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DISCONTINUOUS GENERALIZED QUASI-VARIATIONAL
INEQUALITIES WITH APPLICATION TO FIXED POINTS

Paolo Cubiotti and Jen-Chih Yao*

Abstract. We consider the following generalized quasi-variational inequality
problem introduced in [7]: given a real normed space X with topological
dual X*, two sets C,D C X and two multifunctions S : C — 2P and
T:C — 2%, find (&, ) € C x X* such that

teS#), ¢eT(z) and (4, 2—y) <0 foral ye S(z).

We prove an existence theorem where 7' is not assumed to have any continuity
or monatonicity property, improving some aspects of the main result of [7].
In particular, the coercivity assumption is meaningfully weakened. As an
application, we prove a theorem of the alternative for the fixed points of
a Hausdorff lower semicontinuous multifunction. In particular, we obtain
sufficient conditions for the existence of a fixed point which belongs to the
relative boundary of the corresponding value.

1. INTRODUCTION

Given a real topological vector space X with topological dual X*, a closed
convex set C C X, and two multifunctions S : ¢ — 2¢ and T : C — 2X7,
the classical generalized quasi-variational inequality problem associated with C,
T and S (which will be shortly denoted by GQVI(C, T, S)) is to find a pair
(z,$) € C x X* such that

(1) ze8(z), ¢eT(z) and (p,z—y)<0 forall yeS ().

The problem GQVI(C, T, S) was firstly introduced in finite-dimensional setting
by Chan and Pang [6], while, in the above infinite-dimensional form, it was firstly
considered by Shih and Tan [31].
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When the multifunction T is single-valued, the prefix “generalized” is usually
omitted. In this latter form, it was firstly studied by Bensoussans and Lions in
connection with impulse control theory [3-5].

When T is single-valued and the multifunction S is identically equal to the
set C, the problem GQVI(C, T, S) reduces to the classical variational inequality
problem [23].

During the last decades, the existence of solutions for the problem GQVI(C,
T, S) has been widely investigated, due to the wide range of applications of the
variational inequality theory (including mechanics, game theory, complementarity
problems, control theory, network equilibrium and so on; see, for instance [2, 16-
18, 20-22, 27, 33] and the references therein).

In the last years, moreover, a great effort has been made to investigate the case
where the multifunction 7" is not assumed to have any continuity or monotonicity
property, going out from these two typical research lines. In this direction, we
refer to the papers [8, 9, 11-15, 26, 29, 32, 34-37] and to references therein. In
particular, we refer to the paper [26, 35] for discussions and comparisons about the
basic regularity assumptions imposed on T.

Very recently, in the paper [7], Chu and Lin have considered the case where
the multifunction S can take its values outside the set C'. More precisely, given
the sets X and C' and the multifunction T" as above, and given a closed convex set
D C X and a multifunction S : C — 2P, they considered the following extended
generalized quasi-variational inequality problem associated with C, D, T and S:

EGQVI(C, D, T, S): find (&, $) € C x X* such that condition (1) holds.

It is worth noticing that condition (1) implies in particular that C N D # 0,
since £ € C and S(&) C D (as it is correctly remarked in [7], it is not restrictive
to assume that C' C D). It should be observed that the above generalization brings
further technical problems while trying to investigate existence results. Indeed, the
fact that S takes its values in the whole set D makes some of the known techniques
not applicable.

In the paper [7], the authors prove an existence result for the problem EGQVI(C,
D, T, S) associated with a non-monotone and discontinuous multifunction 7', in
the spirit of the papers [11, 12, 13]. The following is their result (where “aff(D)”
denotes the affine hull of the set D).

Theorem 1.1. (Theorem 2.7 of [7]). Let (X, | - ||x) be a real normed space,
C and D two closed convex subsets of X, and let 7: X — 2%  and S: C — 2P
two multifunctions. Let H and K be two nonempty compact subsets of C, such
that H C K and H is finite-dimensional. Assume that:

(i) S(x)yNnH #0 for all z € C;
(ii) the multifunction S is Hausdorff continuous with closed convex values;
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(iii) int,gmp)(S(z)) # 0 for all z € C;

(iv) T'(x) is nonempty, convex and weakly-star compact for each x € D;

(v) foreach y € D, the set {z € D : inf cp(y)(p,  — y) < 0} is closed;

(vi) T and S satisfy the generalized Vy-Karamardian condition on (D, H, K) for
some neighborhood Vy of the origin in X: for each x € (D + V) \ K and
each ¢ € T'(z), one has

sup (g, z—y) >0.
yeS(z)NH

Then there exists (z, ¢) € K x X* which solves EGQVI(C, D, T, S).

