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SOME REMARKS ON MARCINKIEWICZ INTEGRALS ALONG
SUBMANIFOLDS

Wenjuan Li and K6z6 Yabuta

Abstract. We investigate the LP boundedness for a class of parametric Marcinkiewicz
integral operators associated to submanifolds under the L(log L)*(S™ 1) or Block
space condition on the kernel functions. Our results improve the recent results by
Al-Qassem and Pan in Studia Mathematica.

1. INTRODUCTION

The LP boundedness of Marcinkiewicz integrals has attracted the attention of many
authors in the recent years [1-4, 10, 21]. Our main object in this paper is to improve
the recent results by Al-Qassem and Pan [4] about the LP boundedness for a class of
parametric Marcinkiewicz integral operators associated to submanifolds.

Let R (n > 2) be the n-dimensional Euclidean space and S™~! be the unit sphere
in R™ equipped with the induced Lebesgue measure do = do(-). For z € R™\ {0},
let 2’ = x/|z|. Let  be a function in L*(S™~!) satistying the cancellation condition

(L) /S_ Q') do(a) = 0.

For 1 < v < o0, let A (R, ) denote the collection of all measurable functions A :
[0, 00) — C satisfying [|h]|a, = supgso(R™ [ \h(t)\vdt)l/7 < co. We note that

L®(R4) € Ag(Ry) € Aq(Ry)  for oo < 3,
LV (R4, dt/t) Cc Ay(Ry) for 1 <+ < oo,

and all these inclusions are proper. Let L(log L)®(S™~!) (for a > 0) denote the class
of all measurable functions {2 which satisfy
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(9ot = [ 10 102+ 00/)) doly) < .

For ¢ > 1, let BC(IO’W) (87~1) denote the block space generated by g-blocks (its precise
definition will be given in Section 3).

In this paper, we are concerned with parametric Marcinkiewicz integral operators
of the form

M€27¢7¢7hf(x7 xn—i—l)

= (15 7 ot —vwD) 1 o aof %)

|y["—r t

where p > 0, (2, 2,11) € R" x R = R""!, ¢ and v are suitable real-valued functions
defined on R, and f € S(R™*!), the space of Schwartz functions. (We may take
p € C with Re p > 0, but for the simplicity we take only positive one.) We investigate
LP boundedness of “/f)l, Sabih f for ¢ and 1) satistying the following assumptions (A-1)
and (A-2).
(A-1) ¢ is a positive C'(R4.) function and ¢(t)/ (t¢'(t)) € L>(RL).
(A-2) ¢ satisfies one of the following conditions:
(i) ¢ is increasing, and ¢(2t) < c1¢(t).
(ii) ¢ is increasing, and t¢/'(t) is increasing.
(iii) ¢ is decreasing, and ¢(t) < co(2t).

(iv) ¢ is decreasing and convex.

Remark 1. Under the condition (A-1), if ¢ is increasing and convex, then ¢¢’(t)
is increasing. And if ¢ is decreasing and —t¢'(¢) is decreasing, then ¢ is convex. We
shall discuss these relations in the second section and give several examples in the last
section.

Theorem 1. Let h € A, for some 1 < v < oo. Let ¢ and ) satisfy the assumptions
(A-1) and (A-2).

(a) If Q € L(log L)'/2(S™1), then u€27¢7¢7h is bounded on LP(R™1) for 2 <p <
1/(1/2 — min(1/2,1/7").

(b) If Q € L(log L)/ (8"1) with 2 < ~ < oo, then 1y 5.1, 1S Dounded on
LP(R™Y) for 4/ < p < <.

(¢) If Q € L(log L)1/ (27)

LP(R™Y) for 2v/(2y — 1

(d) If Q € L(log L)(37=2)/(27)

LP(R™) for 2v/(3y — 2

Sy with 1 < v < 2, then 110y, 1S bounded on
<p<2
S with 1 < v < 2, then u€27¢7¢7h is bounded on
<p<2

~—_ T e T
~_ = ~— =
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If h satisfies a more restrictive condition, we have sharper results with respect to
the condition on €2 and p.

Theorem 2. Let h € LY(R, dt/t) for some 1 < vy < co. Let ¢ and 1 satisfy the
assumptions (A-1) and (A-2).
(a) If Q € Llog L)Y/ (S™Y) with 1 < ~ < 2, then 1y 5.1, 1S bounded on
LP(R™Y) for 4/ < p < .
(b) If Q@ € L(logL)"/?(S™ ') and 2 < v < oo, then 1y 5.1, 1S bounded on
LP(R™Y) for 2 < p < oo,
(¢) If y =1 and Q € L(log L)1 (S™™Y) with 1 < v < 2, then 1Oy 5.1, 1S bounded
on L®(R™H1),
And we also have the same results for the following maximal operator related to
Marcinkiewicz integral, defined by

(1.2) MG (23 0012) = 50D 1 0,8 (58011

where the supremum is taken over all measurable radial functions i with ||2[| (=, | 4t /¢)
< 1. This is the counterpart of the maximal operator related to homogeneous singular
integrals.
Theorem 3. Let ¢ and v satisfy the assumptions (A-1) and (A-2).
(a) If Q € LAog L)YV (8" and 1 < ~ < 2, then Mgzzﬁzp is bounded on
LP(R™) for 4/ < p < .
(b) If @ € LlogL)Y/2(S™ 1) and 2 < v < oo, then Mgzzﬁzp is bounded on
LP(R™) for 2 < p < .
(¢) If y =1 and Q € L(log L)1(S™ 1) with 1 < v < 2, then Mg@ is bounded
on L>®°(R™H),
To understand the relationship in the above results, we remark the following proper
inclusion relations:

(1.3)  LYS™ 1Y) c L(logL)(S™ 1) c HYS™ 1) c LY(S"Y) (¢>1),

(1.4) L(log L)?(8"™ 1) ¢ Llog L)*(S"™Y) if0 < a < 3,
(1.5) L(log L)*(S™ Y c H' (™) forall a > 1,
while

(1.6) L(log L)*(S™ Y ¢ H'(S" 1) ¢ Llog L)*(S™™') for 0 < o < 1,
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where H'(S™1) is the Hardy space on the unit sphere.

On one hand, Al-Qassem and Pan [4] showed the above three theorems for ¢ and
under the condition that they are positive, convex and ¢(0) = ¢(0) = 0. On the other
hand, when under the condition of (A-1) and (i) or (iii) in (A-2), Ding, Xue, and Yabuta
[12] got the weighted LP boundedness of the Marcinkiewicz integrals 10 , 6.5(f)(2)
with rough kernel associated to surfaces, where

> NF(p — / 1/2
(17)  papen(f)(z) = </O %/HQ b(|y)) 2y E‘(n_p o (|yl)y") dy‘2%) .

So, it is natural to ask whether the operators u& Sabih f(z, xp41) can be bounded when
¢ and ¥ satisfy (A-1) and (A-2) conditions. As is easily checked, from the conditions
in [4] it follows that ¢(t)/(t¢'(t)), ¢ (t)/(t¥'(t)) < 1. Hence, our results are im-
provements of theirs. In particular, we can cover the case where ¢(-), ¢(+) are positive,
increasing and concave, such as ¢(t) = t* and ¢ (t) = t* (0 < a,b < 1). We can also
cover the case ¢(t) =t (0 <t <1),=at’/b (t > 1), where 0 < a < 1 < b.

