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FROM STEINER TRIPLE SYSTEMS TO 3-SUN SYSTEMS

Chin-Mei Fu, Nan-Hua Jhuang, Yuan-Lung Lin and Hsiao-Ming Sung

Abstract. An n-sun is the graph with 2n vertices consisting of an n-cycle
with n pendent edges which form a 1-factor. In this paper we show that the
necessary and sufficient conditions for the decomposition of complete tripartite
graphs with at least two partite sets having the same size into 3-suns and give
another construction to get a 3-sun system of order n, for n =0,1,4,9 (mod
12). In the construction we metamorphose a Steiner triple system into a 3-sun
system. We then embed a cyclic Steiner triple system of order n into a 3-sun
system of order 2n — 1, for n = 1 (mod 6).

1. INTRODUCTION

A decomposition of a graph G is a set H = {H;, Ho, ..., H;} of subgraphs of
G such that E(H,) U E(H)U---UE(H;) = E(G) and E(H;) N E(H;) = 0 for
1 # j. For convenience, we say that G can be decomposed into Hy, Hy, - - -, Hy. If
H; is isomorphic to a graph H for each i = 1,2, ...,t, then we say that G has an
H decomposition. A Steiner triple system of order n (more simply triple system) is
a pair (X, T) where X is an n-set and T is a collection of edge disjoint triangles (or
triples) which partition the edge set of K, with the vertex set X. It is well known
[3] that the spectrum for Steiner triple systems(STS) is precisely the setof all n = 1
or 3 (mod 6). A 3-sun is a graph with six vertices a, b, ¢, d, e, f consisting of a
triangle (a,b,c) and a 1-factor {{a,d}, {b,e},{c, f}}. We will denote this 3-sun
by (a,b,c;d,e, f). A 3-sun system of order n,(35S(n)), is a pair (Y,.S) where
Y is an n-set and S is a collection of edge disjoint 3-suns which partition the edge
set of K, with the vertex set Y. In [6], Yin had shown that the spectrum for 3-sun
system is precisely n =0, 1,4,9 (mod 12) and if (Y, .S) is a 3-sun system of order
n then |S| = n(n —1)/12.
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In this paper we give the different constructions to get 3-sun systems of order
n. Since a 3-sun is a tripartite graph, in Section 2, we consider the decomposition
of a complete tripartite graph K, , . into 3-suns. We obtain that the necessary and
sufficient conditions for the existence of a decomposition of K, ,, . into 3-suns. In
Section 3, we use recursive construction to construct 3-sun systems of order n when
n = 0,4 (mod 12). For n = 1 (mod 12), we construct a cyclic 3-sun system of order
n. For n =9 (mod 12), we metamorphose a Kirkman triple system(KTS) of order
n into a 3-sun system of order n. Clearly the triangles of a 3-sun system cannot
form a triple system. So the following problem is immediate. What is the largest
cyclic Steiner triple system can be embedded in the partial triple system consisting
of the triangles of a 3-sun system? In Section 4, we embed a cyclic Steiner triple
system of order 6m + 1 into a 3-sun system of order 12m + 1.

2. Decompost K, 4 - INTO 3-SUNS

Let p, ¢, r be positive integers. For convenience, we will let A={a1, as,- -, ap},
B ={bi,by, - ,by},C = {c1,¢c2,- -+, c.} be three partite sets of K, .

Lemma 2.1. Let p, q,r be positive integers and p > ¢ > r. If K, ,, has a

3-sun decomposition, then 6 | (pq + gr + pr) and r > maz{ §, I% :

Proof.  If K, ,, has a 3-sun decomposition, then 6 | (pq + ¢r + pr) and
there are W 3-suns. Since a 3-sun has three vertices of degree 3 and each
belongs to different partite sets, we have (p + ¢)r > 3 - W. It implies that
(p+ q)r > pg, thus r > 2L Since K, ,, can be decomposed into at most g¢r

p+q
3-suns, we have W < gr. Combining the inequality (p+q)r > pq, we obtain
that » > £. Therefore, » > max{%, p% . [

If p=q =r, then K, ,, has a 3-sun decomposition provided that p is even.
For example, K5 2 2 can be decomposed into two 3-suns: (aq, b1, c1; ba, c2, a2) and
(ag, ba, ca; by, c1,a1). Since K, ., can be decomposed into n? triangles from a
Latin square of order n, we obtain that K, ,,, has a 3-sun decomposition if and
only if p is even.

Next we will consider the decomposition of K, ,, ..

Lemma 2.2. Let p > 2 and r > 2 be integers. If K, , has a 3-sun decom-
position, then 2 < 7 < 22 and (1) p = 0 (mod 6), (2) p = 2 (mod 6), r = 2
(mod 3), or (3) p=4 (mod 6), r =1 (mod 3).

Proof. By counting the number of edges of K, ., if K, ,, has a 3-sun
decomposition, then 6 | p(p + 2r). It follows that p should be even and 3|p or
3|p + 2r. This implies either p = 0 (mod 6), p = 2 (mod 6) and » = 2 (mod 3) or
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p =4 (mod 6) and » = 1 (mod 3). If p > r, by Lemma 2.1, r > max{%, I;‘%},
we have r > E. If r > p, then K., can be decomposed into at most p* 3-suns.
We have p? > p2+62p7’, thus r» < %p. Combining above two results, we obtain
b<r<i2 n

Lemma 2.3. Let p be even. If K, and K, ,; have 3-sun decompositions,
then K, np,ms+(n—m)t Nas a 3-sun decomposition for 0 < m < n.

