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RELAXED PROJECTION-VISCOSITY APPROXIMATION METHOD

L. C. Ceng and A. Petruşel and M. M. Wong*

Abstract. The purpose of this paper is to investigate the problem of finding a
common element of the solution set of a general system of variational inequalities,
the solution set of a variational inequality problem and the fixed point set of a
strict pseudocontraction in a real Hilbert space. Based on the well-known vis-
cosity approximation method, extragradient method and Mann’s iteration method,
we propose and analyze a relaxed projection-viscosity approximation method for
computing a common element. Under very mild assumptions, we obtain a strong
convergence theorem for three sequences generated by the proposed method. Our
proposed method is quite general and flexible and develops some iterative methods
considered in the earlier and recent literature.

1. INTRODUCTION

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖, respectively. Let
C be a nonempty closed convex subset of H and R be the set of all real numbers. For
a given nonlinear mapping A : C → H , consider the following classical variational
inequality problem of finding x∗ ∈ C such that

(1.1) 〈Ax∗, x − x∗〉 ≥ 0, ∀x ∈ C.

The set of solutions of problem (1.1) is denoted by VI (A, C ). It is now well known
that a variational inequality problem is equivalent to a fixed-point problem, the origin
of which can be traced back to Lions and Stampacchia (see, e.g., [8]). This alternative
formulation has been used to suggest and analyze Picard successive iterative method
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for solving variational inequalities under the conditions that the involved operator must
be strongly monotone and Lipschitz continuous.

Let S : C → C be a self-mapping on C. We denote by Fix(S) the set of fixed
points of S and by PC the metric projection of H onto C.

A mapping Q : C → C is said to be a ρ-contraction if ρ ∈ [0, 1) and

‖Qx − Qy‖ ≤ ρ‖x− y‖, ∀x, y ∈ C.

A mapping S : C → C is called k-strictly pseudo-contractive if 0 ≤ k < 1 and

(1.2) ‖Sx − Sy‖2 ≤ ‖x− y‖2 + k‖(I − S)x − (I − S)y‖2, ∀x, y ∈ C.

In this case, we also say that S is a k-strict pseudocontraction. In particular, whenever
k = 0, S becomes a nonexpansive self-mapping on C.

A mapping A : C → H is called α-inverse strongly monotone if α > 0 and

(1.3) 〈Ax − Ay, x − y〉 ≥ α‖Ax − Ay‖2, ∀x, y ∈ C.

It is easy to see that every inverse strongly monotone mapping is a monotone and
Lipschitz continuous mapping; see, e.g., [8].

Recently, Nadezhkina and Takahashi [9] and Zeng and Yao [10], motivated by the
idea of Korpelevich [11] for finding a common element of the set of fixed points of a
nonexpansive mapping and the set of solutions of a variational inequality, proposed the
so-called extragradient method. Further, these iterative methods were extended in [12]
to develop a general iterative method for finding an element of Fix(S) ∩VI (A, C ).

Let B1, B2 : C → H be two mappings. We consider the following problem of
finding (x∗, y∗) ∈ C × C such that

(1.4)

{ 〈µ1B1y
∗ + x∗ − y∗, x− x∗〉 ≥ 0, ∀x ∈ C,

〈µ2B2x
∗ + y∗ − x∗, x− y∗〉 ≥ 0, ∀x ∈ C,

which is called a general system of variational inequalities, where µ1 > 0 and µ2 > 0
are two constants. It was introduced and considered by Ceng, Wang and Yao [15].
Moreover, it was transformed into a fixed point problem in [15] in the following way.

Lemma 1.1. (see [15]). For given x̄, ȳ ∈ C, (x̄, ȳ) is a solution of problem (1.4)
if and only if x̄ is a fixed point of the mapping G : C → C defined by

(1.5) G(x) = PC [PC(x − µ2B2x)− µ1B1PC(x − µ2B2x)], ∀x ∈ C,

and ȳ = PC(x̄ − µ2B2x̄).
In particular, if the mapping B i : C → H is β̂i-inverse strongly monotone for

i ∈ {1, 2}, then the mapping G is nonexpansive, provided µ i ∈ (0, 2β̂i) for i ∈ {1, 2}.
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Utilizing Lemma 1.1, Ceng, Wang and Yao proposed and analyzed in [15] a relaxed
extragradient method for solving problem (1.4). Throughout this paper, the set of
fixed points of the mapping G is denoted by Γ . Based on the extragradient method
[11] and viscosity approximation method [14], Yao, Liou and Kang [1] introduced
and studied (see Theorem 3.2 in [1]) a relaxed extragradient iterative algorithm for
finding a common solution of problem (1.4) and the fixed point problem of a strict
pseudocontraction in a real Hilbert space H .

Subsequently, Ceng, Ansari and Yao [8] also introduced and considered a new
relaxed extragradient iterative algorithm (Theorem 3.1 in [8]) for finding a common
solution of problem (1.1), problem (1.4), and the fixed point problem of a strict pseu-
docontraction in a real Hilbert space H .

Assume that A : C → H is α-inverse strongly monotone and Bi : C → H is
β̂i-inverse strongly monotone for i ∈ {1, 2}. Let S : C → C be a k-strictly pseudo-
contractive mapping such that Ω := Fix(S) ∩ Γ ∩ VI (A, C ) 
= ∅. Let Q : C → C

be a ρ-contraction with ρ ∈ [0, 1
2). Motivated and inspired by the research work going

on in this area, we propose and analyze the following relaxed projection-viscosity
approximation method for finding an element in Ω :

Given x0 ∈ C arbitrarily, let the sequences {xn}, {un}, {ũn} be generated itera-
tively by

(1.6)



un = αnQxn+(1−αn)PC [PC(xn−µ2B2xn)−µ1B1PC(xn−µ2B2xn)],

ũn = PC(un − λnAun),

yn = PC(un − λnAũn),

xn+1 = βnxn + γnyn + δnSyn + (1− βn − γn − δn)un, ∀n ≥ 0,

where µi ∈ (0, 2β̂i) for i ∈ {1, 2}, {λn} ⊂ (0, α] and {αn}, {βn}, {γn}, {δn} ⊂ [0, 1]
such that βn + γn + δn ≤ 1 for all n ≥ 0.

In this paper, it is proven that the sequences {xn}, {un}, {ũn} converge strongly to
the same point x̄ = PΩQx̄ under very mild conditions. Furthermore, (x̄, ȳ) is a solution
of the general system (1.4) of variational inequalities, where ȳ = PC(x̄ − µ2B2x̄).

