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BOUNDEDNESS OF MULTILINEAR COMMUTATORS OF
CALDERON-ZYGMUND OPERATORS ON ORLICZ SPACES OVER
NON-HOMOGENEOUS SPACES

Xing Fu, Dachun Yang* and Wen Yuan

Abstract. Let (X,d, ) be a metric measure space satisfying both the up-
per doubling and the geometrically doubling conditions. In this paper, the au-
thors prove that multilinear commutators of Calderén-Zygmund operators with
RBMO(p) functions are bounded on Orlicz spaces, especially, on LP(u) with
p € (1,00). The weak type endpoint estimate of multilinear commutators of
Calderon-Zygmund operators with Orlicz type functions in Oscexp - (1) for
r € [1,00) is also presented.

1. INTRODUCTION

The classical theory of singular integrals has been well developed into a large branch
of analysis on spaces of homogeneous type in the sense of Coifman and Weiss [5, 6].
Recall that a metric space (X, d) equipped with a nonnegative measure p is called a
space of homogeneous type if (X, d, ) satisfies the measure doubling condition: there
exists a positive constant C}, such that, for any ball B(z,r) :={y € X : d(z,y) <r}
with € X and r € (0,00), u(B(z,2r)) < Cuu(B(x,r)). This measure doubling
condition plays an important role in the classical Calderén-Zygmund theory.

However, in recent years, many results in the classical theory of Calder6n-Zygmund
operators on R? have been proved still valid with the Lebesgue measure m replaced
by a Radon measure u satisfying the polynomial growth condition (see, for example,
[22, 23, 24, 25, 26, 27, 17, 3, 7, 8]). Recall that a Radon measure x on R? is said
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to satisfy the polynomial growth condition, if there exist positive constants Cy and
# € (0, d] such that, for all z € R? and r € (0, c0),

(1.1) w(B(z,7)) < Cor",

where B(z,r) := {y € R?: |y — z| < r}. Tolsa [22, 24] introduced the Hardy space
H'(p) and its dual, the space of functions with regularized bounded mean oscillation,
RBMO (), with respect to x as in (1.1), and proved that Calderon-Zygmund operators
are bounded from H'(u) to L'(p). Later, Chen, Meng and Yang [3] showed that
Calderon-Zygmund operators are bounded on H*' (). Nazarov, Treil and Volberg [17]
established the T'b theorem in this setting. The analysis on such non-doubling spaces
has been proved by Tolsa in [25, 26, 27] to play a striking role in solving the long-
standing open Painlevé’s problem and Vitushkin’s conjecture.

However, as pointed out by Hytonen in [9], the measures satisfying (1.1) do not
include the doubling measures as special cases. In [9], Hytonen introduced a new class
of metric measure spaces satisfying the so-called geometrically doubling and the upper
doubling conditions (see, respectively, Definitions 1.1 and 1.3 below). This new class
of metric measure spaces, which are called non-homogeneous spaces, includes both
the spaces of homogeneous type and metric spaces with polynomial growth measures
as special cases. In this new setting, Hytonen [9] introduced the RBMO(u) space and
established the corresponding John-Nirenberg inequality. Later, Bui and Duong [2],
and Hytonen, Da. Yang and Do. Yang [12] independently introduced the atomic Hardy
space H'(p) and proved that the dual space of H'(u) is RBMO(p). Lin and Yang
[14] introduced and investigated the space RBLO(u), a subset of RBMO(u), and
obtained the boundedness of the maximal Calderon-Zygmund operators from L°°(u)
into RBLO(p). Hytonen, Liu, Da. Yang and Do. Yang [10] and Liu, Da. Yang and
Do. Yang [15] established some equivalent characterizations for the boundedness of
Carderon-Zygmund operators on LP(x) with p € (1, 00) and its endpoint boundedness.

In 1976, Coifman, Rochberg and Weiss [4] proved that the commutator [b, 7| of a
Calderon-Zygmund operator T' with a function b € BMO(R?) defined by

b, T)(f)(z) := b(@)T(f)(2) = T(bf)(z), = e€R,

is bounded on LP(R?) for all p € (1,00). From then on, there appeared a lot of
literatures on the boundedness of commutators on various function spaces over different
underlying spaces, and their applications in the theory of partial differential equations
and harmonic analysis. In particular, for a Radon measure p on R? satisfying the
growth condition (1.1), Tolsa [22] established the boundedness on LP(u) with p €
(1,00) of commutators of Carderoén-Zygmund operators with RBMO(u) functions.
The LP(u)-boundedness of multilinear commutators of Carderon-Zygmund operators
with RBMO(p) functions or some Orlicz type functions were further obtained in [7].
In [2], on non-homogeneous spaces (X, d, 1), the LP(1)-boundedness of commutators
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of Carderon-Zygmund operators with RBMO(u) functions was also obtained under
the additional assumption: there exists m € (0, co) such that

(1.2) Mz, ar) = a™ Az, r) for all z € X and a, r € (0, 00),

where ) is the dominating function of the measure y (see, for example, Definition 1.3
below).

As a generalization of LP(R?), the Orlicz space was originally introduced by
Birnbaum-Orlicz in [1] and Orlicz in [18]. Since then, the theory of Orlicz spaces has
been well developed and widely used in various branches of mathematics, for exam-
ple, probability, statistics, potential theory, partial differential equations, and harmonic
analysis (see, for example, [16, 20, 21]).

Let (X,d, ) be a non-homogeneous space in the sense of Hytonen [9]. In this
paper, we prove that, without the additional assumption (1.2), the multilinear commu-
tators of Calderén-Zygmund operators with RBMO(u) functions are bounded on some
Orlicz spaces L® (1), especially, on LP (1) with p € (1, c0). This, even for the commu-
tator, also essentially improves the result about the L?(u)-boundedness of commutators
obtained in [2]. We also establish a weak type estimate for multilinear commutators of
Calderon-Zygmund operators with some Orlicz type functions in Oscexp - (f).

To state the main results of this paper, we first recall some necessary notions and
notation. The following notions of geometrically doubling and upper doubling metric
measure spaces were originally introduced by Hytonen [9] (see also [10, 15]).

Definition 1.1. A metric space (X,d) is called geometrically doubling if there
exists some Ny € N such that, for any ball B(z,r) C X, there exists a finite ball
covering { B(x;,r/2)}; of B(x,r) such that the cardinality of this covering is at most
Np.

Remark 1.2. Let (X, d) be a metric space. In [9], Hytonen showed that the
following statements are mutually equivalent:
(i) (X,d) is geometrically doubling.
(ii) For any € € (0,1) and any ball B(z,r) C X, there exists a finite ball covering

{B(x;,er)}; of B(z,r) such that the cardinality of this covering is at most
Noe™™, here and in what follows, Ny is as in Definition 1.1 and n := log, Np.

(iii) For every € € (0, 1), any ball B(x,r) C X contains at most Noe~ " centers of
disjoint balls { B(x;, er) },.

(iv) There exists M € N such that any ball B(x,r) C X contains at most M centers
{a;}; of disjoint balls {B(x;,r/4)}M,.

Definition 1.3. A metric measure space (X, d, u) is called upper doubling if 1 is
a Borel measure on X’ and there exist a dominating function A : X x (0, 00) — (0, 00)
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and a positive constant C)y, depending on A, such that for each x € X, r — A(x,r) is
non-decreasing and, for all z € X and r € (0, ),

(1.3) M(B($,T>> < /\(33,7’) < CA/\(HZ,T’/2>.

Remark 1.4. (i) Obviously, a space of homogeneous type is a special case of upper
doubling spaces, with the dominating function A(z,r) := p(B(z,r)). On the other
hand, the Euclidean space R? with any Radon measure 1 as in (1.1) is also an upper
doubling measure space by taking the dominating function A(x,r) := Cor".

(ii) Let (X, d, ) be an upper doubling space and A a dominating function on
X x (0,00) as in Definition 1.3. It was proved in [12] that there exists another
dominating function A such that A < A, C5 < €y and, for all z, y € X with d(z,y) <
T,

(1.4) Nz, r) < C’j\X(y, ).
Thus, in what follows, we always assume that X\ satisfies (1.4).