Proof. The first two partite sets of K, .., st (n—m)¢ €N be partitioned
into n groups each group containing p elements and the third partite set can be
partitioned into n groups, m of them containing s elements, the others containing ¢
elements. Since K, ,,, can be decomposed into n? triangles from a Latin square of
order 1, Ky np.ms+(n—m)e Can be decomposed into n? triangles and each triangle
corresponds to a K, + Or @ Ky 5. ThUS Ky 11 imist- (n—m)¢ €@N be decomposed into
nm copies of K, ,, ; and n(n —m) copies of K, ;. Since K,,, s and K, ,,+ have a
3-sun decomposition respectively, K., 1y ms+(n—m): Nas a 3-sun decomposition. =

Lemma 2.4. Let p and r be positive integers. If p = 2 (mod 6),r = 2
(mod 3), or p =4 (mod 6),r =1 (mod 3), and & < r < %2, then K, has a
3-sun decomposition.

Proof.

Q) p<r< %p. By Lemma 2.2, if K55, has a 3-sun decomposition, then r = 2
or 5. K 22 has already been done. We can decompose K3 5 5 into four 3-suns:
(a1, b1, c15 ¢4, €5, b2), (a1, b, c2; ¢5, €3, a2), (az, by, c3; cs, ¢, a1), (az, bz, ca;
c1,¢5,b1). By using the decomposition of K329 and K5 25, We can get the
following construction. Let k be a positive integer. If p = 6k+2 = (3k+1)-2
and r =32 < 15K+, let m =5k—+1, then r =m-2+3k+1—m)-5. By Lemma
2.3, Kek+26k+2, has a 3-sun decomposition. If p = 6k+4 = (3k+2)-2 and
r=3t+1 < 15k+10, let m = 5k—t+3, thenr = m-24 (3k+2—m)-5.
By Lemma 2.3, Kgk+4,6k+4,» Nas a 3-sun decomposition.

(2) £ <r < p. We can decompose K, ,, into 3-suns as follows.

Let s = |5]. Then [B] <s < [Z]. Letq= 5] —s.

@i Form=1,2,...,q,i=0,1,2,...,p—1,
(@2m—14i» D14is Crmetis D3m—144, G2mti ag+z‘) and

(@2g+2m—1+i» D14is Cqrmii D3g-+3m—1+is A2g+2m+i> Dg4-2m+i)-
Notice that the indices of « and b are restricted to Z, = {1,2,...,p}
and the indices of ¢ are restricted to Zg ={1,2,...,%

.75
(i) Form=1,2,...,r—2,j=0,1,2,...,2 1,

(@4g+2m—14j+ D14, CL 4 C2g+mtjs Adg+2m+j> bg+1+j) and
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(Aagram—1+j7+ D145 Cogrmtjrs CLyms Adg+2m+j’s bg+1+j/), i'=5%5+
1,...,p—1.

Notice that the indices of a and b are restricted to Z,, and the values of
2q+m+ j and 2qg + m + j' are restricted to Zp. [

Lemma 2.5. Let p and r be positive integers. If p = 0 (mod 6) and p/2 <
r < 5p/2, then K, has a 3-sun decomposition.

Proof.
(1) If p =6, then 3 < r < 15. Combining Ks22 and K25, by Lemma 2.3,
we can get that K¢ ¢, has a 3-sun decomposition for » = 6,9, 12, 15, For the
rest of r, the decomposition of K¢, can be found in Appendix.

(2) Let k > 2 be a positive integer. If p = 6k, then 3k < r < 15k. Leti = []
and m = r — ik > 0, then r can be written as m(i + 1) + (k — m)i. By (1)

and Lemma 2.3, we obtain that K, , . has a 3-sun decomposition. n
By Lemma 2.2, 2.4 and 2.5, we obtain

Theorem 2.6. Let p and » be positive integers. K, has a 3-sun decomposi-
tion if and only if 2 < < 2 and (1) p=0 (mod 6), (2) p =2 (mod 6), r = 2
(mod 3), or (3) p=4 (mod 6), r =1 (mod 3).

We close this section by decomposing K2y, 25,25, into cyclic 3-suns. Let A, B,
and C be three partite sets of Ko, 25,2n. Kon 20,2, Can be decomposed into cyclic
3-suns if there is an automorphism which is a permutation with three orbits and
each orbits has length 2n, see [4]. Let ¢t = (a;, bj, ck; by, ¢y, ayy) be @ 3-sun in
Koy 2n,2n, Where a;,a,, € A, bj,b, € B, and ¢, ¢, € C. We define dap(t) =
{0,-4, 04—}, dpc(t) = {1k—j, 1o—j}, dca(t) = {2i—k, 2w}, the indices are
taken modulo 2n. Let d(t) = dap(t) U dpc(t) Udcoa(t). We call d(t) is the
difference set of t = (aj, bj, ck; by, ¢y, a). Let D(H) = {d(t)|t € H}, where
H is a collection of 3-suns in Koy, 252, If T contains n 3-suns in Ksp, 2n.2n
and D(T) = {0;,1;,2]i = 0,1,---,2n — 1}, then we call that 7" is a set of
base 3-suns in Koy 2p 2p. That is, Koy 25,2, Can be decomposed into cyclic 3-suns
UiZBI(T + (L‘) = {(ai+ac7 bj—i—a:v Chta buta, Cotas aw—i—m)‘ (aiv ij Ck; bus Co, aw) €
T,z =0,1,---,2n — 1}. The indices of a, b, and ¢ are taken modulo 2n. For
example, if T = {(al, b1, c1; ba, Ca, ag)} and D(T) = {007 04, 1o, 11, 20, 21}, then
K99 can be decomposed into cyclic 3-suns. Therefore, if we can find the base
3-suns in Koy, 2p 20, then Ky, 2y, 25, Can be decomposed into cyclic 3-suns.