Before going on, we remark that the regularity condition (v) on the multifunc-
tion 7" does not imply any kind of continuity for 7" over the set D (see [12, 13,
35]). Moreover (see [35]), it is independent (although similar) from the analogous
assumption on 7" made in [8, 9, 11, 29, 30].

If we compare Theorem 1.1 with similar results (see [8,,9, 11-13, 15, 26, 30,
36, 37] and references therein), it appears clearly that the possibility for S to take
its values in the whole set D is obtained via the heavy coercivity condition (vi).
Indeed, the spirit of coercivity conditions of Karamardian’s type is to force possible
solutions of the GQVI problem to stay in the compact set K. Consequently, it seems
reasonable that it should be required only for the fixed points of S (again, see [9,
11-13, 15, 26, 30, 36, 37]). Moreover, such a requirement is very important in view
of possible applications, as showed in [10].

In Theorem 1.1, conversely, the coercivity condition (vi) applies not only to all
points of D (without considering if they are fixed points of .S or not), but also to
all points of D + V, (V{ being a suitable neighborhood of the origin). This forces,
in particular, the multifunction T" to be defined over the whole space X (and not
only over C).

The aim of this paper is to prove an existence result for the problem EGQVI(C,
D, T, S) where, while retaining the basic regularity assumptions (i)-(v) on the mul-
tifunctions 7" and S as in Theorem 1.1, we replace the generalized V,-Karamardian
condition (vi) by the following weaker coercivity condition:

(A) for each x € C'\ K, with z € S(z), and each ¢ € T'(x), one has

sup (g, z—y) >0.
yeS(z)NH

Beyond the pure theoretic generality, it is quite easy to check how condition
(A) is really more manageable than assumption (vi) of Theorem 1.1, since it can be
satisfied by assuming “natural” conditions over the data. Indeed, assumption (A) is
satified, for instance, if the multifunction S satisfies assumption (i) of Theorem 1.1
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and its fixed-point set Fix(S) :={z € C:x € S(x)} (which is closed by (ii)) is
compact. In this occurrence, one can choose K := H U Fix(S), and condition (A)
is automatically satisfied since there is no fixed point of S outside the set K. We
shall return on this fact later.

The result we want to prove, in its full generality, is the following (in what
follows, we shall put S¢(z) := S(x) N C).

Theorem 1.2. Let (X, || - ||x) be a real Banach space with topological dual
X*, C C D C X closed convex sets, and let H C K be two compact subsets of
C, where H is finite-dimensional. Let S : C — 2P and T : C — 2% be two
multifunctions. Assume that:

(i) S(x)NH #( for all x € C;

(if) the multifunction S is Hausdorff lower semicontinuous with closed graph and
convex values;

(iii) int,gp)(S(z) N C) # O for all z € C;

(iv) T'(x) is nonempty and weakly-star compact for each = € C, and convex for
each z € C, with x € S(x);

(v) for each y € C, the set {z € C : inf cp){(p,z —y) < 0} is compactly
closed;

(vi) for each z € C'\ K, with € S(x), and each ¢ € T'(x), one has

sup (¢, z—y) >0.
yeS(z)NH
Then there exists (z,¢) € K x X* which solves GQVI(C, T, S¢). Moreover, if
T € intyagp)(C), then the pair (2, ¢) solves EGQVI(C, D, T, S).

Theorem 1.2 will be proved in Section 3, while in Section 2 we will fix some
notations and preliminaries. In Section 4, starting from the above remarks, we shall
derive some corollaries and consequences of Theorem 1.2. As an application, we
shall prove a theorem of the alternative for the fixed points of a Hausdorff lower
semicontinuos multifunction S (Theorem 4.3), which extends to infinite-dimensional
setting a recent result of the author (Theorem 3.1 of [10]). In particular, our result
admits the following corollary, which gives sufficient conditions for the existence
of a fixed point Z which lies on the relative boundary of the corresponding value
S(z) (that is, the boundary of S(z) in its affine hull).