Our result supplements, extends and improves the corresponding theorems in the
earlier and recent literature, see, for instance, Yao, Liou and Kang [1, Theorem 3.2]
and Ceng, Ansari and Yao [8, Theorem 3.1].

2. PRELIMINARIES

Let H be a real Hilbert space whose inner product and norm are 〈·, ·〉 and ‖ · ‖,
respectively. Let C be a nonempty closed convex subset of H . We write → to indicate
that the sequence {xn} converges strongly to x and ⇀ to indicate that the sequence
{xn} converges weakly to x. Moreover, we use ωw(xn) to denote the weak ω-limit set
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of the sequence {xn}, i.e.,

(2.1) ωw(xn) := {x : xni ⇀ x for some subsequence {xni} of {xn}}.
It is obvious that, inequality (1.2) is equivalent to the following inequality:

(2.2) 〈Sx − Sy, x− y〉 ≤ ‖x − y‖2 − 1− k

2
‖(I − S)x − (I − S)y‖2, ∀x, y ∈ C.

It is easy to see that if S is a k-strictly pseudo-contractive mapping, then the mapping
I − S is 1−k

2 -inverse strongly monotone and hence 2
1−k -Lipschitz continuous. For

further details, we refer to [6] and the references therein.
For every point x ∈ H , there exists a unique nearest point in C, denoted by PCx

such that
‖x − PCx‖ ≤ ‖x − y‖, ∀x ∈ C.

The mapping PC is called the metric projection of H onto C. We know that PC is a
firmly nonexpansive mapping of H onto C, that is, there holds the following relation

〈PCx − PCy, x− y〉 ≥ ‖PCx − PCy‖2, ∀x, y ∈ H.

Consequently, PC is nonexpansive and monotone. It is also known that PC is charac-
terized by the following properties: for each x ∈ H we have PCx ∈ C and

(2.3) 〈x − PCx, PCx − y〉 ≥ 0,

(2.4) ‖x − y‖2 ≥ ‖x − PCx‖2 + ‖y − PCx‖2,

for all x ∈ H, y ∈ C, see [4,5,7] for more details.
In order to prove our main result of this paper, we need the following lemmas. The

following lemma is an immediate consequence of the definition of an inner product.

Lemma 2.1. In a real Hilbert space H , there holds the inequality

(2.5) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉, ∀x, y ∈ H.

The following lemma was proved by Suzuki in [13].

Lemma 2.2. (see [13]). Let {xn} and {yn} be bounded sequences in a Ba-
nach space X and let {βn} be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤
lim supn→∞ βn < 1. Suppose xn+1 = (1− βn)yn + βnxn for all integers n ≥ 0 and
lim supn→∞(‖yn+1 − yn‖ − ‖xn+1 − xn‖) ≤ 0. Then, limn→∞ ‖yn − xn‖ = 0.

Recall that S : C → C is called a quasi-strict pseudocontraction if Fix(S) is
nonempty and there exists a constant 0 ≤ k < 1 such that

(2.6) ‖Sx− p‖2 ≤ ‖x − p‖2 + k‖x − Sx‖2 for all x ∈ C and p ∈ Fix(S).
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We also say that S is a k-quasi-strict pseudocontraction if condition (2.6) holds.

Lemma 2.3. (see [16, Proposition 2.1]). Assume C is a nonempty closed convex
subset of a real Hilbert space H and let S : C → C be a self-mapping on C.

(i) If S is a k-strict pseudo-contractive mapping, then S satisfies the Lipschitz
condition

(2.7) ‖Sx − Sy‖ ≤ 1 + k

1 − k
‖x − y‖, ∀x, y ∈ C.

(ii) If S is a k-strict pseudo-contractive mapping, then the mapping I − S is
demiclosed at 0, that is, if {xn} is a sequence in C such that xn ⇀ x̃ and
(I − S)xn → 0, then (I − S)x̃ = 0, i.e., x̃ ∈ Fix(S).

(iii) If S is a k-quasi-strict pseudocontraction, then the fixed-point set Fix(S) of S
is closed and convex so that the projection PFix(S) is well defined.

Some other auxiliary results are the following.

Lemma 2.4. (see [3]). Let {an} be a sequence of nonnegative real numbers
satisfying the condition

an+1 ≤ (1− δn)an + δnσn, ∀n ≥ 0,

where {δn}, {σn} are sequences of real numbers such that
(i) {δn} ⊂ [0, 1] and

∑∞
n=0 δn = ∞, or equivalently,
∞∏

n=0

(1 − δn) := lim
n→∞

n∏
j=0

(1− δj) = 0;

(ii) lim supn→∞ σn ≤ 0, or
(ii’) ′ ∑∞

n=0 δnσn is convergent.
Then limn→∞ an = 0.

Lemma 2.5. (see [1, Lemma 3.1]). Let C be a nonempty closed convex subset of
a real Hilbert space H . Let S : C → C be a k-strictly pseudo-contractive mapping.
Let γ and δ be two nonnegative real numbers such that (γ + δ)k ≤ γ . Then

(2.8) ‖γ(x− y) + δ(Sx− Sy)‖ ≤ (γ + δ)‖x − y‖, ∀x, y ∈ C.

3. MAIN RESULTS

We are now in a position to state and prove our main result.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space
H . Let A : C → H be α-inverse strongly monotone and B i : C → H be β̂i-
inverse strongly monotone for i = 1, 2. Let S : C → C be a k-strictly pseudo-
contractive mapping such that Ω := Fix(S) ∩ Γ ∩ VI (A, C ) 
= ∅. Let Q : C → C
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be a ρ-contraction with ρ ∈ [0, 1
2 ). For given x0 ∈ C arbitrarily, let the sequences

{xn}, {un}, {ũn} be generated iteratively by

un = αnQxn + (1 − αn)PC [PC(xn − µ2B2xn) − µ1B1PC(xn − µ2B2xn)],

ũn = PC(un − λnAun),

yn = PC(un − λnAũn),

xn+1 = βnxn + γnyn + δnSyn + (1 − βn − γn − δn)un, ∀n ≥ 0,

where µi ∈ (0, 2β̂i) for i ∈ {1, 2}, {λn} ⊂ (0, α] and {αn}, {βn}, {γn}, {δn} ⊂ [0, 1]
such that

(i) βn + γn + δn ≤ 1 and (γn + δn)k ≤ γn for all n ≥ 0;
(ii) limn→∞ αn = 0 and

∑∞
n=0 αn = ∞;

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 and lim infn→∞ δn > 0;
(iv) limn→∞( γn+1

1−βn+1
− γn

1−βn
) = 0 and limn→∞( δn+1

1−βn+1
− δn

1−βn
) = 0;

(v) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < α and limn→∞ |λn+1 − λn| = 0.

