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EXISTENCE OF PERIODIC SOLUTIONS FOR HIGHER ORDER DYNAMIC
EQUATIONS ON TIME SCALES

Sheng-Ping Wang

Abstract. In this paper, we study a sufficient condition for the existence of a
periodic solution for the nth order dynamic equations on time scales. The results
are shown by the use of coincidence degree theory. The necessary a priori bounds
are based on Wirtinger type inequality established as Lemma B.

1. INTRODUCTION

The theory of dynamic systems on time scales T(closed subsets of the reals) pro-
vides a framework for dealing with both continuous and discrete dynamic systems
simultaneously so as to bring out a new insight of subtle differences for these two
types of systems. More and more integrated results spring up in recent years, for ex-
ample, [3, 4, 10, 11, 13]. Qualitative properties including stability, oscillation theory
and asymptotic behavior of the solutions are also widely discussed.

The basic tool used in this article is the Mawhin’s coincidence degree theory [9],
which can be directly applied to study the periodic boundary value problems. Many
researchers have already focused on this topic for a long period of time and plenty of
essential papers are worked out, see [2, 7, 8, 17, 23, 24]. Recently, they are generalized
naturally on the so-called field, time scales. This consideration can be related with many
interesting biological issues including predator-prey and competition dynamic systems,
population models, or other mutualism models, for example [5, 6, 14, 25, 26, 27]. We
also refer more detailed treatment to more references [1, 12, 15, 16, 19, 20, 21, 22].
However, one can see that, until now, there are relatively few conclusions for higher
order dynamic systems.

We briefly introduce the problem considered along the article. Let T be a time
scale with period o(7'), where 0,7 € T. The purpose is to consider the existence of
solutions of the nonlinear periodic boundary value problem(n > 2)

(11) xA" :f<xAn_17"'7xAuxat>7 tGT,
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2

(1.2) 22°(0) = 22 (o(T)), 0< i <n— 1.

Throughout we assume that f is o,41-completely delta differentiable on D := R™ x
[0, 0(T)]T (see Definition 2, [18]), its partial derivatives f;(1 < i < n) are continuous
on D and f is o(T')-periodic in t.

This paper is organized as follows. In next section, some fundamental concepts and
inequalities on time scales are exposed. Section 3 is devoted to derive the necessary a
priori bounds which are based on Wirtinger type inequality (Lemma B). In Section 4
we develop our main existence result (that is, Theorem A) of solutions for the higher
order periodic boundary value problem (1.1), (1.2).

2. PRELIMINARIES ON TIME SCALES

In this section, we give some of the basics of the time scale theory and refer to
[3, 4] for more details. Let T be a time scale which means any closed subset of R and
the interval [a,b]r = {t € T : a <t < b}. The embedding of T in R gives rise to the
order and topological structure of the time scale in a canonical way.

Definition 1. For ¢ € T, we define the forward and backward jump operators
o,p: T —T by

o(t) :==inf{s € T: s>t} and p(t) :=sup{s € T: s < t}.

If t <supT and o(t) = ¢, then ¢ is called right-dense (otherwise: right-scattered),
and if ¢ > inf T and p(¢) = ¢, then ¢ is called left-dense (otherwise: left-scattered).
The graininess function y : T — R* is defined by u(t) = o(t) — t. We denote
u?(t) = u(o(t)) for t € T and T* be the set of points of T except for a maximal
element which is also left scattered.

Definition 2. The mapping f : T — R is called rd-continuous if it is continuous
at each right-dense or maximal point ¢ € T and if the left-sided limit exists at each
left-dense points. The set of all rd-continuous functions f : T — R is denoted by
Crq = Crq(T).

Definition 3. Assume that f : T — R is a function and let t € T*. Then we define
f2(t) to be the number(provided it exists) with the property that, for any given ¢ > 0,
there is a neighborhood U of ¢ such that

(o) = f(s) = FED)]o(t) = sl| < elo(t) — 5| for all s € U.

We call f2(t) the delta derivative of f at t. If F® = f, then we define the Cauchy
integral by

/8 f(r)AT = F(s) — F(r) for r,s € T.
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Lemma 1. Ift € T and f : T — R is delta differentiable at t, then
o) = f(8) + p(t) F2(8)-
Lemma 2. If f € Cyq and t € T*, then [T f(s)As = p(t) f(2).
Lemma 3. If f, g : T — R are delta differentiable at t € T*, then
(f9)2(t) = fADg(t) + f7 (1) g™ (1) = f(D)g™ () + F2(1)g” (D).