As related function spaces of L(log L)®(S"~1), there are block spaces B\ (§71)
(see Section 3 about precise definition). In very similar ways, we can get the following
results for block space kernels . Note that L(log L)*+1+2(8"~1) does not contain

B (871 for any v > —1 and £ > 0.
Theorem 4. Let h € A, for some 1 < v < oo. Let ¢ and ) satisfy the assumptions
(A-1) and (A-2).
(a) If Q € BC(IO’_I/2)(S”_1) for some 1 < q < oo, then pg ., , is bounded on
LP(R™) for 2 < p < 1/(1/2 — min(1/2,1/9")).
(b) If Q2 € BéO,—l/w)(an) with 2 < vy < 00 for some 1 < q < 0o, then 1, 4,
is bounded on LP(R"™Y) for v' < p < oc.
(c) If Q2 e Béo’_l/(%))(S”_l) with 1 <y <2 for some 1 < q < oo, then i) 4 1,
is bounded on LP(R™*1) for 2¢/(2y —1) <p < 2.
(d) IfQ e 3507(7—2)/(27))(571—1) with 1 <~ < 2 for some 1 < q < oo, then M?z,¢,¢,h
is bounded on LP(R™*1) for 2v/(3y —2) <p < 2.

Theorem 5. Let h € L7 (R, dt/t) for some 1 < v < co. Let ¢ and i satisfy the
assumptions (A-1) and (A-2).
(a) If Qe BC(IO’_I/W)(S”_I) with 1 <y < 2 for some 1 < q < oo, then M€2¢¢h is
bounded on LP(R"*1) for o/ < p < oc.
(b) If Q2 e BC(IO’_I/2)(S”_1) with 2 < v < oo for some 1 < q < oo, then u€27¢7¢7h is
bounded on LP(R" ) for 2 < p < oo.
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Theorem 6. Let ¢ and v satisfy the assumptions (A-1) and (A-2).

(a) If Q € BC(IO’_I/W)(S”_I) with 1 < v < 2 for some 1 < q < oo, then Mg;lb is
bounded on LP(R"*Y) for o/ < p < oc.

(b) IfQ € BC(IO’_I/2)(S”_1) with 2 < v < oo for some 1 < q < oo, then Mg;lb is
bounded on LP(R" ) for 2 < p < oo.

Unfortunately, we could not get similar results for H!(S"~1) kernels 2, besides
L?(R"*1) boundedness.

The main tools in this paper come from Al-Qassem and Pan [4]. Our main con-
tributions are two ones. One is about relations between monotonic functions and the
directional Hardy-Littlewood maximal function (Lemma 2.7). The other is about be-
haviors of the Fourier transform of measures arising from our parametric Marcinkiewicz
integral operator (Lemma 3.1).

This paper is organized as follows. In Section 2, we investigate some properties
of monotone functions satisfying (A-1) and (A-2), and give Lemma 2.7, and that
{®(a*)} ez is a lacunary sequence. We also give Fourier transform estimates of some
measures in this section. In Section 3, we prepare necessary lemmas to prove our
theorems, in the framework by Al-Qassem and Pan [4], such as Lemma 3.1. In Section
4, we discuss briefly the proofs of Theorems 1, 2 and 3. The proofs of Theorems 4, 5
and 6 are given in Section 5. In the last section, we give several examples of monotone
functions satisfying the assumptions (A-1) and (A-2).

Throughout this paper, the letter C' will denote a positive constant that may vary at
each occurrence but is independent of the essential variables.

2. PRELIMINARIES

In this section, we study fundamental properties between monotonic functions and
the directional Hardy-Littlewood maximal function. We begin with investigating funda-
mental properties of positive and monotone C'! functions ®(¢) satisfying the condition
(A-1), i.e. (t)/(tP'(t)) € L>(0, 00).

Lemma 2.1. Suppose @ is positive and increasing. Then ®(t)/(t®'(t)) < b (t >
0), if and only if ®(at)/®(t) > a'/’ for all a > 1 and t > 0. Hence, if a > 1,
(aF 1) /®(aF) > ' for k € Z, ie. {®(a*)}rey is a lacunary sequence. Moreover,

o) <)Y (0<t<1), ®@)>dWV (t>1),

v

d(1
D' (t) %tl/b (t>1),
and hence limy_,o ®(t) = 0, limy_,oo ®(t) = +00. Also, t®'(t) cannot be a decreasing

Sfunction on (0, 00).
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Proof.  From the assumption ®(t)/(t®'(t)) < b we get (log®(t)) > 1/(bt),
and integrating this inequality from ¢ to at, we obtain log(®(at)/®(t)) > (loga)/b,
ie. ®(at)/®(t) > a'/b for any a > 1 and t > 0. Conversely, for ¢,§ > 0, taking
a=1+6/t, we get from ®(at)/d(t) > a'/b

log ®(t + ) — log ®(t) > %log<1 + g)
Dividing the above inequality by J, and then letting § — 0, we obtain %/(f)l > é,
which shows ®(t)/(t®'(t)) < b.

In ®(at)/®(t) > a'/b, taking t = a¥, we get ®(aFt1)/®(a*) > al/® for k € Z.
Taking ¢ = 1, we can deduce ®(t) > ®(1)t'/® (¢t > 1), and taking t = 1/a, we can
deduce ®(t) < ®(1)t'/* (0 <t <1). n

Similarly, we can show the following case of decreasing ®.

Lemma 2.2. Suppose ® is positive and decreasing. Then —®(t)/(t®'(t)) < b
(t > 0) if and only if ®(t)/®(at) > a'/’ for all a > 1 and t > 0. Hence, if a > 1,
O(a~F) /D(a™F) > o'/t for k € 7, ie. {®(aF)Vrey is a lacunary sequence.
Moreover,

o) > (1)t (0<t<1), dE)<dMt YV (t>1),
d(1
— 1 (t) > %t‘l/b (0<t<1),
and hence lim;_o ®(t) = +oo, lims_oo ®(t) = 0. Also, —t®'(t) cannot be an in-
creasing function on (0, 00).

Now we investigate several properties between monotonic functions and the one
dimensional Hardy-Littlewood maximal function.

Lemma 2.3. Suppose ® is a positive and increasing C*(0, o0) function, satisfying
O(t)/(t®'(t)) < b and ®(2t) < c1P(t) for some b > 0, ¢; > 1. Then

t ds
g(z — ®(s)) —| < 2c1b Mg(x),
t/2 S

where M g is the one dimensional Hardy-Littlewood maximal function of g € LIIOC(R),
ie. Mg(x) = sup, 1/(20) [, g(a + )] ds.

Proof. By a change of variable r = ®(s), we have

t ds (1) r dr
faste= 25| = [ by -

2() dr
<b / gz —r)| 2
o(t/2) r
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< s | " = )ld
S g xr—7rT T
(t/2) Jow/2)

bey o(t)
- — < 2c1b M .
S0 /0 lg(z —r)|dr < 2¢1b M g(x) n

Lemma 2.4. Suppose ® is a positive and increasing C*(0, o00) function, satisfying
D(t)/(tD'(t)) < b for some b > 0 and t®'(t) is increasing. Then

/t;g@—cb(s))? < (b +log2) My(x).

