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CONTINUOUS-TIME QUADRATIC PROGRAMMING PROBLEMS:
APPROXIMATE SOLUTIONS AND ERROR ESTIMATION

Ching-Feng Wen, Yung-Yih Lur and Tien-Hung Lu*

Abstract. A class of continuous-time quadratic programming problems (CQP)
is discussed in this paper. We propose a discrete approximation procedure to
find numerical solutions of (CQP). The provided computational procedure can
yield feasible numerical solutions and bounds on the error introduced by the
numerical approximation. It can also be shown that the searched sequence of
approximate solution functions weakly-star converges to an optimal solution
of (CQP). Besides, some numerical examples are provided to implement our
proposed method and to show the quality of the proposed error bound.

1. INTRODUCTION

Let L>°([0,T],RP) be the space of all essentially bounded measurable func-
tions from [0, 7] into R?, where [0, 7] is a time space and 7' > 0 is fixed. Let
C([0,T],RP) be the space of all continuous functions from [0, 7] into RP. The
object of our study here is the following optimization problem, which is called the
continuous-time quadratic programming problem (CQP):

(CQP) maximize /T {1/2 x(t) " D(t) x(t) + f(t)Tx(t)} dt
0
subject to  Bx(t) — /t Kx(s)ds < g(t) for t € [0,T],
0

x(+) € L>([0, T], RY),

where B and K are p x q matrices, D(t) = [dj;(t)],,, is @ symmetric neg-
ative semi-definite matrix in which d;;(t) € C([0,T],R), f(-) € C(]0,T],RY),
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g(-) € C([0,T),RE), RE := {(z1,---,2p) " ta; >0fori=1,---,p} and the
superscript “ T 7 denotes the transpose operation.

In the special case when the given D(t) is the zero matrix, the (CQP) reduces to
what is known as the continuous-time linear programming problem (CLP). (CLP)
was first introduced by Bellman [5] under the name “bottleneck problem”. The
theory of continuous-time linear programming problem has received considerable
attention for a long time. Tyndall [42] established the duality theory of (CLP). The
result was later extended by Levison [20], Tyndall [43], Hanson [17, 18], Hanson
and Mond [19], Gogia and Kanpur [13] and Grinold [14, 15, 16]. Besides, Meidan
and Perold [21], Papageorgiou [24] and Schechter [34] have also obtained some
interesting results of various classes of (CLP). On the other hand, Anderson et al.
[1, 2, 3], Fleischer and Sethuraman [10], Pullan [25, 26, 27, 28, 29] and Wang et
al. [44] investigated a subclass of continuous-time linear programming problem,
which is called the separated continuous-time linear programming problem and can
be used to model the job-shop scheduling problems. Recently, Weiss [45] proposed
a simplex-like algorithm to solve the separated continuous-time linear programming
problem. Besides, Wen et al. [46, 49] developed numerical methods to solve the
non-separated continuous-time linear programming problem.

The optimization problem in which the objective function appears as a ratio
of two real-valued function is known as a fractional programming problem. Due
to its significance appearing in the information theory, stochastic programming and
decomposition algorithms for large linear systems, the various theoretical and com-
putational issues have received particular attention in the last decades. For more
details on this topic, we may refer to Stancu-Minasian [40] and Schaible et al.
[11, 35, 36, 37]. On the other hand, Zalmai [50, 51, 52, 53] investigated the
continuous-time fractional programming problems. Moreover, Stancu-Minasian and
Tigan [41] studied the stochastic continuous-time linear fractional programming
problem. Recently, Wen et al. [47] used the Charnes and Cooper’s transforma-
tion to develop a numerical algorithm for solving a class of continuous-time lin-
ear fractional programming problems. Meanwhile, Wen and Wu [48] proposed a
Dinkelbach-type algorithm to solve the same class of problems.

The other nonlinear type of continuous-time optimization problems was also
studied by Farr and Hanson [8, 9], Grinold [14, 15], Hason [17, 18], Hanson
and Mond [19], Reiland [30, 31], Reiland and Hanson [32] and Singh [38]. The
nonsmooth continuous-time optimization problems was studied by Rojas-Medar et
al. [33] and Singh and Farr [39]. The nonsmooth continuous-time multiobjective
programming problems was also studied by Nobakhtian and Pouryayevali [22, 23].

Although the nonlinear type of continuous-time optimization problems has been
investigated as mentioned above, the computational study is very scanty in the
literature. For solving the problem (CQP), Andreani et al. [4] developed a numerical
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method which is an extension of the purely linear cases studied by Buie and Abrham
[6] and Pullan [25] to linear-quadratic problems. However, the provided method in
[4] has several drawbacks. For instance, the searched numerical solutions may not
be feasible; one can not know how accurate the searched solution is, and there is
no easily checked termination criterion. Motivated by the above disadvantages, we
shall provide a computational procedure which yields feasible numerical solutions
and bounds on the error introduced by the numerical approximation. Besides, the
proposed procedure can also generate an approximate solution with pre-defined error
bound. These show the usefulness of the proposed method.

