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PERIODIC SOLUTIONS FOR AN ORDINARY P-LAPLACIAN SYSTEM
Xingyong Zhang and Xianhua Tang*

Abstract. In this paper, some existence theorems are obtained for multiple
solutions of an ordinary p-Laplacian system by using the minimax principle.
Our results generalize and improve those in the literatures.

1. INTRODUCTION AND MAIN RESULTS

Consider the second order Hamiltonian system

(1.1)

{ i(t) + VE(t,u(t)) =e(t), ae. te]l0,T],
w(0) — u(T) = 0(0) — a(T) = 0,

where T > 0, e € L*(0, T;R™) and F : [0, 7] x RN — R satisfies the following
assumption:

(A) F(t, ) is measurable in ¢ for every 2 € R and continuously differentiable
in z for a.e. t € [0,7], and there exist « € C(RT,R™) and b € L'([0,T],R™)
such that

[F(t,2)| < a(|z])b(t), |VF(t,2)| < a(]z])b(t)

forall x € RY and ae. t € [0,7].

Moreover, we suppose that F'(¢,z) is T;—periodic in z;, 1 < ¢ <r, thatis
T
(1.2) F <t, x4+ Z kiTieZ) = F(t,x)
i=1

for a.e.t € [0, 7], all integers k;, 1 <4 < r, where e; is the canonical basis of R
for1 <i<N.
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When e(t) = 0, it has been proved that problem (1.1) has at least one solution
by the least action principle and the minimax methods [1,4-18]. Many solvability
conditions are given, such as the coercive condition [1], the periodicity condition
[14]; the convexity condition [4]; the subadditive condition [9]. Especially, Tang
and Wu [13] obtained the following result.

Theorem A. Suppose that (1.2) holds and

T
(13) (/e@ﬁ:Q
0
Assume that there exist f, g € L'(0,T; RT) and « € [0, 1) such that
(1.4) IVE@, x)| < f(t)|z]* + g(t)
and
T
(15) mrm/ﬂumﬁe+w(or—um
0

as x tends to infinity in 0 xRN —". Then problem (1.1) has at least r+1 geometrically
distinct solutions in T,

Let
N 7/8
1
F(t,z) = (0.57—t) | r+1+sin®z; +- - - + sin’ Trtg Z x?
il
(1.6) er 3/4
T 1
—1—1—6 r+1+sin2x1+---+sin2xr+§‘Z x? )
j=r+1
where z = (21,22, --- ,on)T € RN. We can prove F satisfies (1.2) and (1.4) with

a = 3/4. However, F'(t,x) does not satisfy (1.5) neither for the case +oo nor the
case —oo. In fact,
76

T
lim \x\_%‘/ F(t,z)dt = ——
0 919/4

|| —o0

as z € 0 x RNY~". The details can be seen in Example 4.3 in Section 4. Hence, the
above example shows that it is valuable to improve (1.5).

In this paper, by using the minimax principle, we study more general ordinary
p-Laplacian system

17) {ﬂu’(t)\p—?u'(t))'+VF<t,u<t>>:e<t>, a.c. t€0,T],
' w(0) — u(T) = 0(0) — a(T) = 0,
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where p > 1,¢ > 1 with p and ¢ satisfying 1/p+1/¢ =1, and T, e(t) and F'(t, z)
are the same as problem (1.1). Our main results are the following theorems.

Theorem 1.1. Suppose that (1.2) and (1.3) hold. Assume that there exist
f,g € LY0,T;R*) and o € (0,p — 1) such that

(1.8) IVE(t, z)| < f(t)|2|* + 9(t)

forae. t€[0,7]and all z € R" and

T nT
(1.9) 1|imrf1_icr>10f\x\_qo‘/0 F(t,z)dt > ——— VT (/ f(t dt)

p(g+1)

as z € 0 x RV~". Then problem (1.7) has at least ~ + 1 geometrically distinct
solutions in TW7".