Proof. By a change of variable r = ®(s), we have

en [ oo ®l< [7 e rlgr d
: g\r —@A8))——| = glx—r T,
t/2 s o(t/2) o-1(r)@'(2-1(r))

We set

(t/72><11/<t/2)’ 0<r<e(t/2),

ay(r) = W, D(t/2) <r < d(t),

07 r Z (I)(t>

Then

1 o) 1

= G ¥ e mET

t

d

§b+/ b+ 1log2.
t/2 S

Since 1/(t®'(t)) is decreasing, it follows that a;(r) is nonnegative, decreasing and
integrable on (0, co). Hence, we have by (2.1)

[ ste-ain®

/2 s

< [T lata=nlatrdr < Griog2)Mg(0).
0

Lemma 2.5. Suppose ® is a positive and decreasing C*(0, 0o) function, satisfying
—®(t)/(tD'(t)) < b and ®(t) < co®(2t) for some b > 0,co > 1. Then

/t/:g(a: - <I>(8))%’ < 2cob Mg(z).
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Proof. By a change of variable r = ®(s), we have

t s ¢(t/2) —r r
[,oe= e [ e =y,

/2 S D(t)
<I>(t/2) dr
Sb/ gz — )| <
D(t) r
—ﬁ—/@W”\< )Id
< glx —r)|dr
o(t) Jow
bey [P0 dr < 2cob M
< — < .
g [ late=lr < 200 My(a) .

Lemma 2.6. Suppose ® is a positive, decreasing and convex C*(0, 00) function,
satisfying —®(t)/(t®'(t)) < b for some b > 0. Then

/t/:g(a:— @(s))%’ < (2b+ 1) Mg(a).

Proof. By a change of variable r = ®(s), we have

t ds o(t/2) 1
/t/ZQ(x - (I)(S»? = A(t) lote =)l —o=1(r) @' (2~ 1(r)) dr.

(2.2)

Since ®(t) is positive and decreasing, we see that ®~1(¢) is also decreasing, and hence
1/®~1(t) is increasing. Hence we get

ey |[ e <2 [ gt -0l
. glx —®(s))—| < - G\X = T) | —— =77~
t/2 s U Ja) —®'(®~1(r))

We set

—ﬁ, 0<7r<®t),

at(r> = —W’ (I)(t> S r << (I)(t/2>,

0, r>®(t/2).

Then

00 2 o(t/2) -2
/0 ay(r) dr:—m ><<I>(t)—i—L(t) 7#@((1)—1(71))6”

92 t
§2b—|——/ ds =2b+1.
tJi)2
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Furthermore, because of the convexity of ®(¢) it follows that —®’(®~1(¢)) is increasing.
So, we see that a;(r) is nonnegative, decreasing and integrable on (0, co). Hence, we
have by (2.3)

| sa—oe)T < [ (e —r)lanlr) dr < (2b+1)Mg(z). .
t/2 § 0

We formulate the above considerations to the n-dimensional case, and we have the
following directional result.

Lemma 2.7. Let Q € L'(S™"'). Suppose ® is a positive function on (0,cc)
satisfying |®(t)/(t®'(t))| < b and satisfies one of the following conditions:

(i) @ is increasing, and ®(2t) < c1P(t).

(i) ® is increasing, and t®'(t) is increasing.
(iii) @ is decreasing, and ®(t) < co®(2t).
(iv) ® is decreasing and convex.

Then

/ Q) f (= — 2(yl)y)
t/2<|y|<t

gy < [ 06y ) o)

where M,y f(x) is the directional Hardy-Littlewood maximal function of f, defined by
1
sup o |f(z —ty)] dt,
>0 2T J|t|<r

and
C1 <2¢b, Cy <b+ log 2, C3 < 2c0b, Cy <2b+1.

Remark 2. (i) If ® is positive, increasing, and ®(t)/(t®'(t)) is decreasing, then
t®’(t) is increasing on (0, c0).
(ii) If @ is positive, increasing and convex, then ¢t®’(¢) is increasing on (0, co).
(iii) If ® is positive, decreasing, and —t®’(t) is decreasing on (0, 00), then ®(¢) is
convex.
(iv) If @ is positive, decreasing, and —®(¢)/(t®’(t)) is increasing, then —t®’(¢) is
decreasing, and hence ®(t) is convex.

In fact, (i) is obvious. (iv) follows clearly from (iii). Next, let ® is positive,
increasing, and convex on (0, 00). From the assumption we get ®'(t2) > ®'(¢1) and
®'(ty) > 0 for to > t1 > 0. Hence we get

to®' (ta) — t1®'(t1) = (t2 — t1)® (t2) + t1(®'(t2) — ®'(t1)) > 0.
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This means that ¢®’(¢) is increasing, which shows (ii).
As for (iii), from the assumption we get —to®’(t2) < —t1®'(¢1) and ®'(¢;) < 0
for to > t; > 0. Hence we get

(1) ~B®'(h) P (h) — P (h) _ (- t)(H)

D' (ty) — D' (¢
(t2) (t1) % % s >

This means that ®(¢) is convex.
Next, we prepare the following estimates about Fourier transforms of some measures
on R™!. In the case ® is positive and increasing, we have the following

Lemma 2.8. Let 1 < g < 0o, Q € LI(S" ) and 1) be a real valued function on
(0,00). If ® is positive, increasing, ®(2t) < c1®(t), and p(t) := ®(t)/(tP'(t)) €
L*>(0, 00), then it holds for any 0 < a < 1/¢

t
J:

Proof.  We have

245 _ Ca2(108e0)! gl ol a5y

s~ [@(t/2)¢]

/ Q(x’>e—i(¢(5)§'ﬂf/+7l¢(5))dg(x’>
Sn—l

t 2d
/ / Q" )eEEET+100) 4o (1| 2
t/2]Jsn—1 s
a(t) , . 2 dr
— Q)= ez +n (@ (M) g (4! r ar
e /W) [, @ S @ 10) -
@9 D(¢) e *dr
O[] oo
- t(I)/(t) o0 ‘i’(t/2) Sn—1 T

P(t) ) ;o dr
H / Q)Q(y') (/ e~ire (@ -y )—>da(x’)da(y’).
00 Jgn—1ygn-1 o(t/2) "

In the second equation, we used the change of variable r = ®(s). Clearly we have

-
0

<I>(t) : / ’ d’f’ (I)(t>
—iré-(z'—y) 2 | ~ <1
e <log <loge
L(t/2) r ®(t/2) '
and o0
/ ity | 2 ,
o(t/2) r| T @(t/2)[EllE - (2 — )

and so we have for any 0 < a < 1

/<I>(t) e—ir&'(ﬂf/—y/)ﬁ < (loge) .
o(t/2) r| T R(t/2)E]0E - (2 — )|

This combined with (2.4) yields the desired estimate. ]

1—a2a
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Lemma 2.9. Let 1 < ¢ < oo, Q € L4(S™ 1) and v be a real valued function on
(0,00). If ® is positive, increasing, t®'(t) is increasing, and p(t) := ®(t)/(tP'(t)) €
L*>°(0, 00), then it holds for any 0 < o < 1/¢’

/t 2ds _ Cad®(102) % 12 50
t/2

i |D(t/2)¢|
Proof.  We have
t
2.5
@3) /m

t . / /
= [ e ( [ e N ao(ayin (),
Sn—1y gn—1 t/2 S

Clearly we have

/ Q(x’>e_i(¢(5)§'l’/+7l¢(5))da(x’>
Sn—1

2ds

/ Q(x’>e_i(q’(5)§'l’/+7l¢(5))da(x’>
Sn—l

S

(2.6)

t
[ e <o
t/2 5

Applying the change of variable » = ®(s), we have

P(t
/t e-i@(S){'(I/—y/)ﬁ _ / () e—irg'(af/_y/) 1 dr.
» il T (e 1))

Since ® is positive and increasing, and t®'(t) is increasing, we see that &1 (r)®'(®~1(r))
is increasing. Hence we obtain

