also generalizes Corollary 1 of Ding-Tan [12] to
H-spaces. Corollary 6.3 also in turn generalizes Corollary 4.4 of Tan-Yuan
[23], Corollary 1 of Ding-Tan [10], Corollary 2 of Tulcea [35], Theorem 2.5 of
Toussaint [34] and Theorem 6.1 of Yannelis-Prabhakar [38] to H-spaces.
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