Then the sequences {xn}, {un}, {ũn} converge strongly to the same point x̄ = PΩQx̄
if and only if limn→∞ ‖un+1 − un‖ = 0. Furthermore, (x̄, ȳ) is a solution of the
general system (1.4) of variational inequalities, where ȳ = P C(x̄ − µ2B2x̄).

Proof. We divide the proof into several steps.

Step 1. {xn} is bounded.
Indeed, let x∗ ∈ Ω := Fix(S) ∩ Γ ∩ VI (A, C ). Then Sx∗ = x∗, x∗ = PC(x∗ −

λnAx∗) and

x∗ = PC [PC(x∗ − µ2B2x
∗) − µ1B1PC(x∗ − µ2B2x

∗)].

Since A : C → H is α-inverse strongly monotone and 0 < λn ≤ α, we have for all
n ≥ 0,

(3.2)

‖ũn − x∗‖2 = ‖PC(un − λnAun) − PC(x∗ − λnAx∗)‖2

≤ ‖(un − λnAun) − (x∗ − λnAx∗)‖2

= ‖(un − x∗)− λn(Aun − Ax∗)‖2

≤ ‖un − x∗‖2 − λn(2α − λn)‖Aun − Ax∗‖2

≤ ‖un − x∗‖2.

For simplicity, we write

y∗ = PC(x∗ − µ2B2x
∗), x̃n = PC(xn − µ2B2xn), x̄n

= PC [PC(xn − µ2B2xn) − µ1B1PC(xn − µ2B2xn)]
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for each n ≥ 0. Then un = αnQxn + (1−αn)x̄n for each n ≥ 0. Since Bi : C → H

is β̂i-inverse strongly monotone and 0 < µi < 2β̂i for i ∈ {1, 2}, we know that for all
n ≥ 0,

(3.3)

‖x̄n−x∗‖2 = ‖PC [PC(xn−µ2B2xn)−µ1B1PC(xn−µ2B2xn)]−x∗‖2

= ‖PC [PC(xn − µ2B2xn) − µ1B1PC(xn − µ2B2xn)]

−PC [PC(x∗ − µ2B2x
∗)− µ1B1PC(x∗ − µ2B2x

∗)]‖2

≤ ‖[PC(xn − µ2B2xn) − µ1B1PC(xn − µ2B2xn)]

−[PC(x∗ − µ2B2x
∗) − µ1B1PC(x∗ − µ2B2x

∗)]‖2

= ‖[PC(xn − µ2B2xn) − PC(x∗ − µ2B2x
∗)]

−µ1[B1PC(xn − µ2B2xn)− B1PC(x∗ − µ2B2x
∗)]‖2

≤ ‖PC(xn − µ2B2xn)−PC(x∗−µ2B2x
∗)‖2

−µ1(2β̂1 − µ1)‖B1PC(xn − µ2B2xn) − B1PC(x∗ − µ2B2x
∗)‖2

≤ ‖(xn − µ2B2xn)−(x∗ − µ2B2x
∗)‖2−µ1(2β̂1 − µ1)‖B1x̃n − B1y

∗‖2

= ‖(xn − x∗) − µ2(B2xn − B2x
∗)‖2 − µ1(2β̂1 − µ1)‖B1x̃n − B1y

∗‖2

≤ ‖xn − x∗‖2 − µ2(2β̂2 − µ2)‖B2xn − B2x
∗‖2

−µ1(2β̂1 − µ1)‖B1x̃n − B1y
∗‖2

≤ ‖xn − x∗‖2.

Furthermore, it follows from (2.4) that

‖yn − x∗‖2

≤ ‖un − λnAũn − x∗‖2 − ‖un − λnAũn − yn‖2

= ‖un − x∗‖2 − ‖un − yn‖2 + 2λn〈Aũn, x∗ − yn〉
= ‖un − x∗‖2 − ‖un − yn‖2 + 2λn〈Aũn − Ax∗, x∗ − ũn〉

+2λn〈Ax∗, x∗ − ũn〉 + 2λn〈Aũn, ũn − yn〉
≤ ‖un − x∗‖2 − ‖un − yn‖2 − 2λnα‖Aũn − Ax∗‖2 + 2λn〈Aũn, ũn − yn〉
= ‖un − x∗‖2 − ‖un − ũn‖2 − 2〈un − ũn, ũn − yn〉 − ‖ũn − yn‖2

+2λnα‖Aũn − Ax∗‖2 + 2λn〈Aũn, ũn − yn〉
= ‖un − x∗‖2 − ‖un − ũn‖2 − ‖ũn − yn‖2 − 2λnα‖Aũn − Ax∗‖2

+2〈un − λnAũn − ũn, yn − ũn〉,
where the second inequality follows from the assumption that A is α-inverse strongly
monotone and x∗ is a solution of problem (1.1). By using (2.3), we have
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〈un − λnAũn − ũn, yn − ũn〉
= 〈un − λnAun − ũn, yn − ũn〉+ 〈λnAun − λnAũn, yn − ũn〉
≤ 〈λnAun − λnAũn, yn − ũn〉

≤ λn

α
‖un − ũn‖‖yn − ũn‖.

Then we obtain

(3.4)

‖yn−x∗‖2 ≤ ‖un−x∗‖2 − ‖un−ũn‖2−‖ũn−yn‖2 − 2λnα‖Aũn−Ax∗‖2

+2
λn

α
‖un − ũn‖‖yn − ũn‖

≤ ‖un−x∗‖2−‖un−ũn‖2−‖ũn−yn‖2 − 2λnα‖Aũn−Ax∗‖2

+
λ2

n

α2
‖un − ũn‖2 + ‖yn − ũn‖2

= ‖un − x∗‖2 − (1 − λ2
n

α2
)‖un − ũn‖2 − 2λnα‖Aũn − Ax∗‖2

≤ ‖un − x∗‖2.

In addition, it follows from (3.3) that

(3.5)

‖un − x∗‖ = ‖αn(Qxn − x∗) + (1− αn)(x̄n − x∗)‖
≤ αn‖Qxn − x∗‖ + (1 − αn)‖x̄n − x∗‖
≤ αn(ρ‖xn − x∗‖ + ‖Qx∗ − x∗‖) + (1− αn)‖xn − x∗‖

= (1− (1− ρ)αn)‖xn − x∗‖ + (1 − ρ)αn
‖Qx∗ − x∗‖

1 − ρ

≤ max{‖xn − x∗‖, ‖Qx∗ − x∗‖
1 − ρ

}.

