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EXISTENCE OF SOLUTIONS FOR NEUTRAL INTEGRODIFFERENTIAL
EQUATIONS WITH NONLOCAL CONDITIONS

Xianlong Fu, Yan Gao and Yu Zhang

Abstract. This paper is concerned with the existence of mild solutions, strong
solutions and strict solutions for a class of neutral integrodifferential equations
with nonlocal conditions in Banach space. Since the nonlinear terms of the systems
involve spacial derivatives, the theory of fractional power and a-norm is used to
discuss the problem. In the end an example is provided to illustrate the applications
of the obtained results.

1. INTRODUCTION

In this paper, we study the existence of solutions for semilinear neutral integrodif-
ferential equations with nonlocal conditions of the following form:

& [#(0) + Pt a(ma(9))] + Azt

6] t
= / B(t — s)x(s)ds + G(t, z(ha(t))), t € [0,T],2(0) + g(x) = =y,

0
where — A is the infinitesimal generater of an analytic semigroup on a Banach space
X, B(t) is a closed linear operator from X, ( it will be defined later ) into itself, F,
G, g, hy and ho are given functions to be specified later.

Integro-differential equations can be used to describe a lot of natural phenomena
arising from many fields such as electronics, fluid dynamics, biological models, and
chemical kinetics. Most of these phenomena cannot be described through classical
differential equations. That is why in recent years they have attracted more and more
attention of several mathematicians, physicists, and engineers. Some topics for this
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kind of equations, such as existence and regularity , stability, (almost) periodicity of
solutions and control problems, have been investigated by many mathematicians, see
[1]-[25], for example.

In [18, 19, 20], Grimmer et al. proved the existence of solutions of the following
integrodifferential evolution equation:

V' (t) = Av(t) + /Ot’y(t —s)v(s)ds+ g(t), for t > 0,
v(0) =vp € X,

2

where ¢ : R™ — X is a continuous function. The author(s) showed the existence,
uniqueness, representation of solutions via resolvent operators associated to the follow-
ing linear homogeneous equation

V'(t) = Av(t) + /Ot’y(t — s)v(s)ds, for t > 0,
v(0) = vy € X.

The resolvent operator, replacing role of Cp-semigroup for evolution equations, plays
an important role in solving Eq. (2) in weak and strict senses. In recent years much
work on existence problems for nonlinear integrodifferential evolution equations has
been done by many authors through applying the theory of resolvent operator. In
papers [1, 6, 7, 8, 21], the authors have discussed the (local) existence and regularity of
solutions for some partial functional differential equations with finite orinfinite delay in
Banach space. And papers [2, 12, 22] have studied the existence problems for semlinear
impulsive integrodifferential equations. Meanwhile, as the nonlocal Cauchy problem for
evolution equations initiated by Byszewski[26] have offered better effects in discussing
practical models than classical Cauchy problems, there are lots of works on various
issues of different evolution equations with nonlocal conditions, see [27, 28, 30, 31]
for differential evolution systems and [3, 13, 16, 17, 22, 23, 24] for integrodifferential
evolution equations.

Particularly, Neutral (integro)differential equations arise in many areas of applied
mathematics. For instance, the system of rigid heat conduction with finite wave speeds,
studied in [9], can be modeled in the form of integrodifferential equations of neutral
type with delay, and for this reason these equations (with initial condition or nonlocal
condition) have received much attention in the last few decades. In Paper [6], by using
Banach fixed point theorem the authors have studied the existence and regularity of
solutions for the following neutral integrodifferential equations with finite delay

d t
%D(t, z) = AD(t, z¢) + / B(t = s)D(t, z¢)ds + f(t, 1), t =0,
0

To=¢ € C([—T’, 0]7X>7
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where A is the generator of a Cy-semigroup. See [27, 3, 7, 25] for more relative works.

The purpose of this work is to study existence of mild solutions, strong solutions
and strict solutions for nonlocal system (1) by using the theory of resolvent operators
and fixed point theorems. As a motivation example for this class of equations we
consider the following boundary value problem with nonlocal condition

% [z(t, z)+ f <t, z(t, @), %z(t, "3>)]

82 t 82
= wz(t, x) —i—/o b(t — s)wz(s,x)ds

3) —i—g(t,z(t,x),%z(t,x)), 0<z<m 0<t<T,
2(t,0) = z(t,m) =0, t € [0,T],
P
2(0,z) + Z ki(z)z(ti,x) = z0(z), 0 < <,
\ i=1

This system can also be written into an abstract neutral equation as mentioned above.
However, the results established in related papers as [3] become invalid for this situ-
ation, since the functions f, ¢ in (3) involve spatial derivatives. As one will see in
Section 6, if take X = L2([0, 7]), then the third variables of f and g are defined on
X1 and so the solutions can not be discussed on X like in the appeared references. In
thi2s paper, inspired by the work of [32],[33] and [30], we shall discuss this problem
by using fractional power operators theory and a—norm. That is, we are to restrict
this equation in a Banach space X, (C X) and investigate the existence and regularity
of mild solutions for Eq. (1). It means that the obtained theorems have more general
application than the existed results. On the other hand, we don’t need the compactness
of the function g in the nonlocal condition. we do not require the function g in the
nonlocal condition satisfy the compactness condition or Lipschitz condition, instead, it
is continuous and is completely determined on [, T'] for some small 7 > 0. The com-
pactness condition or Lipschitz condition for g appear, respectively, in almost all the
above-stated papers on the topics of nonlocal problem of integrodifferential equations.

The paper is organized as follows: in Section 2 we recall some concepts, hypotheses
and basic results about resolvent operator. Particularly, we verify in this section the
uniform continuity of analytic resolvent for our discussion. It is worthy to mention that
compactness of resolvent operator does not imply the uniform continuity. In Section 3,
we study the existence of mild solutions for Eq.(1) using Sadovskii fixed point principle.
it can be seen that our discussion is quite different from the works of [2, 3, 6, 7, 8, 22]
and other existed papers. The existence of strong solutions is discussed in Section 4. To
obtain the existence of strong solutions we only require that F' and G satisfy Lipschitz
conditions which are very weak. Then the existence of strict solutions is studied
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in Section 5 with Gronwall inequality applied. Finally, in Section 6, an example is
provided to illustrate the applications of the obtained results.