We now recall the coefficient §(B, S) introduced in [9], which is analogous to the
quantity K¢ g introduced by Tolsa [22] (see also [23, 24]).

Definition 1.5. For any two balls B C S, define

5(B,S) =1 +/ ! du(z),

25\B /\(ch d(a:, CB))
where cp is the center of the ball B.

Though the measure doubling condition is not assumed uniformly for all balls in
the space (X, d, u) satisfying the geometrically and upper doubling conditions, it was
shown in [9] that there are still many balls which have the following («, (3)-doubling

property.

Definition 1.6. Let o, 8 € (1,00). A ball B C X is called («, 3)-doubling if
u(aB) < Bu(B).

To be precise, it was proved in [9, Lemma 3.2] that if a metric measure space
(X,d, 1) is upper doubling and o, 3 € (1, c0) satisfying 3 > C’;Og?a =: oV, then for
any ball B C X, there exists some j € Z; := N U {0} such that &/B is («, 3)-
doubling. Moreover, let (X, d) be geometrically doubling, 5 > o™ with n := logy Ny
and p a Borel measure on X which is finite on bounded sets. Hytonen [9, Lemma
3.3] showed that for p-almost every x € X, there exist arbitrary small («, 3)-doubling
balls centered at . Furthermore, the radius of these balls may be chosen to be of the
form o /r for j € N and any preassigned number r € (0, 00). Throughout this paper,
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for any a € (1,00) and ball B, the smallest (., 3.)-doubling ball of the form alB
with j € Z is denoted by B, where

(1.5) By = max{a’®™, o} + 30" + 30" = o> ™ax{nv} 4 307 4 30V

In what follows, by a doubling ball we mean a (6, ()-doubling ball and BS is simply
denoted by B.
Now we recall the following notion of RBMO(u) from [9].

Definition 1.7. Let p € (1,00). A function f € L _(u) is said to be in the space
RBMO(p) if there exist a positive constant C' and, for any ball B C X, a number fp
such that

1
1(pB)

and, for any two balls B and B; such that B C Bj,
(1.7) |fB — fB,| < CH(B, By).

The infimum of the positive constants C' satisfying both (1.6) and (1.7) is defined to
be the RBMO(u) norm of f and denoted by || f|| remo(p)-

(1.6) L@wm—mwmmsc

From [9, Lemma 4.6], it follows that the space RBMO(u) is independent of
p € (1, 00).
The following notion of Carlderén-Zygmund operators comes from [11].

Definition 1.8. A function K € Ll ((X x X)\{(z,y) : = = y}) is called a
Calderon-Zygmund kernel if there exists a positive constant Cg, depending on K,
such that

(i) for all z, y € X with x # v,
1 .
Ma, d(z,y))

(ii) there exist positive constants ¢ € (0, 1] and cg, depending on K, such that, for
all z, z, y € X with d(z,y) > cxd(z, Z),

i ~ (e 7))
(1.9 |K(z,y) - K(Z,y)| + |[K(y,2) — K(y,7)| < Ck [d(z,y)]°A(z, d(z, y))

A linear operator T’ is called a Calderon-Zygmund operator with kernel K satisfying
(1.8) and (1.9) if, for all f € L*(u) with bounded support and = ¢ supp f,

(1.10) ﬂwm:Awammm»
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A new example of operators with kernel satisfying (1.8) and (1.9) is the so-called
Bergman-type operator appearing in [28]; see also [11] for an explanation. Notice that
(1.8) and (1.9) are more general than the conditions satisfied by the classical Calder6n-
Zygmund operators.

Let ® be a convex Orlicz function on [0, c0), namely, a convex increasing function
satisfying ®(0) = 0, ®(¢) > 0 for all ¢ € (0, c0) and ®(t) — oo as t — oo. Let
L' (t) L' (t)

(1.11) ap := inf and by = sup .
? re(000) B(1) re(000) (1)

We refer to [16] for more properties of ag and bg.

The Orlicz space L® (1) is defined to be the space of all measurable functions f
on (X,d, p) such that [, ®(|f(z)|)du(z) < oo; moreover, for any f € L®(p), its
Luxemburg norm in L*® () is defined by

1flzogy = inf {t e O.00): [ @150 dute) < 1}.

For any sequence b := (b1, - - - , by) of functions, the multilinear commutator T; of

the Calderén-Zygmund operator 7" and b is defined by setting, for all suitable functions
fandz € X,

(1.12) Tpf (x) := [bg, [br—1,- -+, [b1, T]- - -]] f (),
where
(1.13) (b1, T)f(z) := bi(2)T f(x) — T(b1 f)(z).

The first main result of this paper is the following boundedness of multilinear
commutators on Orlicz spaces.

Theorem 1.9. Let k € N, b; € RBMO(u) for all i € {1,---,k}, ® a convex
Orlicz function satisfying that 1 < agp < bp < oo. Assume that T is a Calderon-
Zygmund operator which is bounded on L*(1). Then the multilinear commutator T;
in (1.12) is bounded on Orlicz spaces L* (1), namely, there exists a positive constant

C such that for all f € L®(p),

| T5f e ) < Cllbll rBMO(w) « -~ N0kl RBMO () | F1 L2 (1) -

Remark 1.10. (i) Let ®;(¢) := t? for all ¢ € (0, 00) with p € (1,00). Then ®;
is a convex Orlicz function with ag, = bg, = p € (1,00), and L1 (1) = LP(p).
In this case, Theorem 1.9 when k£ = 1 also essentially improves [2, Theorem 7.6] by
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removing the additional assumption (1.2); moreover, if X = R? and y is as in (1.1),
then Theorem 1.9 is just [7, Theorem 2].

(ii)) We remark that there exist non-trivial convex Orlicz functions satisfying the
assumption of Theorem 1.9. For example, if ®o(t) := t* In(e + ¢) for all ¢ € [0, c0)
with p € (1,00), then 1 < p = ag, < by, < o0; if ®3(t) := tP/In(e + t) for all
t € [0,00) with p € (2,00), then 1 < agp, < bp, =p < 0.

The endpoint counterpart of Theorem 1.9 is also considered in this paper. To
this end, we first recall the following Orlicz type function space Oscexprr (1) (see,
for example, Pérez and Trujillo-Gonzalez [19] for Euclidean spaces, and [7] for non-
doubling measures).

In what follows, let LllOC (1) be the space of all locally u-integrable functions on
X. For all balls B and f € Li(u), mp(f) denotes the mean value of f on ball B,
namely,

1
(1.14) ms(f) == @/deu.

Definition 1.11. For r € [1,00), a function f € L] () is said to belong to the
space Oscexp 1+ (11) if there exists a positive constant Cy such that
(i) for all balls B,

If = mg(llexprr, B, u/u@B)

1 [f —mp(HI\"
= inf < A 0 D — BT ) dqu<2y<C
nt{r 0.0+ gy [ o (5 nER RO
(ii) for all doubling balls ) C R,

Imq(f) —mr(f)] < C16(Q, R).
The Oscexp 7 (1) norm of f, || flloscer, 1+ (n)» 18 then defined to be the infimum of
all positive constants C satisfying (i) and (ii).

Remark 1.12. Obviously, for any r € [1, 00), OsCexp - (1) € RBMO(2). More-
over, from [9, Corollary 6.3], it follows that Osc ¢y, 11 (1) = RBMO(p).

Now we state another main result of this paper.

Theorem 1.13. Let k € N, r; € [1,00) and b; € Oscexp i (1) fori € {1,-- -, k}.
Let T and Ty be as in (1.10) and (1.12), respectively. If T is bounded on L?(u),
then there exists a positive constant C' such that, for all \ € (0, 00) and all bounded
functions f with bounded support,

p{z € X [Tpf(x)] > A}) < C@yp(lbillose,, pri () - 0kllose o )

></X<I>1/r (@) du(y),

where 1/r=1/ri+ - +1/ry and, for all t € (0, 00) and s € (0, 0), ®4(t) =tlog®(2+1).
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Remark 1.14. Theorem 1.13 generalizes [7, Theorem 4] by taking X = R,
d(z,y) = |z — y| and p being as in (1.1).