Theorem 1.2. Assume that (1.2), (1.3) and (1.8) hold, and that

. o [T T T q
(1.10) ngl_s;p\x\ 4 /0 F(t,z)dt < O] </0 f(t)dt)

as z € 0 x RV=". Then problem (1.7) has at least ~ + 1 geometrically distinct
solutions in W7,

By Theorem 1.1 and Theorem 1.2, it is easy to obtain the following Corollaries.

Corollary 1.1. Suppose that (1.2), (1.3) and (1.8) hold. If
T
(1.12) \x\_qo‘/ F(t,z)dt — 400
0

as z tends to infinity in 0 x R~ =", then problem (1.7) has at least r+1 geometrically
distinct solutions in W ;7.

Corollary 1.2.
Suppose that (1.2), (1.3) and (1.8) hold. If

T
(1.12) ]9 / F(t, 2)dt — —o0
0

as z tends to infinity in 0 x R~ =", then problem (1.7) has at least »+1 geometrically
distinct solutions in W ;7.
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Corollary 1.3. Assume that (1.2), (1.3) and (1.4) with « € (0, 1) hold, and
that

im inf 2|2 ' Z( ' )2
(113) tim nf |2 /0 F(t,a)dt > /0 Ft)dt

o0

as € 0 x RY=". Then problem (1.1) has at least » + 1 geometrically distinct
solutions in W,

Corollary 1.4. Assume that (1.2), (1.3) and (1.4) with « € (0, 1) hold, and
that

2

(114)  limsup a2 /0 " P )t < —% ( /O ' f(t)dt)

|| —o0

as z € 0 x RV, Then problem (1.1) has at least » + 1 geometrically distinct
solutions in W%,

Remark 1.1. When o = 0, Corollary 1.1 and Corollary 1.2 still hold. The
reasons can be easily found in the process of proofs of Theorem 1.1 and Theorem
1.2. Therefore, Theorem A is the special case of Corollary 1.1 and Corollary 1.2.

For the Sobolev space W2, we have the following sharp estimates(see Propo-
sition 1.3 in [5]):

T ) T2 T )
11 < — !
(1.15) | tutorae< o [ iopar
(Wirtinger’s inequality) and
2 T T . 2
(1.16) JullZe < = [ [a(t)|"dt
12 Jo

(Sobolev’s inequality). By the above two inequality, we can prove the following
better results than Corollary 1.3 and Corollary 1.4.

Theorem 1.3. In Corollary 1.3, (1.13) is replaced by

im inf |z| 2 ' Z( ' )2
(1.17) tim nf |z /0 F(t,a)dt > /0 F(t)dt

o0

as € 0 x RV, the conclusion in Corollary 1.3 still holds.
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Theorem 1.4. In Corollary 1.4, (1.14) is replaced by

T T T 2
(1.18) limsup\x\_%‘/ F(t,z)dt < —— </ f(t)dt)
|z]—00 0 24 0

as z € 0 x RV~ the conclusion in Corollary 1.4 still holds.

Remark 1.2. Obviously, when a € (0, 1), Theorem 1.3 and Theorem 1.4 im-
prove Theorem A.

2. PRELIMINARIES
Let

W}’p = {u:[0,7] — RY| u(t) is absolutely continuous on [0, 7], u(0) = u(T)
and @ € LP(0,T; RM)}.
Then W%’p is a Banach space with the norm defined by
1/p

T T
ol = [ [ par+ [ aopa) L wewp
0 0

It follows from [5] that W%’p is also reflexive and uniformly convex Banach space.
From [2], one can know that a locally uniformly convex Banach space has the
Kadec-Klee property, that is for any sequence {w,} satisfying u,, — u weakly in
Banach space X and ||u,|| — ||ul||, one has w, — w strongly in X. This property
will be used later.

Lemma 2.1. Leta >0, b, c>0, € > 0.
(i) If o€ (0,1], then

(2.1) (a+b+ ) <a®+b* + %
(i) If a € (1, +00), then there exists B(e) > 1 such that

(2.2) (a+b+¢c)* < (1+4¢€)a” + B(e)b* + B(e)c™.

Proof. It is easy to verify (i). In the sequel, we only prove (ii). Since

i xoc/(oc—l) -1 .
z—too [21/(e=D) — 1]

)
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it follows that there exists a constant M = M(e) > 1 such that

Moc/(oc—l) -1 .
[Ml/(a_l) — 1}04 <1l+e.

