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THE INITIAL VALUE PROBLEM AROSE FROM UNPERTURBED
HUMAN TUMOUR CELL LINES

Yu-Hsien Chang, Kang Fang and Guo-Chin Jau

Abstract. To learn more of the phase distributions in unperturbed human
tumour cells is a prerequisite prior to understanding of those in the perturbed
cells. The work is important in understanding the efficiency of anti-cancer
therapy. In this paper we investigate the existence, uniqueness and growth
rate of the solution to a mathematical model of unperturbed human tumour
cell line. At first, we construct the solution of this mathematical model by
the method of continuation of solution, and then show the solution is unique.
Finally, we find that the growth rate of the solution with respect to time
is faster than exponential function. The basic mathematical techniques used
here are variation of parameters and upper and lower solutions for differential
equations. These results allowed one to estimate the cells population in each
phase at specific time while one does not have cells mitosis DNA distribution
data and it can also be used to compare with the perturbed cell lines.

1. INTRODUCTION

Cell proliferation is closely associated with cell growth, programmed cell death
and tumor formation. The progression lays foundation for cell differentiation. As
cells enter mitotic division, the two daughter cells acquire the same genetic informa-
tion and, as they grow, the heredity propagates from generation to generation. The
growth of cells involves DNA duplication before mitosis, which constitutes part of
cell cycle. Most of the cells stay at the interphase between the two successive cell
divisions. During mitosis, the cell chromosomes undergo DNA duplication first and
the tetraploid chromosomes are distributed evenly to two daughter nuclei following
mitosis. Cell cycle can be divided into four distinct phases, e.g., G1-, S-, G»- and
M-phases (Fig. 1). DNA replication occurs during synthesis phase or S-phase, in
which the new chromosome components were formed. The duration between previ-
ous mitosis and the initiation of S-phase is termed G ;-phase. The enzymes required
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for DNA synthesis appeared at the final stage of G;-phase. As cells leave S-phase
and enter Go-phase, an increase of protein assists in cell division. The completion
of G-phase marks transition into M-phase, i.e. the initiation of mitosis.
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Fig. 1. Cell cycle

This diagram is the phase transition of a cell population. The cell cycle has four distinct phases: G1-, S-,
G2- and M-phase. Here k1 is the hourly rate of transition of cells from Gp-phase to S-phase, ko is the
hourly rate of transition of cells from Gp-phase to M-phase and b is the hourly rate of cell division from
M-phase to G1-phase. The square box shaped in the S-phase depicts the assumption that cells spend a
fixed time (Tg hours) in the S-phase.

One way to describe the progression of cell cycle in a cohort of cells is achieved
by measuring their DNA variation through flow cytometry. The method involves
DNA staining with fluorescent materials and the emitted fluorescence is proportional
to cellular DNA contents. The histograms obtained in analyzed cells signify cell
phase distributions, in which similar DNA contents at each phase are sorted together.

Anticancer drugs affected growth of cancer cells through programmed cell death
(apoptosis) and cell cycle arrest. Due to different sensitivities to the drugs on
various cell lines, the characteristic durations at each phase as obtained from DNA
histograms by flow cytometry reflect the efficacy after treatment. In this work, we
will define “perturbed” as the cancer cells having been exposed to therapy, while
“unperturbed” as those unexposed. In order to understand the efficiency of anti-
cancer therapy, it is important to understand the proliferation of unperturbed cells
at first. For that purpose, we have developed a mathematical model to analyze and
compare cell lines unperturbed by any therapy. This essential step is a prerequisite
prior to comparison with the perturbed cell lines, since all designed experiments
begin with unperturbed cells. The results from our analysis yield good results with
significant implications.

Recently, the mathematical modeling of the cell population was broadly studied
(see e.g., [1-13, 20-21, 23-27]). In [2] (2004), Basse and others proposed a mathe-
matical model concerning the dynamics of unperturbed human tumor cell population.
This mathematical model involves the following four differential equations:

%Gl (1‘, t) = 4bM (2%‘, t) — lel (1‘, t),
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%GQ (1‘, t) = § (1‘, t; Ts) — kQGQ (1‘, t),

%M (z,t) = kaGo (x,t) — OM (x,t),
which accompany with the following initial and boundary conditions:
G1(z,0) = Gip(x), 0<xz<L,
S (z,0;7) = So (x;7), 0<7<Tg, 0<z<L,
S (z,t0) = k1Gy (x,t), t>0, 0<x <L,
D25 (0,t;7) —gsS (0,t;7) =0, t>0, 0<71<Ts,
DZS(L,t;7)— gsS (L, t;7) =0, t>0, 0<7<Ts,
Ga (2,0) = Gap (), 0<z<L,
M (z,0) = My (z), 0<z<L.

49

More precisely, Gy (z, t) represents the number density of cells in G-phase at time
t > 0 (hours) where 0 < z < L is the relative DNA content (dimensionless) and
L is the maximum DNA content. The number density of cells that have been in

the S-phase for = hours at time ¢ is S (z,¢;7) and S (z,t) = OTS§

(x7 t7 7_) dTy

while the number densities of cells in the G o-phase and M -phase are G2 (z,t) and
M (x,t), respectively. Model parameters with their descriptions are the following:

k1 is the hourly rate of transition between the G1- and the S-phase;

D is the dispersion coefficient;
gs is the rate of DNA increase per hour in S-phase;

T is the time in S-phase;

ko is the hourly rate of transition between the G- and the M -phase;

b is the hourly rate of division from the A/-phase.