Theorem 2.7. Let n be a positive integer. Ks, 25, 2, Can be decomposed into
cyclic 3-suns.

Proof.  Construct the base 3-suns in Ko, 25,2, as follows:
The following indices of a, b, and ¢ are restricted to the set {1,2,...,2n}.
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(1) nis odd. Let m = ”—;1
(i) k=0,1,. (a bak+1s Cnt2k+1; Dak+2, €1, an—2k+1) € T
(i) k=0,1,. — 1, (a1, bak+3, C2k+2; bakta, €1, a2n—2r) € T

We have D(T') = {04k, O4k+1, Ln—2k, Lon—ak, 2n—2k, 22n—ak|k = 0,1,...,m}
U {04k+2, 0443, Lon—2k—1, Lon—ak—2, 22n—2k—1, 22n—ak—2|k = 0,1,...,m —
1} = {0;, 15, 2)i = 0,1,...,2n — 1}.
(2) niseven. Letm = 7,
(I) (al, bl, Cn41; bg, C1, an+1) eT.

(i) k=1,2,...,m —1, (a1, bap+1, Cptok+1; bak+2, Cnrok+1, Qapt1) € T
(i) k=0,1,...,m—1, (a1, bak+3, Cok+2; bak+4, Cok+da, Qak+3) € T.

We have D(T") = {00, 01,1, 10, 25, 20} U {Oak, Oakt1, Ln—2k, Lnt2k, 2n—2k,
2nt2rlk =1,2,...,m—1} U{Ouk42, Oak+3, Lon—2k—1, Lok+1, 22n—2k—1, 22641
k=0,1,2,...,m—1} = {0;,1;,2/i = 0,1,...,2n— 1}.

Therefore, Ky, 2,2, Can be decomposed into cyclic 3-suns. [

3. 3-SuN SysTeEM oF ORDER 1

In this section, we will construct the 3-sun system of order n, 35S5(n), i.e.,
decomposing K, into 3-suns. The spectrum of 35S (n) is precisely n = 0,1,4,9
(mod 12). First we will see the construction of 355(n) for n = 0,4 (mod 12), by
using the decomposition of complete tripartite graphs into 3-suns. Let the vertex set
of K, be {1,2,...,n}.

Example 3.1.

(a) 38S(12) = {(1,3,4;9,11,12), (1,5,11;2,8,12), (1,7,10;8, 12, 3),
(2,6,12;4,5,10), (2,8,11;5,9,4), (3,5,12;6,10, 1), ( 7, 9,2,5,12)
(4,6,9;7,11,2), (4,8 10,5,12,2),(6,7,8;1,2,3),( , 11;5,6,7)}

(b) 355(24) ={(1,2,4;8,9,23), (1,3,7;16,24,8), (1,5, 6;22,8,13),

(1,9, 21;10,17,5),(1 11,18;12,20,3), (1,13,23;14,19,5), (2,3, 5; 8,10, 18),
(2,6,7;21,8,14), (2,10,22;11,18,6), (2,12,19; 13, 21,4), (2, 14, 24; 15, 20, 6),
(3,4,6;8,11,17), (3,11,23;12,19,7), (3,15,17; 16,21, 7), (3, 13, 20; 14,22, 5),
(4,5,7;8,12,20), (4,12,24;13,20,8), (4,14, 21; 15, 23,6), (4, 16,18;9,22,8),
(5,9,19;10,23,1), (5,13,17; 14,21, 1), (5, 15,22,16,24,7),(6,10,20;11,24,2)
(6,14,18;15,22,2), (6, 16,23,9,17,8),(7,11,21;12,17,3),(7 15,19;16,23,3),
(7,9,24;10,18,1), (8,12, 22;13,18,4), (8,16, 20; 9, 24, 4), (8, 14,19; 15,17, 6),
(8,10,17;11, 19, 2),(9,10 12;14,21,6), (9,11, 16; 20,5, 14), (9,13, 15; 3, 14, 18),
(10,11, 13; 14 22,7), (10,15, 16; 4, 14,19), (11,12, 15; 14, 23, 1),

(12,13,16; 14,24, 2), (17,18,21;19, 13, 8), (17, 22, 23; 4, 19, 10),

(17,20, 24; 12,1,19),(18 20,22;19, 15, 3), (18,23, 24;7,19,11),

(20,21,23;19, 16, 2), (21,22,24;19,9,5)}.
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Lemma 3.2. If n =0 (mod 12), then there exists a 3-sun system of order n.