Since (γn + δn)k ≤ γn for all n ≥ 0, utilizing Lemma 2.5 we obtain from (3.4) and
(3.5)

(3.6)

‖xn+1 − x∗‖ = ‖βn(xn − x∗) + γn(yn − x∗) + δn(Syn − x∗)

+(1 − βn − γn − δn)(un − x∗)‖
≤ βn‖xn − x∗‖ + ‖γn(yn − x∗) + δn(Syn − x∗)‖

+(1 − βn − γn − δn)‖un − x∗‖
≤ βn‖xn − x∗‖ + (γn + δn)‖yn − x∗‖

+(1 − βn − γn − δn)‖un − x∗‖
≤ βn‖xn − x∗‖ + (γn + δn)‖un − x∗‖

+(1 − βn − γn − δn)‖un − x∗‖
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= βn‖xn − x∗‖ + (1− βn)‖un − x∗‖
≤ βn‖xn − x∗‖ + (1− βn) max{‖xn − x∗‖, ‖Qx∗ − x∗‖

1 − ρ
}

≤ max{‖xn − x∗‖, ‖Qx∗ − x∗‖
1 − ρ

}.
By induction, we conclude that for all n ≥ 0

‖xn − x∗‖ ≤ max{‖x0 − x∗‖, ‖Qx∗ − x∗‖
1− ρ

}.
Hence, {xn} is bounded. Since PC , Q, S, A,B1 and B2 are Lipschitz continuous,
it is easy to see that {un}, {ũn}, {yn}, {x̄n} and {x̃n} are bounded, where x̃n =
PC(xn −µ2B2xn) and x̄n = PC [PC(xn −µ2B2xn)−µ1B1PC(xn −µ2B2xn)] for all
n ≥ 0.

Step 2. limn→∞ ‖xn+1 − xn‖ = 0.
Indeed, define xn+1 = βnxn + (1 − βn)wn for all n ≥ 0. It follows that

(3.7)

wn+1 − wn

=
xn+2 − βn+1xn+1

1 − βn+1
− xn+1 − βnxn

1 − βn

=
γn+1yn+1 + δn+1Syn+1 + (1 − βn+1 − γn+1 − δn+1)un+1

1− βn+1

−γnyn + δnSyn + (1 − βn − γn − δn)un

1 − βn

=
γn+1(yn+1 − yn) + δn+1(Syn+1 − Syn)

1 − βn+1
+ (

γn+1

1 − βn+1
− γn

1 − βn
)yn

+(
δn+1

1−βn+1
− δn

1−βn
)Syn+

1−βn+1−γn+1−δn+1

1−βn+1
un+1− 1−βn−γn−δn

1−βn
un

=
γn+1(yn+1 − yn) + δn+1(Syn+1 − Syn)

1 − βn+1
+ (

γn+1

1 − βn+1
− γn

1 − βn
)yn

+(
δn+1

1 − βn+1
− δn

1 − βn
)Syn +

1 − βn+1 − γn+1 − δn+1

1 − βn+1
(un+1 − un)

−(
γn+1

1 − βn+1
− γn

1 − βn
)un − (

δn+1

1 − βn+1
− δn

1 − βn
)un.

Since (γn + δn)k ≤ γn for all n ≥ 0, utilizing Lemma 2.5 we have

(3.8) ‖γn+1(yn+1 − yn) + δn+1(Syn+1 − Syn)‖ ≤ (γn+1 + δn+1)‖yn+1 − yn‖.
Next, we estimate ‖yn+1 − yn‖. Observe that

(3.9)

‖ũn+1 − ũn‖ = ‖PC(un+1 − λn+1Aun+1) − PC(un − λnAun)‖
≤ ‖(un+1−λn+1Aun+1) − (un − λnAun)‖
= ‖(un+1 − un)−λn+1(Aun+1 − Aun)+(λn−λn+1)Aun‖
≤ ‖(un+1−un) − λn+1(Aun+1−Aun)‖+|λn+1−λn|‖Aun‖
≤ ‖un+1 − un‖ + |λn+1 − λn|‖Aun‖,
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(3.10)

‖x̄n+1 − x̄n‖2

= ‖PC [PC(xn+1 − µ2B2xn+1) − µ1B1PC(xn+1 − µ2B2xn+1)]

−PC [PC(xn − µ2B2xn) − µ1B1PC(xn − µ2B2xn)]‖2

≤ ‖[PC(xn+1 − µ2B2xn+1) − µ1B1PC(xn+1 − µ2B2xn+1)]

−[PC(xn − µ2B2xn) − µ1B1PC(xn − µ2B2xn)]‖2

= ‖[PC(xn+1 − µ2B2xn+1) − PC(xn − µ2B2xn)]

−µ1[B1PC(xn+1−µ2B2xn+1)−B1PC(xn−µ2B2xn)]‖2

≤ ‖PC(xn+1 − µ2B2xn+1)− PC(xn − µ2B2xn)‖2

−µ1(2β̂1−µ1)‖B1PC(xn+1−µ2B2xn+1)−B1PC(xn−µ2B2xn)‖2

≤ ‖PC(xn+1 − µ2B2xn+1)− PC(xn − µ2B2xn)‖2

≤ ‖(xn+1 − µ2B2xn+1) − (xn − µ2B2xn)‖2

= ‖(xn+1 − xn) − µ2(B2xn+1 − B2xn)‖2

≤ ‖xn+1 − xn‖2 − µ2(2β̂2 − µ2)‖B2xn+1 − B2xn‖2

≤ ‖xn+1 − xn‖2,

and hence

(3.11)

‖un+1−un‖ = ‖x̄n+1+αn+1(Qxn+1−x̄n+1)−x̄n−αn(Qxn−x̄n)‖
≤ ‖x̄n+1 − x̄n‖ + αn+1‖Qxn+1 − x̄n+1‖ + αn‖Qxn − x̄n‖
≤ ‖xn+1 − xn‖ + αn+1‖Qxn+1 − x̄n+1‖ + αn‖Qxn − x̄n‖.