In [5], by integrating the differential equations (with boundary conditions) with
respect to = from 0 to L, they proposed a new unperturbed tumor cell population
mathematical model to describe the population functions of cells in G-, S-, G-

and M -phases respectively as follows:

(1.1) %nl (#) = 2bnas (t) — kams (1),
(1.2) 9 s (tm)+ Lng (t,7) =0,

or ot
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d

(1.3) 572 (O) = ns (8, Ts) — kana (1),
d
(1.4) Py (t) = kana (t) — bnar (t),
where t > 0, 0 < 75 < T, ny (¢ fOGlxt)dx ns (t,7) fo (x,t;7)dz,
ne (t) = fOL Gs (x,t)dx and nypy ( fo (z,t) dz. The functions ny (t), ns (t)

and n, (t) represent the tumour ceII populations in G-, Go- and M -phases at time
t, respectively; and the function ng (¢, 7) represents the tumour cell population in
S-phase at time ¢ for them already stated in there for T hours In equation (1.1)
na (t) = 02L M (z,t) dx while in equation (1.4) ns ( fo (x,t) dx, which
is based on the fact that the cell fission only occurred whlle the DNA content has
duplicated. They assumed that the maximum DNA content L is chosen large enough
so that the two integrals are equal (that is fOQLM(x,t) dr = fOLM(x,t) dx).
Since n; (t) represents the tumour cell population in G-phase at time ¢, ng (¢, 7)
represents the tumour cell population in S-phase at time ¢ for them already stated in
there for ~ hours and k1 represent the hourly rate of transition from G1-phase to S-
phase, these imply that ng (¢,0) = kiny (t) for 7 = 0. Thus, the initial condition in
the S-phase for equation (1.2) corresponding to 7 = 0 is ng (¢,0) = kiny (¢). The
initial conditions in each phases corresponding to ¢ = 0 are obtained by integration
over z of the initial DNA distributions G'1 (x), So (%;7), G2 (z) and My (z),
respectively; i.e., the initial conditions of cells population functions in each phases
are given by:

(1.5) nio =1 (0) = [ G (z)da,
(1.6) nso (1) =ns (0,7) = [ So (z,7)dz, 0<7<Ts,
(1.7) oo =n2(0) = [ Gog (2) da,
(1.8) naro = n (0) = [i My () da
(1.9) ng (£0) = kiny (t), t>0

Since both ng (¢, 7) and ny (t) are continuous functions, we have
ng,o(0) =ng (0,0) = }in%ng (t,0) = }in%klnl (t) = kinq o.

In [5], they used finite difference method with Matlab as a tool to get the nu-
merical solution of this differential system; they also compared the solution with the
experimental data to illustrate the validity of this mathematical model. This human
tumor cell mathematical model allowed one to estimate the cells population in each
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phase at specific time while one does not have cells mitosis DNA distribution data.
Hence one can obtain the flow cytometric profile at any particular time (see e.g.,
[27]) and study the problem of the steady DNA distribution (so called SDD prob-
lem) for human tumor cell’s DNA. Furthermore, one can extrapolate the efficiency
of the anticancer therapy.

In section 2, we are trying to find the representations of the solutions of (1.1)-
(1.9) in terms of closed forms. At first, we declare without proof a well-known
result that the solutions of the differential system (1.1)-(1.4) are also the solutions
of an integral system (2.1)-(2.4) (please see theorem 2.1), and then we apply the
continuation of the solution method to construct the solutions of the integral system.
We proved the uniqueness of the solutions of the integral system in theorem 2.2.
Under the assumption ng (7) to be a continuously differentiable function on [0, T’s]
with ng ¢ (0) = k1n1 0, we prove that the solution of the integral system (2.1)-(2.4)
is also the solution of the differential system (1.1)-(1.9) except possibly on the line
t = 7 (please see Theorem 2.3). At the end of section 2, we show that if the initial
function ng satisfying the condition %n&o (0) = k?ny o — 2bkinyo then the
solution of the integral system (2.1)-(2.4) is also the solution the differential system
(1.1)-(1.9) (please see Theorem 2.4). However, this condition just comes from the
mathematical point of view.

If one understands the populations of unperturbed cell lines at a certain time, he
can follow the procedure in the proof of Theorem 2.2 to compute the unperturbed
cell populations in each phase at any time afterwards. From the closed form of
unperturbed cell line population functions

ny (t) = exp (—kit) n1 o+ 2b /t exp (—k1 (t —n))nar (n) dn,

0
(1) nso(r—t) if Ts>7>t>0,

ng (t,7) = _
king (t—7) if co>t>7>0,

ng (t) = exp (—kat) nap + /Ot exp (—ka (t —n))ng (n, Ts) dn,
na (1) = exp (—bt) naro + k2 /0 exp (=b(t —n))n2 (n)dn,

for all ¢ € [0,00) and 7 € [0, Ts], the populations in each phase were depending
on the initial functions and transition coefficients, respectively. The work explains
why the populations in each phase of different unperturbed cell lines are distributed
differently. Furthermore, if the populations of human tumor cells in each of G-,
S-, Go- and M-phase of unperturbed cells at a certain time can be understood, it
is then predictable how those in each phase of unperturbed cells be like. The result
can be further extended to compare with the phase distributions in tumor cells under
anticancer treatments and hence to predict their efficiency.
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In Section 3, we are going to estimate the growth rate of the unperturbed
cell line populations in each phase. For achieving this goal, we apply the up-

per and lower solutions method. We first show that if {( (m) plm, ﬁ({”),ﬁg&”)”

and {(@(lm) ngm),@gm),@g;”)) } m € N are maximal and minimal sequences for

this mathematical model, then they possess the monotone property n; < n(m) <

n(m) < ) < B < 5= 1,2, S or M) for all m € N. We prove
the maX|maI and the mmlmal sequences converge monotonically from above and
below respectively to a unique solution (ny, ng, ns, nys) of the system (1.1)-(1.4)
(please see Lemmas 3.1-3.3 and Theorem 3.1). In general, as long as the tumour
cell is observed, the populations in each phase are positive. So, we may assume
that ny (0) > 0, min ¢ 7gns (0,7) > 0, na (0) > 0 and nyy (0) > 0. Under these
assumptions, we find the functions

A1 (t) = £, fig (1) = pet=7), iy (1) = “*5) pect and 7ing (t) = L2 pect

are lower solutions for the system (1.1)-(1.4), and hence the population functions
satisfy
ni (t) > k

for all ¢ € [0, 00) and all 7 € [0, Ts]. In these mequalltles, 0, € and p are positive
constants depending on the initial functions and transition coefficients (please see
Theorem 3.2). Thus the growth rate of the population in each of the G-, S-, Gs-
and M -phase of unperturbed cells is faster than an exponential function.