To prove Theorem 1.9, we first establish an interpolation theorem on Orlicz spaces
in Theorem 2.2 below, which is obtained via a variant of the method for the classical
Marcinkiewicz interpolation theorem and some properties of Orlicz functions. Let
d(B, S) be the discrete version of d(B,S), which was first introduced by Bui and
Duong in [2] (see also (3.3) below). Via introducing a sharp maximal function M# I,
associated with §(B, S), in Definition 3.6 below and fully applying the properties of
d(B, S)and §(B, S) (see Lemmas 3.1 and 3.5 below), we prove in Theorem 3.10 below
that, without the assumption (1.2), the commutators of Calder6n-Zygmund operators
and RBMO(y) functions are bounded on LP (1) for all p € (1, 00). When (1.2) holds,
this result was already obtained in [2, Theorem 7.6]. Comparing with the proof of [2,
Theorem 7.6], the main new ingredients appearing in our approach used for the proof
of Theorem 3.10 are that we replace the sharp maximal function M # £ in [2] by M7 f
here and that we observe that (B, .S) preserves most of the properties of §(B, S) (see
Lemma 3.5 below), which further induce a stronger version (see Theorem 3.8 below)
of [2, Theorem 4.2] and hence lead us to avoid the assumption (1.2). Combining the
aforementioned interpolation theorem on Orlicz spaces and the L”(u)-boundedness of
commutators in Theorem 3.10, we further show Theorem 1.9.

To establish the weak type endpoint estimate of multilinear commutators in Theorem
1.13, we need a generalized Holder’s inequality in the non-homogeneous setting (see
Lemma 4.1 below), which is a generalization of [19, Lemma 2.3], and the Calder6n-
Zygmund decomposition in the non-homogeneous setting obtained by Bui and Duong
[2].

The organization of this paper is as follows. In Section 2, we establish an inter-
polation theorem on Orlicz spaces. In Section 3, we show Theorem 1.9. Section 4 is
devoted to the proof of Theorem 1.13.

Finally, we make some conventions on notation. Throughout the whole paper, C'
stands for a positive constant which is independent of the main parameters, but it may
vary from line to line. Constants with subscripts, such as Cy, do not change in different
occurrences. Furthermore, we use C(p, a, - - -) to denote a positive constant depending
on the parameter p, «, - - -. For any ball B and f € L\ (1), mp(f) denotes the mean
value of f over B as in (1.14); the center and the radius of B are denoted, respectively,
by cp and rp. If f < Cg, we then write f < g; if f < g < f, we then write f ~ g.
For any subset £ of X', we use xg to denote its characteristic function.

2. AN INTERPOLATION THEOREM

In this section, we establish an interpolation theorem of Orlicz spaces, which plays
a key role in the proof of Theorem 1.9.
We begin with some properties of the indices ag and bg.
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Proposition 2.1. Let ® be a convex Orlicz function on [0, 00), ap and by be as in
(1.11).

(1) If be < oo, then ® satisfies the Vo condition, namely, there exists a positive
constant C such that, for all t € (0,00), ®(2t) < CD(¢).

(ii) If bo < oo, then ®(t)/t* is decreasing for t € (0,00). Moreover, for any given

A €[0,1] and t € (0,00), ®(\t) > \oed(2).
(i) <I>( )/t is increasing for t € (0, 00). Moreover, for any given X\ € [1,00) and
€ (0,00), ®(At) > N4 D(t).

(iv) Let l<p<ap <bg <q < oo. Then limy_,g t(p) = 0 and lim;_, ()

t—q:O.

Proof.

(i) By bg < oo, we know that, for any ¢ € (0,00), % < b%; moreover, by the
fact that any convex function on [0, co) is absolutely continuous on every finite

closed intervals of [0, co), we see that
2t P’ 2t
(2 >:/ () dsg/ b2 15 — by log2.
o) Jo 0(s) ¢ S

Thus, we have ®(2t) < 2Y®(¢) for any ¢ € (0, c0). This shows (i).

(ii) For any given t1,t2 € (0, 00), t1 < t2, by the fundamental theorem of calculus,
we see that

ds < 0.

P 2 d 1 t2S(I)/S —b.:p‘I)S
(;i) (;i) /t (s) ()

be+1
1 s°®

Then ®(t)/tP® is decreasing for ¢ € (0,00). Specially, for A € (0,1] and

€ (0, 00), % < (qj\i;\fi, that is, ®(At) > \**®(¢), which completes the proof
of (ii).

(iii) The proof of (iii) is similar to (ii). We omit the details.

(iv) For t € (0, 1], since fa(q,) is increasing on ¢, we then see that ‘fij? < P(1) < o0.

This, combined with ag > p, implies that

i} i}
lim ﬂ = limt%_pﬂ =0.
t—0 tP t—0 tee

For t € [1,0), since fa(q)) is decreasing on t, ( ) < ®(1) < oo. This, together
with by < ¢, further implies that

) )
1imﬂ_1 the—a o) _

t—oo t4 t—o00 tbtb ’

which completes the proof of (iv) and hence Proposition 2.1. ]
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In what follows, for a convex Orlicz function ® : [0, 00) — [0, 00), its inverse
®~! is defined by setting, for all ¢ € [0, c0),

®71(t) ;= inf{s € (0,00) : ®(s) > t}.
With these conclusions, we establish the following interpolation theorem.

Theorem 2.2. Let o € [0,1), p;, q; € (0,00) satisfy 1/q; = 1/pi—a fori € {1,2},
p1 < p2 and T be a sublinear operator of weak type (pi, q;) for i € {1,2}. Then T is
bounded from L® () to LY (1), where ® and U are convex Orlicz functions satisfying
the following conditions: 1 < p; < ap < by < p2 <00, 1 <q1 <ayg <byg < q <
oo and, for all t € (0,00), U~1(t) = &~ L1(¢)t~.

Proof.  First, we show that L® (1) C LP*(u) + LP?(p). To this end, for any given
A € (0,00), we decompose f € L®(u) as

(@) = F@)X(zex: 17@1>0 @) + F@)Xex: 5@y (@) = FA(2) + fa(2)

for all x € X. For the sake of simplicity, we assume that f # 0 on X. Then we claim
that f* € LP'(u) and f\ € LP?(u). Indeed, by (i) and (iii) of Proposition 2.1, there
exists a positive constant C'()\), depending on A, such that, for all z € X satisfying

el Lf@)[* _ @ (f(@)]/N) (| f(=)])
] <2 em®
which, together with p; < ag, implies that

J 1P @ due)
S@P dnte) < | O (o) due)

- /{afé?f:lf(af)lﬂ} (zeX:|f(x)|>A) AP

< cm% /X &(f(2)]) du(x) < o,

namely, f* € LP'(y).
Now we show fy € LP2(u). By (i) and (ii) of Proposition 2.1, there exists a
positive constant C'(\), depending on A, such that, for all x € X satisfying | f(z)| < A,

@™ @ (f@)I/N) (| f(2)))
[A] ST YW

This, combined with by < po, implies that
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/X @) du(z) = (@) dpu(z)

/{arEX: [f(2)|<A}

< Aprto / £ (@) duz)
{zeX: |f(z)|<A}

< cm% /X B((2)]) du(x) < oo,

namely, f\ € LP2(u), which proves the previous claim, and hence L® () C LP' (1) +
LP2(p).