2() , , dr
A(t/m st ) ) ’

o1 2 __®(/2) 2
T t200(t/2) € (2" —y)| T t/297(/2) (t/2)I€ - (' —y)|

We get a similar estimate for sin part, and hence we obtain
4

/ " mie@ew—y) 3| || 2(s) ’
- / / :
12 s w0 2(t/2)|€ - (2" — )]

sP/(s)
Thus, combining this with (2.6) we have for any 0 < o < 1

/t (e (' —y) I8 | _ H o) || (log2)'~4°
— I a| gl / N
/2 s 19 (1) || o [R(2/2)E]¥IE" - (2" — 3/
This combined with (2.5) yields the desired estimate. ]

In the case where @ is positive and decreasing, we have the following
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Lemma 2.10. Let 1 < ¢ < oo, Q € LI(S™ 1) and 1 be a real valued function
on (0,00). If ® is positive, decreasing, ®(t) < co®(2t), and p(t) := ®(t)/(tP'(t)) €
L*>°(0, 00), then it holds for any 0 < o < 1/¢’

t
J;

25 _ Ca2(1082)' @l 23 n-1

/ Q(x’>e_i(q’(5)§'l’/+7l¢(5))dg(x’>
Sn—1

s [ (t)¢]
Proof.  We have
t / %ds
/ / Q) (B 4100 4o (| 22
t/21J gn-1 s
®(t/2) , . 2 dr
- Q2 e~ i+ (@ (")) g (2! " ar
Ly 1o 8 W e ) -

2.7)

_ H ®(t) ‘ /‘i’(t/2)
- tq)/(t) 0o Jo(t)

D(t) / ) </¢>(t/2) iren(a—y d?“)
= Q)(y e e =) — N do(a')do ().
Htcb’(t) Lo o HENUY) o) — Jdo(@)do(y’)

/ Q)= Hmb @ ) g ()
Sn—l

In the second equation, we used the change of variable r = ®(s). Clearly we have

D(t/2
/ W2 ety dr
(1) r

a(t/2)
=185

< logcy

and
2

=Sl (@ — )

D(t/2
/ W2 irear—yy dr
o (1)

and so we have for any 0 < a < 1

/¢(t/2) e_“f'(af/—y/) ﬁ < (log CQ)l_a2a .
o (1) r| T R@)E]fE - (2 =yl

This combined with (2.7) yields the desired estimate. ]

Lemma 2.11. Let 1 < ¢ < 0o, Q € L9(S™ 1) and ¢ be a real valued function
on (0,00). If ® is positive, decreasing and convex, and o(t) := ®(t)/(t®'(t)) €
L*>(0, 00), then it holds for any 0 < a < 1/¢

t
J;

2 Ca8(1og2) ||| 1212 4
/ Q(x/>e—i(<1>(8)§~a:/+n¢(8))da(x/> @ < (log2) el HLq(S b
gn-1 8 | ()E|~
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Proof.  We have
/t
t/2

—_— ¢ . .
-/ QI[N ooty
gn—1ygn—1 t/2 S

Clearly we have

2ds

Ne—H(®(s)E-a"+mi(s)) !
/S”_1 Qz")e do(z')

(2.8)

(2.9)

t

/ e—@(s)a(f—y/@’ < log2.
t/2 s

Applying the change of variable » = ®(s), we have

. (/2
. s~ Juw —o—1(r)®'(®1(r))

Since ® is positive, decreasing and convex, we see that —®’(¢) is decreasing, and
hence —®'(®~1(r)) is positive and increasing. Hence we see by the second mean
value theorem that there exists ¢ with ®(¢) < ¢ < ®(¢/2) such that

D(t/2) , , dr
A(t) cos(—r§ - (2’ —y >><I>_1(7’)<I)’(‘I’_1(7’))

1 ¢ r dr
= 0 T

Since @ is positive and decreasing, we see that ®~1(r) is also positive and decreasing.
Hence we have

[ ottt ) g
cos(—r€ - (x' —
50 YT e e ()
< 1 1 2 < 1 i 2
T () M o) € (@ —y)| T —R(e) /2 [€][E" - (2 — o)
< P(s) ’ 4
~[59(s) [l (D)€ - (2 —y)]
We get a similar estimate for sin part, and hence we obtain
/ ey 98| || 20) ’ 8
€ - / / AV
£/2 s s®'(s) || oo P([E - (¢ = ¥/)]

Thus, combining this with (2.9) we have for any 0 < a < 1

O(s)
sP(s)

° (log 2)! =8~

= BOeele @ g

t
/ i () (' —y) 48
t/2 s
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Combining this with (2.8) yields the desired estimate. ]

Finally in this section, we will give a remark on the Littlewood-Paley operator for
a lacunary sequence.
Let {a;} ez be a lacunary sequence of positive numbers satisfying

a; .
Tt >a>1, jez
aj

Take a nonincreasing C*° ([0, o)) function ¢(t) such that
0 <1(telnoc) wH)=1(0<t<1), w(B)=0(t>a).
We define functions ¢; on (0, co) by

% (1) :*0<af+1> —so(aij).

Then

0, OStSCL]‘, tZaaj+1,
(2.10) ¥;(t) =

1, a,aj S t S a,j+1,
and

supp ¢; Nsupp ¥j41 C {aj11 <t < aaji1},
supp ¥; Nsupp ¢y = 0, for |j — ¢| > 2.

We have for t > 0

(2.11) gty =1, t>0,
Jj=—00
and
a a \lol 1
@.12) 003N < Ca(27)
We set
(2.13) Uj(z) = (2m)™" an/;j(\g\)e“fdg.

Then we can use the Littlewood-Paley theory and get

Lemma 2.12. Let ag > 1 and 1 < p < oco. Let ¥; be as above. Then there exists
a positive constant Cy, such that
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< Cpllfllp,  f € LP(RY),
p

2.14) H (S 1w+ sP) -

JEL

where C,, is independent of a > .

This can be checked by estimating the kernel of the above operator as a vector
valued singular integral (cf. [25]). For a precise proof see, for example, [29, pp.
312-316].

3. SoME DEFINITIONS AND LEMMAS

In this section, we give some definitions and prepare some lemmas to prove our
theorems.

The block spaces originated in the work of Taibleson and Weiss on the convergence
of the Fourier series in connection with the developments of the real Hardy spaces. We
will recall the definition of block spaces on S™~!. For further information about the
theory of spaces generated by blocks and its applications to harmonic analysis, see the
book [24] and a survey article [22].

Definition 7. A g-block on S"~! is an L4(S™!) (1 < ¢ < co) function b(z) that
satisfies

(i) suppb C I;

3.1) ! o
(i) follg < 17179,

where |I| = o(I), and I = B(z},0p) N S™ ! is a cap on S™~! for some x), € S™ !
and 0y € (0, 1].

Jiang and Lu [18] introduced the class of block spaces BC(IO’U)(S”_I) (v >-—1)
concerning the study of homogeneous singular integral operators.