Theorem 1.3. Let X be a real separable Hilbert space with scalar product
(-,-),let C C X be a closed convex set which contains more than one point, and
whose affine hull aff(C) is closed in X, and let S : C — 2¢ be a multifunction.
Assume that:
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(i) the multifunction S is Hausdorff lower semicontinuous with closed graph and
convex values;

(i) intugc)(S(x)) # 0 for all x € C;
(iii) there exists a finite-dimensional compact set H C C such that S(z)NH # ()
forall z € C.

Then, at least one of the following assertions holds:

(A) The set Fix(S) :={x € C: = € S(x)} is not totally bounded.
(B) There exists & € C' such that & € 9,,5(%).

Before ending this section, we remark that in the proof of Theorem 1.2 we
employ a technical construction which is deeply different from the one used in [7].

2. PRELIMINARIES

Let U and V' be topological spaces. A multifunction F': U — 2V is said to be
lower semicontinuos [resp., upper semicontinuous] at = € U if for each open set
A CV, with F(zg) N A # 0 [resp., with F/(z¢) C A], there exists a neighborhood
W of xo in U such that

Flx)ymA#0  forall zeW
[resp., F(z)C A forall zeW].

We say that F' is lower [resp., upper] semicontinuous in U if it is lower [resp.,
upper] semicontinuous at each point z € U. The graph of F' is the set

Gr(F):={(z,y) eUxV :yeF(x)}

We recall (see [24]) that if Gr(F') is closed, then each set F'(z) is closed; if F
is upper semicontinuos in U with closed values, then Gr(F') is closed; if Gr(F)
is closed and V' is compact, then F' is upper semicontinuous. A selection of the
multifunction F' is a (single-valued) function f : U — V such that f(z) € F(x)
forall z € U.

Let (X, | - ||x) be a normed space (whose origin will be denoted by 0x). If
xo € X and r > 0, we denote by B(xg, r) [resp., B(zq, r)] the open [resp., closed]
ball in X centered at z with radius 7.

If A C X, we denote by aff(A) and span(A), respectively, the affine hull and
the linear hull of the set A. If A C B C X, we denote by intg(A4) and dgA,
respectively, the interior and the boundary of A in B. Finally, we denote by ri(A)
and 0, A, respectively, the relative interior and the relative boundary of the set A.
That is, we put

rl(A) = intaH(A)(A), 8TA = aH(A)A-
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We say that the set A C X is compactly closed if its intersection with each
compact subset of X is closed. Of course, each closed subset of X is compactly
closed. Finally, we denote by @6 (A) the closed convex hull of the set A.

If U is a topological space, a multifunction F : U — 2% is said to be Hausdorff-
lower semicontinuos [resp., Hausdorff upper semicontinuous] at = € U if for each
€ > 0 there exists a neighborhood W of xy in U such that

F(z9) C F(x) + B(0x,e) forall zeW
[resp., F(z) C F(x9) + B(0x,¢) forall e W]

As before, we say that F' is Hausdorff lower [resp., upper] semicontinuous in U
if it is Hausdorff lower [resp., upper] semicontinuous at each point x € U. It
is known that Hausdorff lower semicontinuity implies lower semicontinuity, while
upper semicontinuity implies Hausdorff upper semicontinuity. The converse impli-
cations are true if each set F'(x) is nonempty and compact (see Theorem 7.1.14 of

[24])
The following result, which is a particular case of Theorem 3.1" of [28], will
be a fundamental tool in the sequel.

Theorem 2.1. (Michael). Let U be a metric space, (X, || - |x) a separable
Banach space, and ® : U — 2% a lower semicontinuous multifunction whose values
are convex and have nonempty interior. Then & admits a continuous selection.

If (X, (-,-))a Hilbert space and A C X, we put
At ={zeX : (z,0)=0 Yoe A}
We observe the following fact.

Proposition 2.2. Let (X, (-,)) be a Hilbert space, A C X a convex set with
nonempty relative interior, and let z € X, x € ri(A) be such that

(zyx—y) <0 forall ye A

Then z € (A— A)~L.
Proof. Let v, w € A. Then we have

aff(A) =v+span(A —v) =v+F,
where we put F' := span(A — v). Since x € int,+r(A), we get
x—v €intp(A—v).
Consequently, there exists o > 0 such that

x—v+[B0x,0)NF]C A—w.
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Since w — v € F, there exists > 0 such that
r—v+p(w—v)eAd—uv,
hence = + u(w — v) € A. By assumption, we get
(2,2 = (¢ + p(w —v))) <0,
hence (z, w—wv)>0. Since v and w were any points in A, the conclusion follows.m
Finally, we recall the following result.