Next we show that 7' is bounded from L®(u) to LY (p). To this end, let u be
a function on [0, o) satistying u~!(t) = W~1(®(t)) for all t € [0,00). Then u~*
is nondecreasing function defined on [0, 00) such that u=1(t) — 0 as t — 0 and

u~l(t) — oo as t — oo. We also let o(f,\) := u({z € X : |f(z)| > A}). Then by
the layer cake representation (see, for example, [13, Theorem 1.13]), we see that

/X U(|Tf(2)]) du(z) = /0 T o(T ) du(N)
g/ooa(Tf“(’\),/\/Q) dU(N)
0
+ /OO o (T funy A/2) dU(A) =: T +I1.
0

Since T is of weak type (p1, ¢1), we then see that

2 q1
AT 5 (3) 1V,

which, together with p; < ¢; and Minkowski’s inequality, implies that

P/

- q1/p1 p1/q1
N {/ [/ /\—pl\f(a;)\plx{a:ex; |f(a;)|>u(,\)}(a:) du(a:)] d\I/(/\)}
0 X

0o pi/q
@D < /X [/O A (@) T X e If(af)|>U(/\)}(/\>d\Ij</\>] dnlz)

uw” (| f(z)])
< / f(a) / A0 QT ())
X 0

By integration by parts, together with u=1(t) — 0 as t — 0, (iii) and (iv) of
Proposition 2.1, we conclude that

p1/q
du(x).
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@)
/ RAPLTEY

() (| () @D gy
~ (@) *‘”/0 Aqmdk
22) Y (@D) O e @[ A
= T @n” +"/o Nt [u‘l(\f(xﬂ)] A
e W (S@D) (S
Pa———— 1(\f( N ~ T T
(1)) no (20 @))/P
s T @ s ~ SR

where the second and the third inequalities to the last one depend on the facts that for
any t € (0,00), U(U1(t)) <t, U1(t) = d~1(t)t " and @1 (®(¢)) > t. Combining
(2.1) and (2.2), we conclude that

<[ <I><\f<x>\>du<x>]ql/pl.

By a method similar to the estimate for I, we also see that

< [ [ #s@D duto)

Combining the estimates for I and II, we further conclude that

[ i@ < | [ <I><\f<x>\>du<x>]m+ I ‘I’(\f(x>\>du(x>]q2/p2~

By a standard argument, we then know that T is bounded from L%®(yx) into LY (u),
which completes the proof of Theorem 2.2. ]

]Q2/p2

In Theorem 2.2, if we take o = 0, we then immediately obtain the following
conclusion. We omit the details.

Corollary 2.3. Let T be a sublinear operator of weak type (p,p) for any p €
(1,00). Then T is bounded on L®(p), where ® is a convex Orlicz function on [0, 00)
satisfying that

1 <ap <bg < oo.

3. PrROOF OF THEOREM 1.9

In this section, we show Theorem 1.9. We begin with recalling some useful proper-
ties of § in Definition 1.5 (see, for example, [9, Lemmas 5.1 and 5.2] and [12, Lemma
2.2]).
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Lemma 3.1. (i) For all balls BC RC S, 0(B,R) <J(B,S).

(if) For any p € [1,0), there exists a positive constant C(p), depending on p, such
that, for all balls B C S with rs < prp, 6(B,S) < C(p).

(iii) For any o € (1,00), there exists a positive constant C(a), depending on a,
such that, for all balls B, 6(B, B*) < C(«).

(iv) There exists a positive constant ¢ such that, for all balls B C R C S,
§(B,S) <d(B,R)+cd(R,S).

In particular, if B and R are concentric, then ¢ = 1.

(V) There exists a positive constant ¢ such that, for all balls B C R C S,
d(R,S) <¢d(B,S);
moreover, if B and R are concentric, then 6(R,S) < §(B, 95).

Now we recall the following equivalent characterizations of RBMO(u) established
in [12, Proposition 2.10].

Lemma 3.2. Let p € (1,00) and f € LL_(u). The following statements are
equivalent:

(a) f € RBMO(u);

(b) there exists a positive constant C such that, for all balls B,

1
1(pB)

and, for all doubling balls B C S,

[ 1#@) = m| dnte) < ©

G.1) imp(f) —ms(f)| < C4(B, S).

Moreover, let || f||« be the infimum of all admissible constants C'in (b). Then there ex-
ists a constant C € [1,00) such that, for all f € RBMO (), [|f]|+/C < | fll RBmO(n) <

ClIf |-

Corollary 3.3. There exists a positive constant C' such that, for all balls B, p €
(1,00), r € [1,00) and f € RBMO(pu),

1 ; 1/r
62 {o L@ - mpfl @} < Clllrmiog.

Moreover, the infimum of all positive constants C satisfying both (3.1) and (3.2)
is an equivalent RBMO(u) norm of f.
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Proof.  Letr € [1,00) and f € RBMO(u). By Minkowski’s inequality, [9,
Corollary 6.3], Holder’s inequality, Lemmas 3.2 and 3.1(iii), we know that

{@/B’f(x)_méf’r du(@}l/r
S {ﬁ/BU(m_fBVdu(x)}l/r

1/r
# [ 2] a = a4+ bns g

1/r
S W lhwwniop + { =z [ 1760) = fal” duo)

+mpf —mgfl < Ifl RBMO(M)S

which, together with Holder’s inequality, then completes the proof of Corollary 3.3. m

We also need to recall some known conclusions from [2, Sections 4.1 and 7.1] and
[9, Corollary 3.6].

Lemma 3.4. Let p € (1, 00).
(i) Let r € (1,p) and p € (0,00). The following maximal operators, defined by
setting, for all f € LP(u) and x € X,

My f(2) = sup oa / \f(chzu(a:)] g
Nf(x):=  sup /\f )| du(z

Q3z,Q doubling M

and

My f(x sup ——— / f(z)| du(z
2 ( ) Q3 M pQ ‘ ‘
are bounded on LP(p).
(ii) The Calderén-Zygmund operator T as in (1.10) is bounded on LP(p) if T is
bounded on L*(p);
(iii) |f(z)| < N f(x) for almost every x € X.

Recall that the sharp maximal operator M# in [2] is defined by setting, for all
feLl (u)andz € X,

#f(a) = ! . Imaf —mrf]|
M f(a) = sp /B ) = mpfldu@) + swp AT,
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where A, := {(Q,R): € Q C Rand @, R are doubling balls}, and the maximal
operator T™, associated with the Calderon-Zygmund operator 7', is defined by setting,
for all f € L°(u) with bounded support and z € X,

T* f(z) := sup T f(z)|,

e>0

where

T.f(x) = /d K@D )

The following discrete version, 5~(B, S), of (B, S) defined in Definition 1.5, was
first introduced by Bui and Duong [2] in non-homogeneous spaces, which is more
close to the quantity K¢ g introduced by Tolsa [22] (see also [23, 24]) in the setting
of non-doubling measures. For any two balls B C 5, let 5~(B, S) be defined by

Np,s

5(B.S) = _u6"'B)
(3.3) 5(B,S):=1+ ;; Nep G

where Np s is the smallest integer satisfying 6NB.Srp > rg. Then, obviously,
§(B,S) < 0(B,S). As was pointed by Bui and Duong [2], in general, it is not
true that §(B, S) ~ (B, S) without the assumption (1.2). N

As a variant of [22, Lemma 2.1], we have the following properties of d(B, S).

Lemma 3.5. (i) Forall balls BC RC S, 0(B,R) < 25(B, S).
(ii) For any p € [1,00), there exists a positive constant C(p), depending on p, such

that, for all balls B C S with rs < prp, 6(B,S) < C(p).
(ii1) There exists a positive constant C' such that, for all balls B, 5~(B, E) <C.
(iv) There exists a positive constant ¢ such that, for all balls B C R C S,

5(B,S) < 6(B,R) +cH(R,S).
(V) There exists a positive constant ¢ such that, for all balls B C R C S,
5(R,S) <@(B,S).

Proof.  The properties (i) and (ii) are obvious.
Let us prove (iii). To this end, let N be the first integer such that 6 B is doubling.
N
For k € {1,---, N — 1}, we have u(6**'B) > Bsu(6*B). Thus, u(6*B) < w6 B)

N—k
Pe

for k € {1,---, N — 1}. By this, together with (1.3) and the fact that 55 > C’i\og"’ 12
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(see (1.5)), we conclude that

N k N-1 k
~ u(6%B) u(6B)
5B6NB =1 —_—
( ’ +l;/\03,6k7’3 - +Z:1/\CB,6kTB
N-1 log212 N—k 1(6V B) 0o log212 k
<1 7<1 <1

which completes the proof of (iii).