The results of section 2 and section 3 can be further extended to compare with the
phase distributions in tumor cells under anticancer treatments and hence to predict
their efficiency (please see the last section).

,ng (t, 1) > pest=7) ny (t) > (1+6) pect and npy (t) > 152 pect

1

2. EXISTENCE AND UNIQUENESS

In this section we show the existence and uniqueness of a solution of the initial-
boundary value problem (1.1)-(1.9). We start with the statement of a well-known
result that a solution of the differential system is also the solution of a corresponding
integral system. However, the proof of this theorem is standard and straight forward;
we left the details of the proof for the interesting reader.

Theorem 2.1. If (ny (t),ngs (¢, 7),n2(t),nar (¢)) is the solution of the initial-
boundary value problem (1.1)-(1.9) with the initial condition (n 1, nso (7) , n2,0,
na0) on [0, 00) x [0, Ts], then the solution (ny (¢) ,ng (t,7),n2 (t) , nar (t)) sat-
isfies the following integral system:

(2.1) ny (t) = exp (—kit) ny o + 20 /Ot exp (—k1 (t —n)) nar (n) dn,
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nS’Q(T—t) if T¢>7>t>0,
(2'2) nS(t?T):{klnl(t—T) if OO>tZTZO,
(2.3) ny (t) = exp (—kat) ng0 + /0 exp (—kz (t —n)) ns (n, Ts) dn,
(2.4) nar (t) = exp (—=bt) naro + kg/o exp (=b (t —n))na2 (n)dn.

We prove that the integral system (2.1)-(2.4) has a unique solution (n; (¢) , ng
(t,7), na2(t),nu (1))

Theorem 2.2.  Suppose n1,, n2,0, nao € R, and ngo (7) is a continuous
function on [0, T's] with ngo(0) = kinio. Then the system (2.1)-(2.4) has a
unique solution (n1 () ,ng (t, 7),n2 (t) ,nar (t)).

Proof. To construct a solution of the integral system (2.1)-(2.4), we divide
the interval [0, c0) into subintervals [(n — 1) T's,nTg| for all n € N. Firstly, we
consider the case that (¢,7) € [0,Ts] x [0,Ts]. Let u; o : [0,Ts] — R be defined
by

t
uy2 (t) = exp (—kat) nap + / exp (—ka (t —n))nso (T's —n) dn.
0

From assumption, w; 2 () is a continuous function on [0, Ts]. Thus we can
subsequently define functions w; 57 : [0,Ts] — R, u;; : [0,Ts] — R and u; g :
[0,Ts] x [0,Ts] — R by

t
uy v (t) = exp (=bt) naro + k2/ exp (=b (t —n)) u1,2 (n) dn,
0

t

up,1 (t) =exp (—kit)nio+ Qb/ exp (—k1 (t —n)) w1, () dn,
0

nS’Q(T—t) if T¢>7>t>0,

ui,s (t, T) = {

klul,l(t—’i') if TsthTZO.

Obviously, u; s (t) and w; ; (¢) are continuous functions on [0, Ts]. Since both
ns,o and kjuqp ; are continuous in their domain, and

lim nS’() (7‘ — t) = nS’() (0) = klnl,o = lim +k1u1,1 (t — 7') s

T—t—0+t t—7—0

uy,s (¢, 7) is also a continuous function on [0, T's] x [0, Ts]. According to this
definition, u; s (1, T's) = nso (T's —n) provided that T's > ¢ > n > 0 and hence

t
u2 (t) = exp (—kat) nao + / exp (—ka (t —n))u1,s (n,Ts) dn
0
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forall Tg > t > n > 0. These Imply that (ul,l (t) , U1,8 (t, 7') , U1,2 (t) , UL, M (t))
is a solution of the system (2.1)-(2.4).

Secondary, we consider the case that (¢,7) € [Ts,2Tg| x [0,Ts] . Let ugg :
[Ts,2Ts] — R be defined by

t—Tg
ug2 (t) = e_kQ(t_TS)ul,g (Ts) + k1 / exp (—ko (t — Ts — 1)) u11 (1) dn.
0

Since w; ;1 (¢) is a continuous function on [0, T's|, ug 2(%) is a continuous function
on [Ts,2Ts]. Set functions ug ps : [Ts,2Ts] — R, ug; @ [Ts,2Ts] — R and
ug.s : [Ts,2Ts] x [0,Ts] — R subsequently by

t

ug v (t) = exp (=b (t — Ts)) ui,m (Ts) + k2/T exp (=b (t —n)) uz,2 (n) dn,

t

ug1 (t) = exp (—ki (t — Ts)) ui1 (Ts) + Qb/T exp (—k1 (t —n)) uz,n (1) dn,

klul,l(t—’i') if Tg+7>t>1Tg,

uz § (t, T) = {

kl’ILQ,l(t—T) if 2Tg>t>Tg+T.

respectively. Then wg as (t) and usg; () are continuous functions on [T, 27%].
Moreover, since both kju; 1 and kjug 1 are continuous in their domain, and

lim U1 (t — 7‘) = Ui, (TS) = U2 (Ts) = lim U 1 (t — 7') ,
t—7—=Tg t—1—Tg+

ug,s (t,7) is also a continuous function on [T’s, 27s] x [0, Ts]. Let functions n; :
[0,2Ts] — R, ng : [0,2Ts] — R, nps: [0,2Ts] — R and ng : [0,2Ts] x [0, Ts] —
R be defined by

uiy () if 0<t< Ty,
m () = { ugy (t) if T <t < 2Ts;

wia(t) if 0<t< Ty,
ma (¢ :{u22(t) if T <t < 2Ts;

uy ap (t) if 0<t<Tg,
v (1) :{ ) if Ty <t < 2T

urs (t,7) if 0<t<Ts 0<7<Tg,
ns(tﬁ):{ us,s (t,7)  if Tg<t<2Tg,0<71<Ts.