Definition 8. For 1 < ¢ < oo and v > —1, the block space BC(IO’U)(S”_I) is
defined by

(3.2)  BPY(SThH = {Q eL'(S™ 1) = Ny, MI™({\}) < oo},
Jj=1

where each \; is a complex number, each b; is a g-block supported on a cap /; on
Sn—1 and

(3.3) MOV = {1+ log (11171 ).
j=1
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Let [|2] po0)(gar) = nf{ M ({A;1);Q = Y222, Ajb; and each b; is a ¢-

block supported on a cap I; on S"~'}. Then | - || is a norm on the space

B (sn=1)
B,SO’U)(S"_I), and (BC(IO’U)(S"_I), I| - HBSO’”)(S’L‘1)> is a Banach space.
The following inclusion relations are known.
BO(smh) ¢ BO)(STY) if oy > vp > — 1
BC(I?’“)(S”_I) C BC(IS’“)(S”_I) if 1 < g < ¢ for any v > —1;
U (S ¢ BC(IO’“)(S”_I) for any ¢ > 1, v > —1;

(3-4) p>1
U B(go’“)(S”_l) 7 U LY(S™ 1) for any v > —1;
g>1 q>1

0,v n—1 1/on—1 1+v/gon—1
BC(I (S" Y ¢ HY(S™Y) + Llog L)*(S™ 1) forany ¢ > 1, v > —1.

Definition 9. Let p > 0. For arbitrary real-valued functions ¢(-) and (-) on
(0, 00), a measurable function A : (0,00) — C and Q : "' — C, we define the
family {0y ,; t € (0,00)} of measures and the maximal operator o} on R"*! by

Q(y)

ly|"—r

)

[ o= £y w1y
Rn+1 t/2<y|<t

U'Zf(x,xn+1> - Sulg“gt,h‘ * f(xaxn-f—l)
>

)

where |0y 5| is defined in the same way as oy p,, but with €2 replaced by |€2| and h by
|h].

Lemma 3.1. Ler 1 < g < +oo, m € N, and Q € LI(S" 1) with ||Q| 1 (gn—1) < 1,
[ Lagsn-1y < 2", satisfying the cancellation condition [g, ., Q(y') do(y') = 0. Let
Y(-) be an arbitrary real-valued function on (0, c0), and h € A, for some 1 < v < 0.
Assume that ¢ is a positive C*(0, 00) function satisfying the assumptions (A-1) and
(A-2).

Then there exist positive constants C' and o« < 1/q’ such that in the case of
increasing ¢

(3.5 ‘Et,h(f, 77)‘ < CHhHAU

. Cllhlla, (X +[l¢lls)
3.6 ;| < - ;
( ) ‘Ut,h(é. 77)‘ ‘¢(t/2)§‘a/m
(3.7 1Gen(€m)| < Cllhl|a, l¢(8)8*™,

and in the case of decreasing ¢, ¢(t/2) is replaced by ¢(t) in (3.6) and ¢(t) is replaced
by ¢(t/2) in (3.7).
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Proof.  From the definition we have

. 1 [t |h(r
el < [ B [ 106l doty) < 20s, 91050 < 20kl
t/27’ p Sn—1

Next, we show (3.6). In the case 1 < ~ < 2, by a change of variable, Holder’s
inequality and [ Q|| z1(gn-1) < 1 we have

- 1 [t

Gon(Enm)] < = / ()|
t/2

1/ t

< 27| h| A /

Iala, (],

t

< 2jhlla, (/

t/2

In the last inequality, we used | [, Q(y/)e "MV SO dg ()| < ||| p1(gn-1) <
1. In the case v > 2, using Cauchy-Schwarz’ inequality in place of Holder’s inequality,
we get a similar inequality. Together with, we have

t A e
Gon(om] < 2lh]a, ( /t/2 /S e e oy

So, if ¢ satisfies (A-2) (i), by Lemma 2.8 we have for 0 < o < 1/¢’
Ca H(PHOOHQH%q(bm—l) ) 1/max{y’,2}

o (t/2)¢]
92m )l/max{'y/,Z}

< s, 1+ el (e

dr

r

/ Q(y')e~ 1O €M g (o)
Sn—1

" dr) 1/

/ Q(y)e 1 POV EH0m s (o)
Sn—1

r
2 ﬁ 1/4'
. .

/ Q(y/>e—i(qﬁ(r)y/~£+¢(T)n)dg(y/)
Sn—l

2 d’f’) 1/max{v’,2}

r

Gunlé, )| < 2uhqu(

From this and (3.5) we obtain

o2m )1/(mmax{wc2}> _ _Clhlla, (0 ll¢llo)

15,0 (€, m)| < Cllhlla, (T+]¢]loo) <W = To(t/2)e o/ tmmaxiz2))

Taking o/ (max{y’, 2}) newly as a, we get (3.6). The other three cases can be proved
in a similar way, using Lemmas 2.9, 2.10 and 2.11, respectively.

Finally we prove (3.7). Using the cancellation property of €2 and the monotonicity
of ¢, we have

~ 1 ! —i(p(r)y’- r —aip(r dr
Gen(E,m)| < t_/’/ |h(r)|r* / Q(y’)(e (@(r)y"-E+(r)n) _ o—it( )n)da(y/> il
t/2 Sn—1 r
< ClJhl|a, max{|$(t)E], |6(t/2)E IR igsn1)-
Combining this with (3.5) yields the desired estimate (3.7). ]

By a similar argument we have
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Lemma 3.2. Let 1 < g < +oo, m €N, and ), ¢ and ¢ be as in Lemma 3.1. For
(&,n) €R" X R let

e = //

Then |I;| satisfies the same estimates in (3.5), (3.6), (3.7).

2§ 1/2
. .

/ Qy ) e HOEEY () g7 ()
Sn—1

We next state a variant of the Lemma 3.4 in [4].

Lemma 3.3. Let {aj}rez be a lacunary sequence of positive numbers with

a
SEEL 5 g4 for some a > 1 and A > 0.

ag

Let {0} }kez be a sequence of Borel measures on R™. Let L : R™ — R™ be a linear
transformation. Suppose that for all { € 7, £ € R", and some o« > 0, Cy > 0,
by, ¢1 € NU {0}, and po > 2, we have

(i) 15R(€)] < Comax{1, (apieo|L(€)])*A, (an—e, |L(E)]) =/},
(ii) H(Z\ak *gk‘2>1/2 X - COH(Z‘Q’“‘2>1/2’
kEZ
R

kEeZ
n

for arbitrary functions gy on
Po

Then for py < p < po, there exists a positive constant C, such that

[t 7P) 1/2Hp < CyColl £y
kEZ

Sorall f € LP(R™). The constant C,, is independent of A and of the linear transfor-
mation L.

In Al-Qassem and Pan [4], this lemma is given in the case fo = 1 and /1 = 0, but
one can easily check that the above holds.

We introduce a maximal function
k+1

. am dt
Ann(f) = SUP/ (fae,h f)ya e = |otnl,
k€eZ Ja

k
where a,, = 2™, m € N. If we define the measure A, x5 b

b K y
k+1

“ am R dt n
Am,k,h(fa 77) = /k Mt,h(é.a 77)7 for (fa 77) € R" x Ru

m

then

/\fn,hf(xa Tpt1) = ZUP [ A ken % f (5 Tngr)]-
€z

For this maximal function we can show the following lemma in the same way as in
the proof of the corresponding Lemma 3.5 in [4], by using Lemmas 2.7, 3.1 and 3.3.
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Lemma 34. Let 1 < ¢ < +oo, m € N, h € L®(R") and Q € L4(S™ 1) with
19 L1(sn-1y < L Q| paqsn-1y < 2™. Assume that ¢ and 1 are positive C" (0, 0)
functions satisfying the assumptions (A-1) and (A-2).

Then for every 1 < p < oo, there exists a positive constant C,, independent of m
such that

(3.8) A (Dllp < ComlI £l
for every f € LP(R™1).