Set

fit) =0+t~ —-Mt*, telo,1].
Then Ha)

Me/e=1) 1
< 1 1.
IO < Gy e <1te tell

It follows that
(2.3) (1+8)*<1+e+ Mt tel0,1].

If a <b+c then
(a+b+c)a S 2a(b+c)a S 2204—1604 _'_2204—1604'

This shows that (2.2) holds. If a > b + ¢, then by (2.3), we have

b ¢ b @
(a+b+0)* <a® <1—|— +C> < aq” <1+5+Mﬂ>

a a®

< (1+¢e)a® + 247 Mb™ + 27 M ™.
This shows that (2.2) also holds. The proof is complete.

Lemma 2.2. Let u € W,** and fOT u(t)dt = 0. Then

1/q T 1/p
(2.4) uuuoos(q%) (/0 \u@)\pds) |

and
g 7O (p,q) [T
p ) y p
(25) /0 lu(s)|Pds < (q+1)p/q/0 li(s)[Pds,
where

1
O(p,q) = / [sq+1 +(1- s)q'H]p/q ds.
0

Proof. Fix t € [0,T]. For every T € [0, 7], we have

(2.6) u(t) = u(r) +/ u(s)ds.
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Set

¢(s) =

s, 0<s<t,
T—-s, t<s<T.

Integrating (2.6) over [0, T'] and using the Holder inequality, we obtain

T|u(t \—'/ dT+// s)dsdr
S/O/T\u(s)\dsdT—i—/t /t lis)|dsdr

_ /ts\u( )\ds—i—/ (T — 8)[i(s)|ds
/qﬁ )|u(s)|ds
< (] T[¢<s>1%zs)l/q ([ \u<s>\pds)1/p

L et (o gyet] /e ( /0 ' \u(s)\pds>1/p.

ICEDEE

Since 14! + (T — t)at! < 19+ for ¢t € [0, 7], it follows from (2.7) that (2.4)
holds. On the other hand, from (2.7), we have

P (T ()P _ Tusps T ran _ p\at17P/a
0 [T ()Pt < )p/q</0\()\d>/0 [ 4 (T — 1))

(¢g+1

T1+p(a+1)/q T 1
< </ \u(s)\pds) / [sq+1 +(1- 3)q+1}p/q ds
0 0

(q+ 1)/

_T%Oma) [T g
_ (q—i—l)p/q/o li(s)|Pds.

It follows that (2.5) holds. The proof is complete.

/OTu(t)dt:O}.

It is easy 1o know that Wlp is a subset of W,” and W,;” = RN @ W". For
u € W Poletu = 7 fo t)dt and u(t) = u(t) — u. By Lemma 2.2, we have

2.7)

Let
wtr — { wkp
T = \uEWr

~ T! @(p Q) p 1,p
D Y . )
(2'8) / ‘u(t)‘ dt < ( —) / / \u(t)\ dt for Every u c WT s



1376 Xingyong Zhang and Xianhua Tang

and
(2.9) l|lallk, < (qi—ly/q /OT\u(t)\pdt for every u e Wyt
Hence,

. T7O(p, q) . 1y
210  Jalr < [W + 1] /O a(t)Pdt for every u € WL,

We will use the following two lemmas to obtain the critical points of ¢:

Lemma 2.3. ([3]). Let X be a Banach space and have a decomposition:
X =Y + Z where Y and Z are two subspaces of X with dimY < +oc. Let V' be
a finite-dimensional, compact C2—manifold without boundary. Let f : X xV — R
be a C'—function and satisfy the (PS)-condition. Suppose that f satisfies

inf f(u)>a,  sup f(u) <b<a,
uceZxV wESXV

where S = 0D, D = {u € Y | ||u]| < R}, R, a and b are constants. Then the
function f has at least cuplength(V)+1 critical points.

Lemma 2.4. (see Theorem 4.12 in [5]). Let ¢ € C'(X,R) be a G—invariant
functional satisfying the (PS).-condition. If ¢ is bounded from below and if the
dimension r of the space generated by G is finite, then ¢ has at least » + 1 critical
orbits.