This paper is organized as follows. In Section 2, we introduce the dual problem
of (CQP) and review the duality properties developed by Gogia and Kanpur [13]. In
Section 3, we formulate the discretization problem of the continuous-time quadratic
programming problem and also derive their relationships that will be used for de-
signing the practical algorithm. In Section 4, based on the solutions obtained from
the discretization problem, we can construct the feasible solutions of the continuous-
time quadratic programming problem depending on the step sizes of discretization,
which will also be termed as natural solutions. In Section 5, we show that the se-
quence of the natural solutions weakly-star converges to the optimal solutions of the
problem (CQP). In the final Section 6, the computational procedure is proposed and
the numerical examples are provided to demonstrate the usefulness of this practical
algorithm.

2. DuALITY ProPERTIES OF (CQP)

For convenience, we write F'(P) and V' (P) to denote the feasible set and optimal
objective value of an optimization problem (P), respectively. According to Gogia
and Kanpur [13], the dual problem of (CQP) can be formulated as follows:

(DCQP) minimize /OT{—l/Q u(t) ' D(t)u(t) +g(t) "w(t)}dt

subjectto B'w / K "w(s)ds > D(t)u(t) + f(t) for t € [0, T],
w(-) € L=([0,T],RE) and u(-) € L*([0, T], RY).

Gogia and Kanpur [13] has shown the duality properties under some suitable as-
sumptions, which are given below.

Theorem 2.1. (Weak Duality). Let x(9(¢) and (u(®(t), w(®)(t)) be feasible
for (CQP) and (DCQP), respectively, then

/ T{1 /2xO)TD)xO(t) + £(t) TxO(t)}dt

0

T
< [ {-1/2000 T DU + glt) w(0)ds
0
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and hence V(CQP) < V(DCQP).

Theorem 2.2. (Strong Duality). Suppose the following conditions are satisfied:
(H1) {xeR?: Bx <0,x >0} = {0};
(H2) B, K and g(t) have nonnegative components for all ¢ € [0, T7.

If there exists an optimal solution x(¢) of primal problem (CQP), then there exists
an optimal solution (u(t), w(t)) of dual problem (DCQP) such that u(t) = x(¢)
and

/0{1/2?((t)TD(t)BE(t)—|—f(t)T3E(t)}dt:/0 {—1/20(t)" D(t)u(t)+g(t) ' w(t)}dt.

That is, if (CQP) is solvable then V' (CQP) = V(DCQP).

Let B = [Byjlpxq and K = [Kjj|pxq. For the remainder of this paper, we
assume that the considered problem (CQP) satisfies the following conditions:

(Al) g(t) >0 forallte [0,7], B;j >0and K;; >0foralli=1,2,---,p, and
j:1727"' , 4.

(A2) 3P By >0forall j=1,2,---,q.

Now, we have the following observations.

e It is not difficult to see that the above conditions (A1) and (A2) are equivalent
to the conditions (H1) and (H2) in Theorem 2.2.

e Under assumptions (A1) and (A2), we can see that both the problems (CQP)
and (DCQP) are feasible by the forthcoming Lemma 4.1 and Lemma 4.2.

e Since the primal and dual problems are feasible as shown above, we have
1) —oo < V(CQP) < V(DCQP) < <.

e By the forthcoming Theorem 5.1, we can see that the problem (CQP) is
solvable, and hence the dual problem (DCQP) is also solvable with V (CQP) =
V(DCQP) by Theorem 2.2.

3. DiscreTIZATION OF CONTINUOUS-TIME QUADRATIC PROGRAMMING PROBLEMS

Givenany n € N, let P, = {0, 17, 2T, ... 2=L7 T} be a partition on [0, T
which divides the time interval [0, T'] into n subintervals with equal length % Define

n n . I—-1_1
) D= [dgj ’l)} , where d\""") = min {dij(t) ite [TT, ET] } :

axq
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Fori=1,2,---,n, we let
©) by = 0, b)) T e rY
and
4) cgn) = (6(17), 6(27), cee ,cg;))—r e RY,
where
©) ) = min{gi(r) - @ € [T, - 7]}
and

O PR IPI NN S puy
(6) ¢y =min{fj(z):x €| - T,nT]}.

We define step functions £(™) : [0, 7] — R? and g(™ : [0, T] — RP as follows:

£ () = (A (1), 50, £ ()T

and
g™ () = (g (1), g (1), - gl (D)7,

where for 1 <i<pand1<j<g,

n) c§7), if t € [T, LT) for some 1 <1 <n,
(7 [ () ) _
Cin » ift="1T,

(n)( ) bgl”), if t € [T, LT) for some 1 <1 <n,
t p—
ift="T.