In a similar way we get
Lemma 3.5. Let m, ), ¢ and i be as in Lemma 3.4, and a,, = 2. Then for
every 1 < p < oo, there exists a positive constant C), independent of m such that
15 (Hllp < Coml| £l
for every f € LP(R™1), where
1 !
Qy) ds
fl@=o(Isyl)y', znr1—0(|syl)) —dy
[y SR

m / 2

The following 5 lemmas are also proved in the same way as in [4]. So, omitting
proofs, we only state them.

Fr(f) (@, xpq1) = sup
kEeZ

Lemma 3.6. Let h € A\, for some v > 1 and let m, Q), ¢ and 1) be as in Lemma
3.1. Then for v < p < oo, there exists a positive constant Cy, independent of m such
that

ok (H)llp < Com™ |1 £l
for every f € LP(R™1).

Lemma 3.7. Let h € A, for some v > 2 and v' < p < co. Let m, Q, ¢ and 1
be as in Lemma 3.4. Then there exists a positive constant C,, such that

amt diN1/2
(3.9) H(Z/ o 9ef25) | < Com (|3 I
kez ok, P ke, P

for any sequence {gi} of functions on R"*1,

Lemma 3.8. Let h € A\, for some 1 < v <2and 2 <p < 2v/(2—7). Again
let m, €, ¢ and v be as in Lemma 3.4. Then there exists a positive constant C), such
that

a'” dt 1/2
R ) TR O R ey
kez”® P keZ P

k
m

for any sequence {gi} of functions on R"*1,
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Lemma 3.9. Let h € A\, for some 1 <y <2 and 2v/(3y—2) < p < 2. Again
let m, €, ¢ and v be as in Lemma 3.4. Then there exists a positive constant C), such
that

k+1

(3.11) H(Z /aa’” lown *91«‘2%)1/2”1) < C’pm(37—2)/(27)H(é‘gk‘2>1/2Hp

keZ )
for any sequence {gy.} of functions on R"+1,

Lemma 3.10. Let h € A\, for some 1 <y <2 and 2v/(2y—1) < p < 2. Again
let m, €, ¢ and v be as in Lemma 3.4. Then there exists a positive constant C), such
that

k+1

dty1/2 ~
(3.12) H (Z/ |oh * gk\27> Hp < Cym® 1)/(27)”(2 ‘g’“‘2>l/QHp
¢ kEZ

keZ )

for any sequence {gi} of functions on R"+1,

4. PROOFS OF THEOREMS 1, 2 AND 3

Once we have gotten Lemmas 3.1, 3.5-3.10, we use these lemmas in the case ¢ = 2.
Then we can prove our Theorems 1, 2 and 3 in quite similar ways as in Theorems 1.1,
1.2 and 1.3 in [4]. So, the details will be omitted.

5. PROOFS OF THEOREMS 4, 5 AND 6

Let v > —1 and ¢ > 1. Then if © € B> (S"1) and satisfies the cancellation

condition, it can be written as = > %, M€y, where Ay € C and ) is a g-block
supported on a cap By = B(x¢,7,) NS on S"! and

(5.1) ; el{1 +log" (| Bel ™) } < 2012l 0.0 gn1) < 00

To each block Qg, we define
“ 1

Q) =) - o Qu(a’) do ().
‘Sn ‘ Sn—1
Let A={¢eN; |By| <1/2} and set
(5.2) Qo=0-) Al

LeN

Then there exists a positive constant C' such that the followings hold for all £ € A:
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(53) / (2 do (') = 0,
Sn—l
(5.4) 12|l pagsn-1y < C|Be| =V,
(5.5) 1€Qell L2 (sn-1) < 2,
(5.6) Q=+ > .
leA

Moreover, from (5.1) and the definition of €2 it follows that
(57) HQOHL‘J(S"_l) <C Z 2—1/(] ‘Ag‘ < CHQHBSOW)(S7L—1) )

LEN\A
(5.8) / Qo(a/) dor(a’) = 0,

Sn—l

For ¢ € A, define a family of measures o(©) = {o0tr;0 <t < oo} on R"! as in
Definition 9, by

[ fdoan=g [ (oo 24

P )i ja<ly|<t ly|"—r

We only discuss the case of increasing ¢ in the proof of Theorems 4, 5, 6, since
decreasing case can be proved in the same way.
For k € Z and £ € A U0, we set wy = 2%, 6, = [logy |Be| /7] + 1, where []
denotes the greatest integer function.
From Lemma 3.1, we have the following estimates:
k+1

“Ye oo dt
(5.9) / (601> — < COy;
— !
+1
“Ye oo dt _ _
(5.10) T e e (i S s
YL
Ye oo dt
G.11) [ el < contotat g
w

4
Moreover, we can use Lemmas 3.4-3.10, taking m = 6,. Now, we begin to prove
Theorem 4 (a). From the definition of pf, sant (x, p41) We get

1O . (T3 Tng1) = (/Ow]ki : U )

t_p —k—1 —ky (WP
— 2k 1y<|u|<2—Ht |U]

2 dt 1/2
o = ol i~ a5 )
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> <11 Q'
<> (5] KEwIT)
T \Jo 1 Jakticpu <ok |ul

k=—

2dt\ /?
= oz~ oo )
< Cﬁ€27¢7¢7hf(x7 xn-f—l)u

where

; ([T o)
Popnd (7 7na) = </0 ’t/’ /t/2<|u|<t \u\n_ph(‘ub
o 24t \ /2
= o0l i~ vaief )

By (5.6), we have

(5.12) /j€27¢7¢7hf(337 Tpt1) < Z ‘Aé‘ﬁ2¢7¢7hf(xu Tnt1),
LeAU0

where

_ <01 Q')
Feownd (7 2ns1) = </0 ’t_" /t/2§|u|§t \u\”"’h(‘uw
24\ /2
o= ollulid v — wlluyadf )

so we have only to show the boundedness of /72 Saih f.

Since Ay C Ay for v > 2, we may assume that 1 < v <2 and 2 < p < %
For ¢l € Z, let 0, ; = qﬁ(wg). From Lemma 2.1, we easily see that {6, ;,j € Z} is a
lacunary sequence with 0 ;1 /6¢; > wl}/b > 1. Let {(I\/m,j € Z} be a smooth partition

of unity in (0, c0), defined in Lemma 2.12, and set (E]\f)(g, n) = @g7j(\§\)f(§’ 1),
(&,m) € R™ x R. Then

He g d (2, 1)

k+1
2 : - 2dtN\1/2
kEeZ 4 JEZ

(5.13) e s
= Z(Z /k [(Tejk @ O0}) * Tt * f(a:)\2?>

JEZ keZ Y %e

= Qujf(x, Tni1)

JEL
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where 5{0} is the Dirac’s delta at the origin in the x,,41 space, and Qy; f(x, Zn41) =

! 1/2
(XCkez fwg |(Wejin @ Ogoy) * e+ f(2)24) "

First, we compute L? norm of Qg ;f. By Plancherel’s theorem, Fubini’s theorem
and (5.10), (5.11), we obtain

QerlB= [ 3

kEeZ

wk+1

i dt
/k ‘(\I/gdq_k & (5{0}> * Og ¢t h* f(a:)\2?da:da:n+1
Yy

k+1

<SS [ e mPRE o) e,

kEZ ki1 SISO, i g Jwp

For j < —2 and ngﬂﬂ <€ < 96_,1;3‘—1 we get, using (5.10),

1Qeifll2 < CO2w/ ¥ < Clog | By =) /227 £,

For j > 2 and 96_,;+j+1 <|¢ < 96_,1;]‘—1 we get, using (5.11),

1Qe; flla < COY*w, 7/ P) < C(log | Be| =) /2279972 £ |-

For —1 < j <1 and 96_,;+j+1 <€) < 96_,1;]‘—1 we get, using (5.9),

1Qesfllz < CO;" < C(log | B ™).
Hence, we obtain
(5.14) 1Qe;fll2 < Clog |Be| ™) /22717172 115,

Next, by using Lemma 3.8 and Lemma 2.12, we have

615 1Quifly < CloglBl )P fl forz<p<
Interpolating between (5.14) and (5.15), we can find a number 0 < 6 < 1 such that
(516)  [|Qejflly < Cllog|Be| =) /22700 |, for2<p< 22_—77

Hence, combining (5.12), (5.13) and (5.16) completes the proof of Theorem 4 (a).
Now, applying respectively Lemmas 3.7, 3.9, 3.10 in place of Lemma 3.8, we can
obtain similar L? estimates for )y ;f as in (5.16), and prove Theorem 4 (b), (c) and

().