2. PRELIMINARIES

Let X be a Banach space, throughout this paper, we always assume that —A :
D(A) € X — X is the infinitesimal generater of a compact analytic semigroup
(S(t))t>0. Y is the Banach space formed from D(A) with the graph norm ||y|ly =
| Ayl + |lyl|, for y € D(A). Let 0 € p(A), the resolvent set of operator A, then
it is possible to define the fractional power A%, for 0 < a < 1, as a closed linear
operator on its domain D(A®). Furthermore, the subspace D(A®) is dense in X and
the expression

[zlla = [|A%]l, = € D(A?),

defines a norm on D(A®). Denote the space (D(A%),| - ||a) by X4, then it is well
known that for each 0 < a < 1, X, is a Banach space, X, — Xg for 0 < 3 <
a < 1 and the imbedding is compact whenever R(\, A), the resolvent operator of A,
is compact. Let ||A=%| < My, with M a positive constant. Hereafter we denote by
C([0,T], X,) the Banach space of continuous functions from [0, 7] to X, with the
norm

[zllc = sup [[A%@)], z € C([0,T], Xa).
0<t<T

For the theory of operator semigroup we refer to [34] and [35].

The theory of resolvent operator plays an essential role in investigating the existence
of solutions of Eq.(1). Next we collect the definition and basic results about this theory,
see [18, 19, 20] for more details.

Definition 2.1. A family of bounded linear operators R(t) € L(X) for ¢t € [0,T]
is called resolvent operators for

W oty = —da(t) + [ Ble— (s
z(0) =z € X,

if
(i) R(0) =1 and ||R(t)|] < Nie** for some N7 > 0,w € R
(ii) for all x € X, R(t)x is continuous for ¢ € [0, T7.

(iii) R(t) € L(Y), for t € [0,T). For z € Y, R(t)z € C'([0,T], X)N C([0,T],Y)
and for ¢ > O such that
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R'(t)r = —AR(t)x + /t B(t — s)R(s)xds

) 0,

= —R(t)Az + / R(t — s)B(s)xds.
0

We shall always assume the following hypotheses on the operators A and B(-):

(V1) A generates an analytic semigroup on X. B(¢) is a closed operator on X with
domain at least D(A) a.e. ¢t > 0 with B(t)z strongly measurable for each
x € D(A) and || B(t)|[1,0 < b(t), b € L'(0, 00) with b*(\) absolutely convergent
for ReA > 0, where b*(\) denotes the Laplace transform of b(¢).

(Vo) p(A) := (M — Ag — B*()\))~! exists as a bounded operator on X which is

analytic for A in the region A = {\ € C: [arg\| < § 4 d}, where 0 < § < 7.
In A if |A| > & > 0 there exists a constant M = M (g) >0 so that ||p(\)]] S%.

(V3) Ap(A) € L(X) for A € A and are analytic on A into £(X). B*(\) € L(Y, X)
and B*(\)p(A) € L(Y, X) for A € A. Given e > 0, there exists M = M(g) > 0
so that for A € A with |A\| > ¢, [|[Ap(N)[l1,0 + |B*(N)p(N) |10 < |M7|, and
|B*(A)|]1,0 — 0 as |[A] — oo in A. In addition, ||Ap(N)|| < % for some
n >0, A € A with |\| > e. Further, there exists D C D(A?) which is dense
in Y such that Ag(D) and B*(\)(D) are contained in Y and ||B*(\)z|; is
bounded for each z € D, A € A, |A\| > e.

Then, it follows from [20] that, under these conditions, there is a resolvent operator
R(t) for linear system (4) defined by

R(0) =1

and

1
R(t)e = —— / MO — A— B*(\)Lwd), ¢ >0,
271 T

or equivalently, using the notation of (V3),

1

(6) R(t)z = o— /Fe’\tp(/\)a:d/\, t>0,

where I is a contour of the type used to obtain an analytic semigroup. We can select
contour I, included in the region A, consisting of I'y, 'y, and I's, where

= {re?:r>1}, T3={re @ :.r>1}, g<qﬁ<g+5,
Py ={c": - <0< ¢},
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oriented so that Im(\) is increasing on I'; and I'y. Moreover, R(t) is also analytic and
there exist IV, C,, > 0 such that

Ca
7) IR@I < N and [A°R()| < 52, 0<t<T, 0<a<1.

For the resolvent operator R(t) we can further prove the following property:

Lemma 2.2. AR(t) is continuous for t > 0 in the uniform operator topology of
L(X).

Proof.  From (6) one has that

1
AR() = o /F M Ap(\)dA, ¢ > 0.

Let At = p and J = tI" to get
1 1
AR(t) = — [ ~etAp(t*p)adu, t >0

and use Cauchy’s theorem to obtain
1 1 1
AR(t) = 5— | —e'Ap(t p)dp,
211 T t

It now follows from (V3) that

M 1
AR(t S—/tn_le“—du,
AR < o g | ‘\M\"‘ |

which converges absolutely and uniformly for ¢ > 0. Thus we conclude the
assertion. ]

In this paper, for the sake of simplicity, we always require that A“ be commutative
with R(t) for any 0 < o < 1, that is, for any x € D(A?%),

(8) A°R(t)x = R(t)A%x.

Generally speaking, this commutation is not always valid although some recent ref-
erences (such as [11, 27]) have used it readily. We point out, however, that this
commutation can be reached many cases. For example, let B(t — s) = b(t — s) A with
b(t) a scalar function defined on (0, +00), then, the linear problem (4) becomes

o %x(t) — An(t) + /O b(t — 5) Az(s)ds,
z(0) = zo € X.

If we impose the following conditions on system (9),
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(V) A generates an analytic semigroup on X. In particular
A ={AeC:larg < (7/2)+0},0< 01 <7/2

is contained in the resolvent set of A and ||(A —A)~!|| < M/|\| on Ay for some
constant M > 0. The scalar function b(-) is in L'(0, co) with b*()\) absolutely
convergent for ReA > 0, where b*(\) denotes the Laplace transform of b(t).

(V) There exists A = {\ € C: |argA| < (7/2) 4 d2},0 < da < 7/2, so that A € A
implies g1(\) = 1 + b*()\) exists and is not zero. Further A\g; '(\) € A; for
AeA.

(V3) In A, b*(\) — 0 as [A\| — oc.
Then, from [20], the conditions (V;) — (V3) above are fulfilled and hence the resolvent
operator R(t) is analytic. We see that (8) holds in this situation.

Finally, we end this section by state the following fixed point principle which will
be used in the sequel.

Theorem 2.3. (see [36]). Assume that P is a condensing operator on a Ba-
nach space X, i.e., P is continuous and takes bounded sets into bounded sets, and
a(P(B)) < a(B) for every bounded set B of X with o(B) > 0. If P(H) C H for a
convex, closed, and bounded set H of X, then P has a fixed point in H (where o(-))
denotes the kuratowski measurable of noncompactness).

3. EXISTENCE OF MILD SOLUTIONS

The mild solution of Eq.(1) expressed by the resolvent operator is defined as follows.