Then they are solutions of (2.1)-(2.4). In fact, from the definitions of these
functions, we have
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nat (£) = wiat () = exp (—bt) naro + ko /0 " exp (—b (t — 1)) w2 (n) di

t
0

and
nym (t) = 'UIQ’M (t)

t

— exp (b (t — T)) wr.nt (Ts) + k2/T exp (—b (t — ) uza (1) dny

Ts
= ¢ ¥(t-T5s) [e_bTSnM,o + kz/ e_b(TS_n)ulz (n) dn]
0

t
—i—kg/ e_b(t_")uQ,g (n)dn
Ts

Ty t
— e o + ko / ™"y () dn + ks / ey () dn
0 Ts

t
= e_btnM,o + kg/ e 0t=mp, (n)dn forall Tg <t <2Tg.
0
Thus,
t
na (t) = exp (—bt) nM,o—i—kg/ exp (=b(t —n))n2(n)dn forall te€[0,2Tg].
0
Similarly, we have
t
ny (t) = e *tng o+ Qb/ e MMy (n)dn forall ¢ € [0,27T],
0
and
t
na (£) = 119 (£) = exp (—kt) nao + / exp (—ks (£ — ) us.s (n, Ts) dn
0
t
= e_thnz,o + / e_kQ(t_n)nS (n,Ts)dn forall 0 <t <Ts.
0

Since ng (n,Ts) = ug,s (1, Ts) = kiui1 (n — Ts) as long as 2Ts > ¢t > n >
Ts, this implies that

ny () = ugz2 ()
e_kQ(t_TS)UJQ (Ts) + / eTh s n)ulal (n)dn

= e (= Ts)py (Ty) + / Ry, ) (n - Ts)dn
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Ts t
= e Ftny gy + / e k2= (n, Ts) dn + / e k2(t=ng (n, Ts) dn
0 Ts
t
= exp (—kat) nap + / exp (—ka (t —n))ns (n, Ts) dn
0

for all Tg < t < 2Ts. Now, we consider the function ng (¢,7) on the region
[0,2Ts] x [0, Ts]. As (t,7) in the region [0, Ts] x [0, T’s], we have

nS’Q(T—t) if Tog>7>¢t>0,
klul,l (t—’i‘) :k1n1 (t—’i‘) if TS ZtZT ZO.

ng (t,T)zul,S (t,T)Z{

As (t,7) in the region [Ts,2Ts] x [0,Ts], then either Tg + 7 > t > Tg or
Qs >t>Ts+7. IfTg+7>t>Tg, thatis Tg > ¢t — 7 > 0, then

ng (t,7) =uzs(t,7) =kui1(t—7)=king (t —7).

On the other hand, if 2T >t > T + 7, that is 2T >t — 7 > Ty, then
ng (t,7) =ua,s(t,7) =kiug 1 (t —7) =king (t — 7).

These imply that

(t.7) nso(r—t) if Ts>7>t>0,
ng (t,7) = )
klnl(t—’i') if 2T'¢>t>7>0.

With a similar argument, one can extend (n; (¢) ,ng (t,7),n2 (t) ,nar (t)) to a
global solution of the system (2.1)-(2.4).

This theorem will be proved as long as we show that (nq (¢),n
naz (t)) is the unique solution of (2.1)-(2.4). Suppose that (vy (¢) ,v
vps (t)) is a solution of the system (2.1)-(2.4), then they satisfy

(tv T) ) T2 (t) )
(tv T) ) U2 (t) )

S

S
t

vy (t) = exp (—kit) n1 o + Qb/ exp (—k1 (t —n))var (n) dn,
0

(t.7) nS’Q(T—t) if T¢>7>t>0,
vs (K, 7) = .
kl’l)l(t—’i') IfOO>tZTZO,

vg (t) = exp (—kat) nap + /0 exp (—ka (t —n)) vs (n, Ts) dn,

o (6 = exp (b0 maso + b | " exp (= (¢ = ) va () di
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From the closed forms of ny (t), nas (t), v1 (t), vasr (t), we have

[n () — o1 (B)] < 20 /Ot exp (=k1 (¢t =n)) [nar (n) = vn (n)] dn,

and ‘
s (t) = var ()] < kz/ exp (=b (t =) Inz (n) — v2 ()] dn-
_ 0
Since

t
v (t) = exp (—kat) noo + / exp (ko (t —n)) vs (n, Ts) dn
0
Ts
= e_thnz,o + / e_kQ(t_n)nS,o (TS — 17) dn
0

t
+kq / e_kQ(t_")vl (n—"Ts)dn
Ts

Ts
= e"”tm,oJr/ e_kz('?")ns,o (Ts —m)dn
0

t—Ts
+kyeh2Ts /O e~k &My, () dn,

we have

2 () — v (B)] < ’ﬁe’”Ts/O e (=ka (t =n)) [n1 (n) — w1 ()] dn

t
< kyeheTs / exp (—ka (¢ — 1)) [nn () — v ()] .
0
Let K = max {klekQTS, ko, 26}, a = min {ky, k2, b} and