Let us next to turn to prove Theorem 6. First, as before, we have only to show that

(5.17) 1M, o fllze < Cpllog|Bel ™Y |1 £l e,
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where

MO f@ ) = sup [yl
Il Ly (ryae /ey <1

Meanwhile, we know from [4] that when v = 1, HM ¢efHLoo < C|fllzee- So we
start with the case v = 2 and then use a suitable 1nterpolat10n for 1 < v < 2.
Let

Ef(z, 2n41) = f(@ = d(s)u, mni1 — P(s))Q(u)do (u).

S§n—1

As in the proof of Theorem 4, for each ¢ € Z, let {(I\/m, j € Z} be a smooth partition
of unity in R™\0. As in Al-Qassem-Pan [4, pp. 92-93], we have by duality and a
change of variable

Me¢¢f(a:,xn+1) < sup </Ooo</tt |h(s)||Eef (z, an)‘@) d?)l/Z

Il Ly ae /e <1 /2

<( /:Q\Eef(x ey
([t
<kez/ /Jﬂ% Visosad 2| %) %)1/2

(/. 1</t it (@201 §>d?)1/2

JEZ “kEZ wy

= }E:)(&jf $,$n+1%

JEZL

where

Yo f (2, ng1) = / (Teg ) (@ = d(s)u, ny1 — P(s))(u)do (u),

Sn—l
S . 12
¢ ds\ dt
Xé,jf(x,xn_H) = <Z/k (/ ‘n,k+j,sf($,$n+1)‘2?>?) .
keZ " we t/2

Thus, we have only to prove the L” boundedness of X, ;f. We start by proving it in
the case of p = 2. By employing Plancherel’s theorem, Fubini’s theorem, Lemma 3.2
and (5.10), (5.11), we obtain as in the proof of Theorem 4
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wk+1
1 Xe; fll5 = / )
Rn+1

¢ ! ds\ dt
/ </ D/Z,k—l—j,sf(ﬂf, $n+1>‘2_) ?da:da:nﬂ

wf"'l t
[ [ ([ 1ienr
R J0p gy jr1 <IE1<Op gyt Jwh t/2

keZ

, 2
X ’/ Q(z)e (e g (1) %) %dfdn
S§n—1

< Clog B 2wy [ (&, m) Pdedn
kez YR IO sttt <IEI<Op i1
< Clog| B| ™27/ 1|13,
and hence
(5.18) 1Xeifll2 < C(log | Be| 1) /227l £l

Next, we consider the case p > 2. Choose g in L/’ with 9ll(p/2)y < 1. Then by a

similar argument in [4, p. 94], we have HXngH% <N wez 1 Te ks f] H(p/g)HF; (g)H(p/Q)/,
where

B (D) = | | He=osul =l T L 1y ).
keZ \Juwb<lyl<wt*t J1/2 lyl™ s

By using Lemma 3.5 and Lemma 2.14, we have

(5.19) 1Xeifllp < Collog | Bl ™) 21 £, for2 < p <o

By interpolation between (5.18) and (5.19), there exists a constant 0 < 6 < 1 such that

(5.20) 1Xeifllp < Cplog| Be|~H)/227lIb £, for 2 < p < oo

which ends the proof of the desired (5.17).
We use the same step in [4] for interpolation between v = 1 and v = 2, and obtain
(5.17) for 1 < v < 2. The proof of Theorem 6 (a) is completed.

As for Theorem 6 (b), adapting a similar argument employed in the proof of The-
orem 6 (a), we get

IMS), ol < Cplog|Bel ™) 21 £ 1,

which shows the conclusion of Theorem 6 (b).
Finally, let’s prove Theorem 5. Notice that

1 (@ Tni1) S MG f (@) = sup g F (@ 20s)|

Il 2y (ry at /ey

and apply Theorem 6.
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6. APPENDIX

In this section, we give several examples of monotonic functions satisfying our
assumptions (A-1) and (A-2).

Example (1). For 0 < o < 1, set
d(t) = t¥".

Then @ is nonconvex, positive, increasing, and ®(t)/(t®'(t)) is strictly decreasing and
bounded. t®’(¢) is strictly increasing. Furthermore, there exists no C' > 1 such that
O (2t) < CP(t) (t > 0).

In fact, we have
'(t) =t Nt + a)é,
D" (t) = t* 2 (t* + 2at + e — 1)) .

From this it follows

and

(t0' (1)) =t (@® + (2a + 1)t + t?)el.

(1) = <0 for0<t<oa—a
>0 fort>a—aqa,

Hence, ® is nonconvex, positive, increasing and ®(¢)/(t®'(t)) and 1/t®’(t) are strictly
decreasing. The last claim follows from ®(2t)/®(t) = 2%¢'.

Example (2). Set
D(t) = (t* —sin®t)e

Then for 0 < a < 2/, ® is convex, positive, increasing, and ®(¢)/(t®'(t)) is positive
and bounded, but non-monotonic. t®’(¢) is increasing.

We check this. Let g(t) = > —sin?t. Then
g'(t) =2t — 2sintcost = 2t —sin 2t > 0 for t > 0,
and
g"(t) =2—2cos2t >0 for t > 0.

Hence, g(t) is increasing and convex. Since e is clearly increasing and convex, we
see that ®(¢) is also increasing and convex. And we get
@'(t) = {(2t — sin2t) + a(t* — sin?t)}e™
d(t) t? —sin?t

P(t) = t®'(t)  t{(2t —sin2t) + a(t> —sin®t)}’
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From this we have

m ¢(t) = 0.

: 1 .
hmcp(t) = 7 gD(’]T) - 2+a7r’ t1i>oo

t—0 4

Hence, if 2+ am < 4, ie. 0 < a < 2/m, we see that p(t) is not monotone. From
the above, we also see that ¢ is bounded. Since ¢, 2t — sin2t, t*> — sin®t, e are
increasing, t®’(t) is also increasing.

1, 0<t<m/2

Example (3). Let ¢ (t) =
ple () vl {sint, t>m/2,

D(t) = 262 + ty(t).

Then ®(t) is positive and increasing on (0,00) and satisfies ®(2t) < 7®(t), but
®(t) is not convex nor t®’(¢) is not monotone. Moreover, |P(¢)/(t®'(¢))] < 1 and
O (t)/(t®'(t)) is not monotone.

