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DIFFERENTIATION ON VILENKIN GROUPS USING A MATRIX
Medo Pepi¢

Abstract. Given a Vilenkin group G, a scalar matrix A = [A;;]; o, @

function f € L*(G), and a point z € G we introduce, for each o € R, the
(A, o)— derivative f at « denoted by f(*)(2). We also introduce the sets:

M, =M(G, A, a,x) = {f e LYG): Hf(A’“)(x)},
M=M(G,Az):={fel"G):3If )};

where £ (x) derivative in [8], which is a generalization of Onneweer’s deriva-
tive f[Y(z) in [6]. We proved:

(a) Five theorems which express essential characteristics of (A, a))— deriva-

tive,

(b) M = My,

(c) (Yo, B € R) A (o < B) = (Mo © Mp) N (Mp\Mq # 0).
Statement b) states that the method (A, «)— differentiation, for « = 0, is

equal to A— differentiation and statement c) says that (A, «)— differentiation
increases with increasing o € R.

1. INTRODUCTION AND PRELIMINARIES

By a Vilenkin group G we mean an infinite, totally unconnected, compact
Abelian group which satisfies the second axiom of countability. Vilenkin [10] has
shown that the topology in G can be given by basic chain of neighborhoods of zero

(1) G=GyDG1D---DGp,D....,M~yG, ={0}

consisting of open subgroups of the group G, such that quotient group G,, /G, +1
is cyclic group of prime order p,+1,Vn € Ny. G is called bounded iff a sequence

(pn)nEN == (p17p27 cee )7
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is bounded.
Classical example of Vilenkin group is product space

[16G+
k=0

where G, = {0, 1} is a cyclic group of the second order for all & € Ny, equipped by
discrete topology, with the component adding (note that adding in each component
is done by module 2). It’s direct generalization is group

G = [1z(nw),
k=0

where Z(ny) :={0,1,2,...,n; — 1}, ng > 2, is cyclic group of order ny, (k € Ny)
equipped by discrete topology.

It is possible to supply G with a normalized Haar measure p such that 4(G,,) =
m. L, where m,, := pips...pn (Mg :=1). Forevery 1 < p < oo let IP(G) denote
the LP space on G with respect to the measure p. The class of all continuous
complex functions on G will be denoted by C(G). If 1 < p; < py < oo, then
LP2(G) C LP(G). Let T' denote the (multiplicative) group of characters of the
group G, and let T, = G;- denote the annihilator of G,, in T. The dual group
(T,-) is a discrete countable Abelian group with torzion [5, (24.15) and (24.26)].
Vilenkin [10] has proved that there exists a Paley — tupe ordering of the elements
in I : let us chose a x € I'y+1\I';, and denote by x,,,. Every n € N has a unique
representation as

N
(2 n:Zaimi, a; €{0,1,2,...,pit1 — 1} Aay #0A N = N(n).
i=0

Therefore, my < n < my41 and n — oo & N — oo. Let x,, character
defined by

N N
3) Xn:HX%i :Hr;‘liv i i= Xmi(v’ieNO)
i=0 i=0
It is straightforward that
4) (VneNg)I', ={x; : 0<j <my}

The sequence (x»)nen, is a called a Vilenkin system. For every n € Ny there

2m
exists x,, € G, \Gn+1 such that r,,(z,,) = ePr+1 ! Every = € G can be represented
in unique way as

o
(5) xzzanxnv an€{071727---7pn+1_1}
n=0
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Then

(6) Gn:{xEG:Zaixi,ai:0,0§i<n}
=0
A Vilenkin series >~ ¢, is a Fourier series iff there is a function f € L1(G)
n=0
such that
U n = F) = F0) = [ 1, ¥n € N
G

where z denotes the complex-conjugate of z. In that case, the n — th partial sum of
the series is given by

n—1
(®) Sn(f) =D f(k)xx = f+Dn
k=0
where D,, defined by
n—1
9) D, = Z Xk
k=0

is the Dirichlet kernel of index n on G and

(10) f () = /G £ — h)p(R)du(h)

is convolution of function f and ¢ on G.