Proof. By Example 3.1, there are 3-sun systems of order 12 and 24 respectively.
Let n=12m where m > 3. Letm =3s+pwheres >1and 0 < p < 2. K, can
be viewed as the union of two K,’s, one Kias112, and one Ko, 12s125+12p- BY
Lemma 2.5, K12,,125,12¢ Can be decomposed into 3-sunsif 5 <t < 5—; By Example
3.1 and the above construction, K,, can be recursively decomposed into 3-suns as
n > 24, except n = 60. Since Ko can be viewed as the union of one K7, two
Koy’s and one K4 24 12, Kgo has a 3-sun system. The proof is completed. [

Example 3.3.
(a) 355(16) = {(1,2,4;13,
(1,14,15;8,3,5), (1
(2,15,16:9,4,6), (3,4,
(4,8,12;9,15,16),(5,6 -10,12,1
(8,9,11;13,15,2), (9, 10, 12 14,16
(12,13,15;1,3,6),(13714 16; 2,4,
(b) 355(28) ={(1,2,4;22,10, 14),
10;12,17,23), (1
5;23,11,15), (2,
515, 4 ,9), (2,27,
15,21,10),( 1
15,20, 26), (4,1
6,14,18), (5,
7,15,19),(6,
1,16;18,23,1), (7,
0,12;15,18,22), (9,
14,19; 24,26, 4), (
25
),

8,11), (
16;7,10
6; 15 10,

1,5,9; 6 12,13),
.5), (2,3,5;14,9,13), (2,6,10; 7,13, 14),
14), (3, 7118, 14, 15), (4,5, 7;16,11,15),
6), (6,7,9;11,13,16), (7,8,10; 12,14, 1),
(10,11,13,15,1,4),(11,12,14;16,2,5L

), (1,3,
): (3,

);

3),
)}
28;
);
);

(
(
3

9,13,6), (1,6,25;13,
1,20,24;14,3,8), (1
2,7,26; 14, 20,9), (2
,4,6:24,12,16), (3,
)
1

19, 8),
, : 6 7,11,4,7),
3)

(1,
19, 2
18, ,9,16;8,20,2
7, 12:14.19, 25),
,(4,5,7 25,13,17),
),(4,9,28,16,22,11)
,(5,24,28;18,7,12),
13,20; 12,24, 27), ( 7. ,10;28,16,20)
,9,11:14,17,21), (8,12, 17; 22,24, 2),
11,13;16, 19, 23),
1,15,20;25,27,5),
3,14, 16; 19, 22, 26),

bl i

7
3,
,8,15:7,19,2
6,11; 13, 18, 2
27,28:12,5.8), (

0,17;9,21,24), (3,22, 26; 16,5, 10
1,18; 10,22, 25), (4,23,27;17,6, 1
1 (5,
6

5, 2
3, 4
,21,25; ),
,8,2T; 2
,8,13;

6 116,21 27) 5 12,19,11,23,26)
7, 0,15;17, 22, 28), (6,

1 14,21;13,25,28), (8
1 13,18: 23, 25, 3), ), (1

9 0,

11,12, 14; 17, 20, 24), (1

(12, 16,21; 26, 28,6), (1
14,18, 23;28,2,8),
16
1

0,

2,

3, ) (

5,16, 18; 21,24, 28), (15, 19, 24; 26,3,9), (16, 17,19; 22, 25, 1),
6,20, 25;27, 4, 10) (17,18, 20;23,26,2), (17,21, 26; 28,5, 11),
8, )
9,
2

1
2
2 b
3,8,2
4,8,1
5,6,8;2 9,
6,7,9;2 1
7,11,16
9,
1
1
1
1
1
1
1

13,15;18, 21, 25),

17, 22; 27,1,7 (14, 15,17,20,23,27,

19,21;24,27,3), (18,22,27;1,6,12), (19, 20, 22; 25, 28, 4),
23,28:2,7,13), (20,21, 23;26,1,5), (21,22, 24; 27,2, 6),

(
(
(
(
(
(
(
(
(
(
(
(
(
(
E
(22,23,25:28,3,7), (23,24, 26; 1,4,8), (24, 25,27; 2, 5,9), (25,26, 28; 3,6, 10)}

2
Lemma 3.4. 355(n) exists if n = 40, 52, 64.

Proof. K4 can be viewed as the union of two K2’s, one K and one K12 12,16
K59 can be viewed as the union of two Ki3’s, one Kag and one K2 1228. Kea
can be viewed as the union of one K6, two K»4’s and one K4 24 16. According
to Example 3.1 and 3.3, K12, K16, K24, and Kog can be decomposed into 3-suns.
By Lemma 2.5, Ki2 12,16, K12,12,28, and K4 24 16 Can be decomposed into 3-suns.
Hence, K,, can be decomposed into 3-suns for n = 40, 52, 64. ]

Lemma 3.5. If n =4 (mod 12), then there exists a 3-sun system of order n.
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Proof. Letn = 12m+4. By Example 3.3 and Lemma 3.4, we have 355(16),
355(28), 355(40), 355(52), and 355(64). Let m = 3s + p where s > 2 and
0 <p < 2. Kzgs112p+4 Can be viewed as the union of two K,,’s, one K19(s4p)+4
and one Ko, 124 12(s+p)+4- BY Lemma 3.2 and recursive construction, Kios and
K12(s4p)+4 €an be decomposed into 3-suns. By Lemma 2.5, Ky, 125,12(s+p)+4 Can
be decomposed into 3-suns. Hence, the proof is completed. ]

Next, we will construct cyclic 3-sun systems of order n for n =1 (mod 12). A
3-sun system 3.5.5(n) on the elements of Z,, = {1,2,...,n} is said to be cyclic if
whenever (a, b, c; x,y, z) isa 3-sun,so also is (a+1,b+1,c+1;2+1,y+1, 2+1).