We also define the function D™ : [0, T] — R4 by

DM (t) = [dg;’)(t)} , where

axq

d(”al)

() 4y — o
di;", ift="T

ift € [T, L) for some 1 <1 <n,
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and dﬁ?’l) is defined in (2). The discretization of primal problem (CQP) is formulated
as the following quadratic programming problem

T
(P,) maximize EZ{l/QXZTD(”’l)Xz+(C§n))TX1}
=1

-1
. T .
(10) subjectto  Bx; — —K Y x, < b Vfori=1,---.n
" r=1

x;eRy fori=1,---,n,

where the “empty sum” Z? is regarded as the zero vector. According to [7], the
dual problem (D,,) of (P,,) is defined as follows:

(D,,) minimize %Z{—1/2uTD(”’”u+(bz)Twz}

=1
T n
subjectto B'w; — —K ' Z w, > Dby, + CE”) fori=1,2,---,n
" r=l+1
w;eRY fori=1,--- ,nand
weRiforli=1,---,n,

where “empty sum” ", is also regarded as the zero vector. It is not difficult to
establish the weak duality theorem for (P,,) and (D,,). We omit the proof.

Proposition 3.1. Let x(") = (x;,---,x,) and (u(®, w(™) with u(® = (uy, - - -,
u,,) and w(™ = (wy, - - -, w,,) be feasible solutions of (P,,) and (D,,), respectively.
Then

T & n T &
— > {1/2x D"x + (e NTx} < — > {=1/20" D"+ (b)) "wi}
=1 =1

and V(P,) < V(D).
According to the forthcoming Lemma 3.1, the feasible domain of primal problem

(P,,) is compact, and hence the existence of its optimal solution can be ensured.
Therefore, according to [7], the strong duality property holds true as shown below.

Proposition 3.2. There exist feasible solution x = (X1, - - - , X,,) of primal prob-
lem (P,,) and feasible solution (u, w) of dual problem (D,,) with u = (ay, - -, )
and w = (wy, -+, w,) such that x = u and

T ~ ~ T T — T (n)e ~
— 3 (1/2% D%+ (") i} = =Y {-1/207 D Dat (b)),
=1 =1



Continuous-time Quadratic Programming Problems: Approximate Solutions and Error Estimation 585
D.,), respec-

Moreover, x and (u, w) are optimal solutions of problems (P,,) and (

tively.
Under the assumption (A2), we can define
o =min{B;; : Bj; >0} >0

= (

(11)
We also write
p
12 = K
(12) h= rglﬁ}{q; :
and
M = max{g;(t):i =1, pforte|0,T7}.
[49, Lemma 3.2] has shown that the feasible set of problem (P,,) is uniformly
bounded described as follows
Lemma3.1. Ifx(™ = (x{" x{™ ... x{ywith <™ = (z{" 2 ... ((17))
is a feasible solution of (P,,), then
D M
(13) 0<$( ) <— eqUT7
g
7Q1l:1,,nandn€N
D,,) }22; needs not to be uniformly

forall j=1,---
In general, the sequence of feasible sets { F'(
bounded. It can be shown that there exist uniformly bounded optimal solutions to

)+ mantgg§]\ fi(@®)]-

dual problems (D,,). To see this, let
grT
dij(t
maXptIe%ﬂ%]Z‘ J
) has an optimal solution (u(™, %) with

b= — et

(14) ¢:=
Lemma 3.2. The dual problem (D
w = (wim w{") satisfying
(15) 0<ai” < . esT
g

foralli =1 ,pandl =1,

Proof.  We define w(™ = (w{" wi" ... %) with w™ = @\ @

,uv)g]))T and

o T n—l
wm = <. <1+—”) >0

g no

(16)
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foralli=1,---,pandl=1,---,n. Letx("™ = (32(1”),- -, %™ be an optimal
solution of (P,), where the existence of optimal solution can be guaranteed by
Lemma 3.1. We shall show that (x("), w (™) is a feasible solution of dual problem

(Dy,); that is, if we denote Dﬁf”l) by the jth row of D(™!) then we need to claim

p
o ( o ( (n,) % ( ) 4 )

3 |l - Ly 3 02| o5 el

=1 r=l+1
forall j=1,---,gandl =1,---,n. Since w ( ) > 0, given any j, the assumption
(A2) says that there exists i; € {1, R such that B;,; > 0. Therefore, we
have

o ( J(n) ¢ Tk

ZBZszln > Bijj- wiZ = By - P (1 + E)

17)

Tr\"!
> e (1 + _> (since 0 < o < B; ).,
no

Since we have

S(n) _ T & ¢ Te\"" K Te\""
(18) ZAm == Ky—(1+—) <—(1+—)

=1

it follows that

D™ 4 el Z UZV(”

r=l+1
< it Z Z Ky w™  (by (13) and (14))
r=l+1 i=1
"\ Tké Te\""
<o+ Y (142 (by (18))
no no
r=l+1
. " Tk Te\""
=é|1+ ) E(l—i—E) ]
r=Il+1
. Tr\™! . (n)
=¢-[1+=—= < B; by (17)),
: <-+na) }j sl (by (47)
which implies
p n
o (n TKZ o (n n,l n n
(19) Z Bijwz(j)— Tj Z wgr)] > Dﬁ, )X§ )+c§l).
i=1 r=l+1
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for all j and 1. This shows that (x(™),w(")) is indeed a feasible solution of dual