Proposition 2.3. [11]. Let U be a topological space, (X, | - | x) a real
normed space, M an affine manifold of X, and F : U — 2™ a Hausdorff lower
semicontinuous multifunction with nonempty closed convex values. Let 2 € U,

Yo € intM(F(xo)).
Then, there exists a neighborhood Z of x4 in U such that

Yo € intM< ﬂ F(m))

reZ

3. PrRoOOF oF THEOREM 1.2

For the reader’s convenience, we shall divide the proof into steps.

Step 1. First of all, we observe that by Theorem 6 at p.416 of [19], the set
co K is compact. Moreover, in what follows we shall put A/ := aff(D).
Let By be an open ball in X such that &6 (K) C By, and let

Cy:=CnN By
(of course, B, denotes the closure of By in X). By assumptions, we have that
HCK Cw(K)C (.
Let Sy : Cy — 2%° be the multifunction defined by putting, for each = € Cy,
So(z) := S(x) N Cy.
We observe the following facts.

(i) So(z)NH #£ 0 forall z € Cy (this follows at once by(i), since H C Cp).

(if)s The multifunction Sy is Hausdorff lower semicontinuous with convex values
and closed graph.
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The fact that Sy has convex values follows from the convexity of (§ and of
each set S(x). Moreover, Sy has closed graph by (ii). In order to prove that S is
Hausdorff lower semicontinuous, we first prove that

(2) intpr[S(x) N Co] #0, forall zeC.

To this aim, let = € C be fixed, and let v be any point in S(z) N H (which is
nonempty by assumption (i)). By (iii), we have that

int s [S(x) N C| # 0.

Choose any point u € inty/[S(xz) N C]. Since M \ By # (0 (recall that By is
bounded), the set M\ By is closed in M, H C By and H is compact, we have that

(3) p:=inf {d(a, M\ By) : a€ H} > 0
By convexity, we have that

up i =v+t(u—v) €intpy[S(x)NC|, forall ¢e]o0,1].
Choose ¢ €]0, 1] in such a way that

Juz = vllx < £.

Since u; € inty/[S(z) N C], there exists o > 0 such that
(4) B(ug,o)NM C S(z)nC.
Let

a :=min{o L }.

"4

Now, observe that
(5) B(ug,a) N M C By N M.
To prove (5), observe that if we choose any point x € B(uz, o) N M, we have that

p PP
— < — r T — < = - = .
|z —vllx < [lz —ugl x + llug — v x < 1175

Since v € H, (3) implies that d(v, M \ By) > p, hence z € M N By, as desired.
By (4) and (5) it follows that

B(ug,a)NM C BpNnMNS(z)ynC = S(z)NC N By,

hence o
uz € intp[S(x) N C N By,
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and (2) follows.

Now we can prove the Hausdorff lower semicontinuity of the multifunction Sy.
To this aim, observe that by (2) and Theorem A of [25] (setted in the affine manifold
M = aff(D) by an obvious translation), the multifunction

xeC—Sx)NnCy C M

is Hausdorff lower semicontinuous (since S is Hausdorff lower semicontinuous with
closed convex values, Cj is closed and convex and each set S(x) N Cjy is bounded
and has nonempty interior in M). At this point, the Hausdorff lower semicontinuity
of Sy : Cy — 2% follows at once.

(iii)/ int,gcy) (So(x)) # 0 forall z € Co.

To see this, observe that (2) implies, in particular, that int/(Cp) # (. Of
course, this implies that aff(Cy) = aff(C) = aff(D) = M. Consequently, by
(2) our claim follows.

(V)1 For each y € Cp, the set {x € Cp : inf,cp)(p, x —y) < 0} is compactly
closed.

To see this, observe that, for each fixed y € Cp, one has

{reCy: inf (px—y) <0} = Con{zeC: inf (p,xz—1y) <0}
€T () €T ()

Since y € C and () is closed, our claim follows at once by assumption (v).