Next we show (iv). Obviously, Ng p < Np g+ 1. If Ng p = Npgor Ng g =
Npg s + 1, there exists nothing to prove. If Ng p < Np g, from the fact that Np g <
Np.r+ Ngg, 6N8:Rrg > rp, 6V5.71B C 2R and (1.3), it follows that

Np,s k Np,r+Ng,s k
- - 11(6% B) ~ 1(6"B)
3(B.S) <4(B.R)+ Y. Nep. Fr) <HB,R)+ > Nep Grp)
kg i1 B OB kg 1 6B 0B
Nr.s k+N Nr.s k+2
~ p(6"+VE.EB) ~ u(6" " R)
<Ji(B,R <é(B,R —
B ( >+ l; /\(CB,GIH'NB»RT’B) - ( >+ ; /\(CB;GkT’R>
Nr,s Nr,s
- 6k+2R . GkR
< 0(B,R) <d0(B,R)+ 1
+c Ner, 65 2rg) = ( Teltt Z Necr, 6FrR)

< 5(B,R) + cd(R, s),

where c is a positive constant, which shows (iv).
For (v), we first prove that Ng g + Ng g < Np s+ 1. Since

rp = 6_NR,S+16NR,S_1rR < 6—NR,5+1rS < 6_NR,S+16NB,SrB < 6NB,S_NR,S+171B’

we obtain NB,R < NB,S — NR,S + 1. From this, 6NB7R_17’B <rp< 6NB7RT’B and
(1.3), it follows that

NR S Np R+NR S
~ : 6k+Ns.r B ' ' 6B
irs) <1+ ) AT e Y
1 /\(CR, 6 B T’B> h=Np -+l /\(CR, 6 T’B>
]VB,S+1 k Np S k
p(65B) p(65B) ~
S1+ S 1+ ~ (B, S),
k]\%,:R-H /\(CB, 6k 17’3 Z /\ CB, GkT’B ( )
which completes the proof of (v) and hence Lemma 3.5. ]

Now we introduce the maximal operator M# associated with .
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Definition 3.6. For all f € L} (u) and z € X, let

loc

o o Imqf = mrf|
o) = s [ 170~ mas R N T T

where A, :={(Q,R): x € Q@ C R and @, R are doubling balls}.

Remark 3.7. The sharp maximal operator M# has the following useful properties.
(i) By the fact that, for all doubling balls @ C R, 6(Q, R) < 5~(Q, R), we easily
see that M# f(z) < M# f(x) for all z € X.
(ii) From (i), together with the corresponding properties of M# proved by Bui and
Duong in [2, Section 4.1], we infer that M# is of weak type (1,1) and bounded
on LP(u) for all p € (1, 00).
(iii) By an argument similar to that used in the proof of [22, Remark 6.1], we conclude
that M#|f|(z) < 585 M*# f(z) for all 2 € X. We omit the details.

The following theorem is a variant of [2, Theorem 4.2].

Theorem 3.8. Let [ € L} _(p) satisfying that [, f(x)du(z) = 0 when ||p|| :=
w(X) < oo. Assume that, for some p € (1,00), inf{1, Nf} € LP(u). Then there
exists a positive constant C, independent of f, such that

IN fllzoge) < CIUMP £l Lo

Proof. By Lemma 3.5 and Remark 3.7, repeating the argument used in the proof
of [2, Theorem 4.2], we obtain the desired conclusion. We omit the details, which
completes the proof of Theorem 3.8. ]

Remark 3.9. We observe that Theorem 3.8 improves [2, Theorem 4.2] by Remark
3.7(31).

We now establish the L”(u)-boundedness, for all p € (1, 00), of commutators of
Calderén-Zygmund operators with RBMO(y) functions without the assumption (1.2),
which essentially improves [2, Theorem 7.6].

Theorem 3.10. Let b € RBMO(u) and T be a Calderén-Zygmund operator which
is bounded on L?(u). Then the commutator [b,T) as in (1.13) is bounded on LP()
Sor all p € (1, c0).

To prove Theorem 3.10, we need some technical lemmas adapting from [22].
Lemma 3.11. Let f € RBMO(p), q € (0,00) and, for all v € X,
fi(a) = { f(i?), if /(@) <q
gtk it |f(@)] > q.
Then f; € RBMO(u) and there exists a positive constant C, independent of f, such
that || fqll RBMO(W) < Cllf Il RBMO(1)-
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Proof. 1t is obvious that ||| f[[| emo(u) S IfIl RBMO(w)> Which further leads to

| max{f, g} < HfHRBMO + lgll RBMO (1)

and
| min{f, g} < | flkBMO(M) + 191l RBMO(L)-

Then, by an argument similar to that used in the proof of [22, Lemma 3.3], we obtain
the desired result, which completes the proof of Lemma 3.11. ]

The following two lemmas are completely analogous to [22, Lemma 9.2] and [22,
Lemma 9.3]. We omit the details.

Lemma 3.12. There exists some positive constant P (big enough), depending only
on Cy in (1.3), such that, if m € N, By C By C --- C By, are concentric balls with
d(Bj,Bi+1) > P fori € {1,---,m — 1}, then there exists a positive constant C,
depending only on C, such that

m—1

> 8(B;, Bis1) < C3(Bi1, By).

=1

Lemma 3.13. There exists a positive constant Py (big enough), depending on C),
in (1.3) and (B¢ as in (1.5) with o = 6, such that, if x € X is some fixed point and
{fB}B>s is a collection of numbers such that | fp — fs| < Cy for all doubling balls
B C S with x € B such that §(B,S) < Py, then there exists a positive constant C,
depending only on C), B¢ and P,, such that

|5 — fs| < CO(B,S)Cy  for all doubling balls B C S with z € B.

Now we sketch the proof of Theorem 3.10 and refer to [2, Theorem 7.6] for more
details.

Proof of Theorem 3.10. To show Theorem 3.10, it suffices to show that, for all
fe LP(n) withp € (1,00) and z € X,

B4 MA(b,T)) (@) S bl rentoqw (M5 f (@) + Myg(Tf) (@) + T f ().

We assume (3.4) for a moment and then show that [b, 7] is bounded on LP(u) for all
p € (1,00). Indeed, under the assumption that 7" is bounded on L?(y), by Cotlar’s
inequality ([2, Theorem 6.6]), (i) and (ii) of Lemma 3.4, we conclude that 7} is
bounded on LP(u) for all p € (1,00). This fact, together with (3.4), (i) and (ii) of
Lemma 3.4, implies that M#([b, T]) is bounded on LP(u) for all p € (1,00). By
Lemma 3.11 and a standard limit argument, without loss of generality, we may assume
that b is a bounded function, which, together with (i) and (ii) of Lemma 3.4, implies
that inf{1, N([b,T|f)} € LP(u) if f € LP(p). We now consider two cases for | ||
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Case (i) ||p|]| = oo. In this case, applying Lemma 3.4(iii) and Theorem 3.8, we
know that [b, T'] is bounded on LP(u) for all p € (1, 00).

Case (ii) ||]] < co. In this case, by Corollary 3.3 and the Lebesgue dominated
convergence theorem, we see that, for all r» € (1, c0),

1 1/r
3.5 —_— — " <
6.5 [M) /X ) ~ bl dn(x)| < 18l rmnio.
where by 1= f y . Write

N([b, T]f) < N([b, T]f = mx([b, T1f)) + [mx([b, T1f)].

Notice that [{[b, T]f(x) — mx([b,T]f )}du(a:) = 0. Then by Theorem 3.8, the
fact that M#([b, T]f — m;(([b T]f) = M#([b,T)f) and the LP(u)-boundedness of
M#([b, T)) for all p € (1, 00), we see that

IN([b, TV f = ma (b, TI D 1oy S IMF([b, TV = (16, T1H)) | o
~ (0, T oy S 11 zo -

For the term |mx([b, T'] f)|, we further write |[b, T| f| < [(b—bx)T f|+|T((b—bx)f)],
which, together with Holder’s inequality, (3.5) and the L%(u)-boundedness of 7" for all
q € (1, p], further implies that

[l (b, TIA N ey S 1 llze -

Thus, [b, T] is also bounded on LP(y) for all p € (1, 00) in this case.
Now we prove (3.4). By b € RBMO(u) and Definition 1.7, there exists a family
of numbers, {bp} p, satisfying that, for all balls B,

/B b() — bs| dia() < 20(6B)]1b] rErOG)
and, for all balls Q C R,

b — br| < 26(Q, R)||b]l RBMO(R)

For all balls @, let
hq == mq(T((b—bQ)fXx\(6/5)Q))-
Next we show that, for all x € X and balls B with B 5 z,

(3.6) @/BW% T1f(y) — hsl du(y) < 16l ReMo () [Mrsf () + My s(T f)(2)]
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and, for all x € Q C R,

G3.7) |hq — hrl S bl Revo(w [Mrs f () + T f (2)]6(Q, R)6(Q, R).