Also, from (3.11) we get

(3.12)

‖yn+1 − yn‖
= ‖PC(un+1 − λn+1Aũn+1) − PC(un − λnAũn)‖
≤ ‖(un+1 − λn+1Aũn+1) − (un − λnAũn)‖
= ‖(un+1 − λn+1Aun+1) − (un − λn+1Aun)

+λn+1(Aun+1 − Aun) − λn+1Aũn+1 + λnAũn‖
≤ ‖(un+1 − λn+1Aun+1) − (un − λn+1Aun)‖ + λn+1‖Aun+1 − Aun‖

+‖λn+1Aũn+1 − λnAũn‖
≤ ‖un+1 − un‖ + λn+1

α ‖un+1 − un‖ + λn+1‖Aũn+1 − Aũn‖
+|λn+1 − λn|‖Aũn‖

≤ ‖un+1−un‖+ λn+1

α (‖un+1−un‖+‖ũn+1−ũn‖)+|λn+1−λn|‖Aũn‖
≤ ‖xn+1 − xn‖+ λn+1

α (‖un+1−un‖+‖ũn+1−ũn‖)+|λn+1−λn|‖Aũn‖
+αn+1‖Qxn+1 − x̄n+1‖ + αn‖Qxn − x̄n‖.
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Hence it follows from (3.7), (3.8) and (2.12) that

‖wn+1 − wn‖
≤ ‖γn+1(yn+1−yn)+δn+1(Syn+1−Syn)‖

1−βn+1
+ | γn+1

1−βn+1
− γn

1−βn
|‖yn‖

+| δn+1

1−βn+1
− δn

1−βn
|‖Syn‖+ 1−βn+1−γn+1−δn+1

1−βn+1
‖un+1 − un‖

+| γn+1

1−βn+1
− γn

1−βn
|‖un‖ + | δn+1

1−βn+1
− δn

1−βn
|‖un‖

≤ γn+1+δn+1

1−βn+1
‖yn+1 − yn‖ + | γn+1

1−βn+1
− γn

1−βn
|(‖yn‖ + ‖un‖)

+| δn+1

1−βn+1
− δn

1−βn
|(‖Syn‖ + ‖un‖) + ‖un+1 − un‖

≤ ‖yn+1 − yn‖ + | γn+1

1−βn+1
− γn

1−βn
|(‖yn‖ + ‖un‖)

+| δn+1

1−βn+1
− δn

1−βn
|(‖Syn‖ + ‖un‖) + ‖un+1 − un‖

≤ ‖xn+1 − xn‖+ λn+1

α (‖un+1 − un‖ + ‖ũn+1 − ũn‖) + |λn+1 − λn|‖Aũn‖
+αn+1‖Qxn+1 − x̄n+1‖ + αn‖Qxn − x̄n‖ + | γn+1

1−βn+1
− γn

1−βn
|(‖yn‖ + ‖un‖)

+| δn+1

1−βn+1
− δn

1−βn
|(‖Syn‖ + ‖un‖) + ‖un+1 − un‖.

In terms of (3.9) we deduce from condition (v) that limn→∞ ‖ũn+1 − ũn‖ = 0. Since
{xn}, {un}, {ũn}, {yn} and {x̄n} are bounded, it follows from conditions (ii), (iv),
(v) that

lim sup
n→∞

(‖wn+1 − wn‖ − ‖xn+1 − xn‖)

≤ lim sup
n→∞

{λn+1

α
(‖un+1 − un‖ + ‖ũn+1 − ũn‖) + |λn+1 − λn|‖Aũn‖

+αn+1‖Qxn+1 − x̄n+1‖ + αn‖Qxn − x̄n‖ + | γn+1

1−βn+1
− γn

1−βn
|(‖yn‖ + ‖un‖)

+| δn+1

1−βn+1
− δn

1−βn
|(‖Syn‖ + ‖un‖) + ‖un+1 − un‖}

= 0.

So, by Lemma 2.2 we obtain limn→∞ ‖wn − xn‖ = 0. Thus,

(3.13) lim
n→∞ ‖xn+1 − xn‖ = lim

n→∞(1− βn)‖wn − xn‖ = 0.

Step 3. limn→∞ ‖B2xn−B2x
∗‖ = 0, limn→∞ ‖B1x̃n−B1y

∗‖ = 0 and limn→∞ ‖
Aun − Ax∗‖ = 0, where y∗ = PC(x∗ − µ2B2x

∗).

Indeed, utilizing Lemma 2.5 and the convexity of ‖ · ‖2, we get from (2.8), (3.3)
and (3.4)
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‖xn+1 − x∗‖2

= ‖βn(xn − x∗) + γn(yn − x∗) + δn(Syn − x∗)+(1−βn − γn−δn)(un − x∗)‖2

≤ βn‖xn − x∗‖2 + (γn + δn)‖γn(yn − x∗) + δn(Syn − x∗)‖2

+(1 − βn − γn − δn)‖un − x∗‖2

≤ βn‖xn − x∗‖2 + (γn + δn)‖yn − x∗‖2 + (1− βn − γn − δn)‖un − x∗‖2

≤ βn‖xn − x∗‖2 + (γn + δn)[‖un − x∗‖2

−(1 − λ2
n

α2 )‖un − ũn‖2 − 2λnα‖Aũn − Ax∗‖2] + (1− βn − γn − δn)‖un − x∗‖2

= βn‖xn − x∗‖2 + (1− βn)‖un − x∗‖2

−(γn + δn)[(1− λ2
n

α2 )‖un − ũn‖2 + 2λnα‖Aũn − Ax∗‖2]

= βn‖xn − x∗‖2 + (1− βn)‖αn(Qxn − x∗)

+(1 − αn)(x̄n − x∗)‖2 − (γn + δn)[(1− λ2
n

α2 )‖un − ũn‖2 + 2λnα‖Aũn − Ax∗‖2]

≤ βn‖xn − x∗‖2 + (1− βn)[αn‖Qxn − x∗‖2 + (1− αn)‖x̄n − x∗‖2]

−(γn + δn)[(1− λ2
n

α2 )‖un − ũn‖2 + 2λnα‖Aũn − Ax∗‖2]

≤ βn‖xn − x∗‖2 + (1− βn)‖x̄n − x∗‖2 + αn‖Qxn − x∗‖2

−(γn + δn)[(1− λ2
n

α2 )‖un − ũn‖2 + 2λnα‖Aũn − Ax∗‖2]

≤ βn‖xn − x∗‖2 + (1− βn)[‖xn − x∗‖2 − µ2(2β̂2 − µ2)‖B2xn − B2x
∗‖2

−µ1(2β̂1 − µ1)‖B1x̃n − B1y
∗‖2] + αn‖Qxn − x∗‖2

−(γn + δn)[(1− λ2
n

α2 )‖un − ũn‖2 + 2λnα‖Aũn − Ax∗‖2]

= ‖xn − x∗‖2 + αn‖Qxn − x∗‖2 − (1 − βn)[µ2(2β̂2 − µ2)‖B2xn − B2x
∗‖2

+µ1(2β̂1 − µ1)‖B1x̃n − B1y
∗‖2] − (γn + δn)

[(1− λ2
n

α2 )‖un − ũn‖2 + 2λnα‖Aũn − Ax∗‖2].