(Vi)r For each x € Cp \ K, with z € Sy(x), and each ¢ € T'(x), one has

sup (7 —y) > 0.
yESo(a:)ﬁH

To see this, let x € Cp \ K, with z € Sp(x), and ¢ € T'(z) be fixed. Since, in
particular, z € C'\ K and = € S(x), by assumption (vi) there exists y* € S(z) N H
such that (o, x — y*) > 0. Since H C C N By, it follows that y* € Cj, hence
y* € So(xz) N H. Our claim follows at once.

Step 2. Let M be the linear subspace of X corresponding to M, and observe
that My may not be closed in X.

For each z € @ K, choose any point w, € intysr So(z) (which is nonempty by
(iii)’). By Proposition 2.3, taking into account (ii), there exists an open bounded
neighborhood U, of z in X such that

(6) uzeth< N So(v)>.

velU.NCy
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Since the set o K is compact, there exist z1, ..., 2z, € @ K such that
m

(7) wk c (v nm).
=1

Put

o 1= 6 <U mM).

i=1
Since M \ Xy # 0 (note that 3¢ is bounded), M \ X is closed in M, and co K is
compact, by (7) we get

(8) ¢:=inf{d(a, M\ Zp):a€ @K} > 0.
If we put
(9) S =@k + [F(Ox,g)ﬂMO},

we have that X is convex and closed in M, and also X C 3.

Step 3. Let V be the family of all finite-dimensional linear subspaces of X

containing the set
HU{uzy, ..o g, }e

At this point, fix V € V. Put
Q:=ConxNV.

Note that
HC ConxnNnV C Q C CynV.

In particular, Q # 0. Let Sy : Q — 2% be the multifunction defined by setting, for

each z € Q,
Sv(x) = So(x) N = So(x) NCoNXNV.

Now, let J : X* — V* be the function defined by putting, for each o € X*,
(J(¢),u) :=(p,u) forall weV,
and let Ty : Q — 2V be the multifunction defined by setting, for each z € ,
Ty (x) == J(T(2)).

Now we want to apply Theorem 4.2(a) of [12] to the finite-dimensional problem
GQVI(Q, Ty, Sy). To this aim, observe what follows.

(@) The set €2 is a nonempty closed convex subset of V.
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(b) The multifunction Sy : © — 2% has closed graph and nonempty convex
values. Indeed, since H C Q, by (iy we have that Sy (z) # 0 for all z € Q.
Moreover, since Sy has closed graph and convex values, by the definition of Sy
and the convexity of €2 it follows that Sy has closed graph and convex values.

(c) The multifunction Sy : Q — 2% is lower semicontinuous. In order to prove
this, we first observe that

(10) YNV NintySe(z) #0 forall z e Q.

Indeed, let z € € be fixed, and choose 2/ € CoNX NV such that ||z —2/||x < &/4.
Hence,
§

r—a € My ﬂE(Ox, Z)
Since ' € X, by (8) and (9) it follows that
_ — 3¢
reco K+ [B(OX, Z) N Mgyl C 3.

Consequently, thereis i € {1,...,m} suchthatx € U,,. By (6), we getin particular
that u,, € intpsSo(z), hence

uy, € V NintparSo(x) # 0.

Fix any v € Sy(z) N H (which is nonempty by (i)’). By the convexity of S(z) we
have that

(11) v+ t(uy, —v) € VNintySe(x) forall ¢e]o,1].
On the other hand, since by (9) we have
v+ [E(OX, g) NM| C 5,
then there exists ¢’ €0, 1] such that
(12) v+t(u, —v)eX forall ¢e€]0,#].
In particular, by (11) and (12) we have
V NYNintySo(z) # 0,

as claimed. Thus, (10) holds. Now we can prove the lower semicontinuity of Sy.
Let £ € © and let W be an open set in M such that

Sy(z) "W #0.
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By (10), we can choose a point v such that
ve XNV NintySy(z) C Sy(x).
Fix v € W N Sy (z). By the convexity of S(z) we have that
(13) v+t(v—v) € QNintySo(z) forall ¢ e]0,1].

On the other hand, since T is open in M, there exists 9 > 0 such that

(14) b+ [B(ox, 9)N My| C W.

Consequently, by (13) and (14), there exists 7 €0, 1] such that
(15) v+ 7(v—20) € QN W NintarSe(T).
By Proposition 2.3, there is a neighborhood Z; of z in Cj such that

(16) 7+ 7(v — D) eintM< N So(x)>.