= (

}

)

problem (D,,). Since, for 1 <1 <n
n—I n
<1+&> <1+&> TegTaSn—>oo
no no
from (16), we have
(20) R
g
foralneN,i=1,---,pand [ =1,
Let (x(™, w(™) be an optimal solution of dual problem (D,,), where the exis-
tence of optimal solution is guaranteed by Proposition 3.2. Let w (™ (v“v§”) vaén),
A (”)) with w (”) w§7>,w;’;),- “(”))T defined by
R
foralli=1,---,pand [ =1,---,n We want to claim that (x(, w(") is also
a feasible solution of dual problem (D,,). Given any fixed j, and Iy, we consider
only B;;, > 0 fori=1,---,p. Therefore, we separately discuss the following two
cases.
e Suppose that there exists i such that w@ = uv)z(”l) and B,,; > 0. According
to the arguments for deriving (19), we can obtain
p n
~(n TKZ ~(n n,l n
Z BUsz(lo) - £ Majo Z wz(r) D( )= ( ) + Cﬁlo)'
i=1 r=l+1
e Suppose that wz(lo) =@\ for all i with B;j, > 0. Then, we have
L TRy N~ o]
Z BUOwZZQ n Z 'U),”,
i=1 L r=l+1 i
p I n ]
— ~(n) TKyj ~(n)
— Z BZJowle - — 1k Z W,
=11 r=[+1 i
TKiyy <~ | o
— = N g | (since @y > @l and Kij, > 0)
))-

ity - 75
r=l+1
+ ! X ) (since (X, w (™) is a feasible solution of (

M*@

.
I
—

(n
XZO)

nl)

v
FA
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Therefore, we conclude that (X, w(™) is a feasible solution of dual problem (D,,).
We also see that (X, w(™) is an optimal solution of dual problem (D,,), since

T ° ~(n T nl)=~n ~ N
~ S (=12 DUIR 4 (b))
=1
T n ~(n T nl)~n ~(n
<=2 &) DI 4 () Tw M.
=1

Finally, since v“vl(”) < virl”) fori =1,---,n, the bound given in (15) can be realized

by (20). This completes the proof. ]

Remark 3.1. From Lemma 3.2, without loss of generality, if (@™, w() is
an optimal solution of dual problem (D,,), where w® = (%™, ... w{") and

w = @, @l")T, we may assume that @)’ < £e57T for all i and I,

I pl
since if there are some @™ with @™ > 2¢57, then @™ can be replaced by
il il o il

¢ Tk\n—I ;
£(1+ -2)"=" according to the proof of Lemma 3.2.
4., CONSTRUCTING APPROXIMATE SOLUTIONS

Next, we are going to construct the feasible solutions of problems (CQP) and

(DCQP) by virtue of the optimal solutions of problems (P,,) and (D,,), respectively.
Let x(™ = (5((1”), e ,i%”)) be an optimal solution of primal problem (P,,), where
R G A ,3?27))7 We can construct a vector-valued step function x(™ :
[0, T] — R? as follows:

T

with component functions defined by

. - T T
() 7, T L B
(21) T, (t) = n n
W, ift="T.

In this case, we say that x(" (t) is the natural solution of problem (CQP) constructed
by the optimal solution x(™ of problem (P,,). The feasibility of x(™)(¢) will be
shown below.

Lemma 4.1. The function x(")(¢) defined in (21) is a feasible solution of
problem (CQP).

Proof. By the same arguments as [49, Lemma 3.3] we obtain the result. m



Continuous-time Quadratic Programming Problems: Approximate Solutions and Error Estimation 589

On the other hand, it is obvious that

LT Drog® T4 (n)
/0 {2 (t)' D(t) (t) +£(t) (t)}dt
(22) n

T n n n n =n
> =3 {12 &) TR + (¢") x| b=V,
=1

Therefore, Lemma 4.1 says that V(CQP) > V' (P,). By Theorem 2.1, we have
(23) V(DCQP) > V(CQP) > V(P,) = V(D,)

for all n € N. In the sequel, we are going to prove

(24) 1lim V(D,) = V(DCQP).