9.(t) = |m (£) = v1 (B)] + [ma (£) — va (8)] + Inag (1) — vas ()] forall ¢ € [0, 00).
Then ¢
g(t) <2b /0 R s () — oag ()] dy

t
kTS / e~k ny () — vy ()] diy
0
t
s / e ny () — vy ()] dy
0

< K/O e—et=) (Inar (m) —var ()]

+[n1 (n) —v1 ()| + |n2 (n) —v2 (n)]) dn

t
= K/ e Mg (n)dy forallt € [0, 00).
0
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This implies that e®*g (t) < K [} e*7g (n) dn for all ¢ € [0, c0). By Gronwall’s
inequality e“*g (t) = 0 for all ¢ € [0, co), and hence

g(t) = |n1 (t) — o1 ()] + |n2 () —va ()] + |nas (8) — o ()] = 0

for all ¢ € [0,00). Therefore ny (t) = vy (t), n2 (t) = ve (t) and nay (t) = var ()
for all ¢t € [0, 00). These imply that ng (¢, 7) = vg (¢,7) on [0, 00) x [0, Ts|, and
the proof of this theorem is complete. ]

We will end this section by proving the solution (n; (t) , ng (¢, 7),n2 (t) , nas (1))
of the integral system (2.1)-(2.4) satisfies the differential equations (1.1) and (1.3)-
(1.9), and ng (¢, ) satisfies the differential equation (1.2) for all (¢,7) € [0, c0) x
[0, Ts] except possibly on the line ¢ = 7. Furthermore, we will show that if the
initial condition (nl,o, nS,0 (7‘) , 2,0, nM7()) satisfies that 11,0, 12,00 MM,0 € R, and
ng,o (7) is a continuously differentiable function on [0, T's] with ng (0) = kin1,0
and ”fs*,o (0) = k?ny o — 2bkiny o, then the solution satisfies the initial-boundary
value problem (1.1)-(1.9). In fact, we have following two theorems.

Theorem 2.3. Suppose ni, n20, nao € R, and ngo (7) is a continu-
ously differentiable function on [0, T's] with ngg (0) = kini o, then the solution
(ny1(t),ns (t,7),n2(t),na(t)) of the system (2.1)-(2.4) satisfies the differen-
tial system (1.1), (1.3)-(1.9), and ng (¢, 7) satisfies the differential equation (1.2)
except possibly on the line t = 7.

Proof.  Since (n (t),ng(t,7),na(t),nar(t)) is the unique solution of the
system (2.1)-(2.4), we see that nys (¢), ns (t, Ts), ne (t) are continuous on [0, co)
and

ni (t) = exp (—kit)nio + 26/0 exp (—k1 (t —n)) nar (n) dn,
ng (t) = exp (—kat) na o + /0 exp (—ka (t —n))ng (n, Ts) dn,

na (t) = exp (=bt) naro + kg/o exp (=b(t —n))n2 (n) dn.

Obviously, n; (t), na (t), nas (t) are continuously differentiable on [0, c0). In
fact, we have

%m( t) = 2bny () — kana (1),

d
EnQ (t) =ns (tv TS) - k2n2 (t) )

%n]\/[ (t) = kana (1) — brag (1),
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for all 0 < t < oo. Since ngp (7) is a continuously differentiable function on
[0, Ts] and

(1) nso(r—t) if Ts>7>t>0,
ns(t,7) = )
kini(t—71) if co>t>72>0.

We have
0 0
Ens(t,’i') + Ens(t,’i') =0, forall 0<t<o0,0<7<Tg,t#T.
We also have nq (0) = N1,0, N2 (0) = N2.,0, N\ (0) = NM,0, NS (0, 7') =ngs0 (7‘)
forall 0 < 7 < Tg and ng(t,0) = kiny (t) for all 0 < ¢ < oco. The assertion of
this theorem is established. qged

Theorem 2.4. Suppose n1,, n2,0, naro € R, and ngo (7) is a continuously
differentiable function on [0, T's] with ng (0) = kim0 and “tngo (0) = king o —
2bkinaso. Then the initial-boundary value problem (1.1)-(1.9) has a unique solution
(ny () ,ng (t,7),n2(t),nar (t)).

Proof. From Theorem 2.2 and Theorem 2.3, the system (2.1)-(2.4) has a unique
solution (nq (t) ,ns (t,7),ne (t) ,nar (t)). Moreover, (ny (t),ngs (t, 7),na (t), nar (t))
satisfies (1.1), (1.3)-(1.9) and ng (t, 7) satisfy the differential equation (1.2) except
possibly for ¢t = 7. Since Lng (0) = k?ny,9 — 2bkina,o and

(t.7) nso(r—t) if Ts>7>t>0,
ns(t,7) = _
kina(t—71) if co>t>72>0,

both Zng (t,7) and Lng (¢, 7) exist, and they satisfy the equation Zng (¢, 7) +
a%ng (t,7) =0forall 0 <t < oo, 0 <7 <Ts. The conclusion of this theorem

follows. n

3. GRowTH RATE

In this section we study the growth rate of the solution of the initial-boundary
value problem (1.1)-(1.9). To achieve this goal, we need the following lemmas as
preliminaries. In fact, they are crucial for this purpose. To simplify the notations,
we denote by C* [0, 00) and C ([0, c0) x [0, Ts]) as the sets of functions that are
continuously differentiable in [0, co) and [0, c0) x [0, T’s], respectively.

Lemma 3.1. Suppose w € C* ([0, 00) x [0, Ts]) satisfies following inequalities
0 0
— — >0 for all <Ts;
[c]laTw(t,r)+atw(t,r)_0 orall 0 <t <oo0,0<7<Ts;
w(0,7) >0 forall 0 <7 < Tg;

w(t,0) >0 forall 0 <t < 0.