Spelling J. E. Gibs [3] and [4] first introduced the duadic derivative ” [1]” with
the following property
[wr ()M = k- wi(2),
where wy, is Walsh (J. L. Walsh) function of index k. This derivative was further
studied by P. L. Butzer and H. J. Wagner [2], and also F. Schipp [9] who proved
that k& - ax — 0 yields

o0

o0 (1]
[Z arwk (x)] = Z kagwy ().
k=0 k=0

V. A. Skvortsov and W. R. Wade have proved the analogue result for the series
over arbitrary system of characters from 0-dimensional groups under more general
assumptions and have simplified the proof. J. Pal and P. Simon [7] have defined the
derivative of a function defined on an arbitrary 0-dimensional compact commutative
group. C. V. Onneweer [6] has studied differentiation of functions (with complex
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values) defined on dyadic group D. In [6] he has given three definitions of dyadic
differentiation where the Leibniz differentiation formula does not hold. His main
idea was that the derivative on a duadic group should be defined in such a way that
relations between a function defined on D (manly relations between characters on
D) and its derivative be as simple and natural as possible. For example, the natural
relation the character
e*® — cos(kx) + isin(kz)

on the torus group T = R/27Z and its derivative

(eikm)/ _ ,Lkezkm

should be in some way preserved for a dyadic derivative of a character on D. M.
Pepi€, in [8], starting with [6, Definition 3|, applied to Vilenkin groups, gave a
matrix interpretation of Onneweer’s derivative f [!l(x), of a function f € L(Q),
defined by

(11) fU(z) = lim E, f()
where

n—1
Enf(x) =Y (mus1 —mp) [f (@) = S (2)].
k=0

This derivative is represented by the matrix A = [}, ieNo where

(12)

N e 1 form, <i<mu1 A0<j<my neN
“ 0 otherwise

That motivated him to introduce the following definition.

Definition 0. Let G be a given Vilenkin group and let A = [A;;]; .oy, be a
scalar matrix. For f € L'(G) and z € G and i,n € N let

(13) Li(f, A, z) i

j=0
and

n—1 mjy1—1

(14) W(fA ) =) Y [o(f, A @) — Li(f, A, @)]

j==1 i=m;
(m—q := 0) with the condition that
Li(f,A,z) — o(f,\,z),i— oo.
Then the
(15) nlLrgOEn(f, A, x) (if it exists)

is called A—derivative of the function f at =z € G and denoted by f ().
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The A—derivative f*(z) is a generalization of Onneweer’s derivative f!)(z)
[8, Remark 1.2]. Also in [8] five theorems that express the essential characteristic
of the A—derivative are given. In this paper, for any o € R we to introduce the
new notion (A, o) —derivative by a following Definition 1.

Definition 1.

(a) Let @ € R be a given. Let G be a given Vilenkin group, and let A =

[Nijlien jen, D€ @ given scalar matrix. For f € LYG) and z € G and

i,n € N let
(16) Li(G, £, A 2) =Y i f(4)x; ()
j=0
and
N 1
b= Y Gt
(17) S !
Z [U(Gv fv Av (L‘) _Lk(Gv fv Av (L‘)]
k=m;

with the condition that
Lk(G,f,A,fL') - O-(GvaAvx)vk - OO,
where n is given by (2). Then the
(18) lim E, (G, f, A, a, ) if it exists)
is called the (A, «)—derivative of the function f at « and denoted
FN ().
(b) Suppose the condition in a) holds
lim B, (G, f,\,a,z) = g(z),Vz € G,

then function g € L!(G) called (A, a)—derivative of the f and we write

g=f "
(¢) If G, f, A, o,z be are as in a), then we use following notation:
(19) M, = M(G,A, o, x) = {f € LY(@Q) : exists f(A’O‘)(x)}
(20) M = M(G,A,z):={f € LNG) : exists f*(z)}

The results in this paper are the following statements about the main properties
of the (A, a)— derivative of the functions on Vilenkin group G.
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2. REsuLTS
Theorem 1. Let G, f, A, o, x, Li(G, f, A, z) and E,(G, f,A,a,x) be as in
Definition 1. Then the following statements are true:

(a) (Vi € N)(Vs € No)(Vxs € I')(Vz € G)Li(G, xs, A, ) = Aisxs(x). There-
fore, L;(G, xs, A, x) — Aoosxs(x), i — oo; where

(1) Aoos i= lim A
and
(Vs € No)(V xs € I') (Vo € G)o (G, xs, Lambda, ) = Aoosxs(2).

() (Vs € Ng)(Va € N)(Vx € G)E, (G, xs, A, a, ) = Ay (G, s, ) - xs(x), where

N 1 mip1—1
(22) An(G,s,0) = > e D (Moos = Aks)
j——p il T i) R

(c) For arbitrary s € Ny, x5 is a (A, «)— differentiable function at every x € G
iff the following limit exists

(23) Ao (G, s,a) = lim A, (G, s, @)

n—oo

In that case N
XM (@) = Ao(G, 5, 0) - xs(@)
holds.