Definition 3.1. A function z(-) € C([0,7], X,) is said to be a mild solution of
Eq. (1), if

2(t) =R(t) [ro + F(0,2(h1(0))) — g(x)] = F (¢, z(hi(t)))

+/ (t — s) [AF (s, z(hy(s)))

0

/O B(s — 7)F(r, a(h(7)))dr + G(s, 2(ha(s))) | ds,

for t € [0, 7).

To guarantee the existence of solutions, we impose the following restrictions on
Eq.(1). Let « € (0,1).

(Hp) R(t) is a compact operator for each ¢ > 0.
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(H1) {B(t)}tcpo,r) is a family of operators from Y to X such that B(t) € L(Xa+6, X)
for each ¢ € [0, T]. Then, there exists a positive number M; such that

(10) IB()lass 0 <My t€[0,T).

(Hs) There exists a constant 3 € (0,1) with « + 3 < 1, such that F': [0,7] x X, —
Xa4p satisfies the Lipschitz condition, i.e., there exists a constant Ly > 0 such
that :

HF(tl,xl) - F(@,@)HW < Lo(|t1 — to] + |21 — z2]l0)

for any 0 < 1,10 < T, 21,29 € X4, and the inequality
Ft, H < Lo(|l#lls + 1
[P, < Lolllalla +1)

holds for any (¢, z) € [0,T] x X,.
(Hs) The function G : [0,T] x X, — X, satisfies the following conditions:

(i) for each t € [0,T], the function G(¢,-) : X, — X, is continuous and for
each x € X, the function G(-, z) : [0,7] — X, is strongly measurable;

(ii) for each positive number k € N, there is a positive function g, € L?([0,77)
such that

sup [|G(t, 7)o < gr(t)
l|z|| <k

and
1 (T
lim inf E/ gr(x)ds = v < o0.
0

k—o0
(Hy) g : C([0,T],Xa) — X4 is a continuous mapping which maps bounded sets
into bounded sets, i.e., there exists a constant L. > 0 such that for any = €
C((0,T1, Xa),
lg(@)lla < Ll c-
Moreover, there is a § = §(k) € (0,T") such that g(u) = g(v) for any u, v € B
with u(s) = v(s), s € [0, T], where By, = {z € C([0,T], Xo), ||z(*)|lc < k}.
Hs) hi, hy € C([0,T];[0,T7).
H}) G :]0,T]x X, — X satisfies the lipschitz condition, that is, there exists L; > 0
such that

—_

[G(t1, 21) — G(t2, z2)|| < Lu[[t1 — tof + (|21 — 22]lo],
for any 0 < 1,10 < T, 21,29 € X, and the inequality
Gt 2)| < Li([[z]la + 1),
holds for any (¢, z) € [0,T] x X,.
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(H}) ¢:C(]0,T], Xo) — X, is a continuous function, and there exists Ly > 0 such
that

o) =9 < Lallu = vllc.

for any u,v € C([0,T], X,), and the inequality

o] < za(lullc +1)

holds for any v € C([0,T], X,).

First we can prove the following existence result by applying Banach fixed pricinple
without any compactness condition for Cp—semigroup (S(t)), or resolvent operator

(R(1))1>0-

Theorem 3.2. Assume that assumptions (Hy), (Hz), (H3), (H}) and (Hs) hold,
then Eq.(1) has a unique mild solution provided that

CaT2_a M, TﬁCl_g
B

CaT'
(11) Cy := <M0(N+1>+ )L0+7L1+NL2<1.

1—«a 11—«

Proof.  Define the operator P on C([0,7], X,) by the formula
(Pz)(t) =R(t) [zo + F(0, 2(h1(0))) — g(x)] = F(t, x(hi(t)))
4 / R(t - 5) [AF(s, 2(h(5))
0

- /OS B(s — 7)F(r,z(h1(7)))dT + G(s, z(ha(s))) | ds.

Then, it is easy to see that P maps C([0,7], X,) into itself. By a direct computa-
tion we can show using (11) that P is a strict contraction on C([0,77], X,). Hence
from the Banach fixed point theorem we conclude that P has a unique fixed point in
C([0,T7, X,) which is a mild solution of Eq.(1). |

Next, we prove the existence of mild solutions when R(t) satisfies the condition
(Hyp), i.e., it is compact for ¢ > 0.

Theorem 3.3. Assume that assumptions (Hy) — (Hs) hold, then Eq.(1) has a mild
solution provided that

T8C 5 T?*°C,
Bl Ca 1_aaM1)LO+N(NL+7)<1.

(12) Cl = <NMO + M() +
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To prove the above theorem, we need some lemmas. First, for a fixed n € N, we
consider the following approximate problem:

o (t) + (0,2 (1)))] + Ax(1)

(13) / B(t — s)xz(s)ds + G(t, z(ha(t))), t € [0,T],

2(0) + R(~ )()—xo

Lemma 3.4. Assume that all the conditions in Theorem 3.3 are satisfied, then
for any n € N, the nonlocal Cauchy problem (13) has at least one mild solution
xn € C([0,T], Xa).

Proof. Let By be that given in assumption (Hy). It is obvious that Bj
is a bounded, closed and convex set in C(]0,T], X,). Define the operator @, on
C([0,T], X4) by the formula

(Qua)(t) =R(E) [0 + F0,0(12(0)) - R )ala)| = Flt. o (0)
+ /O R(t — 5) [AF(s, 2(h (5)))
- /08 B(s —1)F(7,2(hi(7)))dr + G(s, x(hg(s)))] ds.

It is easy to see that the fixed point of @,, is a mild solution of Eq.(13). Subsequently,
we will prove that (),, has a fixed point on some By by using Theorem 2.3.

We claim that there exists a & € N such that Q,,(By) C By, if it is not true, then for
each k € N, there is a function zy(-) € By, but Q,zx ¢ By, that is ||Qnxr(t)||o > k
for some ¢(k) € [0,T], where t(k) denotes ¢ is dependent on k. On the other hand,
however, we have

k<[[(@nzr) (@),

H [a:o + F(0, 2x(h1(0))) — R(%)g(xk)] AR ONIN

a

i

/ R(t — 5) [AF (s, 2 (b1 (5)))

0

+ /8 B(s —1)F(1,2k(h1(7)))dT — G(s, xk(hg(s)))] ds
0

a

<N |llzolla + MoLo(k +1) + N sup |lg(z)]la| + MoLo(k+1)

TEBy,
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ds

/ | AP R(t — )47 (s, 24 (m(9)))

/ ARt — 5) H/ IB(s — ) F(r, (b (7 )))Hdes—i—N/O on(s)ds

<N [||zolla + MoLo(k 4 1) + NLE] + MoLo(k + 1)
TRC, _ T°7°C, t

BI ﬁLo(k+1>+ T MlLO(k+1)+N/ gr(s)ds
- 0

Dividing on both sides by the k£ and taking the lower limit as k — —+o0, we get
T°Cy_p N T?7°C,
5 1-

this contradicts (12). Hence for some positive integer k, Q,,(By) C By.
Next we will show that (), has a fixed point on By. To this end, we decompose
Qn = Qn1 + Qno, where the operators (1, Qno are defined on By, respectively, by

<NMO+M0+ Ml)L()—i-N(NL-i-’)’)Zl,

(Qmz)(t) =R(t)F(0,2(7h(0))) — F(t, z(h (1)) +/O R(t — s)AF(s, 2(h(s)))ds,
(Qua) (1) =R(1) [a:o - R(%m(;p)] - /O R(t - 5) /O " B(s — 7)F(r, #(hu(r))drds

+/O R(t — 5)G(s, x(ha(s)))ds,

for all 0 < t < T, and we verify that (),,; is a contraction while Q),,2 is a compact
operator.