The proof of (3.6) is analogous to that of [22, (9.5)] with a slight modification, and
we omit the details.

To prove (3.7), for two balls Q C R, let N := 1 + Ng r. Then, we control
|hg — hr| by the following five terms:

lhg — hr| < [mq(T((b—0bq)fXxsq\(6/50))| + Imo(T((bg — br)fxx\6q))]
+mq(T((b—br) fxevg\60))| + 1mQ(T((b—br) fXx\67g))
—mp(T((b— bR)fXX\GNQ»‘ + |mp(T((b— bR)fXGNQ\(6/5)R>>‘
=: My + My + M3 + My + Ms.

By a slight modified argument similar to that used in the proof of [2, Theorem 7.6],
we conclude that, for all x € X,

M; + My + M5 < [|bll RBMO(W) M5 f (7)),
Mz < [0l RBMmO(w) (@5 R)[Tef (7) + My 5 f ()]

and

M3 < [0l RBmo(w) (@5 R)I(Q, R)M,. 5 f (),

which further implies (3.7).

By an argument similar to the proof of [22, Theorem 9.1], together with Lemmas
3.12 and 3.13, 6(Q, R) < 6(Q, R), (3.6) and (3.7), we obtain (3.4), which completes
the proof of Theorem 3.10. u

To prove Theorem 1.9, we need to recall some notation from [7]. For k € N and
i € {1, -k}, the family of all finite subsets o := {o(1),---,0(i)} of {1, -+, k}
with i different elements is denoted by C’f. For any o € C’f, the complementary
sequence o' is given by ¢’ := {1,---  k}\o. For any o := {o(1),---,0(i)} € C¥ and
k-tuple 7 := (r1,- -+ ,7%), we write that 1 /75 := 1/r5y + -+ 1/r,) and 1/r, :=
1/r—1/ry, where 1/r := 1/r1+---+1/rg. Letb := (by, - - -, by,) be a finite family of
locally integrable functions. For all i € {1,--- k} and o := {o(1),---,0(i)} € C¥,
we let b, := ba(l) s ba(i): by == (ba(l), s ,ba(i)>,

6o | RBMO(1) *= I[bo(1)ll RBMO() * * * 1bo(i) | RBMO (1)

and, for any y, 2z € X and any ball B in X,

[mp(0) —b(2)] = [mp(bs1) = bo)(2)] - [Mp(bogi) — bogi)(2)] -
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For any b= (b1, -, by), we simply write

HEH RBMO(u) *= [[04]] RBMO(p) " " ° [0kl RBMO()+

For any o € C’f, we set

In particular, when o := {1, k}, T  coincides with T} as in (1.12).
Now we turn to the proof of Theorem 1.9.

Proof of Theorem 1.9. To prove Theorem 1.9, by Corollary 2.3, it suffices to prove
that T} is bounded on LP(y) for all p € (1, 00). We show this by induction on &.

By Theorem 3.10, the conclusion is valid for ¥ = 1. Now assume that £ > 2 is
an integer and for any ¢ € {1,---,k — 1} and any subset 0 = {o(1),---,0(i)} of
{1,---,k}, T; is bounded on L®(p).

The case that ||u]] < oo can be proved by a way similar to the proof of Theorem
3.10, and we omit the details. Thus, without loss of generality, we may assume that
||l = oco. Let p € (1,00). We first claim that, for all » € (1,00), f € LP(u), and
T e X,

M#(Tf) (@) S 18l mnioq [Mrs(T 1)) + Mrs f(2)

k—1
(3.8) +> D ol mentogn Mro(Ty, ().

i=1 geCh

Once (3.8) is proved, by an argument similar to that used in the proof of Theorem
3.10, we conclude that, for all p € (1,00) and f € LP(pu),

ITif gy < INTH)le < [3# @0 |,
S 1Bl o (1M (T oy + M5 (£) Lo

k-1
+ Z Z 1bo || RBMO() [1M76 (T, )| L2 (10

i=1 geck

k-1
S bllrenog) (1T legey + 1 lzrgy + D2 D 1T5, e
i=1 oeCh

<16l Remo () 11l 2o

which is desired.
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As in the proof of [22, Theorem 9.1], to prove (3.8), it suffices to show that, for
all z € X and balls B with B > z,

i [ 1057(6) = bl o) S 1] oo (M) + M (7))

(3.9) k—1 )
+Z Z 16|l RBMO () M6 (T, ) ()

i=1 geck

and, for an arbitrary ball ), a doubling ball R with Q C R and = € Q,

lhq — kil S [5(Q, R)]'““{HI;H RBMO() [Mr5f (%) + My (T f)(2)]

(3.10) - )
+Z Z 166 RBMO(M)MT,G(TgU/f)(a:)} ,
=1 JECf
where
hg == mQ(T([(m@(bl) — b1> e (m@(bk) — bk)]fX)(\%Q))
and

hi = mpr(T([(mr(b1) = b1) - (mr(bk) = bK)]f X2\ 0 8))-
Let us first prove (3.9). With the aid of the formula that, for all y, z € X,

k k
@11 ]lmg®) =bi(2)] =D > [b(y) = b(2)]or[mp(0) = b(y)]o,
i=1 =0 JECf
where, if i = 0, we set o' = {1, k}, o = 0 and [ms(b) — b(y)]p = 1, it is easy to
prove that, for all y € X,
k k
Tpf(y) =T <H[m@(bi) - bi]f) (W) = > [mg(d) = b()]eT; f(y),
i=1 1=1 JECf

where, if ¢ = k, Ty f:=Tf. Therefore, for all balls Q > z,
;/ T3 (y) — hal du(y)
1(6Q) Jq

1 k
< M/Q T <H[m@(bz> - bi]fXgag) (y>

=1

du(y)
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T f (y)’ dp(y)

k
2 ¥ 75 J, | lma - 0|

du(y) =1 + 1 +1s.

T <ﬁ [m@(bi) - b,} fx;(\g@> () — hq

=1

+@/@

From Holder’s inequality and Corollary 3.3, it follows that, for all ¢ € (1, o),

(3.12) A 11

5@ =1

Take s = /r and write

q o
i dM(ZU) < CHbH%{BMO(M)M(GQ>'

bi(y) — mg(bi) = bi(y) — mg@(bi) + mg@(bi) —mg(bi)

for i € {1,---,k}. By Holder’s inequality and the L®(u)-boundedness of T for
€ (1,00), (3.12), we conclude that, for all z € Q,

L
7

Q)] :
I < 1(60) T <Z||1 [m@(bi) - bz} fX%Q) o
(@) Hk
. H(6Q) i=1 [m@(bi> . bi} fX%Q L5 (p)
<#{ : . —mx ASS/ }g{ Td }%
S o / LT[0 = mgoo)]”™ dut) / T duty

< ol RBMO (1)) Mir5.f ().