60 Yu-Hsien Chang, Kang Fang and Guo-Chin Jau

Then w > 0 on [0, 00) x [0, Ts].

Proof. As (t,7) € [0,00) x [0, Ts], we define z (n) = w (t +n, 7+ n) for all
max {—t,—7} <n <Ts—7. Thenz' (n) =w; (t +n, 7+ n)+tw, (t+n,7+1n) >
0. 1ft>r7,then—7 <n<0<Ts—7andhencez(0)—z(—7) = f_OT z'(n)dn >
0. This implies that w (¢, 7) > w (t — 7,0) > 0. On the other hand, if ¢ < 7, then
—t<n<0<Ts—7andhence z (0) — z (—t) = f_ot z' (n)dn > 0. These imply
that w (¢,7) > w (0,7 —t) > 0. Therefore, w > 0 on [0, c0) x [0, Ts], and the
proof of this lemma is complete. ]

Lemma 3.2. Suppose v > 0 is a constantand v € C'! [0, oo) satisfies following
inequalities
d
%v(t) +qv(t) >0 forall 0 <t< oc;

v (0) > 0.

Then v > 0 on [0, o0).
The proof of this lemma is trivial, we omit here.

We call a vector function
(n1,ns, e, nar) € c! [0, 00) x c! ([0, 00) x [0, Ts]) x c! [0, 00) X c! [0, 00)

to be an upper solution of (1.1)-(1.9) if it satisfies the following inequalities:

(31) %ﬁl (£) + Frfi (£) > 2b7ag (1), forall 0 < £ < oo,

(3.2) %ﬁs (t,7) + %ﬁs (t,7) >0, forall 0 < t < 00,0 < 7 < T,
(33) %52 (£) + kafia (£) > s (¢, Ts) , forall 0 < £ < oo,

(34) %ﬁM (£) + biing (£) > kafia (), forall 0 < ¢ < 0o,

(3.5) n1 (0) > na 0,

(3.6) ns (0,7) > ngo(r), forall0 <7 <Tg

(3.7) n2 (0) > nap,

(3.8) na (0) > naso,

(3.9) ns (t,0) > kiny (t), forall 0 <t < oo.
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Similarly, (71, 7ng, N2, Mar) € C [0, 00) x Ct ([0, 00) x [0, Ts]) x C* [0, 00) X
C' [0, 00) is called a lower solution if it satisfies the above inequalities in reversed
order. The pair of upper solution and lower solution are said to be ordered if

(1, 1s, N2, nar) > (M1, Mg, N2, M) -
For a given pair of ordered upper and lower solutions, we set
Q = {(n,ns,n2,np) €Y 1 (N1, N, Na, Tipr)
< (n1,ns,n2,nar) < (01, ng, N2, i) }
where Y = C'[0, 00) x C ([0, 00) x [0,Ts]) x C'[0,00) x C'[0, 00).
Given any initial iteration (n(lo),ng?),ngo),nﬁ\go we can construct a sequence

(n(lm), nfgm) ,n(Qm), n%?) m € N, according to the following iteration process:

(3.10) %n(lm) (t) + kln(lm) (t) = ang\?_l) (t), forall 0 <t < oo,
(3.11) %ngm) (t,7)+ %ngm) (t,7) =0, forall0 <t <o0,0<7<Tg,
(3.12) %ngm) (t) + kgn(Qm) (t) = nfgm_l) (t,Ts), forall0 <t < oo,
(3.13) %ng\?) (t) + bng\?) (t) = kgn(Qm_l) (t), forall0 <t < oo,
(3.14) n{™ (0) = nyy,

(3.15) nfgm) (0,7) =ngo (1), forall0 <7 <Tg

(3.16) n(2m) (0) = n2,

(3.17) n™ (0) = naro,

(3.18) nfgm) (t,0) = kln(lm_l) (t), forall 0 <t < oo.

It is obviously that this sequence is well-defined and it can be represented as

t
(3.19) n(lm) (t) = exp (—k1t) n10 + Qb/ exp (—k1 (t —n)) ng\?_l) (n) dn,
0

nS’Q(T—t) if T¢>7>t>0,
(3.20) n™ (t,7) =

kln(lm_l) (t—7) if co>t>72>0,
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(321)  nY™ (1) = exp (—kat) noo + Ji exp (—ko (t — 1)) nd" Y (n, Ts) dn,

(322)  n\™ (1) = exp (=bt) naro + ko [Lexp (=b (t — n) nS™ " () dn.
We call {(ﬁ(lm),ﬁgm),ﬁgm),ﬁg?)} a maximal sequence, if

(n?, 00,0} = (1, Tis, 7o, )

and we call {(ﬂgm%@gm),@gm),@g;”))} a minimal sequence, if

((0) (0) (0) (0)

0 0 n)) = (i, Tis, i, i)
The following lemma gives the monotone property of these sequences.

Lemma 3.3. The maximal and minimal sequences possess the following mono-
tone properties:

(3.23) A <ni™ <™ <ai™tt <p™ <qmy,
(3.24) s <0 <nlMY <plmth <plm < g,
(3.25) fp <nf™ <nf™V <Y <@ <,
(3.26) v <l <ol <l < ml <y

for all m € N,

Proof. Letw; =m\) —n” =7 —m", wg =AY —ny) = fg — 0y,

20 _ 0 M S0 () _ = ) pen

wo =Ty — =ng —Ny and wyr =N, =Ny, =Ny — Ny, .
d d _ ~ ~
Ewl (t) + kiwq (t) = Enl (t) + k1 (t) — 2bnyy (t) >0
d d _ - ~
E’wg (t) + kows (t) = Eng (t) + kono (t) —ng (t, Ts) >0