(d) (Vk € N)(Vs € No)(Vz € G) [Li(G, f, A, 2)]" (s) = Aks - f(s), under the
condition that the series that appears in the proof may be integrated term by
term.

(e) (Vn € N)(Vs € Ng)(Va € R)(Vf € LY(G)(Vz € G)
[En(G, £, A 0, 2)] (5) = An(G,5,0) - f(s),

under the condition that the series that appears in the proof may be integrated
term by term.

Corollary 1. If in Theorem 1. we take \;s = C, Vi € N (C — constant), where
s € Ny is given. Then the following holds:

1. (Vn e N)AL(G,s,a) =0A Ax(G, s,a) = 0.

2. (Vi e N)Li(G, xs, A, x) = C - xs(2).
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3. (Vn € N)(Vz € G)En(G, xs, A, a, ) = 0 (particular x**(2) = 0,Vz €
G).

4. (Vi e N)[Li(G, f, A, )" (s) = C- f(s).
5. (Vn € N)[E,(G, f, A, a, )] (s) = 0.

Corollary 2. If in Theorem 1. we take (Vi € N)(Vj > i)\;; = 0, then

Gfo:i
=0

In that case the following statements holds.

1. (Vi e N)(Vs € No)Li(G, xs, A, x) = Nis - 0%(4, 8) - xs(x), where

(24) 5% (i, 5) := {1 >

0 , otherwise
2. (Vk € N)(Vs € No) [Li(G, f, A, 2)]" (5) = Ais - 0%(k, s) - f(s).
3. (VneN)(Vs € No)En(G, xs, A, a, z) = A (G, s, a) - xs(z), where

N mit1—1
* 1 *
(25) An(G, S, Oé) = E m E [)\oos - )‘ks -0 (k, 3)]
i=—1 v ! k=m;

In particular if n satisfies m y1 < s, then

al 1
A(Grs,0) = Aoos = Y (mig1 —mg)et

4. (Vn e N)(Vs € Ng) [En(G, f, A, a, xZ)T %s) = AL(G,s,a)- f(s).

Theorem 2. Let G, f, A, o, x, Li(G, f, A, z) and E,(G, f,A, o, x) be as in
Definition 1. Then the following statements hold:

(a) If (Vz € G)f(z) = C (C — constant), then f is (A, a)— differentiable at
every point x € G iff the limit
Ao (G,0,a) = lim A, (G, 0, «)

exists. In that case
(Vz e Q) f M (z) = C - Ayo(G, 0, )
and particular, C # 0, then
fW9)(z) = 0(Ve € @) iff Ano(G,0,a) = 0.
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(b) If f and g are (A, «)— differentiable functions at a point x € G, then the
function F' := f + g is (A, a)—differentiable at = and

(26) (f + )M (z) = fAD (2) 4+ g0 ()

(¢) If f (A, «)—differentiable functions at a point x € G, and C' is constant,
then the function ¢ := C - f is (A, «)—differentiable at = and

(27) € )@y =C-f ()

(d) If f and g are (A, «)—differentiable functions at a point = € G, then the
function ¥ := f x g is (A, a)—differentiable at = and

(Asa)

[e’) mi+1— 1 ~
(f+9) " @)= (mz+1 ) 5 2 2o = A f(@) 30 (@)
i=—1 k=m; j=0

holds (under condition that the indicated limit exists).

(e) The Leibniz differentiation formula does not hold (generally) for the (A, a)—
derivative.

The well known fact that differentiability implies continuity in the classical case,
hold in some sense in the case of the (A, o) —derivative. That fact is made precise
by the following theorem.

Theorem 3. Let (Vk € N)Ly(G, f, A, z) be a continuous function in some
neighborhood xy + G5 of the point x( (this condition is automatically fulfilled
when A is a triangular matrix). Then: If f is (A, a)—differentiable functions in

zo + G, and
o(G, f,\,z)= klim Li(G, f, A, x)

uniformly on x¢ + G, then o(G, f, A, z) is a continuous function in z ¢ + Gs.
Remark 1. Let us notice for every function
feLP(G)(1 < p <o) [|Sm, (f) = fIl, = 0(n — o0) [1,p.133].