For I, by (3.12), we see that, for all x € Q,

k o
132%{@ [ [ =mg®] | anti}

ﬁ\l,_.

g
1 .
r r =
X { 6 / ’TE /f(y)’ dﬂ(y)} S Z Z 166l RBMO() M6 (Tg /f) (x).
#6Q) Jo % i=1 geCk 7
To estimate I3, we need to calculate the difference

T <ﬁ [m@(bi) - b,} fx;(\g@> () — hq

=1
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for all y € Q. By (1.9), (1.3), (3.11), (3.12), Lemmas 3.1 and 3.2, Holder’s inequality
and Corollary 3.3, we see that, for y, y1, = € Q,

fTOﬁp%@g_foﬂ%>@»urOﬁh%wa—dfxﬂ%>@a

</ Ay, i) ﬁ (b3)| 1£(2)] du(2)
~ Jagq Ay, 2)°A(y. d(y, 2)) 11
S Z/]GQ\ZJ 0" My 206rq)
k
XH<@@_mﬁ5@qu@5m—mdm)v@wmw
k

. 1
6 k—

]:1 =0 geCk

A%[mw-mmm]

k
N Z Z Z ﬂsjk_ZHbUHRBMO(M)Hbo/HRBMO(M)Mrﬁf(x)

i=0 geCk j=1

<10l RBMO () M5 f (),

o

X

(2)| dp(z)

8

where, in the third to the last inequality, we have used Lemmas 3.1 and 3.2 to conclude
that, for all s € {1,---, k},

(bi) — mg(bi)

’m’-a/
218Q

-6
< 11ill RBMO(1) O <Q, 23562)

~ 6 6 /\6/
S 11bill RBMO (12) [5 (Q,Q) +4 <Q,235Q) ) <215Q’215Q>]
S lIbill rBMo() 9 | @52 5Q < Jl1bill REMO (u)-

From the above estimate and the choice of hg, we deduce that, for all z, y € @,
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T <k [m@(bi) — bii| fXX\%Q> (y) —he

k
< @/Q T <H [m@(bi) - bz} fXX\gQ> (y)

=1

-T <ﬁ [m@(bi) - bz} fXX\%Q) (41)

=1

dp(yr) < 18] RBMO (1) Mr5 f ()

and hence .
I3 < 16l RBMO(0) M5 f (),

for all z € Q).
Combining the estimates for I;, I and I3, we then obtain (3.9).
Next we prove (3.10). Let Q be an arbitrary ball and R a doubling ball in X’ such

that z € () C R. Denote Ng g + 1 simply by N. Write

hq — hr|
= |mQ T <H [m@(bi) - bz} fXX\%Q)]
—mp |T | [] [mr(b:) — b] fXX\gR>] |

<|mq |T f[l [m@(bz) - bz} fXX\GNQ)]
—mp |T <ﬁ1 [m@(bi> - bz} fXX\GNQ>] |
+|mp | T <Hl [m@(bi> - bz} f XX\GNQ>]
—mp |T <ﬁ1 [mr(bi) — bi] fXX\GNQ>] |
ol (a4 v
+|mp |T <ﬁ1 [mr(bi) — bi] fXGNQ\gR>] | =:L1+Ly+ L3+ Ly
(

By an estimate similar to that for I3, together with 6(Q, R) < 5~(Q, R), we see that,
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for all z € Q, B N
Ly S HbH RBMO(p) [5(Qa R)]kMrjf(x)'

To estimate Ly, from (3.11) and Lemma 3.2, we deduce that, for all y € R,

k k
T <H [mpg(b;) — by] fXX\GNQ> (y)—T <H [m@(bi> - bi} fXX\GNQ> ()

i=1 i=1

- i mg®) = ma®)| T ((ma(®) = b, fXaevg) )

[

i=0 oeCk
k—1
D03 15 wmvo (@ B [T (Ima) bty fraeve) )]
i=0 oeCk
k—1 . A
= 15| rnt010 [5(@, R>]’H{ T (m(®) = 8], 1) W)
i=0 gcCFk

+ ’T ([mR(b) — b]o fXGNQ) (y>’ }

S Z > lIbor [l B0 [0 {Z > ’mR ) — by Tgnf(y)’

=0 geCk 3=0neci
+ [T (Ime(®) — bl Sxovaren) @)] + [T (Ima(®) ~ B, fxer) W) }

Applying Holder’s inequality, the fact that R is doubling, and Corollary 3.3, we see
that, for all z € Q,

1
—_— b
. TG | [
S byl RBMO () Mr,G(Tg,]f)($>~

Moreover, from Corollary 3.3 and (1.8), it follows that, for all y € R,
T ([mn(®) = B, Fxovarer) )]
< [ 1K) [me®) ~ b)) dulz)
6NQ\2R

b, (y)’ dp(y)

< 1

Sl L CRLCRICIETE)
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where rr denotes the radius of the ball R. By Holder’s inequality, the fact that
6N_2rQ < rg, (1.3) and Corollary 3.3, we further have

1
el RCZCRLORIGSIETE

1/r!
1 y
S [m Lsnltma® = #2 du(Z)]

1/r
1 - ;
x [—Wm / LG >]

< [y [ lmale) = b1 duto)] "

1 11/7 .
" [m /GNQ ‘f(zwdﬂ('z)_ S 6ol RBMO () M5 f ().

Taking the mean over y € R, we obtain

G14) g [T ([mr®) = b, Froxguer) || S 1Bl memoq) Mrsf (@).

By an argument similar to the estimate for I;, we see that, for all z € Q,

@15 mp || (mr(®) = b, Sxer)|] S 1Boll Rerioq) Mrsf (@),

Noticing that 1 < 6(Q, R) < g(Q,R) and combining (3.13), (3.14) and (3.15), we
then conclude that, for all x € Q,

k
Z Z 160 | RBMO (1) M 6 (Tgof($)> + 1[0l RBMO (1) M5 f ()

i=1 oect

Now we deal with Ls. From (1.8), Holder’s inequality and Corollary 3.3, we infer
that, for all z, y € Q,

(ﬁ gt b Fxgrons ) W)

=1
N-1 k
du(z
]:1 A y76]rQ /6]+1Q\6]Q]1 ) ( )‘ ( )
My, o) (i) | | f(2)] dp(2)
Av:mQ) Jog\20;2;
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: N S0 {/Qlf[ bu(2) —may (b du<z>}% {/ L ler )|

(?N“Q {/Q\ Qi

N-1 k
=P )\(y,Ger) {/WQE [ '
" duca)

X {/GJHQ |f(z)]" du(z)}r + 1Bl REMO() {m/ﬁQ lf(2)|" d,u(z)}r

N-1 1
L 5 x 6H1Q) | G
S bRBMow){[ CRODN sl e d IUGIETS)

>/

+ g (40) = mg ®:)

+Mr,5f(x) } )

where the last inequality follows from an argument similar to the estimate of I5. Taking
the mean over y € (), we see that, for all z € @,

Ls < 18]l remo( [0(Q, R)IF6(Q, R)M,.5f(x) < 1] ReMoqw [0(Q, R)FH M, 5 f (x).

Finally, we estimate L,. By (1.8), Holder’s inequality and Corollary 3.3, we see
that, for all y € Rand x € Q C R,

k
(H ) = bi fXGNQ\6R>( )

s )\y,rR /NQ\GRHIb b)[1£(2)| dpu(=)
L ” T :

< 18] RBMO(M)Mr,E)f(x)-
Therefore, for all x € @,
Ly S 10 RBMO () M5 f ().

Combining L1, Lo, L3 and L4, we then obtain (3.10) and hence completes the proof
of Theorem 1.9. u
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4. PrOOF OF THEOREM 1.13

To prove Theorem 1.13, we need the following generalized Holder inequality pre-
sented in [7, pp.246-247] in the setting of R? with y as in (1.1) (see also [19, Lemmas
2.2 and 2.3] for the setting of R? with p being the d-dimensional Lebesgue measure).
The proofs in [19, 7] also work for non-homogeneous spaces and we omit the details.

Lemma 4.1. There exists a positive constant C, depending only on k, such that,
for all locally integrable functions f and b; with i € {1,---,k}, all balls B and
1/r=1/ri1+---+1/rg withr; € [1,00) fori € {1,---,k},

) /
— flx)b1(x) - bp(x)| du(z
557 L @) - -be(e)] dua)
< Clrlonpir, 5, Wbl e, 1, st || g e, 3,

where, for a € (0, 00)

I £1l L(og )=, B, s

::inf{/\e (0, ) : M(;B> /B ‘f&‘”)‘ log® <2+@) du(z) < 1}
and

HfHexpLa,B,R% = inf{/\ € (0,00) : @/Bexp <@) dp(z) < 2}.