Let o : W,”” — R. be defined by

1 T ) » T T
el v /0 ()Pt — /0 Pt u(t))dt + /0 (e(t), u(t))dt.

Then ¢ is continuously differentiable and weakly lower semicontinuous in W%’p
(see [5]). Moreover,

W) = [ (aop2i. o)

(2.12) T .
—/ (VF(t, u(t)),v(t))dt—i—/ (e(t),v(t))dt
0 0

for u,v € W}’p. It is well known that the solutions of problem (1.7) correspond to
the critical points of ¢ (see [5]).
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Let
a(t) = Pu + Qu + u(t),
where
N T
Pi= Y (u,e)e;, Qi=Y [(@e)— kiTie;,
i=r+1 =1

and k;(1 <14 <) is the unique integer such that
(2.13) 0 < (u,e;) — kT <T;.

Let

(2.14) G = { > kiTie;
i=1

Y =span {e,41,---,enh Z =W, X =Y +Zand V =span {e, - ,e.}/G
be isomorphic to the torus 7, which is nothing but the torus 7. Now define
¥:X xT" — Rby

k; is an interger, 1 < < r} )

(215)  U((y+=2(t),v)) =ey+v+z(t)), V(yzv)eY xZxT"
It is easy to verify that W is continuously differentiable and that

(U ((y1 + 21(t),v1)), (y2 + 22(t), v2))
(2.16) = (¢ (1 +v1 4+ 21(t)), y2 + v2 + 22(1)),
YV (yi,zi,v) €Y X ZxT", i=1,2.

)

By (1.2) and (1.3), we have
F(t,u(t)) = F (t, alt) + Z kTe) = F(t,a(t)),
=1
VF(t,u(t)) = VF (t, a(t) + Zr: kZTZeZ> = VF(t,u(t))
=1

and

/0 (e(t), u(t))dt = /0 <e(t),ﬁ(t)+2kﬂ}ei> it — /0 (e(t), a(t))dt.

=1

Hence ¢(u) = p(u) and ¢'(u) = ¢'(0).
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3. PrROOFs oF THEOREMS

For the sake of convenience, we denote that

T T .
M, — /0 fO)dt, My = /0 g(t)dt, My = <2T2>

Proof of Theorem 1.1. We divide our proof into two steps.

1/2

T
, M4:/ le(8)]dt.
0

Step 1. we prove ¥ defined by (2.15) satisfies (PS)- condition.

First we assume that {(y,, + zn, v,)} C X x T7 is a (PS)- sequence for U, that
IS {¥((yn + 2n,vy))} is bounded and ¥/ ((yy, + zn, vn)) — 0, Where y,, € Y, z, =
zn(t) € Z, v, € T" forn=1,2,... Set

Up =Yn +Un+ 2p(t), n=1,2,....
Then it is easy to see that
Yn = Py, v, = Qlp, zp(t) =uy(t), n=12,....
It follows from (2.15) and (2.16) that {¢(u,,)} is bounded and ¢'(u,,) — 0.

By (1.9), we can choose constants ¢ > 0 and a; > [T'/(q 4 1)]*/? such that

r 1 1/ T \Y
(3.1) liminf \x\_qo‘/ F(t,z)dt > [_ - < )
0

|| —00 p ar \qg+1 (1 +e)ar M)

as x € 0 x RV~ It follows from (1.8), (2.9), (2.11) and Young’s inequality that
for all u € W,"

/OT(VF(t, u(t)), ﬁ(t))dt‘

/0 N (WFW P+ Qa+ (), ﬁ(t))dt'

T T
< /O F(0)1Pa + Qa + a(t) °a(t)|dt + /0 o(t) () dt

T T
@2 < (\Pﬁ\+\Qﬂ\+HﬂHoo)°‘HﬂHoo/0 f(t)dt+HﬂHoo/0 g(t)dt

< My [(1+e)[Pul® + B(e)|Qu|* + B(e) [ al|5] |l + Ma|af|oo

a/2
1 1+e)a M9, . ~
< il + L pgpe 1 g, (ZTz?) il
1 i=1

+B(e) My |[al|S + Mol|] o
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1 T 1 M
< (—) L, *5);’1 " pgpoe