%wM (£) + b (t) = (%ﬁM () + biias (t)) ~ hain (£) > 0

w1 (0) = ﬁl (0) —MN1,0 > 0, w9 (0) = ﬁg (0) —Nn20 > 0,

(Y3 (0) =Nmpm (0) — NM0 Z 0.
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By Lemma 3.2, we have that w; (t) > 0, ws (t) > 0 and wys (¢) > 0 on [0, 00).
Therefore,

0 0 0 0 d_q) 0 _(1)
= = >
ots T o = (&m”%h ) (&S o 0

wg (0,7) =ng (0,7) —ngo(r) >0, for0<7<Tg,
ws (t,0) = 7is (t,0) — 7y (£,0) = 7ig (t,0) — ki (1)
> ki (t) — kv () = 0,

forall 0 <t < oo. By Lemma 3.1, wg (¢, 7) > 0 on [0, c0) x [0, Ts]. This implies
that
( (1) (1) —(1) —(1)> < (5(0) =(0) —(0) —(0)>_

nyHNg Ny s Ny 1 55Ng Ny My

A similar argument using the property of a lower solution gives

0 0 0 1 1 1
(2.2 2, 29) < (.0, 0, 1))

Let v%l) :ﬁ(ll)—ﬂ(ll), v(Sl) :ﬁ(sl)—ﬂ(sl), Uél) :ﬁ(l)—n(;) and vﬁ\}) :ﬁg\? —Qg\?.
Then

dt

d d
<n+k1<y_<%4u+h4n> <ﬁ<n+th>

~ - d
=2b (nM — nM) > OE’US) + kg’l)(l)

d_(1)  , (1) d<n (1)
<dt + kony dt + kony

=ng (t, Ts) —ng (t, Ts) >0

d 1 d_q _a d @ 1 -
dtv§w)+bv§w):<dt O o ()) (dt ¢+ bn )>:k2(n2—n2)20
’U%l) (0) an,o—nl,ozo, Uél) (0)=n2,0—n2,0=0,

5\}[) (0) =Nnpo —NMmMo = 0.

By Lemma 3.2, we have that vf) (t) >0, vél) (t) > 0 and vﬁ\? (t) > 0 on
[0, 00). Therefore,



64 Yu-Hsien Chang, Kang Fang and Guo-Chin Jau

9 m, 9 9_y, 9 _ 9 m_ . 9 m
il - N - _ [ = - >
at’s T artst T\ TS s T s ) 20

v (0,7) = ngo (1) = nso (7) =0, for 0 <7< Ts,
og (8,0) =75 (1,0) —n§ (1,0) = k7" (1) — kinl” (¢)
= k1 (n1 (t) —n1 () >0,
for 0 <t < co. By Lemma 3.1, q(gl) (t,7) > 0on [0,00) x [0, Tg]. This implies

that
1 1 1 1 (1) (1) (1) (1
(n(l ),ng),ng ),ng\/[)> < (n(l ),ng),ng),ng\/[)> .

The above conclusions show that

(@(10), ng?), n(go) ) nﬁf?) < (@(11) ) nfgl), ﬂ(21)7 nﬁf})

s Ibg 5 by 5 Tlpr 1 > 7n27nM

< <ﬁ(11) 7 =) ﬁ(1)> < (W(o) ﬁg)) —(0) _(0)>'

The monotone property (3.23)-(2.26) follows by an induction argument. The

assertion of this lemma is proven. [ ]

In view of Lemma 3.3 the pointwise limits

lim (n(lm)@fgm),ném),ng\?)) = (ny,ng, Do, py)

lim (ﬁ(lm) e alm), ﬁﬁ&’”) = (71, s, T2, Tiar)

exist and satisfy

A <nl™ <™ <p <m <A <7 < gy,

As <o <pl™ <ng<me<nm

(m) < (m+1)

ﬁ2§ﬂ2 1)

(m) _ (m+1) _ o _(mt1)

ny <nyl <ng,

for every m € N. Letting m — oo and using the integral representation of the se-
quences { <ﬁ(1m) , ﬁfgm) , ﬁ({”) , ﬁﬁ&’”) } { <@(1m) , @fgm) , @(2”) , @5&’”) } show that both

(n1, g, M2, mar) and (ny, ng, ny, ny,) are solutions the system (2.1)-(2.4). Since
the system (2.1)-(2.4) has a unique solution (n1, ng, na, nar), it implies that

(ﬁlvﬁsvﬁ%ﬁM) = (2172572272M) = (n17n57n27nM) .
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Hence we have the following theorem.

Theorem 3.1 Let (n1, g, na, nar) and (nq, ng, ne, nar) be a pair of ordered
upper and lower solutions of the differential system (1.1)-(1.9). Then the maximal
and the minimal sequences {(%ﬁm%ﬁgm),ﬁgm),ﬁg;”))}, {(@(lm),@fgm),@gm),ﬂg\?)>}
converge monotonically from above and below respectively to a unique solution
(n1,ngs, n2,nar) of the system (2.1)-(2.4). Moreover,

Ay < nl™ <MY <y <Al <7 < F)

~ +1 —(m+1 _ -
s <ni™ <" < ng <pl™ <A™ <7,

Ay < nd™ < n{™Y <y <A <7 <y,

Ay <ol < < g <D <B <y,
for all m € N.
Based on Theorem 3.1 and a suitable construction of a lower solution we can
obtain a lower bound of the solution for the initial-boundary value problem (1.1)-
(1.9).