Example 3.6.

(@ The 3-suns (i,i+ 1,i+ 3;i+4,i+6,i+9), 1 < i < 13, form a cyclic
355(13).

(b) The 3-suns (i, i+1,i+5;i+9,i+12,i+17), (i, i+2, i+8;i+13,i+16,i+23),
(i,i+3,i+ 1055+ 16,7 + 20,7 + 28), 1 < i < 37, form a cyclic 355(37).

By [1,5], suppose that {1,2,...,3m} can be partitioned into m triples {a, b, ¢}
suchthat a +b=cora+b+c=0 (mod 6m + 1). Then the triples {0, a,a + b}
form a (6m + 1,3, 1) difference system and so lead to the construction of cyclic
STS(6m+1). A Skolem triple system of order m is a partition of {1,2,...,3m}
into m triples {4, a;,i 4+ a;}, 1 <i < m. An O'Keefe triple system of order m
is a partition of {1,2,...,3m—1,3m+1} into m triples {i, a;, i +a;}, 1 <i < m.
It is well-known that if m = 0,1 (mod 4) then a Skolem triple system of order m
exists and if m = 2,3 (mod 4) then an O’Keefe triple system of order m exists. Let
t = (a,b,c;d,e, f)bea3-sunin K,. Since t contains a triangle (a, b, ¢) and one 1-
factor {{a,d}, {b,e},{c, f}}, we obtain two difference triples {b — a,c—b,a — c}
and {d — a,e — b, f — ¢} where the values are taken modulo n. Next, we will
metamorphose a cyclic ST'S(12m + 1) into a cyclic 35S5(12m + 1).

Lemma 3.7. If n =1 (mod 12), then there exists a cyclic 35.5(n).
Proof. Letn = 12k + 1.

(1) k is even.
If £ = 2, then the 3-suns in a cyclic 355(25) are constructed as follows.
For:=1,2,...,25,
(i,i4+1,i4+12;i+2,i+8,i+21)and (i,i+3,i+ 8i+4,i+9,i+ 18).
It is easy to check that the union of four difference triplesis theset {1,2,...,12}.
If £ > 4, then the 3-suns are constructed as follows.
For:=1,2,...,n,
(i,i+ 1,1+ 6k;i+ k,i4 4k, i+ 11k — 1),



538 Chin-Mei Fu, Nan-Hua Jhuang, Yuan-Lung Lin and Hsiao-Ming Sung

(iit+2k—1,i— 1+ %0+ 2k i+ 5k —1,i — 1+ 13&),

and j =1,2,..., 5 -1,
(i,i+2§,i+3k—+j;i4+25+ 1,545k +7—1,i4 8k + 2j),
(iitk+2j— 1,0+ L4+ j— it k+2j,i+ 1284520+ 9k+2j-2).
Since from each 3-sun we can get two difference triples, these difference
triples form a Skolem triple system of order 2k when k is even and k& > 2,
see[1]. Therefore, we have a cyclic 35S(12k + 1), k is even.

(2) & is odd.
In Example 3.6, we have a cyclic 35.5(13) and a cyclic 35.5(37). We consider
when k > 5, the 3-suns are constructed as follows.
For:=1,2,...,n,
(i,i+2j,i+3k+j+1;i+2j+1,i+5k+j—1,i+8k+2j+ 1), where
i=12,... 5L
(iyi+k+2j— 10+ g4 k425 + 2,5+ LE=3 4 5 5 1 9k +25 4 2),
where j =1,2,..., 55,
(iyi4 2k —1,i4 5k;i+2k —4,i+ 4k +2,i+ 9k — 1),
(i,i+k+2,i+6k+1;i+2k—2,i+3k+4,i+ 10k+ 1), and
(iyi+ 1,5+ LEE i 4 2k i + 2k + 2,0 + 195
Since from each 3-sun we can get two difference triples, these difference
triples form an O’'Keefe triple system of order 2k when k is odd and

k > 5, see[1]. Therefore, we have a cyclic 35S5(12k + 1), k is odd. ]

Next we will metamorphose a K7'S(12k+9) into a 355(12k+9). A parallel
class in a Steiner triple system (.S, T') is a set of triples in T that partitions S. If
the triples in 7" can be partitioned into parallel classes, then we say ST'S(v) is a
Kirkman triple system of order v, denoted by KT'S(v). It is well-known [2] that
there exists a K'7'S(v) if and only if v = 3 (mod 6).

Lemma 3.8. If n =9 (mod 12), then there is a 3-sun system of order n.

Proof.  Letn = 12k + 9 where k£ > 0. Then there exists a KT'S(12k + 9)
with 6k + 4 parallel classes. Let (S,7) bea KT'S(12k+9). = and =’ are any two
distinct parallel classes in T. Consider # Un’. If (z,y,2) € 7 and (z,a,b) € 7,
then the edges {z,y}, {y, 2z}, and {x, z} can not be contained in any triple in 7’.
That means vy, z, a, and b are distinct. Using this property, we give a direction to
each edge, such that each triple (z, a, b) in 7’ forms a directed cycle (z, a, b) with
the edge set {(x,a), (a,b), (b,z)}. Similarly, we have (y,c,d) and (z,e, f) in «'.
Any triangle in 7 with its out-edge from 7’ forms a 3-sun. Thus we can get a 3-sun
(z,y,z;a,c,e) inmUn’. Therefore, the edge-set of the union of any two distinct
parallel classes of K'T'S(12k + 9) can be decomposed into 4k + 3 3-suns. Hence,
we obtain a 3-sun system of order n. ]
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Example 3.9. There is a 355(9) constructed from a K7'S(9).