In fact, since ®(t) = 22 + tsint for t > 7/2, we have

' (t) = 4t + tcost +sint = 2t + (1 + cost) + t + sint > 0,

and so we see that ®(¢) is increasing on (0, 00). Since ®”(t) = 442 cost —tsint for
t > /2, we see that

" (5m/2) =4 —57/2 <0 and ®"(7Tr/2) =4+ Tr/2 > 0.
This means that ®(¢) is not convex. Next, since for ¢ > /2
(t®'(t))" = 8t + 3tcost — t*sint + sint,
we have

(t'(t))’

which implies that ¢®’(¢) is not monotone.
For 0 <t < /2 we get

=227 > 0, and (t®'(t))’ = 367 — 812 /4+1 <0,

t=2m t=97/2

(1) 22+t _
to/(t) 42+t

And for t > 7/2 we get

(1) 2t + tsint - 1 o121
t®/(t) A2 +tsint+t2cost T o costfsititt T o ;+_§ C3r—4 7
25 =

Hence we get |®(t)/(t®'(t))| < 1. Moreover, we get
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o)
tPp’ (t) t=m

2 e 2 b)) 2
3t (t) lt=2n 5’ t® (t) lt=sr 3’

which shows that ®(¢)/(t®'(t)) is not monotone.
Finally, for 0 < ¢ < w/4 we have

(2t) 82+ 2t

d(t) 22+t

For m/4 <t < m/2 we have

®(2t)  8t* 4 2tsin2t

d(t) 22+t
And for t > 7/2 we have
®(2t) 82+ 2tsin2t 8t +2 6
— < =44+ _——<4 <T.
(1) 2t2 +tsint — 2t —1 +2t—1_ +7r—1

Altogether we have ®(2t) < 7P(¢).

Example (4). Let ,
B(t) = te VT,

Then ®(¢) is positive, increasing and nonconvex, and both ®(t)/(t®'(¢)) and tP'(¢)
are increasing.

In fact, we have
o(t) 1
to'(t) 1+ 2

(2 —2)e Y and (t9'(t)) = (1 + %)e—l/t?

()= (1+ t%)e_l/t2,

2
(I)// (t) — t_5

1/ (t) = (t+ %)e—l/t"’,

Hence, we see that ®(¢) is positive, increasing and nonconvex, and both ®(¢)/(t®’(t))
and t®’(t) are increasing.

Next, we state some examples in the case where ®(¢) is decreasing.

Example (5). Let
1 1
() = — + ——.
®) 30t * 1+1
Then @ is a positive, convex, decreasing function on (0, 0o) such that ®(¢)/ (¢t®'(t))
is bounded and ®(t) < 2®(2t), but —t®’(¢) is non-monotonic.
In fact, we have

1 1 1 t 2 2
Pt)y= -, ()=t s, ()= ot > 0.
(t) 3062 (141)%’ ®) 30t (1+1¢)% ®) 30t3+(1 +1)3
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And

to/(t)| 312 +2t+1

Since the right side of the above equality tends to 1 as ¢ — oo, we see that there exists
C > 0 such that

’ d(t) ’ 312432t +1

D(t
1< ®) <C, 0<t<oo.
L' (t)
Furthermore, we get
1 1 2t 1 1—1¢
—t®'(t)) = — — =
() =502 T ar " Gxop - B02 T AroE

and so
(—t2'(2))’

=12 30 ' 27

Clearly (—t®’(t))’ is negative if ¢ is near 0 or 1 <t < co. Thus, we see that —t®’(t)
is non-monotonic.

1 0<t<m/2
Example (6). Let ¢(t) = - and
ple (6) vi) {sint, t>m/2,
3 1

() = -+ sv(d).

(1) =3+ 3w
Then ®(t) is positive and decreasing on (0, 00) and satisfies ®(2t) > 1®(t), but
®(t) is not convex nor —t®’(t) is not monotone. Moreover, |®(t)/(t®'(t))| < 1 and

() /(t®'(t)) is not monotone.

In fact, since ®(t) = 2 + & sint for ¢ > 7/2, we have

, 3 2 . 1 2 1. 1
(I)(t>:_t_2_t_381nt+t_2COSt:_t_2(1+¥81nt>_t_2(1_COSt><0’

and so we see that ®(¢) is decreasing on (0, co). Since for ¢t > 7/2

4 .
(I)”(t):t_3+t_4$int_t_3COSt_t_28mt’
we get
65_7T+6_M
o' (5m/2) = —2—5—2— <0.
24

This means that ®(¢) is not convex. Next, since for ¢ > /2

3 4 3 1
(—t@'(t))/ =-a - t—gsint—i— t—2005t+ Zsint,
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we have 12 39 )
—t®' (1))’ - = 4+ " >0
( ( >) t=57/2 2572 12573 + 51 ’
and 6
—to'(t)'| =-—<0
( ( >) t=m 7T2 ’
which implies that —¢®’(¢) is not monotone. Moreover, for 0 < ¢ < /2 we get
31
e _ite g
~ 3, 2 :
te'(t) T+ 5
And for t > 7/2 we get
d(t) 3+ Lsint 1 o sr—1_,
i — 3 5 - 1 — snt ~ T = — .
@' (t) § T zsint—gcost 4 3¢+§st 1_% 2m -2
t g
Hence we get |®(¢)/(tD'(t))| < 2.
(t) 3 01 3 and (t) 3
to'(t) lt=r 4~ (1) lt=2n 2’ t® (t) lt=3n 4’

which shows that —®(¢)/(t®'(¢)) is not monotone.
Finally, for 0 < ¢ < m/4 we have

o 3,1
D(2t) T 5+ g2
For w/4 <t < m/2, we have
®(t) S+ % 2 8
= <24 = <24 — < 3.
®(2t) F+psin2t 0 3t~ 3m
And for t > 7/2 we have
3 1sint 3 1
M) _ i+t ity o,
- 3 1 sin2t 3 1 -
R F T

Altogether we have ®(2t) > 1®(¢).

Example (7). Let ®(t) = t~“e'/*, o > 0. Then ®(t) is positive, decreasing and
convex on (0,00), and |®(t)/(t®'(t))| < 1/c, but lim;_o ®(t)/P(2t) = +oo, ie.
there is no positive constant C such that ®(2t) > C®(t) , t > 0. —P(¢)/(tP'(t)) is
increasing, and —t®’(¢) is decreasing.
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In fact, we have

o 1 (t) 1
(I)/ — _ a—1 - l/t _ — .
(t) t (oz—l—t)e , and ) et it

Hence we see that —t®’(¢) is decreasing, |®(t)/(t®'(t))] < 1/a, and —®(¢)/(tP'(¢))
is increasing. Since both t~® and e!/? are positive, decreasing and convex, we see that
®(¢) is also positive, decreasing and convex. And

o(1)

li —\7 — im 2% 1/(2¢) — )
10 O (2t) o ¢ oo

Example (8). Let ®(t) =t “e~!, a > 0. Then ®(¢) is positive, decreasing and
convex on (0,00), and |®(t)/(t®'(t))] < 1/, but limy o ®(t)/P(2t) = 400, i.e.
there is no positive constant C such that ®(2¢t) > C®(¢t) , t > 0. —®(¢)/(tP'(t)) is
decreasing, and —t®’(¢) is decreasing.

In fact, we have

D(t) 1

@’t:—t_a_l( t) ~t and — =
(t) a+tle ", an ) atl

Hence we see that —t®’(¢) is decreasing, |®(t)/(t®'(t))| < 1/a, and —®(¢)/(tP'(¢))
is decreasing. Since both t~® and e~! are positive, decreasing and convex, we see that
®(¢) is also positive, decreasing and convex. And

o(t)

lim —~ = lim 2% = )

P B2 i € T T
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