We first adopt some notations. Let

€, 1 = IMax sup {fj(t) — f(»")(t)}

1<j<pief0,1)
(25) M ger
K (n
+—-e max  sup —d;; t)},
o 9t€(0,T) ; { (
(26) en = max sup {gi(t) — (1)}
i=1pte(0,7)
and
p
2Ky
(27) p= max {
j=1,-,q p p
Zsz ZBZ_]
i=1 i=1

Let (™ be an optimal solution of (P,,) and let x(")(¢) be the natural solution
of (CQP) constructed from (™. Let (x(™), w(™) be an optimal solution of dual

problem (D,,), where w(™ = (v‘v%”),--- ,wiV) and v_vl(n) = (w§7>,-- ‘g])) :
We define
(28) dp = max max {Z z(ln)}

=1, pl=1,-n

Let 1 = (1,1,---,1)T € RP. We define a function w(™(t) : [0,7] — RP as
follows:
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’(”) S, 0ePT=O1 ift l_—lT iT for some I=1,---

wS{” + 6npl, ift="T

Moreover, define
(30) W (t) = w () + 6npep(T—t)l

for all ¢t € [0,T], where ¢, is defined as in (25). In this case, we also say that
(x™(t), w™(t)) is a natural solution of problem (DCQP) constructed from the
optimal solution (x(™, w (™) of problem (D,,).

Lemma 4.2. Let x and (x(™), w(™) be optimal solutions of (P,,) and (D,,),
respectively. Let w(™ (t) and w(") () be defined as in (29) and (30), respectively.
Then the following statements hold true.

(i) The natural solution (x(™(t), w(™)(t)) is a feasible solution of dual problem

(DCQP).
(if) We have
T
(B1) 0= 0bj (x(1), W (1)) - V(D,) <4, / per T g (t) T 1dt,
0
where

Obj (%) (1), w(1))

(32) ;

:i/ [-1/2%0 ()T DI ()5 (1) + & () (1) L .
0

Proof. (i) We first show that
T
BTWWNw—i/ KTw(s)ds > D™ ()%™ (1) + £ (¢) for t € [0, T).

We consider the following two cases.

e Givenany t € [=1T, LT) for some I =1,---,n, we have
T
BTWWNQ—:/ KT (5)ds

= BTw™(t /ﬁ KTw™(s)ds — (/ KTw™ (s)ds
r=Il+1

l

T Ltr
= BT (V_Vl(n) +5npeP(T—t) 1) _ <l_ ) KT (n) 5nKT1 / pep(T—s) ds
n t

——KT Z w ) — 6, K"1- Z/ pep(T

r=Il+1 r=Il+1
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— BTw!" 4 6,pe"TBT1 - (E ) K'w KT Z

\Y

n
r=l+1

T
—5nKT1-/ pep(T_S)ds
t

B'w KT Z

r=l+1
—0n (ep(T_t) — 1) K1

T
T—t) pT T (1)
+ 6,pe”TBT1 <n —t)K w,

D(”’Z)f{gn) + an) + 5nep(T_t) (pB — K)T
T
- (% - t) KTw™ 4 5,K T 1(by the feasibility of (x™, w(™))

> DD 4o 5, (pB—K) 1 - LKTw™ 46,K71
n

> plx (”) + c(”) + 6, (pB — K)T 1 (since 6,1 > %v‘vl”) and K > 0)
> phx (”) +c{™ (by the definition of p)
= D"t ) M) + £ ().

e Fort =T, we have

T

BTw™(T) — / Kw™(s)ds
T

= BT™w(T) = BT (w( + 6,p1)

> BTw™ > pmx(m) 4 () — pO)(m)x)(T) 4+ £0)(T).

Furthermore, since

IV

AV

A\

BT~(n / KT‘V(n

T
w( (1) — / KTw™(s)ds + enpe”TBT1 — en/ pe’T=) KT 1ds
t t

+ €, [pep(T_t)B + K — ep(T_t)K} ! 1

)
)+ ene” T D (pB—K)"1+¢,K"1

)+ en [pB— K + K]" 1 (since (0B — K)'1 > 0)
)—i—eanTl

) +e,1 (since pB'1>1)



592 Ching-Feng Wen, Yung-Yih Lur and Tien-Hung Lu

> DM ()R (8)+£) (1) +{f(t) —f(n)(t)}—f—% et Zq: {dz‘j(t) —dgf)(t)} 1

> DO (OX(t) + £(t) + { D) - D ()} x) (by (23)
= D)X (t) 4 £(¢) for all ¢ € [0, T],
we obtain
T
BTw(¢) — / K5 (s)ds > D(O)x™(1) + £(2) for ¢ € [0, 7.
t
This shows that (%) (t), w((t)) is indeed a feasible solution of dual problem

(DCQP).
(if) We observe that

Obj(x™)(t), w(™ (t))
= / ' [—1/2&(”)(t)TD(”)(t)&(”)(t)+g(”)(t)Tvif(”)(t) dt
0

(33) = —Z[ 1/2 (x")TDhg ()}

l

Lb)T ﬁ;TT Mgt 4 5. / perT =g () (1) T1 1
— V(D,) + 4y /0 perT=0g() (1) 141,
which implies
0<Obj(x™(1), W™ (1)} (D,) <4, /OTpe”T—t)g(t)Tldt. (since g™ (t) <g(t)).