Proof.  Let (Zy,T') be a KT'S(9) with 4 parallel classes 71, w2, 73, and 4,
where 7, = {(1,2,3), (4,5,6), (7,8,9)}, m = {(1,4,7),(2,5,8),(3,6,9)}, m3 =
{(1,5,9),(2,6,7), (3,4,8)}, and my = {(1,6,8),(2,4,9), (3,5,7)}. We give a di-
rection to each edge in 7 and 74 as follows: 7, = {(1,4,7),(2,5,8),(3,6,9)}, 7, =
{(1,6,8),(2,4,9), (3,5, 7)}. Then the edge-set of m U7 can be decomposed into
three 3-suns, (1,2, 3;4,5,6), (4,5,6;7,8,9),and (7,8,9; 1,2, 3). m3Urj can be de-
composed into three 3-suns, (1,5,9;6,7,2), (2,6,7;4,8,3),and (3,4,8;5,9,1). m

By Lemma 3.2, 3.5, 3.7, and 3.8, we obtain the following theorem.

Theorem 3.10. There exists a 3-sun system of order n, if and only if n =
0,1,4,9 (mod 12).

4. EmMBEDDING A CycLic STEINER TRIPLE SYSTEM IN A 3-SUN SYSTEM

Let (Y,.S) be a 3-sun system of order n and P be the collection of triangles
in S. Then (Y, P) is a partial triple system of order n. We say that the Steiner
triple system (X, T) is embedded in a 3-sun system (Y, .S) provided X C Y and
T C P. Subsequently, we give a construction for a 3-sun system of order 12m + 1
embedding a cyclic Steiner triple system of order 6m + 1.

Theorem 4.11. Let m be a positive integer. Let (X, T") be a cyclic Steiner triple
system of order 6m + 1. Then there is a 3-sun system (Y, S) of order 12m + 1,
such that (X, T) is embedded in (Y, S).

Proof. LetX = {Ul, V2, .« Um, ’U6m+1}, U= {ul, U2, ..., ugm} and XNU
=(. SetY = X UU. Let (X, T) be a cyclic STS(6m+ 1). Suppose Ey, Fs, ...,
and E,, are base triples in T'. For convenience, we give an order for the elements
in each base triple such that E; = <’Ual1,’l)a22,’l)a13>, forall s = 1,2,...,m, and
al < a? < a.

Define a collection S of 3-suns over Y as follows:

(1) Fori=1,2,....,m,j=0,1,2,...,6m.
Define t¥ := af +j € Zoms1 = {1,2,...,6m +1}, forall k = 1,2,3,
Bij = (vt%’jvvt?’jvvt?’j;u2m+3i+t%’j—37u2m+3i+t?’j—27u2m+3i+t?’j—1) where
the indices of w are restricted to Zg,, = {1,2,...,6m — 1,6m}.
Therefore, there are m(6m + 1) 3-suns.

(2) Define ap =vg, k=1,2,...,6m.
Fori=1,2,....,m—1and j=0,1,2,...,6m —1,
B;,j = (u1+j7 U2m—2(i—1)+j> O2—i+j; Uom+1-2(i—1)+j>» Ydm+1—(i—1)+j> u5m+1+j)
And B;n,j = (ul-f—jv U2+, A5m+2+75 U345, ﬂj, ’U,5m+1+j) where

3= V6m+1 if j=0,1,2,....2m—2,5m—1,5m,...,6m — 1.
T usmao+j  ifj=2m—1,2m,...,5m—3,5m— 2.
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The indices of « and w are restricted to Zg,,, = {1,2,...,6m}. Hence, there
are 6m? 3-suns.
From (1), the base triplesin 7" is the triangles of B; ¢, fori = 1,2, ..., m. Therefore,
(X,T) is embedded in (Y, S). n

Example 4.12. Let X = {vy,va,...,v7}, U = {ug,ug,...,ug} and ¥ = X U
U. Let (X,T) be a cyclic STS(7). If {vi,v2,v4} is a base triple in 7. Let
E; = (v,v,2,0 3> = (v1,v2,v4), and S = {Bl,j,Bi’j/\j =0,1,...,6,5 =

a;? ray’ a

0,1,. 5} By the construction in Theorem 4.1, we can get:

Bio= (U1,U2,U4,U3,U5,U2) Bi,1 = (v2, v3, Us; Ua, Ug, U2), B1,2=(v3,va, Vs; Us, U1, Us),

By 3 = (v4, vs, v7; Ug, U2, Us ), Bl4—(U5;U6;U17U1;U3; us), B1,5 = (vs, v7, Va; U2, U4, Us),

B1,6=(U7,U1,U3;U3,U4,U1, 1 (U U2,U1,U3,U7,U6), i U2, U3, V2; U4, U, U 1),

B 5= (u3, u4, v3; us, ui, ug), i = (u4, us, v4; ug, U2, U3), i = (us, ug, vs; U1, V7, Ug),
d (X,

By 5= (ue, u1, ve; u2, v7,uz). Then (Y, .5) is a 3S5(13) an
embedded in a 355(13).