Therefore,

(γn + δn)[(1− λ2
n

α2 )‖un − ũn‖2 + 2λnα‖Aũn − Ax∗‖2]

+(1 − βn)[µ2(2β̂2 − µ2)‖B2xn − B2x
∗‖2 + µ1(2β̂1 − µ1)‖B1x̃n − B1y

∗‖2]

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + αn‖Qxn − x∗‖2

≤ (‖xn − x∗‖ + ‖xn+1 − x∗‖)‖xn − xn+1‖ + αn‖Qxn − x∗‖2.

Since αn → 0, ‖xn − xn+1‖ → 0, lim infn→∞(γn + δn) > 0, 0 < lim infn→∞ λn ≤
lim supn→∞ λn < α and 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1, it follows that
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limn→∞ ‖un − ũn‖ = 0,

lim
n→∞ ‖Aũn−Ax∗‖=0, lim

n→∞ ‖B2xn−B2x
∗‖=0 and lim

n→∞ ‖B1x̃n−B1y
∗‖=0.

Note that A is Lipschitz continuous. Thus, we get that limn→∞ ‖Aun − Ax∗‖ = 0.

Step 4. limn→∞ ‖Syn − yn‖ = 0.
Indeed, observe that

‖yn − ũn‖ = ‖PC(un − λnAũn)− PC(un − λnAun)‖
≤ ‖(un − λnAũn) − (un − λnAun)‖
= λn‖Aũn − Aun‖

≤ λn

α
‖ũn − un‖.

This together with ‖ũn − un‖ → 0 implies limn→∞ ‖yn − ũn‖ = 0 and hence we get
that limn→∞ ‖yn − un‖ = 0. By firm nonexpansiveness of PC , we have

‖ũn − x∗‖2

= ‖PC(un − λnAun) − PC(x∗ − λnAx∗)‖2

≤ 〈(un − λnAun) − (x∗ − λnAx∗), ũn − x∗〉
= 1

2 [‖un − x∗ − λn(Aun − Ax∗)‖2 + ‖ũn − x∗‖2

−‖(un − x∗) − λn(Aun − Ax∗) − (ũn − x∗)‖2]

≤ 1
2 [‖un − x∗‖2 + ‖ũn − x∗‖2 − ‖(un − ũn) − λn(Aun − Ax∗)‖2]

= 1
2 [‖un − x∗‖2 + ‖ũn − x∗‖2 − ‖un − ũn‖2

+2λn〈un − ũn, Aun − Ax∗〉 − λ2
n‖Aun − Ax∗‖2]

≤ 1
2 [‖un − x∗‖2 + ‖ũn − x∗‖2 + 2λn‖un − ũn‖‖Aun − Ax∗‖],

that is,

(3.14) ‖ũn − x∗‖2 ≤ ‖un − x∗‖2 + 2λn‖un − ũn‖‖Aun − Ax∗‖.
Similarly to the above argument, we obtain

‖x̃n − y∗‖2 = ‖PC(xn − µ2B2xn) − PC(x∗ − µ2B2x
∗)‖2

≤ 〈(xn − µ2B2xn) − (x∗ − µ2B2x
∗), x̃n − y∗〉

=
1
2
[‖xn − x∗ − µ2(B2xn − B2x

∗)‖2 + ‖x̃n − y∗‖2

−‖(xn − x∗) − µ2(B2xn − B2x
∗) − (x̃n − y∗)‖2]
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≤ 1
2
[‖xn − x∗‖2 + ‖x̃n − y∗‖2

−‖(xn − x̃n) − µ2(B2xn − B2x
∗) − (x∗ − y∗)‖2]

=
1
2
[‖xn − x∗‖2 + ‖x̃n − y∗‖2 − ‖xn − x̃n − (x∗ − y∗)‖2

+2µ2〈xn − x̃n − (x∗ − y∗), B2xn − B2x
∗〉 − µ2

2‖B2xn − B2x
∗‖2]

=
1
2
[‖xn − x∗‖2 + ‖x̃n − y∗‖2 − ‖xn − x̃n − (x∗ − y∗)‖2

+2µ2‖xn − x̃n − (x∗ − y∗)‖‖B2xn − B2x
∗‖],

that is,

(3.15)
‖x̃n − y∗‖2 ≤ ‖xn − x∗‖2 − ‖xn − x̃n − (x∗ − y∗)‖2

+2µ2‖xn − x̃n − (x∗ − y∗)‖‖B2xn − B2x
∗‖.

Further, similarly to the above argument, we derive

‖x̄n − x∗‖2 = ‖PC(x̃n − µ1B1x̃n) − PC(y∗ − µ1B1y
∗)‖2

≤ 〈(x̃n − µ1B1x̃n) − (y∗ − µ1B1y
∗), x̄n − x∗〉

=
1
2
[‖x̃n − y∗ − µ1(B1x̃n − B1y

∗)‖2 + ‖x̄n − x∗‖2

−‖(x̃n − y∗) − µ1(B1x̃n − B1y
∗) − (x̄n − x∗)‖2]

≤ 1
2
[‖x̃n − y∗‖2 + ‖x̄n − x∗‖2 − ‖(x̃n − x̄n)

−µ1(B1x̃n − B1y
∗) + (x∗ − y∗)‖2]

=
1
2
[‖x̃n − y∗‖2 + ‖x̄n − x∗‖2 − ‖x̃n − x̄n + (x∗ − y∗)‖2

+2µ1〈x̃n − x̄n + (x∗ − y∗), B1x̃n − B1y
∗〉 − µ2

1‖B1x̃n − B1y
∗‖2]

≤ 1
2
[‖x̃n − y∗‖2 + ‖x̄n − x∗‖2 − ‖x̃n − x̄n + (x∗ − y∗)‖2

+2µ1‖x̃n − x̄n + (x∗ − y∗)‖‖B1x̃n − B1y
∗‖],

that is,

(3.16)
‖x̄n − x∗‖2 ≤ ‖x̃n − y∗‖2 − ‖x̃n − x̄n + (x∗ − y∗)‖2

+2µ1‖x̃n − x̄n + (x∗ − y∗)‖‖B1x̃n − B1y
∗‖.