This completes the proof. ]
Now, we also have

0 < / e TE 1)t — / " a0 T w 0 (1)t

0 0
T T
— [ [s0 -] W@ [ e g as
0 T N T 0
(34) < én A(”)() 1dt + ¢, / pep(T_t)g(t)Tldt
0

Zf )+ poa(e” — 1)

T
€D On (n+e”T—1)+en/ pe”TDg(t)T1dt (since Zw(™ <6,1).
0

T
—|—en/ pep(T_t)g(t)Tldt
0

IN
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Since (x(™(t), w(™)(t)) is a feasible solution of dual problem (DCQP), we have

T
V(DCQP) < / [—1/2&(”)(75)TD§<(”)(15)+g(t)Tvif(”)(t) dt,
0
which implies

V(DCQP) — Obj(x™ (¢), w(™(t))
T
< / [—1/2&(”>(t)TD(t)>2(”)(t)+g(t)Tv~v(”)(t)} dt
0 T
= [ [P0 T DO ) x0) + ) 0] dt by @2)
0

(35) :/OT{ /2% [D() - DW)} (1)} at

T
+/ g(t)" dt—/ g™ @) W (1)t
0 0

T
< &pon (n+eT —1)+ en/ pe” T V()T 1dt
0

T
(since /0 {17257 [D(t)—DW(t)} %™ (t)} dt <0 and by (34))
From (23), (31) and (35), we obtain
0 < V(DCQP) — V(D,,)
36) = |V(DOQP)—OBi(x " (t), w(™ (1)) |+ |OBJ(x™ (1), w(™) (1))~ V(D,)
<Epdp(n+ et —1) + (5, + €,) /OT pe” T Vg ()T 1dt.

Since f;(t), gi(t) and d;;(t) are uniformly continuous on [0, T7], we have ¢, — 0
and €, — 0 as n — oo. By Lemma 3.2 and (28), we also have 6, — 0 and

A Tk
enp5n<ein—eo—>0aSn—>oo
o

Therefore, using (), we finally obtain

lim V(D,) = V(DCQP).

n—oo
We summarize the above results below.

Theorem 4.1. The following statements hold true.
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(i) We have
lim V(D,) = V(DCQP).
(if) We have
0 < V(DCQP) — V(D,,) < ey,
where
T
(37) en = Enpon(n+ T — 1)+ (6, + €) / pep(T_t)g(t)Tldt,

0

and €, &,, p and §,, are defined in (25), (26), (27) and (28), respectively.

By inequality (23) and Theorem 4.1, we have

V(DCQP) > V(CQP) > lim V(D,) = V(DCQP).

n—oo

Therefore, we have

V(DCQP) = V(CQP) = lim V(D,) = lim V(P,)

n—oo n—oo

and

T
0 < V(CQP) =V (P,) < €npdn(n—+e”T — 1) + (5, + €n) / pe’TDg(t)T1dt.
0

Moreover, we can establish the estimation for the error bounds given below.

Theorem 4.2. Let x(™(¢) and w(™ (t) be defined in (21) and (30), respec-
tively. The error between V(CQP) and the objective value of x(™)(¢), and the error
between V' (DCQP) and the objective value of (%™ (), w(™(t)) are both less than
or equal to ,, that is defined in (37).

Proof. From Lemma 4.1, we see that x(")(#) is a feasible solution of problem
(CQP). By (22) and part (ii) of Theorem 4.1, we have

T
0 < V(CQP) — / [1/2%09(0)TD(1) £ (1) + £ T2 ()] i
0
< V(DCQP) — V(D) < &p.

On the other hand, we also have
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/T [_1/2 f((n)(t)TD(t) &(n)(t) 4 g(t)TVv(”)(t)} gt
0
= /T [_1/2 f((n)(t)TD(n)(t) )“((n)(t) 4 g(t)TVAV(”)(t)} gt
0
€ ’ eP(T—t) T
+ ”/o p g(t) ' 1dt

+ /T {_1/2 <7 [D(t) - D(n)(t)} f‘(n)(t)} o
0

T

< " [F1/2500 T D0 +£00) 0 0)at] i
0

(38)

T T T
+ / [5(t) — &M )] w0t + e / per T (1) T1dt
0 0

( since / ' {~1/2x™®)7 [D(t) —p™ (t)} () (t)} dt < 0)
0

r T
= V(D) —|—(5n/ pe”T=DgM () 14t
0
-

v [ s -8 0] w0

T
b [ per T Og(0) 1dt (by (33)
0

Since V(Dy) < V(DCQP), we obtain
0< /OT [_1 /25T D) ™ () + g(t) W™ (t)} dt — V(DCQP)

< /OT [_1/2 ™) T D) %™ (t) + g(t) Tw™ (t)} dt — V(D,)

= /oT[g(t) — g (@] TwM ()t + 6, /oT perT=Dg™ (1) 14t

T
b [ perT (o) 1t (by (38)
0
T T T
<e [ @ 1dt + (6, + ) / pe"TDg()T1dt (by (26))
0 0
T
< Epop(n+ et —1) + (0, + €,) / pe” T Vg ()T 1dt (by (29))
0
= &,.