T) is a cyclic STS(7

5. CoNCLUSION AND OPEN QUESTION

There are further questions to be asked.

@) fp > q > r > 2, what is the necessary and sufficient condition for the
decomposition of K, , . into 3-suns ?

(2) Can one embed any Steiner triple system into a 3-sun system?
APPENDIX

A. Kgg3 can be decomposed into 12 3-suns as follows:
{(ay, b1, c1; b, az, b3), (az, ba, c2; b3, a3, by), (a3, bs, c3; b1, a1, ba),
(a4, by, c1; b, as, a2), (as, bs, c2; bs, as, az), (as, b, c3; ba, ag, ay),
(a4, b1, c3; b2, a5, bs), (as, b, c1; b3, ag, bs), (as, b3, c2; b1, ay, bg),
(a1, by, c2; b5, az, ag), (a2, bs, c3; bs, a3, as), (a3, b, c1; bs, ay, ag)}.

B. Kg6,4 Ccan be decomposed into 14 3-suns as follows:
{(a1, b1, c1; b2, 4, a3), (az, ba, c2; b3, c3,a3), (as, bs, c3; b1, ag, by),
(a4, by, c1; ¢4, ag, bs), (as, bs, c2; ¢4, as, be), (ag, be, c3; ba, as, by),
(a4, b1, c2; €3, a5, b3), (as, b, c4; by, ag, b3), (ag, b3, c1; b1, as, ba),
(a1, by, c2; b3, a3, as), (a2, bs, c3; b1, a3, as), (a3, be, c4; ba, a1, az),
(a1, bs, c4; €3, a4, ba), (az, be, c1; ba, ag, as)}.

C. Kg g5 can be decomposed into 16 3-suns as follows:
{(a1, b1, c15 b2, a2, b5), (az,ba, c2; b3, a3, bg), (a3, bz, c3; c2, aq, ay),
(a4, by, c43 b5, a1, as), (az, bs, ca; bs, as, b1), (as, be, c4; c1, as, ba),
(a4, b1, c; c3, a3, bs), (as, b1, c3; C2, a5, bg), (aa, bz, c55 c1, €3, a2),
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(ag, b2, c1; ¢4, as, by), (as, b3, c1; c2, ag, be), (as, bs, ¢s; 3, az, b3),
(ag, bs, c5; b6, as, by), (a2, by, c3; c1, a3, bs), (a1, b3, c2; bs, 4, by),
(a1, b, c5; 4, a4, a3) }.

D. Kgg,7 can be decomposed into 20 3-suns as follows:
{(a1, b1, c1; €7, a4, a5), (az, ba, ca; c1, a1, as), (as, bz, c3; ba, az, as),
(a4, b, ca; b6, a1,bs), (as, bs, cs; bz, az, a1), (as, bg, ce; €3, c1, az),
(ag, b1, c3; cs5, as, bg), (a3, ba, c4; bg, 7, b1), (as, b3, cs; c3, cg, ba),
(as, by, c; bg, az, a1), (as, bs, c7; c5, aq, ba), (as, b1, cs; ca, co, b2),
(a4, b2, cg; 7, €3, a3), (as, b3, c7; c2, €1, bg), (ag, by, c1; ba, 3, a4),
(a1, bs, c; bg, c3, bs), (a2, be, c4; c7, c5, ag), (ag, b1, c2; b3, 7, bg),
(a1, b3, cy; 3, c2, a5), (a3, bs, c1; ¢7, ¢, b2) }.

E. Kg 6,5 can be decomposed into 22 3-suns as follows:

{(a1, b1, c15 b2, cs, az), (ag, ba, c2; by, 1, ag), (as, b3, c3; cg, az, ag),
(a4, b4, ca; b1, c1,a5), (as, bs, cs; cs, az, bg), (as, be, ce; b2, c3, az),
(ag, b1, c3; cs5, ¢, a1), (a3, ba, c4; ¢7, ¢5, b1), (aa, b3, c5; b5, 1, ba),
(a5, ba, c6; c1, €2, a1), (ag, bs, c7; b3, €3, ba), (a1, be, cs; 5, az, az),
(a3, b1, c5; cs, €2, ag), (a4, ba, ce; €1, cg, b1), (as, b3, c7; bg, co, a4),
(ag, ba, cs; b1, a3, ag), (a1, bs, c2; c7, cs, as), (az, be, ca; 7, 1, ag),
(a3, bs, c1; 2, c6, ag), (a4, be, c2; €3, €7, b3), (a1, b3, c4; by, cg, bs),
(a5, bg, C3; bl, C7, b4)}

F. K¢,6,10 can be decomposed into 26 3-suns as follows:

{(a, b1, c15 b3, ¢8,b6), (az, ba, c2; by, a1, ay), (as, bs, c3; c1, c2, by),
(a4, by, c4; c3, c1, bs), (as, bs, cs; c2, ¢3, bg), (ag, be, ce; €4, €3, bs),
(ag, b1, c3; b3, a6, a1), (a3, b, ca; bs, co, az), (as, b3, cs; c1, 4, by),
(as, by, cg; c4, €2, b3), (as, bs, c7; ¢3, c8, ag), (a1, be, cs; ca, c7, a4),

(a3, b1, 55 by, €2, b2), (a4, b, cs; bg, c1, b1), (as, bs, c7; c1, cs, a2),

(ag, by, cg; c2, ¢7, a3), (a1, bs, cg; ¢5, 10, az), (a2, bg, c10; s, C9, as5),

(a4, b1, c7; b5, ¢4, 1), (as, b, cs; bg, c3, az), (ag, b3, co; c1, c10, a4),

(a1, ba, c10; ¢6, €9, aa), (az, bs, c1; ce, 2, b3), (as, bs, c2; c6, 4, a1),

(as, b1, co; €3, c10, a3), (ag, b2, c10; ¢5, €7, 03) }.