To prove that @Q,,1 is a contraction, we take x1, x5 € By, then, for each ¢ € [0, 7],
we have

[(@u1z1)(t) — (Qniz2)(t)l,,
< HR(t)A—ﬂ [AﬁF(o, 21(h1(0))) — APF(0, xg(hl(())))}

a

4 4 Pt 1 (a0 — APt a0

+’ / AVBR(t — 5)AP[F (s, 21(hu(s))) — F(s, 22(hu(s)))|ds

<NMoLo sup 21 (t) = 22(t)la + MoLo sup |[lz1(t) — x2(t)|a
0<t< 0<t<T

th (8 |uds
+ [ B () = aa()od

Cy_gTh
S(NMo-i-Mo-i- 15 )Lo sup [|21(6) — 22(t)]|o-
8 0<t<T

a

a
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Thus,
Ci_gTP
B

So by assumptions (12), we see that (),,1 is a contraction.
To prove that (Q,,5 is compact, firstly we prove that ()2 is continuous on By, let
{zm} C By with x,,, — x in By, then by (H3) and (H,4), we have

|(Qniz1) — (RQuiz2)|c < <NM0 + My + ) Ly ||lx1 — x2||c-

9(xm) = g(x),  m— oo,

and
G(s,xm(ha(s))) — G(s,z(ha(s))), m — +00.
Since
|G (s, 2m(ha(s))) = G (s, 2(h2(s)))lla < 29k(s),

by the dominated convergence theorem and the strong continuity of R(t), we have
HQanm - QanHoc
R(OR(=) |9(wm) = 9(a)]

= sup
0<t<T

= [ Rt=9) [ Bl =) [Fraatin(r) = Pl o (r) |ards

ﬁ[Ru_@@@wwm@»—G@ﬂ%@WWS

a

S (LULEIIERErE)

a

| R =9 [ Bls =) [F(rann(r) = Frathn(r)ards

« )
i.e., Q2 is continuous.
Next we prove that {(Q2x)(:),z € Bx} C C([0,T], X,) is a family of equicon-
tinuous function. To see this we fix £; > 0, let to > ¢; and € > 0 be small enough,
then

.

/t R(t — 5) [G(s, em(ha(s))) — G(s, x(hg(s)))} ds
0

— 0 as m — o0,

.

[(@n2)(t2) — (Qnaz)(t1) Ha
< ) - At o - R0

a
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" ’ /0 Rtz =) /0 B(s — 7)F(7,5(I(r)))drds
_/O“ R(t; — s) /OSB(S_T>F(T,g;(h1(7>>)d7ds )
v [ " Rt )00, 2 ale)is — [ Rt = )65 0l a

< HR(t?)_— R(t)| lzolla + Nlg(x)]|a]
+/O |A®R(ts — s) — A“R(t) —s>u/0 IB(s — 7)F(r, 2(ha(r)))|| drds

+/t IA®R(ts — 5) — A“R(t, —s>u/0 IB(s — 7)F(r, o(ha(r)))]| drds

1—€

/t]

[ IR = 9) = B = 9G],
0

ds

ARty — 5) /O Bls — 1) F(r, a(ha(7)))dr

+ /t "Rt — 5) — R(ts — 5)]| G5, 2(ha(s)))]], ds

1—€

+ / 2 |R(ty — $)G(s, x(ha(s)))],, ds.

ty

Noting that ||G(s, z(ha(s)))]|a < gr(s) and gi(s) € L2, we see that ||(Qnaz)(t2) —
(Qn2x)(t1)|la — 0 independently of z € By as to —t; — 0 since, by Lemma 2.2,
(R(t))¢>0 and (A“R(t)),», are continuous in ¢ in the uniform operators topology.
Similarly, we can prove that the functions {Qn2z,2 € By} are equicontinuous at
t = 0. Hence Q2 maps By, into a family of equicontinuous functions.

Now, we verify that for fixed ¢ € [0, T, the set {(Qn2x)(t),z € By} is relatively
compact in X,.

If ¢ = 0, then (Qn2)(0) = 29 — R(2)g(z). Clearly g(z) is a bounded set in By,
so it is true for ¢ = 0.

If ¢t € (0, 7], let (Qnax)(t) = R(t) [z0 — R(2)g(x)] + (Qhax)(t), where
(Qna)(t)
_ —/O R(t— s>/0 Bls — 1) F(r, 2(hn (7)) drds +/O R(t — 5)G(s, 2(ha(s)))ds.

Take o/ € (0, 1) such that 0 < o/ — < 3, then we have

1A (@) (1) < ] /0 AYR(t — 5) /0 " B(s — 1) F(r, 2(ha(r)))drds
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/O A9 Rt — $)G(s, 2(ha(s)))ds

Co T2 Ti-=cy,
<2 ML 1
< MiLo([lzlla +1) + o0 —a)

i

gk ()l 22,

which implies {A% (Q!,x)(t),z € By} is bounded in X. Hence we infer that
(Q',2)(t) is relatively compact in X,, by the compactness of operator A~ : X — X,
(noting that the imbedding X, — X, is compact). Thus, (Qn2x)(t) is also relatively
compact in X, because R(t) [zo — R(2)g(z)] does so.

Therefore, from the infinite-dimensional version of the Ascoli-Arzela theorem, ()2
is a completely continuous operator on C([0, 7], X,,). Those arguments enable us to
conclude that ), = Q1 + Q2 is a condensing map on By, and by the Theorem 2.3
there exists a fixed point z,,(-) for @,, on By. Therefore, the nonlocal Cauchy problem
(13) has a mild solution ,,(+), and the proof is completed. [ ]

Now define the solution set D and the sets D(¢) by

D ={x, € C([0,T], Xs) : Tn = Qnan,n > 1},
D(t) ={xn(t) : x, € D,n > 1}, t €0, 7).