1{ +1
1/q
( ) MM il 1o

(a+1)/ o, T \ 14
M ¢ — Ms||w|| .
) g (o) el

’ﬂ+

Hence we have

lnll = (&' (un), i)

T

_ I/OT\un(t)\pdt—/OT(VF(t,un(t)),ﬁn(t))dt—i—/0 (e(t),ﬁn(t))dtl

1 (T \"* [(L+2)ar M) oo
(3.3) le_ﬁf(qH) P

T \ 4 ' T \(e)/q +1
-86) () Mg linlo-5e) () Ml

T \14 ' T \ 14 '
(57) Ml () Milial

for large n by the fact that ¢/(u,,) — 0. It follows from (2.10) and (3.3) that

litn|7 —

TP 1/p
[M 1] linllze > llinl

(q+1)pla
1 [ T \¢ [(1+¢)ay My
> 1= — [ —— P — B L T | P |9e
- [ pa; <q+1> ]”unHLP p | P |

T \ 4 7 N\ (et)/q "
_ S ol |l 1r — Ble) | —— M |l |[©
5e) (1) Ml - 56 () Ml

T \ 4 ' T \14 '
() Melinde - () Milial

for large n, which implies that

1 M14 1
(3.4) A+ Jadh]? oy e il + .

where
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1 1 T p/q T (a+1)/q
Cl = min - — 75 <—> Sp — B(E) <—> M15a+1
5€[0,+00) p pay \g+1 qg+1
T 1/q T 1/q
—|B(e) | —— M{M§ + | —— Ms + M.
()<q+1> e <q+1> (My + Ma)

(@5

The fact a; > (T/(q+ 1))/ implies that —co < C; < 0. By (3.4), we get

(3.5) H%Hip < [(1 + E)alMl]q‘Pﬁn‘qO‘ + Oy
and so
(3.6) [ tn||r < [(1 + €)ay M) YP|Pii,| 1977 4 s,

where Co, C3 > 0. It follows from (1.8), (2.9), Lemma 2.1 and Young’s inequality
that

/T[F(t, P+ Qu + u(t)) — F(t, Pu)dt
0

/OT /OI(VF“’ P+ s(Qu +i(t))), Qi + a(t) dsdt

IN

/O /O FOIPT + 5(Qa + a(t))[*|Qa + a(t) | dsdt

+/0 g(t)|Qu + a(t)|dt

My (|Puf + |Qul + Jlilloo)™ (1Qul + [[E]lo0) + M2 (|Qul + 1] 0)

IN

(3.7) < (1+ &) M| Pa|® (|Qa] + [|alloo) + B(e)Mi (|Qa] + || )
+ Mo (|Qa| + |l o)
< (1+ )My |Pa|® (Ms + ||il|oo) + B(e) My (M + ||| o)

+M (Ms + ||| o)

IN

(1+ ) M| Pal*||d] oo + (1 + €)My Ms| Pul® + 22B(e) My [[a]| 5

+ Mo ]| oo + 2% B(g) My M + My M;

1 1\ P4 1 M 14q?P T \Ya
< — (i) la)|?, + [(1 + &) Mi]%a} ( > | P9
par \ T q q+1
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(1 + €)M My | Pa|” + 2 B(e) My ||

+ Mo ]| oo + 2% B(e) My M 4+ My M;

1 T 1/q 1 M 1¢ a/p T 1/q
< — (— HUJHII)W + [( +E) 1] a; |Pa|q<x
par \q+1 q q+1

+(1 + &) My Ms| Pu|®

7N\ @D/ )
e () ol

T 1/q
+ <q+—1> Mo |||z + 29B(e) My M + My M;

for all u € W%’p. It follows from the boundedness of {¢(u,)}, (1.3), (3.5), (3.6)
and (3.7) that