Ifa=0and A = [Ny e,
tiation, then

(Vz € G)(Vi e N)(Vk : m; <k <mip1)Li(G, f, A, z) = Sp, f(z)

is the matrix in Onneweer’s definition of differen-

and

o(G, f,\,z) = f(x).
In that case Theorem 3 be comes: If f is (A, 0)— differentiable functions in some
neighborhood z¢ + G, of the point o and S, f(z) — f(z)(k — oo) uniformly
on x + G, then f is continuous function in x .
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Theorem 4. Suppose g is the (A, a)—derivative of f € L!(G). If the Lebesgue
dominated convergence theorem can be applied to the seguence

(En)n€N7 En = En(Gv fv Av «, .’L‘)

and function g, then g € L'(G) and for each j € Ny

(28) 3(j) = Aoo(G, o) - £(5)

Theorem 5. If G, f, A, o, z are as in Definition 1, then we following statements
hold:

(a) 3f Mz)e 3f AO)(x). In that case fA(x) = fA0)(z) holds. Therefore

(29) M = M,

(b) (Va, B € R) A (a < B) = (Ma C Mg) A (Mg\ M, # 0)(30)

Remark 2. Statement a) in Theorem 5 says that the A—derivative is equal to the
(A, 0)— derivative and Statement b) in Theorem 5 says that the (A, «)— derivative,
for each 0 < « is a strict generalization of the A— derivative.

3. ProoFs

3.1. Proof of the Theorem 1.

1. Knowing that

1 ,m=n
)tm(n) - /XWXTL = 5(m7n) = )
2 0 ,m#n

one obtains
> A .
j=0

and
Li(G7 Xs>s A, 1‘) — Aoos - Xs(x)(i - OO)

Therefore,
J(Gv Xs» A7 fI,') = )\005 ’ XS(II,')
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2. From statement 1 one obtains
En(G7 X87 A7 CY, .’L')

N mip1—1

1
=D 2 > [0(Gxe A7) = Li(G X, A, )
i=—1 (mH—l o ) k=m;
mit1—1
—Z o 2 P @) Aex()] = An(G5.0) X (2).
i=—1 g v k=m;

3. Follows from Definition 1 and statement 2.

4. o
LG S Ao (5) = [ (ZAmﬂjm) %

Jj=0 G

(under the condition that the series can be integrated term by term).

[En(G, f, A, )] (s)

N mip1—1
/{Z -_ Z [U(G7f7A7w)Lk(GvaAvw)]}XS
G

mz+1 )a

i=—1 Py
N mip1—1
— Z (M1 —my)® Z /U(G’f’A’w)XS/Lk(G,f,A,x)XS]
i f
N 1 mip1—1 ¢ ) ) G A
=Y e 2 (Aef6) = Af(5)) = An(@ 5,00 ).
i=—1 i+1 mz) Py

(under the condition that the series o (G, f, A, x)xs and Ly (G, f, A, x)X5 can
be integrated term by term). [ |

3.2. Proof of the Corolary 1.
The proof is evident. ]
3.3. Proof of the Corolary 2.

1. Knowing that

Xm(n) = 8(m,n) and (Vi € N)(Vj € No)Ay; = Aij - 0%(4, ),
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one obtains
(G xs, A\, ) Z)\UXS Ix;i(@) = Xig.x s(x).07(3, 5).
A =1 VR . r
G \J=
3. From 1. we have
N

1
En G7 Sy A7 (X?x = v Na
( X ) iz_:l (mi+1 _ mi)a

mi4+1 -1

D> PoosXs(®) = Aks-6%(k, 8).xs(2)]

[En(G, f, A, 2)* (5)

/{Z)a ZZ: [J(GvaAvx)Lk(GvaAvx)]}Xs
G

mz+1

i=—1 k=m;
N mit1—l o0 =1
- :Z: (Mig1 — my)@ kzml /{Z& Oojf jzg)‘kjf(])Xj} Xs
mit1—1
‘ZZI s 3 e st () o)

= A;(Gv S, a) ’ f(s)

(under the condition that the series

ZAoojf(j)Xj(x)m
=0

can be integrated term by term) |
3.4. Proof of the Theorem 2.

(@) Let
(Vz € G)f(x) = C (C — constnt).
Then, knowing that
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A C ,j=0 .
Cl)= [ o = ’ — C-5(0,7),
) G/xj {0 e =C a0

one obtains
Lip(G,C, A x) = CAhgp and o (G, C, A, z) = CAoco-

Therefore,
N 1 mip1—1
En(G, C, A, Q, .’L’) = Z m Z (C)\oos — C)\ks)
i=—1 v v k=m;

= C.An(G,0,0) and f A (2) = C.A(G,0,a),Vz e G.

Particular, if C' # 0, then
FAD) () = 0(Ve € G) & Aso(G,0,a) = 0.