Utilizing (3.14), (3.15) and (3.16), we have
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(3.17)

‖yn−x∗‖2 = ‖ũn−x∗ + yn−ũn‖2

≤ ‖ũn−x∗‖2 + 2〈yn−ũn, yn−x∗〉
≤ ‖ũn−x∗‖2 + 2‖yn−ũn‖‖yn−x∗‖
≤ ‖un−x∗‖2 + 2λn‖un−ũn‖‖Aun−Ax∗‖+ 2‖yn−ũn‖‖yn−x∗‖
≤ αn‖Qxn−x∗‖2 + (1−αn)‖x̄n−x∗‖2 + 2λn‖un−ũn‖‖Aun−Ax∗‖

+2‖yn−ũn‖‖yn−x∗‖
≤ ‖x̄n−x∗‖2 + αn‖Qxn−x∗‖2 + 2λn‖un−ũn‖‖Aun−Ax∗‖

+2‖yn−ũn‖‖yn−x∗‖
≤ ‖x̃n−y∗‖2−‖x̃n−x̄n + (x∗−y∗)‖2

+2µ1‖x̃n−x̄n + (x∗−y∗)‖‖B1x̃n−B1y
∗‖

+αn‖Qxn−x∗‖2 + 2λn‖un−ũn‖‖Aun−Ax∗‖
+2‖yn−ũn‖‖yn−x∗‖

≤ ‖xn−x∗‖2−‖xn−x̃n−(x∗−y∗)‖2

+2µ2‖xn−x̃n−(x∗−y∗)‖‖B2xn−B2x
∗‖

−‖x̃n−x̄n + (x∗−y∗)‖2 + 2µ1‖x̃n−x̄n + (x∗−y∗)‖‖B1x̃n−B1y
∗‖

+αn‖Qxn−x∗‖2 + 2λn‖un−ũn‖‖Aun−Ax∗‖ + 2‖ynũn‖‖yn − x∗‖.

Thus from (2.8) and (3.17) it follows that

‖xn+1 − x∗‖2

= ‖βn(xn − x∗) + γn(yn − x∗)+δn(Syn−x∗)

+(1 − βn − γn − δn)(un − x∗)‖2

≤ βn‖xn − x∗‖2 + (γn + δn)‖yn − x∗‖2 + (1− βn − γn − δn)‖un − x∗‖2

= βn‖xn − x∗‖2+(γn+δn)‖yn−x∗‖2

+(1 − βn−γn−δn)‖yn−x∗ + un − yn‖2

≤ βn‖xn − x∗‖2 + (γn + δn)‖yn − x∗‖2 + (1− βn − γn − δn)[‖yn − x∗‖2

+2〈un − yn, un − x∗〉]
≤ βn‖xn − x∗‖2 + (1− βn)‖yn − x∗‖2 + 2‖un − yn‖‖un − x∗‖
≤ βn‖xn − x∗‖2 + (1− βn)[‖xn − x∗‖2 − ‖xn − x̃n − (x∗ − y∗)‖2

+2µ2‖xn − x̃n − (x∗ − y∗)‖‖B2xn − B2x
∗‖ − ‖x̃n − x̄n + (x∗ − y∗)‖2
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+2µ1‖x̃n − x̄n + (x∗ − y∗)‖‖B1x̃n − B1y
∗‖ + αn‖Qxn − x∗‖2

+2λn‖un−ũn‖‖Aun−Ax∗‖+2‖yn−ũn‖‖yn−x∗‖]+2‖un−yn‖‖un−x∗‖
≤ ‖xn − x∗‖2 − (1 − βn)[‖xn − x̃n − (x∗ − y∗)‖2 + ‖x̃n − x̄n + (x∗ − y∗)‖2]

+2µ2‖xn − x̃n − (x∗ − y∗)‖‖B2xn − B2x
∗‖

+2µ1‖x̃n − x̄n + (x∗ − y∗)‖‖B1x̃n − B1y
∗‖

+αn‖Qxn − x∗‖2 + 2λn‖un − ũn‖‖Aun − Ax∗‖
+2‖yn − ũn‖‖yn − x∗‖ + 2‖un − yn‖‖un − x∗‖,

which hence implies that

(1− βn)[‖xn − x̃n − (x∗ − y∗)‖2 + ‖x̃n − x̄n + (x∗ − y∗)‖2]

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + 2µ2‖xn − x̃n − (x∗ − y∗)‖‖B2xn − B2x
∗‖

+2µ1‖x̃n − x̄n + (x∗ − y∗)‖‖B1x̃n − B1y
∗‖+ αn‖Qxn − x∗‖2

+2λn‖un − ũn‖‖Aun − Ax∗‖ + 2‖yn − ũn‖‖yn−x∗‖+ 2‖un−yn‖‖un−x∗‖
≤ (‖xn − x∗‖+ ‖xn+1 − x∗‖)‖xn − xn+1‖

+2µ2‖xn − x̃n − (x∗ − y∗)‖‖B2xn − B2x
∗‖

+2µ1‖x̃n − x̄n + (x∗ − y∗)‖‖B1x̃n − B1y
∗‖+ αn‖Qxn − x∗‖2

+2λn‖un − ũn‖‖Aun − Ax∗‖ + 2‖yn − ũn‖‖yn−x∗‖+2‖un−yn‖‖un−x∗‖.

Since lim supn→∞ βn < 1, 0 < λn ≤ α, αn → 0, ‖Aun − Ax∗‖ → 0, ‖B2xn −
B2x

∗‖ → 0, ‖B1x̃n−B1y
∗‖ → 0, ‖yn−ũn‖ → 0, ‖yn−un‖ → 0 and ‖xn+1−xn‖ →

0, it follows from the boundedness of {xn}, {x̃n}, {x̄n}, {un}, {ũn} and {yn} that

lim
n→∞ ‖xn − x̃n − (x∗ − y∗)‖ = 0 and lim

n→∞ ‖x̃n − x̄n + (x∗ − y∗)‖ = 0.

Consequently, it immediately follows that

(3.18) lim
n→∞ ‖xn − x̄n‖ = 0 and lim

n→∞ ‖xn − un‖ = 0

(due to the fact that ‖un −xn‖ ≤ αn‖Qxn −xn‖+(1−αn)‖x̄n −xn‖). This together
with ‖yn − un‖ → 0 implies that

lim
n→∞ ‖xn − yn‖ = 0.