Lemma 3.5. Assume that all the conditions of Theorem 3.3 are satisfied. Then for
each t € (0,T], D(t) is relatively compact in X, and D is equicontinuous on (0,T].

Proof Forn >1and z, € D, we have, for ¢ € (0,7,

20(t) =R0) 20+ F(0,2,(m(0)) = R()a(w) | = Flt (1))

R(t = 5) [ AF(s, 2 (h1(5)))

B(s — 7)F(7, an(ha(7)))dr + G(5, 2 (ha(5))) | ds

=R(0) [0+ PO, (0a(0)) = RO)g(a)| = A4 F(t.,n (1)
t R(t—s) [AF(S, Zn(h1(s)))

B(s — 7)F (7, xn(h1(7)))dT + G(s, xn(hg(s)))] ds
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From (H2) and (H,) we obtain F'(¢,z,(h1(t))) and g(z,(t)) are bounded in X,. By
the compactness of (R(t))¢~o and A™, we see [, I, are relatively compact in X,,.
Now we verify

I :/OtR(t—s) [AF(S T (ha(s / Bls — 1) F(r, an(h(r )))dT] ds
+ /OtR(t— $)G(5, 2m(ha(s)))ds

is relatively compact in X, too. For this, take 0 < o/ < a + (3, as above we have

1A' L —||/AO‘ (t—s) [AF(S (b (s /B sV E (7, on(hn (7 )))dT] ds

+/O AYR(t — 5)G(s, 2y (ha(s)))ds

S ’

/ot AV R(t — ) A TOF (s, 2 (ha(s))) H

/O ARt — 5) /O B(s - 7)[F(r,a(n (r)))| drds

/O AYOR(t — $)AUG (s, 20 (ha(s)))ds

Toth-a

TlO‘C’
1-—

Cl+a —a—f

< L 1
Tl 1)+
1

TE_(OC a)Coc —a
1-2(a — )

MiLo ([J¢]la +1)

[ZAQIIFER

which implies { A% I, 2,, € D(t)} is bounded in X . Hence we infer that I3 is relatively
compact in X,. Thus, D(¢) is relatively compact in X,,.

Due to Lemma 2.2, we can prove the second assertion by using the similar argu-
ments as that in Lemma 3.4. ]

Proof of Theorem 3.3.

Proof.  We prove that the solution set D is relatively compact in C([0, 7], X,).
Due to Lemma 3.5 we only need to verify that D(0) is relatively compact in X, and
D is equicontinuous at ¢ = 0.

For x, € D,n > 1, let
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where 0 comes from the condition (H,4). Then, by condition (Hy), g(z,) = g(Zr).

Since D is relatively compact in C((0, 7], X,,), without loss of generality, we may
suppose that there is a subsequence, still denote {Z,,} C D, such that 7,, — z in
C((0,7T], X4), as n — oo, for some z(-). Thus, by the continuity of g and the strong
continuity of R(t) at t = 0, we get

20(0) ~ (0 + () e <[ B9 ) ~ R Vo) + | RC)g(w) — o(a)

ot ot + [ ot

n

a

« «

— 0 as n — oo,

i.e. D(0) is relatively compact in X,,.
On the other hand, for ¢ € (0, T

[ (t) = 2 (0)]|o

R(O) o0 + F(0.24((0) = B = F(t.aa(0)

—i—/OtR(t—s)

_ /OS B(s — 1)F(7,zn(h1(7)))dT + G(s, xn(hg(s)))] ds

AF(s,zp(h1(s)))

o0+ PO (1200 - R atn) ~ FO. 21201

a

< /OR(t—s) AF(s, 20 (h1 (s)))
- OSB(s—T)F(T,a:n(hl(T)))dT—i—G(s,xn(hg(s))) ds
+ B0 —wo|_+ || (R = DR )9t + ]| (R = DFO, 2atmao)))]

+ HF(t, 2n(h1 (1)) = F(0,2,(h1(0)))

«

— 0,

uniformly in n as t — 0, since D(0) = {zo — R(+)g(zn) : @, € D} | is relatively
compact and A~ is compact. Thus, we obtain that the set D C C([0,T], X,,) is
equicontinuous at ¢ = 0, and hence D is relatively compact in C([0, 7], X,). We may
suppose that z,, — z* € C([0,T], X,) as n — oc.
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By the expression of mild solution for the system (13), we have

) =R(0) 20+ F(0, 2, (0)) = R()a(o) | = Flta(hs ()

+ /O R(t — 5) [AF (s, (1 (5)))
_ /O " B(s = 1) F(r, an(hn (1)) + G(s, xn(hg(s)))] ds,
for 0 <t <T. Taking limit as n — oo on both sides, we obtain that
z*(t) =R(t) [zo + F(0,2"(h1(0))) — g(2")] — F(t, 2" (M (t)))
/O “R(t = 5) [AF(s, 2 (ha(5)))
_/OSB(S D) F(r, 2 (h(r)) + G(s, 2" (ha(s))) | ds,

for ¢ € [0, T], which implies that Eq.(1) has a mild solution z*(-). |

Remark 3.6. It is easily seen from the above proof that, if the function g(-) is
supposed to be completely continuous, then the compact condition (Hy) of resolvent
operator R(t) in Theorem 3.3 can be taken off, that is, it is sufficient to assume that
the analytic semigroup (S()):>0 is compact.

4. EXISTENCE OF STRONG SOLUTIONS

In this section, we prove the existence of strong solutions defined as follows.

Definition 4.1. A function z(-) € C([0,T]; X,) is said to be a strong solution of
Eq.(1), if

(i) z is differentiable a.e.on [0, 7] in X , and 2’ € L*(]0, T], X);

(11) x satisfies

% w(t) + F(t, 2(h(1)))] + Az(t) = /O B(t — s)a(s)ds + G(t, 2(ha(1)))

a.e. on [0.77], and
z(0) + g(z) = xo.

Theorem 4.2. Let X be a reflexive Banach space, suppose the conditions (Hg) —
(Hs), (H4) and (H})) are satisfied with F([0,T] x X,) C D(A), and the function
AF(0,-) : Xo — X maps bounded sets into bounded sets. Additionally, the following
conditions hold:
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(Hg) xog € D(A),g(z) € D(A) and g(-) maps bounded sets into bounded sets;
(Hy) There exist constants 0<ly,lo < 1, such that |h;(t) — h;(1)|| <Lt —t|,i=1,2;
(Hg) There holds

11—«

L1l < 1.
—

1 C.T
(14) M* = <HA—5H + ECI_ﬁTﬁ + T2NM1) Lol +

Then, the nonlocal Cauchy problem (1) has a strong solution on [0, T.