G. Kgp,11 can be decomposed into 28 3-suns as follows:

{(a1, b1, c15 b2, 8, bs), (ag, ba, c; 7, €11, aq), (as, b3, c3; c11, 2, ba),
(a4, by, cy; 3, €11, b5), (as, bs, cs; c11, 3, bg), (ae, bg, Cg; 3, C4, bs),
(ag, b1, c3; b3, a6, a1), (a3, b, ca; bs, co, az), (as, b3, c5; c11, €4, ba),
(as, by, cg; c4, €2, b3), (as, bs, c7; ¢4, Cg, bg), (a1, be, cg; 4, €11, a4),
(a3, by, 55 c1, €2, b2), (ag, b, c6; bg, c1, b1), (as, bs, c7; c1, cs, as),

(ag, by, cg; c2, ¢7, a3), (a1, bs, cg; ¢5, c10, bg), (a2, be, c10; ¢s, €3, as5),

(a4, b1, c7; b5, ¢4, 1), (as, b, cs; bg, c3, az), (ag, b3, co; c1, c10, a4),

(a1, ba, c10; ¢6, €9, aa), (az, bs, c11; ¢, 2, ag), (a3, be, c2; co, €1, as),

(as, b1, co; €3, c10, a3), (ag, b2, c10; ¢5, €7, a3), (ar, b3, c11; ca, 1, b1),
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(G,Q, b47 Cl; 697 a’37 a’4)}'

H. K¢ 6,13 can be decomposed into 32 3-suns as follows:

{(a1, b1, c15 c13, €2, a4), (ag, ba, c2; c1, €3, b3), (as, b3, c3; by, ¢4, as),
(@4, by, c45 cg, ¢1,b1), (as, bs, cs; 10, €2, as), (as, bs, c; €12, a5, az),
(a2, b1, c3;5 b3, c12, as), (a3, ba, c4; cs, 1, a5), (as, b3, c5; g, c6, b)),
(as, by, cg; €13, €2, a2), (ae, bs, c7; €13, €3, a3), (a1, b, cs; 3, c1, az),
(a3, by, 55 c1, ¢, b2), (ag, ba, ce; 11, ¢7, a1), (as, bs, c7; c12, €1, a2),
(ag, b, cg; c1, €3, b5), (a1, bs, cg; c2, ¢4, a2), (az, bg, c10; €4, €3, a4),
(a4, b1, c7; c13, 8, bg), (as, ba, cg; c1, co, b3), (as, b3, cg; c2, 10, ba),
(a1, by, c10; ca, C5, a3), (az, bs, c11; €13, Cg, ba), (a3, b, c12; cg, €4, a4),
(as, by, cg; c2, c10, bg), (as, b2, c10; €3, €11, bs), (a1, bs, c11; ¢s, €13, bg),
(a2, b, c12; ¢5, 7, b3), (as, bs, c13; c11, €1, ba), (ag, bg, c2; bs, c13, a3),
(ag, b1, c11; ¢4 €13, a5), (a1, b2, €125 ¢7, €13, bs) }.

. Ks 6,14 Can be decomposed into 34 3-suns as follows:

{(a1, b1, c1; c13, 2, a4), (az, by, co; c1, 3, b3), (a3, b3, c3; c10, ¢4, as5),
(@4, by, c45 bs, c1, b1), (as, bs, cs; c14, 2, as), (as, bs, c; C12, a5, az),
(a2, b1, c3; ¢, €12, aa), (a3, ba, c4; c2, 1, as), (as, b3, cs; cg, cg, bs),

(as, by, c; €13, €2, A2), (ae, bs, c7; €13, €3, a3), (a1, b, cs; 3, ¢2, a2),
(a3, by, 55 cs, ¢, b2), (aa, ba, c6; 11, ¢7, a1), (as, bs, c7; c12, 1, a1),
(a, ba, cg; c1, €3, b5), (a1, bs, co; c2, ¢4, b2), (a2, bg, cio; ¢4, €3, a4),

(a4, b1, c7; €2, €14, bg), (as, ba, cg; c1, 14, b1), (ag, b3, cy; c2, c10, ba),
(a1, ba, c10; €a, €5, a5), (az, bs, c11; c14, C6, ba), (a3, be, c12; co, C4, a4),
(as, b, cg; c2, c10, bg), (as, ba, c10; €3, €11, b5), (a1, bs, c11; ¢5, ¢s, bg),

( ), (a3, bs, c13; c11, €1, bg), (a4, bg, c14; €8, 1, bs),

( bs), (ag, bs, c13; ¢, C14, G4),
(

ag, by, c12; c5, 7, b3),
ag, b1, c11; €4, €13, a5), (a1, b, c12; c14, €13, bs
as, ba, c145 1, €13, a6) }-
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