This completes this proof. ]
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5. CONVERGENCE OF APPROXIMATE SOLUTIONS

Now, we shall demonstrate the convergent properties of the sequence {x(™(t)}
which is constructed from the optimal solutions %™ of (P,,).

Let L'([0,T],R) be the space of real-valued Lebesgue measurable functions
on [0, 7] with finite L' norm. The dual space of the separable Banach space
L([0, T],R) can be identified with L°°([0, T], R). An important property enjoyed
by the dual of a separable Banach space is weak-star sequential compactness for
sets bounded in the strong topology. According to [12, Theorem 4.12.3] and [20,
Lemma 2.1], we have the following useful lemma.

Lemma 5.1. Let {)\,} be a sequence in L°°(]0,T],R). Suppose that there
exists a constant ~ > 0 such that | A, ||eo< & for n = 1,2,---. Then, the
following statements hold true.

(i) There exist A € L°°([0,7],R) and a subsequence {\,, } such that A,,
weakly-star converges to ), i.e.,

T T
/ A (DA (H)dE — / AOR(E)dt as g, — 00
0 0

for all h(t) € L*(]0, T], R).
(if) We have
A(t) < limsup Ay, (¢) a.e. in [0, 7]

nj—00

and
A(t) > liminf A, (¢) a.e. im [0, 7).

nj—00

Remark 5.2. If \,(¢) > 0 for all ¢t € [0, T] and \,,(t) weakly-star converges to
A(t), then A(¢) > 0 a.e. in [0, 7] by part (ii) of Lemma 5.1.

For the sequence {f(™) 122, of vector-valued functions in L>([0, 7], RY), we say
that £(") weakly-star converges to f* € L>°([0, T], R9) if and only if the sequences

of components { fj(”)} weakly-star converge to ff for j =1,---,g. We also need
the following result.

Lemma 5.2. For a symmetric and negative semi-definite matrix D(t) and for
any two vector functions u(t) and x(¢) the following relation holds

/0 {1/2u())D(t)u(t) — 1/2x() D(t)x(t)
(39)

< [ {0 D) - xo) }a.
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Proof. See [13, Lemma 1]. ]

The following result demonstrates the convergent properties of the sequence
{x(")()} defined in (21). It also shows the solvability of problem (CQP).

Theorem 5.1. The sequence {x("™(¢)} defined in (21) has a convergent subse-
quence {x("¥)(¢)} which weakly-star converges to x*(¢) such that the limit x*(¢)
is an optimal solution of (CQP).

Proof. From (21) and Lemma 3.1, there exists a constant 4~ > 0 such that

| iﬁ»n) |oo< & for all n and j =1,---,¢. By Lemma 5.1, there exist X(t) =
(Z1(t), -, 24(t)) T € L°([0, T], RY) and a subsequence {x (") (1)}, where % (") (t) =
@) (¢), -+, &™) ()T, such that () (¢) weakly-star converges to %(¢) in the
sense of
(40) / 2 () h(t)dt — / &;(t)h(t)dt as ny, — oo

0

for all h(t) € L'([0, T],R), and

(41) 2;(t) < limsup2\"™(¢) ae. in ¢ € [0,7]

g —00

for j = 1,---,q. Since x(™)(¢) is a feasible solution of problem (CQP), for all
t € [0,T], we have

t
(42) B (1) — / K% (5)ds < g(t) and £ (1) > 0.
0

Since x(™)(¢) > 0, it follows, by (40) and Remark 5.2, that () > 0 a.e. in [0, T7.
For almost all ¢ € [0, T, we have

Bx(t) < limsup Bx™)(t) (by (41), since B > 0)

nj—00

< hmsup/ Kx(”’“

+g(t) (by taking limit superior on both sides of (42))

t
_ / K%(s)ds + g(t) (by (40)).
0
Let N' = Ny UN7, where

No = {t €10,T]: x(t) £ 0}
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and .
M = {t €[0,T]: Bx(t) — / Kx(s)ds £ g(t)}.
0
We see that the set A/ has measure zero. Therefore, we define

) x(t), if t ¢ N
o= {20
0, ifteN.

From (43), it is not hard to verify that x*(¢) is also a feasible solution of problem
(CQP). Since A has measure zero, by (40), we also see that (") (¢) weakly-star
converges to x*(¢). Finally, we remain to show that x*(¢) is an optimal solution of
problem (CQP). By Lemma 5.2 we have

/ ' {1 /2% ()T D(#) %) (¢) + f(t)Tx(”’“)(t)} dt
0
(44) < /0 ' {1 /2x*(t) T D(t) %*(t) + f(t)Tx(”’“)(t)} dt
T
x*(4) " x (™) (1) — x* )
[ e D@ —x0)

Since x(")(t) weakly-star converges to x*(t), it follows that

T T
(45) lim [ £(8) XM (1)dt = / £(1) T (1)t
nE—oo Jq 0
and
T
(46) lim {x*(t)TD(t)(x(”’“)(t) ~ x*(t))} dt = 0.
nE—0oo Jq

Therefore, we obtain
T
V(CQP) = lim {1 /25T D) %) (¢)

nE—0o0 Jq

+f(t)Tx(”’“)(t)} dt (by Theorem 4.2)

IN

/ ' {1 /25 (4)TD(t) %*(t) + f(t)Tx*(t)} dt (by (44), (45) and (46))
0
V(CQP) (since x*(t) is a feasible solution of (CQP)).