Proof.  Let P be the operator defined in the proof of Theorem 3.2. Consider the
set B = {a: e 0([0,T], Xo) : |zllc < K, o) —z(s)|la < L*|t — 5|, t,5 € [o,T]}
for some positive constants k and L* large enough. It is clear that B}, is a nonempty,
closed and convex set. We shall prove that P has a fixed point on Bj.. Obviously,
from the proof of Theorem 3.3 it is sufficient to show that for any x € B, one has
that
H(Px)(h) — (Px)(h)Ha < L*‘tg — tl‘, to,t1 € [O,T].

In fact, by the expression of operator P, we get

| Px(t2) — Px(t1)l|a
<|I[R(t2) — R(t1)]A% [20 + F(0,2(h1(0))) — g(@)] ||
+ AP F(te, (i (t2))) — F(tr, w(ha(t1)))lats

/tlAl_ﬁR(tl —8) AP [F(s+ta—t1, 2(ha(s + ta—t1))) = F(s, z(ha(s)))]ds

i
0

+ /t2_t1 AOR(ty — 5)APTOF (s, w(ha(s)))ds
0

—i—’/oR(tl—s)/oB(s—T)[F(T—i-tg—tl,x(hl(T—l—tQ—tl)))—F(T,a:(hl(T)))]des

4 /Otl Rt — s) /Otm B(s +ts — ty — ) (7, 2(hi (7)) )drds

+/O R(t2—s>/0 Bls — 1) F(r, 2(hy (7)))drds

a

+ ’ /o 1 R(t1 — s)[G(s +t2 —t1, z(ha(s + 2 — t1))) — G(s, z(ha(s)))]ds

_|_/O R(ty — s)G(s,z(ha(s)))ds

a

Since
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|[R(t2) - R(t2)] [0 + F(0, 2(m(0))) — a(x)]l,
| R0+ FO,2(m(0)) - glo)]

t1

< T Ao + F(0,2(1(0))) = g(@)] | [t — 17

1-
N C’aM
(1-a)(2-a)

From conditions (Hs), (H%) and (Hr), it yields that
HPw(h) — Px(t,)]]

a

<

/2_3( )A [z + F(0,2(h1(0))) — g(x)] dt

a

/t/ (t — ) B(s) [xo + F(0,2(h1(0))) — g(x)] dsdt

a

lzo + F(0, 2(h1(0))) = g(2)llasp 137 — 17

STz [z0 + F(0, 2(h1(0))) — g(2)][| |t3~* — t; ]
* Caty o
T aj@ oy 90 T FO2(n(0) = g@)las 1657 670

_ _ . 1
+ HA ﬂHLO‘tQ — tl‘ + HA ’QHLOL ll‘tg — tl‘ + Bcl_/@T’gLo‘tQ — tl‘

1
—Cy gLy (k+1)|t5 — 7]

1
+ —Cl_gT’gLoL*ll‘tQ — tl‘ + B

g

C T2 @ C T2 @ .
+ 1= MlHL()‘tQ—tl‘-i- M1L0L ll‘tg—tl‘
C Tl a B
o MiLo(k+ )\tQ—tl\l o

+TNL1‘t2 — tl‘ —i—TNLlL*lQ‘tQ — tl‘ —i—N(k + 1)“2 — tl‘

1 C, 7%
< <C'* + [(HA_’QH + BCH—,@T’Q + T Ml) Loly + NTle] L*) [ta —t1],

where C* is a constant independent of L* and x € Bj. So it follows from (14) that
|Px(ta) — Px(t1)|| < L*|ta — t1] as long as L* is large enough (> & -). Thus, P
has a fixed point x(-) which is a mild solution of Eq.(1). Moreover, z(-) is Lipschitz
continuous in a—norm and hence is Lipschitz in X.

For this z(+), let

F(t) = R(®)[o + F(0, 2(1(0))) — g(a)].
pw:Awammwmwmm
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/ R(t—s) /SB(S—T)F(T,a:(hl(T)))des,
0 0

>Q

—~
o~

~—
I

r(t) :/O R(t — 5)G(s, 2(ha(s)))ds.

Then, from the hyprothes, it is not difficult to verify that they are all Lipschitz continu-
ous in X, respectively. Since x is Lipschitz continuous in X on [0, 7] and the space X
is reflexive, we see that z(-) is a.e. differentiable on [0, 7] and 2/(-) € L'([0,T], X).
The same argument shows that f(¢), p(t), ¢(t), r(t) also have this property.

On the other hand, by the standard arguments, we can obtain that f(¢), p(t), q(t),
r(t) € D(A), and one has that

f1(t) = R'()[xo + F(0, 2(h1(0))) — g()]
= —R(t)Alzo + F(0,2(h1(0))) — ()]

+ /0 R(t — s)B(s)[xo + F(0,2(h1(0))) — g(x)]ds,
p'(t) = AF(t, z(hi(t))) —i—/o R'(t — 8)AF(s,z(h1(s)))ds
= AF(t,z(h1(t))) — A/o R(t — s)AF(s,z(h1(s)))ds
+/O /O_SR(t—s—T)B(T)AF(S,x(hl(s)))des,
) :/ B(t—s)F(s,x(hl(s)))ds—l—/O R’(t—s)/ Bls—)F(r, o(hi(r)))drds

/Bt ) E(s,2(h (5)))ds /0th 5) /Bs PVE(r, o(h (7)) drds

—i—/o /0 R(t—s—u)B ; B (u—7)F(1,2(hi1(1)))dTduds,
and
' (t) = G(t,x(ha(t))) +/O R'(t — $)G(s, z(ha(s)))ds
= G(t,z(ha(t))) —/O R(t — $)AG(s, 2(ha(s)))ds
+ /0 /0 R(t — s —7)B(1)G(7, z(ha(7)))drds.

Using Definition 2.1, we have z satisfies a.e. that
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%[a}(t) +F(t,x(h1(t>>>}

-2 <R(t) (70 + F(0,2(1(0))) — ()] + /O R(t—s)

AF(s,z(h1(s)))

_ /OS B(s — 1)F(7,z(hi(7)))dr + G(s, x(hg(s)))] ds)
= — AR(1) [z + F(0, 2(h (0))) — g(x)] + AF(t, 2 (1))
—A/ Rt — $)AF(s, 2(h1(s)))ds
0

—i—/o R(t—s)A/O B(s—T)F(T,a:(hl(T)))des—/O R(t—s)AG(s, z(ha(s)))ds

t

_l’_
S—
)
»

(t— )B(S)[flfoJrF(O,fB(hl(O)))—g(fﬂ)]ds—/otB(t—S)F(&w(hl(é’)))dé’

t

_l’_

S—S— —

/O —s R(t — s — T)B(T)AF(S x(h1($>>)d7ds

t—s
/ R(t—s—u)B /Bu—T (1, 2(h1(7)))dTduds
0
t

+ /Ot “R(t— 5 — 7)B(r)G(r, al(ha(r)))drds + G(t, 2(ha(1)),
that is,
C[r0) + F (e (0]
= — A|R(t)[zo + F(0,2(h1(0))) — g(2)] = F(t, z(h1(t)))

+/O R(t — 5)AF (s, 2(h1(s)))ds
/Rt—s / Bls — 1) F(r,2(hn (7 )))des—i—/O R(t—s)G(s,x(hg(s)))]ds
/Bt—s s)[xo + F(0,2(h1(0))) — g(x )]ds—/o B(t — s)F(s,z(h1(s)))ds
/ / B(t — $)R(s — 7)AF(r, o(h (7)) drds
0 JO

_/OtB(t_s> /OSR(S—T> /OTB(T—u)F(u,x(hl(u)))dudes
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+/ Blt—s) /SR(s—T)G(T,x(hg(r)))des—i—G(t,x(hg(t)))
S /Bt—s s)ds + G(t, 2(ha(1))).