Now we are ready to prove Theorem 1.13. In what follows, for any £ € N and
i € {1,---,k}, let C¥ be as in Section 3. For all k-tuples r := (ry,---,7%) and
o:={o(1), -, 0(i)} € CF, let by := (by(1), - - ba(i))»

105 |05 o (1) = W00y llose, rory (o) = Wooiyllose, o )
and, for a finite family b := (b1, bg, - - -, bg) of locally integrable functions, let
16l0scexp 1 (1) = 101l Oscry 11 ()~ O8N Oscy 1o (1)

Proof of Theorem 1.13. Similar to the proof of [7, Theorem 4], without loss of

generality, we may assume that, for all i € {1,---,k}, [[billosc () = 1.
exp L

We prove the theorem in two cases: £k =1 and k£ > 1.

Case I. k£ = 1. For any given bounded function f with bounded support and any
A > Bell fll 1w/ |l applying the Calderén-Zygmund decomposition to f at level A
(see [2, Theorem 6.3]), we see that, with the same notation as in [2, Theorem 6.3],
f=g+h, where g := fxx\u,6Q; + 2, ¢ b =2 (w;f — »;), and
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(a) {Q;}; is a sequence of pairwise disjoint balls in X' and {6Q);}; is finite over-
lapped;

(®) |f(z)| < A for p-almost every z € X'\ U; 6Q;;
© % < sty Ja, 11 (@) duta);
(d) {¢;}; is a family of functions satisfying that supp ¢; C R; and
[, o) = o J@i@) du@)
J

R; 6Q;

where R; is the smallest (3 x 62, C’i\og"’(SXGQHI)-doubling ball of the form (3 x

. X6Q; (@)
62)*Q; with k € N and w;(z) := 721_6)2:%(@ for all z € X
(e) Zj lpj(x)] S A for p-almost every z € X;

) Nljllpooyi(Ry) S [ 1f (@) |wj(z) dp.
By (c), (d) and (e), we easily know that |g(z)| < A for p—almost every x € X and
I gH%Q(M) S Al fIl1()» which, together with Theorem 3.10, further implies that

p{z € X« [Thg(x)] > M) S A2 Thgll 2 S A2N9ll720) S AT /X [F (W)l duly),

where T} := T},. On the other hand, by (c) and (a), we see that

1
n (U@ | 5 [ 1@ duta).
; X
Therefore, the proof of Theorem 1.13 in Case I can be reduced to proving that

e € 2,060, 5 (1) > A S [ LWiogisr (2 1LY )
To see this, for all j and x € X, we let b;(x) := b(x) — m@j(b) and

hj(z) = wj(x)f(x) — (),
and write
Tyh(z) = bj(2)Thy(x) = > T(bjh;)(x) = I(z) + I(z).
J J
For the term II(x), by [2, Theorem 6.5], we know that 7" is of weak type (1,1) and
hence
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p{red: \H( )\>A})

<A 12 / 165 (0) 5 (0)] dpu(w)
St Z / 1b(y) — mg )17 () es(v) dn(v)
A IZH%HLw(M/ Ib(y) — mg (b)] dp(y) = E +F.

Obviously, R; is (6, Fs)-doubling and hence R; = Rj. Thus, it follows, from Lemma
3.2, that

/ b(y) — mg (8)] du(y)

/ b(y) ()] dys(y) +(Rs) [Imegy (8) =, (B)]| +limggs (0) i (B)

<M6R) 1(R;)[0(6Q;, R;) + 0(Qy, 6Q;)].

By Lemma 3.1, we have 6(6Q;, R;) < 1 and 6(Qj,6Q;) < 1, which, together with
w(6R;) < 56#( ), further implies that

PN S loslieuon(R) S 371 [ 17wl duty)

j
On the other hand, from Lemma 4.1, ||bjllosc () =1 for j € {1,---,k}, (c) and
exp L™
(d), it follows that ’
ESA! Z 1(2Q) fwill Laog y1/m, 6@, n/u120,) 105llexp L 6@, w/n(12Q;)
J
<At Z 12O fw;ill Litog L)1/, 60,5, /u(120;)

SATY p(12Q))
J

Y i t [fWlwi() | 1y |f (y)|wi(y)
f {t+7( /6 e log <2+7) du(y>}

te(0,00) ©(12Q;) t t

5/){@1@” <2+@) du(y).

Thus, we conclude that

plre @) >a) s [ Hhogr (2 . @) an(y).



2234 Xing Fu, Dachun Yang and Wen Yuan

Now we turn to I(x). Let a:] be the center of @);. Since supp h; C Rj, for
x € X\2Rj, using (1.9) and [, b;(z) du(x) = 0, we write

Lo g, M@ dt)
PR [l [ e s dnte)

5 g, N0 )
+Z/ D17 (2y) ()] dia) = G+ H 4.3
Using (1.3), Lemmas 3.1 and 3.2, we see that
/){\23]- d(z, w])(s‘f)\é:a;),‘d(a;, ;) dp(z)
S :’1 (2’6er>‘5 m /2k+1R]- |b(x) — m2k+1Rj(b>‘ du(x)

00 -5 2k‘+1RA
k 1( ;) oy
+32(Frm) G g ma ) — My O

= =0 _p(2"2R;)
S Z <2ker> m

'>_5 P25 R)) <0
Ay, 2krg,) ~ Hi

+ id(@vj, oI +IR;) (24

where the last inequality follows from an argument similar to I3. From this, together
with

sl 1 < /X £ )l () (),

we then infer that

G < /X |f ()] dp(y)-

On the other hand, by Holder’s inequality, the L?(u)-boundedness of 7', Lemma
3.2, the fact that R; is doubling and (f), we conclude that

<Y [ 1b(a) = ma DIT (o) @) )
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+3Img, 0) =m0 [ 1To3) @) o)
J
1/2
<> </2R [b(2) = mag (b )\261#(33)) 1705l £2 1)
j J

+ D [R)VIT @5l 2y % Imgg (0) = myg (b))
i

< AR 2T 2y 1+ Img, (6) = mag (b)

J

S S WARNPIT e o S [ 1) o)

where the second to the last inequality follows from the fact that

g (6) = ma (B)
< gy, (b) — g, (6)] + [, (8) — g, ()] + mar, (b) — mage (b)] < 1.

To estimate H, observe that by (1.8), for all z € 2Rj\62Qj,

1
T @) S 5 /X wi ()1 ()] du(y).

Therefore, by Lemma 3.2,

e zJ: {/2Rj\Rj Az, d(z,z;)) dpl) + /Rj\Qj Nz, d(z, z;)) dp( )}
< [ it dut)
X
pOR) | peR) \ [
s z]: {)\(xj,rR,) + CIRE D) } /X w; ()| f ()] du(y)

" / b@) —m . ()] dpz)
zg: ;;) A, (3 62 )¥rQ;) JxerrrQexe)rQ, (Bx6%)*+1Q;

x /X w; ()] F ()] dp(y)

N—-1
(3 x 62)F1Q;)
+z]:k < Nzj, (3 % 62)Frq, )lm@}(b) M i1 I/ wi ()| f W) dp(y),

where N satisfies R; = (3 x 62)VQ;. Obviously, for all k € {0,---,N — 1},
(3 x 6%)*Q; C R; and so

Ima, () = m . aimig, (DS 0(Q5, (3 6*)"'Q;) < 6(Qs, R)) S 1.
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Consequently, by the fact that R; is the smallest (3 x 62, Clog2(3X6 ) +1) -doubling ball
of type (3 x 62)!Q; with i € N, (1 3), Lemma 3.2 and an argument similar to that used
in the proof of Lemma 3.5(iii), together with (d), we see that

N-1

% 2 k+2
H<Z/WJ ) (y)] duly +ZZM;J3, 3i62)k%>>/ wi (Y1 f ()| dp(y)

X 2\k+1) .
i [ sl dnt

N-1 % Nk
SZ/ij(yﬂf(y)\du(yHZ A(’;if?’(g X66>2>?;Clj>/ij(y)\f(y)\du(y)

+
Q,M
=

Combining the estimates for G, H and J above, we then conclude that

/ ()] dpu( / £ du(y)
X\U]'62Q]

which implies the desired conclusion and hence completes the proof of Theorem 1.13
in the case that &k = 1.

Case Il. k£ > 2. The proof of this case is completely similar to that of [7, Theorem
4]. We omit the details, which completes the proof of Theorem 1.13. ]
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