€Lz
By (15) and (16), we get
14+ 7(v—0) € QNW NintySo(z) € WNSy(x) forall ze Zz,
hence
Sy(x)NW £0 forall ze€ Zz,
as desired.

(d) The set Ty (z) is nonempty and compact for each « € 2, and convex for
each x € Q, with = € Sy (z). This follows directly from assumption (iv) and the
definition of Ty,.

(e) One has aff(Sy(x)) = aff(Q2) for all z € Q. To see this, fix z € . Observe
that the set
A= intMSO(x) N aff(Q)

is open in aff(€2) and by (10) one has
0 #3XNV NintySo(x)
=CoNENV NintpSo(z)
C QNintySy(x)
= QN aff(2) N intpSp(x)
=ANQ,
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hence A N # (). Consequently, by Proposition 2.1 of [12] (setted in the affine
manifold aff(€2) by an obvious translation), we get

(17) aff(AN Q) = aff(Q).

Since
ANQC Sv(x) CQ,

by (17) we get our claim.
(f) For each y € Q, the set

eQ: inf (p,z—y) <0

is closed. Indeed, if we fix y € 2, we have

{x € Q:infaer, () (P z —y) < 0} = {x eN: weirTlfm)ﬁp,x —y) < 0}

= Cp: inf — <0;,NN
{we 0 weerl(x)ﬂm y) < } ,

which is closed by (v)' (taking into account that © is closed, Q@ C V and V is
finite-dimensional).

(9) The set K := K N is compact and
Sy(x)NKq#0 forall xzeQ

(taking into account that H C 2 N K, this follows easily by (i)’ and the definition
of Sv)

(h) For each fixed z € Q\ Kq, with z € Sy (x), and each fixed ¢ € Ty (),
there exists y € Sy (z) N Kq such that (¢, —y) > 0. Indeed, let x and ¢ be as
above, and let ¢ € T'(x) be such that ¢ = J(¢). By the definitions of K and Sy
one has that = € Cy \ K and = € Sy(z). Therefore, by (viY, there exists a point

RS So(x) NHC Sv(x) NKq
such that (o, x —y) > 0. Since =,y € V, then we have (¢, x —y) > 0, as desired.

Thus, all the assumptions of Theorem 4.2(a) of [12] are satisfied. Consequently,
there exists a pair (zy, ¢v) € Q x V* such that

(18) Ty € Sv(xv), Py E Tv(w‘v) and <§5V7xV — y> <0 Vy S Sv(xv).
Let oy € T(xy) be such that oy = J(py). By (18) we get

(19) (py,zy —y) <0 forall ye Sy(xy)NQ.
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By (19) and (vi), taking into account that H C €, we have that xy € K. We now
prove that

(20) (py,zy —y) <0 forall ye Sy(xy)NV.
Indeed, if y € Sp(xzy) NV is fixed, since

oy € KCwK CCyC M,
y € So(xzy) C Cy C M,
M — M C M,

and Cy is convex, we have that

ey +ty —av) € Con [@K + (B(ox. g) )] = Gons

for a sufficiently small ¢ €]0, 1[. Hence, by the convexity of S(zy) and by the
definition of 2, we have

Ty + t(y — xv) eConnVvVn So(xv) can So(xv).
By (19) we get
0> (pv, oy — (vv +t(y — 2v))) = t{pv, vv —¥),

hence (20) is proved.
Resuming, we have proved that for each V' € V there exists a pair (xy, py) €
(K NV)x X* such that

(21) zv € So(zy), v € T(zy) and (pv,zyv—y) <0 Vy e So(zy)NV.

Step 4. Now we consider the net {xy }ycy, with V ordered by the ordinary
set inclusion C. Since K is compact, the net {zy }y ey has a cluster point & € K.
Since the multifunction S has closed graph, by (21) we get & € Sy(Z). Moreover,
by (iii)’ we have that inty;So(Z) # 0. We now claim that

(22) inf (p,z—y) <0 forall yeintySo(Z).
peT ()

On the contrary, assume that there exists § € int;.So(z) such that

23 inf (0,3 —7) > 0.
(23) %T(@«o )

By Proposition 2.3, there exists ¢ > 0 such that

(24) g€ intM< ﬂ So(x)>.

z€B(%,0)NCo
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By (23) and (Vv)', since the set