Lemma 4. Every rd-continuous function has an antiderivative. In particular, if
to € T, then F defined by F(t) := ftto f(T)AT for all t € T is an antiderivative of f,

that is, F® = f.

Definition 4. Let w > 0. A time scale T is called w-periodic if t+w € T whenever
t € T. A function p is said to be w-periodic on T if p(t + w) = p(¢) for all ¢ € T.

Next, two well-known conclusions, the Cauchy-Schwarz inequality and one type
of Wirtinger’s inequality are stated.

Theorem 1. Let a,b € T. For rd-continuous f, g : [a,blr — R we have

b b b
/ \f(t>g(t>\At§\/{ [ isapan [ lawpar.

Theorem 2. Let M be positive and strictly monotone such that M € C’;d. Then

we have
P M(t)M° (1)

s WA

b
JRLSCIPHOIRNES

a

for any y € C, with y(a) = y(b) = 0, where
rd

M(1) p(t) | MA(1)] M) 2
U = sup + 4/ sup + sup .
{\/te[a,b]qy Me(t) \/te[a,b]T Me(t) tefabln M"(t)}

3. A Prior1 ESTIMATES

In this section, let z(¢) be a o(T')-periodic solution of the problem (1.1), (1.2)
and we shall get the priori bounds for the derivatives of x(t) up to (n — 1)th order
by imposing certain conditions on the partial derivatives of f. Such priori estimates
will be used to construct a bounded open set in the next section. Firstly, we need two
crucial lemmas showed as follows:
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Lemma A. Let M be positive and strictly monotone such that M € C’;d. Then

we have
b ) b M )
/a MAwlwrar<e | ﬁ@%» Al

for any y € C, with y(a) = y(b) = 0, where
rd

<I>:{\/ sup M"(t)—i—\/ sup u(t)|MA(t)] + sup M"(t)}Q.

te[a,b]'ﬂ‘ te[a,b]'ﬂ‘ te[a,b]'ﬂ‘
Proof. We follow the steps of the proof of Theorem 2. For convenience we omit
the argument (¢) in the following arguments. Let

b Mo
o M2

b
J= / M2y2AtL, V = (y2)?At,

a= [sup M7, B = sup u|M?2|.

[a,b]'ﬂ‘ [aab]'ﬂ‘

Without loss of generality we assume that M2 is of positive sign. Then we apply the
Cauchy-Schwarz inequality(Theorem 1), Lemma 1, 3 and y(a) = y(b) = 0 to estimate

b
=—/ M7y®(y +y°) At
a
b
< [ M1y 2y+ e
a

b b
32/ M"\yAHy\AH/ uMe (y=)2At
a a

b | Me b uMAMe
H A2
—2 [\ [l oS yiae+ [ TR
a | M2 a  |M2

b M A2 i b cIATA 12 i
< 2{ m\y PAt}2{ [ M7IM2||y|*At}? + 6V
<2aVvJV + GV.

Therefore, by denoting H = %, we find that H? — 2aH — 3 < 0, and solving for
H > 0 we obtain

J
V:HZS(CE-F a2+ B)2 =0
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so that the proof is complete. ]

Lemma B. Foranyy € Cl, withy(a) = y(b), y*(a) = y>(b) and faby(t)At =0,

we have ) )
[ worar< k2 [wAmpa,
where
K:=o()—a+ \/(a(m —a)2+ (o(b) —a) sup pu(t).
te[a,b]'ﬂ‘
Proof. Let f(t) = [ly”(s)As, t € [a,b]r, then f(a) = f(b) = 0. Choose
M (t) =t — a and apply Lemma A to f(t), then we can conclude this lemma. |

In what follows, let T be a o(T')-periodic time scale containing {0,7'} and de-
note [0,0(T)]r = I. If h is a real-valued function which is bounded on the set
W, we put \h\W = sup,cw |h(2)|. If h is square integrable over I, we denote

15l = /) |h(z)[2A2. Let
Z ={2¢€ C(T) : zis o(T)-periodic}

with norm |z|z = maxyes |2(t)| and
X = {2z € C¥ (T) : x is o(T)-periodic with 22" (0) = 22 (¢(T)),0< i < n — 1}

with norm |2|x = %7 maxeg |2 '(t)|. We see that Z and X are real Banach spaces.
Our useful estimates are immediately listed as follows:

Lemma C. Let

O =o(T) + \/[UQ(T)]Q +02(T) sup (1)

When n > 3, we assume that there exists a constant n > 0 such that

1
.1 > _ D
(3.1) fo>-—n> C,C,lon ,
n—1
(3.2) ST OO fanilp + CM T2 ful po(T) < 1 - 5CCy,
i=1,i#n—2

where C1 = C + supy¢; w(t), are satisfied; when n = 2, assume that there exists a
constant ( < (1)2 such that

(3.3) fa>—Con D,
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1

(3.4) |filp < W—CU(T)~
If there exists R > 0 such that
o(T) .
(3.5) /O FE @), w(t), ()AL £ 0
for each x € X such that
(3.6) inf |2(t)] > R.

teT

Then there is a positive constant B such that

(3.7) 22| < M;, 0<i<n-—1,
and
i 1 2+/0(T
(3.8) 22 (1)) < { 1 2ol >}Mi, 0<i<n-2,

Jem o

where
M;=C"''B, for1 <i<n-—2,

My = +/o(T){R+C"2B\/a(T)}.

Furthermore, there exists a constant L such that

(3.9) 122" (#)] < N*,

x B .. .
here N* = 2\/o(T)L + o) L is given as in (3.26).

Proof. Since f is o,1-completely delta differentiable on D := R"™ x I, according
to Theorem 9 [18], we rewrite (1.1) in the form

n—1
(310) xA" = ZxAan—i(xAn_lu e 7:13A7 z, t) + g(t>
=0

where

1
n—1 n—1
Fn—i(xA 7"'7$A7[B7t>:/ fn—l(é.xA ,"',ffﬂ,t)df,
0

g(t) = f(0,0,---,0,¢).
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Multiplying by 22" ° on both sides of (3.10) and integrating from 0 to o (T), we
have

o) S D pnry i oan
G.11) o i=0 -

U(T) n—2
_ / 220 () g(1) AL
0

Note that we also have

U(T) AN—2 An—1
— x T(t)x(t) b (x oo,y )AL

(3.12) 0 An—24
< |E,|plz|rv/o(T)||z Il when n > 3
< (|z3o(T), when n = 2.

By integrating (1.1) over o(7T') period, we then obtain

o(T) »
/ F@" (@), -, x(t), ) At =0,
0

when x(t) is a possible o(T')-periodic solution of (1.1). Hence, by means of (3.5),
(3.6), this implies that there exists £ € I such that |z(£)| < R. For t € I, we have

t o(T)
o) = (@) < [ leA@as< [T (0188 < a1V
Therefore, it follows from the above inequality and Lemma B(setting b = o(7'), a = 0)
that

(3.13) lz|r < R+ ||?||\/o(T), when n = 2,
(3.14) < R+ C"2||z®" " ||\/o(T), whenn > 3.

For the case n = 2, from (3.11), (3.12), we have

1222 < ¢lef? + [ Pilplelill2® Vo (T) + |lillgl|v/o (T).

Using (3.13), we obtain
al|z2||? = bl[a]| — e <0,

where
a:=1-Co(T)* = |Fi|po(T) > 0 by (3.4),

b:=2(Ro(T)? + |F|pR\/a(T) + ||gllo(T),
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c:=(R%*0(T) + R||g||\/o(T).

Hence, we have

(3.15) |22 < 8,
here
G- b+ Vb2 + dac
- 2a '

For the case n > 3, from (3.11), using (3.1), the Schwarz inequality (Theorem 1) and
Wirtinger type inequality (Lemma B) established, we get

An—l 2 U(T) An—2 An—l
2 Hg—/ A E (e ) A
0
n—1
n—1
LD SRR e VIO P [ T
i=1,i#n—2

n—1 n—1
+n{C? + Csup () |22 []* + ||g{C + sup p(t) }|z2" .
tel tel
Since, by (3.14),

U(T) An_2 An—l
—/ T TxF,(x oo, )AL
0

<A{R+C" 2|22 ||\/o(T)}| Fn \D{C+supu HIz" Vo

one can immediately get

n—1
n—1 _ n—1 i n—
12212 <Cm 2O P Falpo (D) + Y. ¢ Oy [a A P Fasilp
i=1,i#n—2

n—1 n—1
+nCC|2%" P+ Cu{llgll + RIFn|py/o (T)}H[a>" |,
that is,

n—1
1- Y "G Fasilp — CVTCH Byl po(T) = nCCy |||
i=1,i%n—2

< C{llgll + R|Fulpy/o(T)}

Note that the term in the bracket of the above inequality is positive by the hypothesis
(3.2). Thus we have

(3.16) 122" || < K{||gl| + RIFn|p\/o(T)},
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where
n—1 A )
K={cr'— > C""MEuilp - C" | Fu|po(T) —nC} .
i=1,i#n—2
Combing (3.15) and (3.16), we have for n > 2, we have
(3.17) |lz2" | < B,

where
B = max{S, K[||gl|+ R|Fu|p\/o (D)]}.