This shows that z(-) is also a strong solution of Eq.(1). Thus the proof is
completed. ]

5. EXISTENCE OF STRICT SOLUTIONS

In this section, by using the Gronwall’s lemma, we give a existence result of strict
solutions for nonlocal problem (1).

Definition 5.1. A function z(-) : [0, 7] — D(A®) is said to be a strict solution of
Eq. (1), if the following conditions hold:
(i) 2() + F(- 2(ha() € CH([0, T, X) N C([0, T], Xa);
(i) x(-) satisfies Eq.(1) for ¢ € [0, T7.

We assume that:

(Hg) F € C1([0,T] x X4; X), and the partial derivatives D1 F(-,-) and DoF (-, -) are
locally Lipschitz (in X -norm) with respect to the second argument. Additionally,
F(]0,T],X,) € D(A) is continuously differentiable.

(Hyo) G € CH([0,T] x Xqo; X), and the partial derivatives D1G (-, -) and DoG(+, -) are
locally Lipschitz with respect to the second argument.

(H11) hi(-) and ho(-) are continuously differentiable on [0, 7] with h;(t) < ¢, for
t € [0,T). Let |hi| = supgejo,r [h;(?)], for i =1, 2.

Theorem 5.2. Assume that assumptions (H1), (Hj), (Hyg), (H1o) and (H11) hold
with MoLy < 1. In addition, suppose that g : C([0,T], X,) — X is continuously
differentiable. Let x(-) be a mild solution of Eq.(1). If (0) + F(0,z(0)) € D(A),
then x(-) is a strict solution of Eq.(1).

Proof.  Let x(+) be the mild solution of Eq.(1) which is obtained by Theorem 3.2
or Theorem 3.3. Then by using the strict contraction principle, one can show that there
exists a unique function y satisfying:

y(t) =Rt — Al — g(x) + F(0,2(0))| + H(0,2(0))}

(15) +/0 R(t = 5)B(s) [0 — g(x) + F(0,2(0))|ds

~+

+/ R(t — s) [D1H (s,x(s)) + DaH (s, x(s))y(s)] ds
0

— [DyF(t, 2(ha(1))) + DoF (t, a(ha (1)))y(ha () 1 (1)]
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where
H(t,z(t)) = AF(t,z(h1(t))) — /0 B(t — s)F(s,z(h1(s)))ds + G(s, x(ha(s))).

Now, we introduce the function z(¢) defined by

2(t) = x9 — g(z) + /Oty(s)ds, t € [0,T].

We will prove that x(t) = z(t) on [0, T'], which implies that z(¢) is a strict solution of
Eq.1. Using the expression of y(t), we obtain

[ visvas = /Otms){ 4
o [ [ me-nmn

o[ [ ren

_ /O '

_ /{j{ R4

+ /08 R(s —T1)B(T)

zo — g(x) + F(0,2(0))

—i—H(O,x(O))}ds

xo — g(z) + F(0, a:(()))] drds

D1H(1,z(7)) + DoH (T, a:(T))y(T)] drds

D1F(s, x(hi(s))) + Do F (s, w(hl(S)))y(hl(S))h'l(S)] ds

zo — g(z) + F(0, 33(0))]

xo — g(x) + F(0, a:(()))] dT}dS
—i—/o R(s)H (0, 2(0))ds

—i—/o /0 R(s—1) [DlH(T, x(7)) + Do H (T, a:(T))y(T)]des

_/Ot
/Oty(s)ds :/OtR'(s)

D1F(s, x(hi(s))) + Do F (s, w(hl(S)))y(hl(S))hﬁ(S)] ds,

or

xo — g(x) + F(0,z(0)) |ds —i—/o R(s)H(0,2(0))ds
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—i—/o /0 R(s—1) [DlH(T, x(hT))+ Do H (T, a:(T))y(T)]des

_/Ot

=R()

D1F(s,2(hi(s))) + DaF (s, w(hl(S)))y(hl(S))h'l(S)] ds

xo — g(z) + F(0, a:(()))] —z9+ g(z) — F(0,2(0)) + /Ot R(s)H(0,2(0))ds

+/Ot/OSR(S—7'>
_/Ot

D1H(1,z(7)) + DoH (T, a:(T))y(T)] drds

D1F(s,2(hi(s))) + Do F (s, w(hl(S)))y(hl(S))hﬁ(S)] ds,

t

— F(0,2(0)) +/ R(s)H(0,2(0))ds

0

() =R(t)

zo — g(x) + F(0,2(0))

(16) +/Ot/OSR(S—7'>
_/Ot

D1H(1,z(7)) + DoH (T, a:(T))y(T)] drds

D1F(s,2(hi(s))) + Do F (s, w(hl(S)))y(hl(S))h'l(S)] ds.

Since
Ft, 2(hi (1))
:/Ot% (s, 2(hn(s)))ds + F(0, 2(0))
/Ot DyF(s, 2(hn(s))) + DaF (s, (ha(s)))y(ha(s) s (s) | ds + F(0, (0)),
- F(0,2(0)) :/Ot DyF(s, (h(s)))

+DyF (s, 2(h1(s)))y(ha(s)) i (s) | ds— F (¢, 2(ha(1))),

and t — H (t, z(t)) is continuously differentiable on [0, T'], we have
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d t

7 /0 R(t —s)H(s,2(s))ds =H (t,2(t)) + | R'(t—s)H(s, z(s))ds

=H(t,z(t)) — [ H(s,z(s))dR(t— s)

/Ot
/O t
—R()H(0, 2(0)) + /O R(t - ) DyH (s, 2(s)
+ Dy H (s, z(s))y(s)}ds,
hence,
/Ot R(t — s)H(s, 2(s))ds
— /Ot R(s)H(O,Z(O))ds—i—/ot/OSR(s—T) [DlH(T,Z(T>>+D2H(T,Z(T>>y(7> drds,

or

/R(s)H(O,z(O))ds:/ R(t — s)H(s, 2(s))ds

(18) Ot s ’