€ K: inf ,x—1y) >0
{w wég(m)w o) }

is open in K, there exists a € ]0, o] such that

(25) inf (p,z—y)>0 forall ze B(z,a)NK.
peT (x)

By construction, there exists VV € V' such that § € V and zy € B(Z,a). By (24)
we get § € So(zp) N V. Consequently, (21) implies that

(26) (pprmp — ) 0.
On the other hand, (25) implies that

inf , T —y) >0,
goET(a:V)<(P v o)
hence, in particular, .
<SO\A/7 "I,"A/ - y> > 07
which contradicts (26). Hence, (22) holds.
Applying Theorem 5 at p. 216 of [1], and taking into account (ii)’, assumption
(iv) and the inequality (22), it follows that there exists ¢ € T'(&) such that

SUPyeinty, So(2)(P: & —y) = inf sup (& =)
ye t1\150(1’)< pET (%) y€E€intprSo(2)
= sup inf <§07 T— y> < 0.

yeintMSO(aE) SOET(J})
Of course, this implies

(27) sup (@,% —y) < 0.

We now prove that
(28) (¢, & —y) <0 forall yeS@)NC.

To this aim, let ¢’ be any point in S(z) N C. Since & € K C By, and By is open
in X, we have that

wg:=2+t(y —2) € SE@)NCN By C Sy(z)
for sufficiently small ¢ €]0, 1[. By (27), for such ¢ we have

OZ <¢7j’._wt>: t<¢7x_y/>7
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as desired. Hence, (28) holds and the first part of the conclusion is proved.

Finally, we prove the last part of the conclusion. To this aim, assume that
Z € intpr(C), and fix any y* € S(&). Since z € intps(C), there exists e > 0 such
that

(29) & +[B(0,2) N My) C C.

Since y* € S(z) C D C M, M — M C My, and S(z) is convex, by (29) we have
that
vri=2+ 7Yy —2) e CNS ()

for sufficiently small 7 €]0, 1[. By (28), for such 7 we have

A~

OZ<¢7§:_’U’T>: T<¢7x_y*>7

as desired. The proof is now complete. ]

4. AN APPLICATION

We now present an application of Theorem 1.2. First of all, following the
argument announced in the introduction, we prove the following result (as before,
we put S¢(z) := S(z) N C).

Theorem 4.1. Let (X, | - |lx) be a real Banach space with topological dual
X* let C € D C X be closed convex sets, and let H be a finite-dimensional
compact subset of C. Let S : C — 2P and T : C — 2X" be two multifunctions
such that assumptions (i)—(v) of Theorem 1.2 are satisfied. Moreover, assume that
the set

Fix(S) :={zeC: z € S(x)}

is compact. Then, there exists (&, ¢) € C x X* which solves GQVI(C, T, S¢).
Moreover, if z € ri(C), then (z, @) solves EGQVI(C, D, T, S).

Proof. Put K := H UFix(S), and observe that the set K is compact and also
K C C. At this point, it is immediate to check that assumption (vi) of Theorem
1.2 is satisfied, since
(C\ K)NFix(S) =0.

Consequently, our conclusion follows at once by Theorem 1.2, taking into account
that by (iii) one has aff(C) = aff(D), hence int,gn)(C) = ri(C). n

In the particular case where S(C') C C, Theorem 4.1 gives the following exis-
tence result for the classical GQVI(C, T, S) problem, which we state explicitly for
further use.
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Corollary 4.2. Let (X, | - | x) be a real Banach space with topological dual
X*, C C X aclosed convex sets, H a finite-dimensional compact subset of C. Let
S:C —2%and T:C — 2X" be two multifunctions. Assume that:

(i) S(z)N H #( for all z € C;
(if) the multifunction S is Hausdorff lower semicontinuous with closed graph and
convex values;

(iii) int,gcy(S(x)) # 0 for all z € C;
(iv) T'(x) is nonempty and weakly-star compact for each = € C, and convex for
each z € C, with z € S(x);

(v) for each y € C, the set {z € C : inf cp)(p,z —y) < 0} is compactly
closed;

(vi) the set Fix(S) is compact.
Then there exists (z, ¢) € C' x X * which solves GQVI(C, T, S).

As an application of the latter result, we now prove the following theorem of the
alternative, which extends a recent finite-dimensional result (Theorem 3.1 of [10])
to infinite-dimensional setting.