By (3.17) and the Wirtinger type inequality (Lemma B) again, we have
(3.18) 2% < O™ e < M

for 1 <i<mn—1and by (3.13), (3.14), ||z|| < Mp. Also, (3.8) can derived from
(3.18). For t € I, 0 < i < n — 2, we have

(3.19) |22 (t) — 22°(0)| < /Ot\xN“ (s)|As < |22 ||V/e(T) < C '/ o (T) M.

From the inequality (3.19), we have for 0 <i <n — 2,

(3.20) 22" (8)] < [227(0)| + 7o (T)M;,
and
(3.21) 22" (8)] > [227(0)] — €71 /o (T)M;.

If |22 (0)| — C~\/a(T)M; < 0, it follows immediately that
(3.22) 22| < 2C7'\/o(T)M; on 1.

If |27 (0)| — C~1/o(T)M; > 0, we integrate (3.21) on both sides from 0 to (7
and get

(3.23) |22]] > {|z2°(0)] = O~/ o (T)Mi} /o (T).

From (3.18) and (3.23), we have

(3.24) \:;;N(o)\g{ L U(T>}Mi.
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Hence, it follows from (3.20) that

(3.25) (1)) < { e 1 2V U(T>}Mi, tel.

Combining (3.22) and (3.25), we obtain (3.8). On the other hand, rewrite (1.1) in the
alternative form

n—1
zt" = Za:NGn_i(a:An_l, Lt wt) +g(t),

i=0

where for 0 < <n—1,
A1 A ! Al A1
Gn_i(fL’ y T, X 7x7t>:/ fn—i(oa"'uoufx , L ,"',[L’,t)df.
0

Note that for any ¢1,t9 € I, we have

_ n— t2 n
22 )= )] < [ (o)

ty
s t2 i n—1 t2
= Z/ ‘xA Gn—i(xA LA 7xA7x7t>‘At+ ‘g(t>‘At
i=0 7t b

By the Schwarz inequality we have, for n = 2,

n—1

n—1
2" () — 2

(t2)| < Vt1 — to{[f1lpM1 + Mo| fo| e + ||gl[}-

or for n > 3,

‘xAn—l (t1> _ [L‘An_l (t2>‘

n—1
<Vt =t Z | frn—ilDMi + Mp—2| fol 2 + | fulp Mo + ||gl]},

i=1,i#n—2

that is,

12277 (1) — 22" (t)| < LVt — 1o,

where

L =max{(1—¢)C" *B+ |fo|p[R\o(T) + C" 2Ba(T)] + |9l
(3.26) 1

(a —nC)B + | fo|ECB + | fa|p[RV/o(T) + C" 2Bo(T)] + ||g]|}
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and

1 2y/o(T) 1 2y/o(T)
U(T>+ C U(T>+ C

E={0} <} [—( )My 5] x 1.

In particular, for ¢ € I, we obtain
22" () — 22" (0)] < Lo (D).
Following the calculations as we did from (3.19) — (3.25), we get

22" ()] < N*. n

4. EXISTENCE THEOREM

In this section we are going to show the existence of periodic solutions for the
problem (1.1), (1.2) via coincidence degree theory associated with Lemma C. Our
proof utilizes a continuation theorem of Mawhin [9] which we state here for the reader’s
convenience.

Let X and Z be real Banach spaces and let

L:domLC X — Z

be a linear Fredholm mapping, that is, ¢m L(the range of L) is closed and the dimension
of ker L(the kernel of L) and codimension of ¢m L are finite. Let € be a bounded open
subset of X and let

N:QcX—-2Z

be a (not necessarily linear) mapping which is L-compact on Q, that is, if P : X — X
and Q : Z — Z denote bounded linear projections such that imP = kerL, imL =
ker(@ and if

Kpg = (L | kerPndomL) (I - Q),

where I is the identity map on Z, then QN : Q — Z is continuous, QN () is bounded
and KpoN : Q — X is completely continuous. The following continuation theorem
has been established.