(b) Let f and g are (A, «)—differentiable functions at a point x € G and

F:=f+g.
Then
E.(G,F,A, o, x)
N 1 mit1-1 o(G, fiN, )+ 0(G,g,A, x)
- Zz_:l (M1 — my)° kzm LG, £ A, z) — Li(G. g, A, )

= SO () + g (@)

(c) Let f bea (A, «)— differentiable functions at a point € G and C' a constant.

Let
p:=C-f.
Then
En(G7 F7 A7 «, .’L')
N 1 mit1—1
= Y e 2 (€ oG f ) = C LG A )
i=—1 v ! k=m;
N 1 miy1—1
= C Y e 2 9GS A 0) = (G A )]
i=—1 v ! k=m;

— C - f M3 (N = 00 & n— ).
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(d) Let f and g are (A, o) —differentiable functions at a point x € G and
V.= fxg.
Then

Le(Gy 0, A, a,) = 3 A PTG = 3 Aws FG) G0 (@),
j=0 Jj=0

E.(G, U, A\ o, x)
mi+1—1

= S [0(G ¥, A a) — Li(G, W, A, )

= (mig —my)

k=m;
N 1 mit1—1
= Y G 2 [0 S uf0)itroe
N 1 mit1—1 N
= 2 e 2 Qi M) T000 ()

under the condition the series

Z)‘mﬂf ) and Z)\kj X;(z)

converge at the point « € G. Therefore,
T ()
= nli)rgo E. (G, U, A, a,z) = A}E)noo E.(G, ¥, A, a,z)
00 1 miq1—1 R
— Zﬁ > Moo= Aky) F()Y 3(5)x; () (if the limit exists).

= N T

(e) Let f = Xm, =7n and g = Xm,,, = Tny1. ThEN f -G = Xm,+m,,,- From
Theorem 1, statement 3, we have

(f-9) (A.0) (r) = Xmn+mni1 (7) - Moo (G, My + M g1, @)

= Xmn (x)-anH () - Ao (G + M1, @)
and
1O @) - g(2) + g™ ) - ()
= X (2) Ximpi1 (T) + [Aoo(G, M, @) + Moo (G, miny1, )]
Therefore,

(f- 9NN (@) # fAN (@) - g(2) + g™ (@) - f(2)D
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3.5. Proof of the Theorem 3.

The theorem follows from the fact that the uniform limit of a sequence of
continuous functions is continuous [

3.6. Proof of the Theorem 4.
Applying the Lebesgue dominated convergence theorem of the sequence
(En)n€N7 En - ETL(G7 f7 A7 «, .T),

and its limit
g=f O
we conclude
g€ LY (G) A ||Eq = gll, — 0(n — o).
Therefore,

A A
(Vj € No) | En(j) — 9(j)| — O(n — o0).
But by Theorem 1 (statement 5)
. A . . A.

Tim B, (j) = Ao(G, ;) - (7)

holds. Therefore, N N
(Vi € No)g(j) = Ao(G, J, @) - £(J)

holds "

3.7. Proof of the Theorem 5.

(@) The proof is evident.

(b) For arbitrary a,8 € RA a < 3, we designate v := 3 —a € RT. If
f e M,=M(G,A,«, ), then series

& mi41—1

1 i+1
> (M1 —ma)® > [o(G f A1)~ Le(G, £ A )] = > A
i=—1 1+1 i ko =

is convergent. From that and the series

mit1—1
o0 1 i+1 o0
§ Y E O'G,f,A,fL')—Lk; G,f,A,fL') = E BZ
i—1 (M1 —mq)? k=m; ! ( | i—1

is convergent, because

B; 1 .

T A
Therefore, f € Mg = (G, A, 3,z) and M, C Mga. Hence holds Mz\ M, #
0, is proved for following Example.
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Example 1. Let

Aoos — Aks 1= (miy1 —my)* "1, Vi € N,Vk € [mg, mis1).

Then x € Mg because then the series

0 1 mip1—1 0 1
x) - _ Aoos — Aks) = Xs(T) - _
Xs( ) iz_:l (mz‘+1 _ mi)ﬂ kz ( 00s s) Xs( ) ~Z_:1 (mi+1 — mi),y
= =m; 1=
is convergent and x, ¢ M,, because then the series
00 1 mip1—1 00
xs() - —— (Aoos — Aks) = Xs(2) - 1
’ Z‘Z_:l (mi—l—l - mi)a kzmz o ° ° Z‘Z_:l
is not convergent. [ |
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