Theorem 4.3. Let X be a real separable Hilbert space with scalar product
(-,-), let C C X be a closed convex set whose affine hull aff(C) is closed in X,
and let S : C — 2¢ be a multifunction. Assume that:

(i) the multifunction S is Hausdorff lower semicontinuous with closed graph and
convex values;
(i) intugc)(S(x)) # 0 for all x € C;

(iii) there exists a finite-dimensional compact set H C C such that S(z)NH # ()
forall z € C.

Then, at least one of the following assertions holds:
(A) There exists 2o € X such that S(z) = C = {xz¢}.
(B) The set Fix(S) :={x € C: = € S(x)} is not totally bounded.
(C) There exists & € C such that 2 € 0,5(z).
Proof. Let Hy := co (H). By Theorem 6 at p.416 of [19], the set H is compact.

Moreover, we have that Hy C C. Let us consider the multifunction S : Hy — 20
defined by putting, for each x € H,

So(xz) = S(x) N Hy.

By assumption (i), it follows that the multifunction Sy has closed graph. Conse-
quently, taking into account (iii), the compactness of Hy and Theorem 7.1.16 of
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[24], the multifunction S is upper semicontinuous with nonempty compact convex
values. Therefore, by the classical Fan-Kakutani fixed-point theorem, there exists
x* € Hy such that z* € Sy(z*) C S(z*), hence the set Fix(S) is nonempty.
Moreover, observe that Fix(S) is closed by (i).

Now, assume that assertions (A) and (B) do not hold. Therefore, the set Fix(S)
is compact and C' contains more than one point. Let M := aff(C), and let M, be
the linear subspace associated to M (note that M is closed since M is closed by
assumption). Since C' contains more than one point, then My # {0x}. Choose any
point z € My \ {Ox}. We claim that

(30) sup  (z,v) >0 forall zeC.
veS(xz)—S(x)

To this aim, fix x € C. By (ii), there exists v € C such that
u € intpr(S(z)).
Since My = span(C —u), M = u + My, and S(z) — S(xz) C My, then we get
(31) Ox € intp, (S(x) —u) Cintpg, (S(z) — S(2)).
Consequently, there exists £ > 0 be such that
B(0x,e)N My C S(z) — S(z).

Then, we have that ¢z € S(x)—S(x) for sufficiently small t > 0. Since (z,tz) > 0,
the claim (30) follows.
Let ® : C — 2Mo be the multifunction defined by putting, for each = € C,

®(z) :=[S(z) — S(x)] N {ve My : (z,v)>0}.

By (30), and taking into account that S(z) — S(x) C My, we have that the mul-
tifunction ® has nonempty convex values. Moreover, observe that by Theorems
7.3.11 and 7.3.15 of [24] the multifunction

zeC— S(z)—S(z)

is lower semicontinuous. Since the set {v € My : (z,v) > 0} is open in My, the
multifunction @ is lower semicontinuous. We now show that

intpg, (®(z)) #0 forall z e C.

To this aim, fix x € C. Observe that by (31) the set S(z) — S(x) has nonempty
interior in My, hence by convexity we get

{veMy: (z,v) >0} Ninta,(S(z) — S(x)) # 0.
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Since the above set is open in M, and it is contained in ®(z), the claim follows.
Consequently, since My is a separable Banach space, by Theorem 2.1 the multi-
function ® admits a continuous selection. That is, there exists a (single-valued)
function f : C' — M, such that f(z) € ®(x) for each z € C.

Applying Corollary 4.2 (with T'(z) = { f(z)}), we have that there exists a point
Z € C such that

e S() and (f(2),2—y) <0 forall yec S(z).
Now, observe that by (ii) we have that aff(S(x)) = M, hence
H(S(#) = inty(S(2) and 9,(S(2)) = dur(S(#)).

In particular, ri(S(z)) # 0.
Now, assume that z € intas(S(2)) = ri(S(z)). By Proposition 2.2, we get
(@) € (S(2) = S(2))™

Since
f(2) € ®(2) C S(2) — S(2),

it follows that f(2) = 0x. On the other hand, since
f(@) e ®(2) C{veM: (zv) >0},
we get f(&) # Ox, a contradiction. Such a contradiction implies that & € 9,(S(z)),

as desired. The proof is complete. ]

Finally, we observe that Theorem 1.3 follows at once from Theorem 4.3.
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