Theorem 3.2. Suppose that n o > 0, na o > 0, nare > 0, r%nTl ngo (1) > 0.
7€|0, 15
Then the solution (ny (t),ns (t,7),n2 (t),nar (t)) of the initial-boundary value

problem (1.1)-(1.9) with the initial condition (ni0,ns0 (7),n2,0, nar,0) Satisfies
that

(14 6)
2ko

1496
pest and nyy (t) > QpreEt

n (8) > L ms (t,7) 2 e~ s (1)
1

AV

forall t € [0,00) and 7 € [0, Ts], where 0 < e < min{ékl, ks, 0b, T% In (lf(s)s} ;

. . 2kanao  2bnpo
0<d<v2—1and 0 < p<min?X kn min ngg (7 : :
\/— p < 1M1,0, +E[0,T5] S,0 ( ) ) (1+6)2 » 146

2
Proof. Let ny (t) = e, nig(t,7) = pest=T) iy (t) = (12—+£Lpe5t and
ny () = %pe“. Then

2
- p . (1+9) . 146
n (0) oy = n1,07n2( ) 2y P> n2,07nM( ) % P = NpM,0,
ng (0,7) = pe " < p < min ngp (1) <ngo(r) and

T€[0,T5]

ﬁs (t, 0) = peEt = klﬁl (t) .
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According to the assumptions and the definition of the functions n4 (t), ng (¢, 7),
ng (t), nas (t), we have

d_
1 (£) + ki (£) = 26y (1) = gkﬁeft + pet — (14 6) pet
1

:kﬁ[5+k1—(1+5)k1]eft
1

- [e — 0kq] et

9 o)
_nS (tv T) + _ﬁS (t, T) = —€p66(t_T) + gpee(t_T) =0,

or ot
d _ _ 1+4)° 1+46)? _
En2( )+k2n2 (t)—ns (thS) :( 2—;2) gpeEt_’_%peEt_pe ETseEt
2
:(12‘;5) p[é‘ k2_(12—f25)2e—5T5] ect
2
1+06)? ko
S( 2k2) p[€+k2—m(l+5)3] eEt
1 2
_( ;kj) ple — Sk et
<0,
d . -~ o _ 1496 et 1496 et (1+5)2 et
EnM(t)—i—bnM(t) kong (t) =€ T + 5 Pe 5 Pe
_1+90
_ 2+b ple+b—(1+6)be
144
=gy Ple— b
<0.

This implies that (71, ng, ne, nar) is a lower solution of the system (1.1)-(1.4).
Hence
m () 2 e s (1,7) 2 pet =),y (1) = U pet and may (1) > 1557 e
for all t € [0,00) and 7 € [0, Ts]. The proof of thls theorem is completed. m
4. CONCLUSION AND Discussion

From the closed form of unperturbed cell line population functions

20 w0 =ewknmor [ "exp (k1 (¢ = ) mas (n) di,
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n570(7—t) if T¢>7>t>0,
(2.2) "S(t’T)_{kml(t_T) if co>t>7>0,
(2.3) ny (t) = exp (—kat) no0 + /0 exp (—ka (t —n))ns (n, Ts) dn,
(2.4) nar (t) = exp (—=bt) naro + kg/o exp (=b (t —n)) n2 (n)dn,

the populations in each phase depend on the initial functions and the transition
coefficients. The work explains why the populations in each phase of different
unperturbed cell lines are distributed differently. Furthermore, according to (2.1)-
(2.4), if the populations of human tumor cells in each of G1-, S-, G»- and M -phase
of unperturbed cells at a certain time can be understood, it is then predictable how
those in each phase of unperturbed cells be like.

On the other hand, the results can be further extended to compare with the phase
distributions in tumor cells under anticancer treatments and hence to predict their
efficiency. For instance, in view of theorem 3.2 the growth rate of the populations
in each phase of unperturbed human tumor cells is faster than exponential functions
which depend on the initial functions, the transition coefficients and the time of the
cells in the S-phase respectively. Specifically, we have

ny (t) > ﬂe“, ng (t,7) > pett=7) ny (1)
1
(4.1) 9
1+96 1+4
> (1+9) pet and nyy () > QpreEt

2ko

for all t € [0, 00) and 7 € [0, Tss], where 0 < & < min{(Skl, Sks, 6b, 7= In ﬁ} :
2kango 2bnaro

T (148)% 7 149

However, in [7] we showed that, under the treatment by radiotherapy or chemother-

apy, if one can suitably control the losing rates p; and ups of the cells in the

G1-phase and in the M -phase respectively, or one may control the time of the cells

in the S-phase, then the inequality

0<d<v2—1land0 < p < min{klnlvo, min ngo (7)
TE[O,Ts]

(4.2) kikokpe tsTs [g + ﬂ\/% (1+0 (T§1))] < g (p1 — p2) (par — p2)

hold. The physical meanings of the positive constants ks, w1, g2, ps, par, Ts,
« and ( are described in the introduction section of [7]. In there, we show that if
u1 > pe, kag > pe, and the inequality (4.2) hold, then the DNA of tumour cells
G1 (z,t), and hence the population of tumour cells n; (t) = fOL G1 (z,t)dz, in
G1-phase decays exponentially with time ¢ for arbitrarily fixed = € [0, co) (please
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see [7, Theorem 6], for detail). Thus the growth of human tumour cells will be
controlled under therapy. On the other hand, in [7] we also got

Gi (z,t) = e Mty (x,0)

(4.3) t ottt
+kasks [/ / / e (T=t) opins (N=7) pp2(€=1) T (2z, &, Ts) drdndé
0 J¢ Jn

This shows that the DNA of tumour cells G (x, t) in G;-phase are depending on
the initial function G (z,0) under the treatment by radiotherapy or chemotherapy.
Inequality (4.1) shows that the growth rate of the population in each phase of
unperturbed human tumour cells is faster than exponential functions, while the
inequalities (4.2) and (4.3) indicate that the population in each phase of perturbed
human tumour cells decays exponentially with time ¢ for arbitrarily fixed = € [0, c0).
Since all the inequalities (4.1)-(4.3) depend on their initial data, these facts show
that early therapy should be a better choice in general.
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