Theorem 3. Let the above assumptions hold and let indL(= dim kerL —
codim imL) = 0. Further assume

(1) for each X € (0,1) and each x € domL NS, Lr # ANz,
(2) for each x € kerL N 0K, Nx ¢ imL, that is, QNz # 0,

(3) dg(JQN | kerL,QNkerL,0) # 0, where dp denotes the Brouwer degree and
J 1 imQ — kerL is any isomorphism.
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Then there exists at least one x € domL N Q such that Lv = Nz.
With the aid of Theorem 3, we shall now construct our main result as follows.

Theorem A. Suppose that (3.1) — (3.2) (or (3.3) — (3.4) as n = 2) and (3.5)
hold. Assume that

o(T) o(T)
(41) / f(07 707R07t>At/ f(07 707 _R07t>At< 07
0 0

where Ry = {\/01 + 2 g(T)}MO + 1. Then the problem (1.1),(1.2) has a o(T)-

periodic solution.

(T)

Proof. Define L : domL € X — Z by Lz = 2", where domL = {z € X :
r € CA"(T)}. Define N : X — Z by Na(t) = f(x an- Yt), - (), w(t), ).
We see that x e kerL if and only if z(t) = z(0) for all ¢t € I if and only if

fo s)As, forall t € I. Hence dim kerL = 1. And we also note that
z € Z is 1n sz if and only if there exists a solution x € X satlsfylng A" = 2(t) if
and only if fo 2(s)As = 0. Thus we have imL = {z € Z : fo 2(s)As =0} It

is obvious that sz is closed in Z.

Note that dim(cokerL) = dim(Z/imL) = 1. Indeed, let [z1] and [22] be two
equivalent classes in coker L other than im L; then fé’ (T) zi(s)As # 0,7 =1,2. Hence
there exists a real constant ¢ # 0 such that z; — ¢z € imL. Thus dim(Z/imL) = 1.
Therefore, indL = 0. Define

o(T) C
0<i<n-—2 28" |[ < N*+1},

Q:{xeX:\a}N\]<

+1,

where M; and N* are given in the Lemma C. Then (2 is a bounded open subset of X
such that @ NdomL # (). Note that N is continuous on Q and N(Q) is bounded in Z.

Define @ : Z — Zby Qx = ot T fo x(s)As. Then @ is a continuous projection
withimL = im(I—Q), imQ = kerL Deﬁne T :imL — X to be aright inverse of L
sothat LTz = z for every z € imL and PT = 0, where P : X — X is some projection
with imP = kerL. By Arzela-Ascoli theorem, we see that KpoN =T(I — Q)N i
completely continuous on .

Next we claim that Lz # ANz for every x € 0Q2NdomL and X € (0,1). Suppose
not; then there exists a function x(t) satistying 22" = \f(22" L aB g, t) with
xN(o> 22 (o(T)), 0 <i<n—1 for some A € (0,1) and (x A= l(t), (),



Existence of Periodic Solutions for Higher Order DE on Time Scales 2271

x(t),t) € G, where

M; | 2/o(T)M,;

An—1 At
- : 7:13 = + 17
~{( 5 )l £ o+ S
0<i<n-—2 22" || <N*+1,tel}
and (2" (to), - -, 2(to), z(to), to) € OG for some ty € I. This is impossible,

since by arguments similar to those in the Lemma C, one can see that \a:N\ 1 <
. 2+/o(T)M; ) n—
M o(T) ,0<i<n-—2and |2 I\ISN*.

Vo(T) c
We also see that QNa # 0 for every a € 02N kerL. Indeed, a(t) = i(—Z—M(‘T) +
2/o(T)M,

—V——— +1) = £R and by the hypothesis (4.1),

1

a(T)
QNCL:W/O f(O,,O,:I:Rg,t)At#O

Finally we claim dg(JQN | kerL,Q N kerL,0) # 0. Here we take J to be an
identity operator in Z since im() = kerL. From the hypothesis (4.1) we see that

dB(QN ‘ keTL,Q keTL,O)
1 o(T)
—dB<(— T)/O J (07"' 707°7t>At7(_ROaRO>;O> %0~

By Theorem 3, Lz = Nz has at least one solution z € 2. Therefore the problem
(1.1), (1.2) has a periodic solution. |
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