~ [ [ R =) [Din(r ) + Dbt s,
0 JO

Observing that 2:(0) = z(0), we substitute (17) and (18) into (16) and get

() =R(t)

/
0

—i—/o R(t — s)H (s, z(s))ds

zo — g(x) + F(0,2(0))

— F(t, z(h(1)))

D1F(s, 2(ha(s))) + D2 F (s, Z(h1(3>>>y(h1(3>>h/1(3>] ds

_ /O /05 R(s—1) [D1H(T, 2(1))+ D2 H (T, Z(T>>y(7>]d7ds
+ /0 /0 R(s—1) [D1H(T, x(71)) + Do H (T, a:(T))y(r)] drds

_/Ot

Consequently,

D1F(s,x(hi(s))) + DaF (s, w(hl(S)))y(hl(S))hﬁ(S)] ds.
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2(t) —x(t) :<F(taw(h1(t))) - F(t, Z(hl(t)>>>
+ /OtR(t - <H(s, 2(s)) — H{(s, x(s)))ds
- t
-/ t

0

D1F(s,z(h1(s))) — D1 F(s, x(hl(s)))] ds

DyF (s, 2(h1(s))) — DaF'(s, x(hl(s)))] y(h1(s))hy(s)ds
/08 R(s—7) [DlH(T, +(7)) = DyH(r, a:(T))]des

_ /O /08 R(s—1) [DQH(T, z2(1))— Do H(T, a:(T))]y(T)des_
Then from assumptions (H1), (HS), (Hg), (H1o) and (Hy1) we obtain that

t
sup [|z(s) — z(s)|| < MoLo sup HZ(S)—IB(S)HJrC/ sup ||z(7) — =(7)||ds,
0<s<t 0<s<t 0 0<r<s

where c is positive constant. Since MLy < 1, we have

sup [12(5) a9 < 757 [ s [lor) () ds.

0<s<t 0<7<s

By Gronwall’s lemma we infer that 2(-) = z(-) on [0, 7] and we conclude that z(-) €
C*(]0,T)], X) and is a strict solution of Eq.(1). |

6. EXAMPLE

Consider the following partial functional indegrodifferential equation

o e+ (ot (stesint) +ain (5-20)) )

52 t o2 5
= wz(t, x)+ /0 b(t — s)wz(s, x)ds + c(t, z(t cost, x, gz(t, x))),
(19) 0<z<m 0<t<T,
2(t,0) = z(t,m) = 0,t € [0, T7,

z(0,z) + Zkl(a:)z(tl,a:) = zo(z), 0 <z <m,

\ =1
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where T' < 7, p is a positive integer, 0 < top < t; < --- < t, < T, z(x) € X :=
L?(]0, w]), b(-) is continuous, then there exist a constant M; > 0 such that ||b(-)|| < M;
and k;(x) is a C' function.
To write system (19) in the form of Eq.(1), let A be defined by
Az = —2"
with the domain
D(A)={z2() e X : 2,2 € X, and 2(0) = 2(7) = 0}.

Then —A generates a strongly continuous semigroup (S(t));», which is compact,
analytic, and self-adjoint. Furthermore, A has a discrete spectrum, the eigenvalues

are n?,n € N, with the corresponding normalized eigenvectors &, (z) = \/g sin(nzx),
n =1,2,---. Then the following properties hold:

(i) If z € D(A), then .
Az = Z n2<z, §n>§n
n=1

(i1) For each z € X,

o0

1
A—1/2 — - ).
2 Z; (2, )¢
In particular, ||[A~/2|| = 1.
(iii) The operator A'/? is given by
A2 = Z n<27 §n>§n
n=1

on the space

D(AY?) = {z(~) € X, n{z, &) € X} .

For System (19) we assume that the following conditions hold:

(A1) The function a and (0/90z)a(y, x) are measurable, a(y,0) = a(y, 7) = 0, let
1/2

T [T 82 2
No = /0 /0 <Wa(y,a:)) dydzx < 0.
(A3) The function ¢ : [0,7] x R x R — R is a C'*! function.

We take o = 3 = %, B(t) = b(t)A, and define the functions F : [0, 7] x X% —
D(A),G:[0,T]x X1 — X1, and g: C([0,T], X1) — X1, respectively, by
2 2 2 2

F(t, 2)(x) = Z(2(t, x))(x),
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Glt, 2)(2) = c(t, 2(t, 2). a%z(t, ),
and P
g(z(t, 7)) = Z ki(z)z(t;, r),
where =t

2(2)(x) = /O "4y, 2) [(y) + sin(Z (1)) dy.

Then, with these notations, System (19) can be rewritten into the form (1).
We know that, for the operator (—A, D(A)), there is ¢ € (0,7/2) such that

A= {/\ € C:larg)\| < g —i—cp} C p(—A4A),
where p(—A) denotes the resolvent set of —A. So we may assume that

(A3) The scalar function b(-) satisfies that A € A implies g(\) := 1+ b*(\) # 0, and
Ag(A) € A for A € A, further, b*(A) — 0 as |\| — oo, A € A.

Then the conditions (V{) — (V) are verified, and hence the linear equation (2) for
System (19) has a resolvent operator (R()):>0, which is given by, for z € X,

1
R(t)z = — [ eMp(A)wdA
(2= 5 | o
1 A1 -1 -1
= — A)(A A+ A A
37 [0 N0 + 4) e,
where I is described in Section 2. It is readily seen that R(¢) is compact for all ¢ > 0,
since R(\, —A) is compact for any A € p(A).
Clearly, G satisfies (H3) while g verifies (Hy). From (A;) it follows that

26).6) = [ &a(@) | [ v o) + s ) |

L2 L) im0, contr) )
2 [ BB )+ s )] o )

T2\
which shows that F(t,z) = Z(z) takes values in D(A). Furthermore, it is easy to
prove (see [32]) that
lz2 = z1ll < 22 — 211

Thus, we know from (A;) that Z : X 1= X is Lipschitz continuous with || Z]| < Ny,

which implies the function F' verifies assumption (H3). Therefore, all the conditions

of theorem 3.3 are all satisfied. Hence from Theorem 3.3, system (19) admits a mild

solution on [0, 7] under the above assumptions additionally provided that (8) holds.
Moreover, if:
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(A4) The function (02/0z%)a(y, =) is measurable, and

// <ax2 aly, )) dydz < .

(As) Functions z( and (02?/0x2)k;(x,y) are measurable, and 29(0) = zo(7) = 0,

ki(0) = ki(m) =

Then system (19) has a strong solution provided that condition (14) is satisfied.

10.
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12.
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