IN

Therefore, we conclude that x* is indeed an optimal solution of problem (CQP).
This completes the proof. ]
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6. CoMPUTATIONAL PROCEDURE AND NUMERICAL EXAMPLES

In the sequel, we are going to provide the computational procedure to obtain
the approximate solutions of the continuous-time quadratic programming problem
(CQP). Of course, the approximate solutions will be the step functions. According
to Theorem 4.2, it is possible to obtain the appropriate step functions so that the
corresponding objective function value is close enough to the optimal objective
function value when n is taken to be sufficiently large.

Remark 6.1. We define

_Te s T Te spy [T jr—p 0T
(47) Op = &np-—-eo’ - (n+e”" —1)+(en+—-€7") pe’ g(t) ' 1dt.
no no 0

Since 6, < L¢. 5T by Remark 3.1, we see that &, < 0,.

Suppose that the error tolerance e is pre-determined by the decision-makers.
Given any natural number n, we can calculate 6,, according to (47). If 6,, < ¢, then
Remark 6.1 says that ¢,, < e. This means that the approximate solution is acceptable,
since the error tolerance e is reached. Now, the computational procedure is given
below.

e Step 1. Set the error tolerance e and the initial value of natural number n € N.

e Step 2. Evaluate the values of ¢,, €,, ¢ o, p and k as shown in Egs. (25),
(26), (14), (11), (27) and (12), respectively.

e Step 3. Evaluate 6,, according to (47).

e Step 4. If 0, > € then set n «+— n + 1 and go to Step 2; otherwise go to Step
5.

e Step 5. Evaluate the values as shown in Eq. (3).

e Step 6. Formulate the finite-dimensional primal-dual pair quadratic program-
ming problems (P,,) and (D,,) using the values obtained in Step 5.

e Step 7. Use the efficient algorithms to obtain the optimal solution (") of
problem (P,,) and the optimal solution (x(™), w(™)) of problem (D,,).

e Step 8. Set the step function x(™)(¢) according to (21), which will be the
approximate solution of problem (CQP). The error between V' (CQP) and the
objective value of approximate solution x(™)(¢) is less than the error tolerance
e according to Theorem 4.2 and Remark 6.1. Moreover, we can also calculate
the error bound ¢,, according to (37).
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Some numerical examples are provided below by using MATLAB Version 7.0.1
on a PC. Under the given error tolerance ¢, we first determine n € N such that §,, < e
by using Steps 1-4. From Steps 5-8, we can obtain the corresponding approximate
solution (™ (t) of (CQP) with error bound satisfying ¢, < 6, < e. We also write
Obj,, to denote the objective value of the approximate solution x(™)(t).

Example 6.1.

maximize /1 [—2(t)* + z(t)] dt
0

t
subject to  4xz(t) — / 3z(s)ds < e' —1forall t € [0,1]
0

2(t) € L%([0,1],R.).

The results are summarized in the following table.

‘ € ‘ Obj,, En
0.05 | 0.1468307 | 0.0091860
0.01 | 0.1472893 | 0.0022986
0.005 | 0.1473657 | 0.0011495
0.001 | 0.1474326 | 0.0001437
0.0005 | 0.1474373 | 0.0000719

Example 6.2.

maximize /1 [(1/2t—3/4) -2(t)® + 5t - x(t)] dt
0

t
subject to 4x(t) — / 3z(s)ds < e' —1forall t €[0,1]
0
fI,'(t) € LOO([Ov 1]7R+)

The results are summarized in the following table.

‘ € ‘ Obj,, En
0.05 | 0.6065280 | 0.0216335
0.01 0.6078011 | 0.0054134
0.005 | 0.6080135 | 0.0027071
0.001 | 0.6081993 | 0.0003384
0.0005 | 0.6082126 | 0.0001692
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Example 6.3.

maximize /01 [—221(t)? — 29(t)? + 21(t) + 3a2(t)] dt

t
subject to 8z (t) + 4xo(t) — / [321(s) + 2x5(s)]ds < e’ — 1 forall t € [0, 1]
0

1‘1(75), wg(t) S LOO([O, 1],R+).

The results are summarized in the following table.

10.

| e | Obj, | e |
0.05 | 0.4131803 | 0.0106254
0.01 | 0.4147805 | 0.0026563
0.005 | 0.4150475 | 0.0013281
0.001 | 0.4152478 | 0.0003320
0.0005 | 0.4152812 | 0.0001660
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