Since

‖δn(Syn − xn)‖ ≤ ‖xn+1 − xn‖ + γn‖yn − xn‖ + (1 − βn − γn − δn)‖un − xn‖,
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it follows that

lim
n→∞ ‖Syn − xn‖ = 0 and lim

n→∞ ‖Syn − yn‖ = 0.

Step 5. lim supn→∞〈Qx̄− x̄, xn − x̄〉 ≤ 0, where x̄ = PΩQx̄.
Indeed, since {xn} is bounded, there exists a subsequence {xni} of {xn} such that

(3.19) lim sup
n→∞

〈Qx̄ − x̄, xn − x̄〉 = lim
i→∞

〈Qx̄ − x̄, xni − x̄〉.

Also, since H is reflexive and {yn} is bounded, without loss of generality we may
assume that yni ⇀ p for some p ∈ C. First, it is clear from Lemma 2.3 (ii) that
p ∈ Fix(S). Now let us show that p ∈ Γ . Note that

‖xn − G(xn)‖ = ‖xn − PC [PC(xn − µ2B2xn) − µ1B1PC(xn − µ2B2xn)]‖
= ‖xn − x̄n‖ → 0 (n → ∞),

where G : C → C is defined as in Lemma 1.1. According to Lemma 2.3 (ii) we
obtain p ∈ Ω . Further, let us show that p ∈ VI (A, C ). As a matter of fact, since
‖xn − un‖ → 0, ‖ũn − un‖ → 0 and ‖xn − yn‖ → 0, we deduce that xni ⇀ p and
ũni ⇀ p. Let

Tv =

{
Av + NCv if v ∈ C,

∅ if v 
∈ C,

where NCv is the normal cone to C at v ∈ C. In this case, the mapping T is maximal
monotone and (see [2] for further details)

0 ∈ Tv if and only if v ∈ VI (A, C ).

Let Gph(T ) be the graph of T and let (v, w) ∈ Gph(T ). Then, we have w ∈ Tv =
Av +NCv and hence w−Av ∈ NCv. So, we have 〈v− t, w−Av〉 ≥ 0 for all t ∈ C.
On the other hand, from ũn = PC(un − λnAun) and v ∈ C we have

〈un − λnAun − ũn, ũn − v〉 ≥ 0

and hence
〈v − ũn,

ũn − un

λn
+ Aun〉 ≥ 0.

From 〈v − t, w − Av〉 ≥ 0 for all t ∈ C and ũni ∈ C we have

〈v − ũni , w〉 ≥ 〈v − ũni , Av〉
≥ 〈v − ũni , Av〉 − 〈v − ũni ,

ũni − uni

λni

+ Auni〉

= 〈v−ũni , Av−Aũni〉 + 〈v−ũni , Aũni−Auni〉−〈v−ũni,
ũni − uni

λni

〉

≥ 〈v − ũni , Aũni − Auni〉 − 〈v − ũni ,
ũni − uni

λni

〉.
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Hence, we obtain 〈v − p, w〉 ≥ 0 as i → ∞. Since T is maximal monotone, we have
p ∈ T−10 and hence p ∈ VI (A, C ). Therefore, p ∈ Fix(S) ∩ Γ ∩ VI (A, C ) =: Ω .
Hence it follows from (2.3) and (3.19) that

lim sup
n→∞

〈Qx̄ − x̄, xn − x̄〉 = lim
i→∞

〈Qx̄ − x̄, xni − x̄〉 = 〈Qx̄ − x̄, p − x̄〉 ≤ 0.

Step 6. limn→∞ ‖xn − x̄‖ = 0.
Indeed, utilizing Lemma 2.1 and Lemma 2.5, we obtain, from (3.3), (3.4) and the

convexity of ‖ · ‖2, that

‖xn+1 − x̄‖2

= ‖βn(xn − x̄) + γn(yn − x̄) + δn(Syn − x̄) + (1− βn − γn − δn)(un − x̄)‖2

≤ βn‖xn − x̄‖2 + (γn + δn)‖ 1
γn+δn

[γn(yn − x̄) + δn(Syn − x̄)]‖2

+(1 − βn − γn − δn)‖un − x̄‖2

≤ βn‖xn − x̄‖2 + (γn + δn)‖yn − x̄‖2 + (1− βn − γn − δn)‖un − x̄‖2

≤ βn‖xn − x̄‖2 + (γn + δn)‖un − x̄‖2 + (1− βn − γn − δn)‖un − x̄‖
= βn‖xn − x̄‖2 + (1 − βn)‖un − x̄‖2

≤ βn‖xn − x̄‖2 + (1 − βn)[(1− αn)2‖x̄n − x̄‖2 + 2αn〈Qxn − x̄, un − x̄〉]
≤ βn‖xn − x̄‖2 + (1 − βn)[(1− αn)‖xn − x̄‖2 + 2αn〈Qxn − x̄, un − x̄〉]
= (1 − (1 − βn)αn)‖xn − x̄‖2 + (1 − βn)2αn〈Qxn − x̄, un − x̄〉
≤ (1 − (1 − βn)αn)‖xn − x̄‖2 + (1 − βn)2αn[ρ‖xn − x̄‖2 + 〈Qx̄ − x̄, xn − x̄〉

+‖Qxn − x̄‖‖un − xn‖]
≤ [1 − (1 − 2ρ)(1− βn)αn]‖xn − x̄‖2

+(1 − βn)2αn[〈Qx̄ − x̄, xn − x̄〉 + ‖Qxn − x̄‖‖un − xn‖]
= [1 − (1 − 2ρ)(1− βn)αn]‖xn − x̄‖2

+(1 − 2ρ)(1− βn)αn
2[〈Qx̄−x̄,xn−x̄〉+‖Qxn−x̄‖‖un−xn‖]

1−2ρ .

Note that lim infn→∞(1−2ρ)(1−βn) > 0. It follows that
∑∞

n=0(1−2ρ)(1−βn)αn =
∞. It is clear that

lim sup
n→∞

2[〈Qx̄− x̄, xn − x̄〉 + ‖Qxn − x̄‖‖un − xn‖]
1 − 2ρ

≤ 0

because lim supn→∞〈Qx̄ − x̄, xn − x̄〉 ≤ 0 and limn→∞ ‖un − xn‖ = 0. Therefore,
all conditions of Lemma 2.4 are satisfied. Consequently, we immediately deduce that
‖xn − x̄‖ → 0 as n → ∞. This completes the proof.
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