Cy < ‘P(“n)
1

: / i (D)7t — / [F(t,un(t)) — F(t, Pa))dt

- /T F(t, Puy,)dt + /T(e(t), Uy (t))dt
0 0

L, ( a )”q (e[ +[<1+5>M1]Qa§”< T >”q
L G i,
p pa; \g+1 ML q g+1

IN

| P, | 4+ (1 4 ) My M3|Pul®

T (a+1)/q ) T 1/q
M () el () Mellinl

+2°B(e) My M + Mo M

T T 1/q
— | F, Pu)dt+ [ —— ) Myl e
| rpaars () Ml
11 ( T >1/‘1
<=+ —(—
p  pap \g+1

1 M+14 q/p T 1/q
+ [( + E) 1] ay |P,an|q<x
q q+1

{1 +e)ar M) Py |* + Ca}

T ><a+1>/q

+(1 + €)My Ms| P, |* 4+ 2%B(e) M <q+—1
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a+1
{10+ &)ar M9/ Py jae/v 4 Cy |

T 1/q / /
R q/p 7o |qe/p

T
+2°B(e) My M + My M —/ F(t, Pu,)dt
0

1 1/ T \Ye
()
p a1 \g+1

+C5| P, |1+ V/P 4 Cg| Paa,|99/P

IN

[(1+ &)ay M;]9| Py, |*

T
+(1 4 )My M3|Pu,|* + Cr —/ F(t, Puy)dt
0

1 1/ 1T\
ST (P 1+¢&)ar Mi]?
PRl <q+1> [(1+e)ar M) }

+C5| Pt |9/ 4 Og| Pl |97 + (1 + €) My M| Pii|* + Cr,

T
—|Pun|q“{|Pun|_q“/ F(t, Pa,)dt —
0

where C5, Cg and C; are positive constants. Then it follows from (3.1), ga(a+1)/p < q«,
and qa/p < qo that {|Puy,|} is bounded. Furthermore, {@,} is bounded by (2.10) and
(3.6), which implies that {u,} is bounded in W}”’. Since W}”’ is a reflexive Banach
space, both boundedness and weak compactness are equivalent, going if necessary to a
subsequence, we can assume that

(3.8) w, — u weakly in W7,
Furthermore, by Proposition 1.2 in [5], we have
(3.9) u, — w strongly in C([0,T], RM).

By (2.12), we have

Since {||un||} is bounded and ¢'(u,) — 0, we have
(3.11) (" (un), tn — )| < @' (un) || lun —ul =0 as n— oo.

By assumption (A) and (3.9), one has

(3.12) /OT (VF(t,un(t)), un(t) — u(t))dt =0 as n — oo,
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and
(3.13) /T(e(t), Uun(t) —u(t))dt = 0 as n — oc.
0

Hence, it follows from (3.10), (3.11), (3.12) and (3.13) that

T

(3.14) / (|ten () [P~ 200, (t), T (t) — 0(t))dt — 0 as n — oo.

On the other hand, it is easy to derive from (3.9) and the boundedness of {w,} that
T

(3.15) / (e (B)F~2un (1), un(t) — u(®)dt — 0 as n— oo.

Set

Then we have

(W ()t — ) = / (Tt (6) P21 (), 0 (£) — ()t

(3.16) ;
[ QO a0, (0~ (o),
and
W (u),un —u) = / (|u(t)|p_2u(t),un(t) —u(t))dt
(3.17) 0

T
+ [P, i) - )t
0
From (3.14), (3.15) and (3.16), we obtain
(3.18) (W (up)yup —u) -0 as n— oo.

On the other hand, it follows from (3.8) that

(3.19) (W' (w),up —u) -0 as n— oo.

By (3.16), (3.17) and by using the Hdélder’s inequality, we get By (3.16), (3.17) and by
using the Holder’s inequality, we get
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T T
= [ O a0, =)+ | i (017200, (1) (0
0 T OT
- / (u(®) P~ 2u(t), wn(t)—u(t)dt— [ (iP~2a(0), i (£) — ()t
0 0
T
=|un|:+|u|p— / (1) P20 (1), u(t))d / (Jin (1) P20 (1), (1))
— OP~2u(t), un(t))dt— VP240(t), i (t))dt
620) /0('““' ult), un(1)) /0('“( P2a(t), (1))
> funll? + lull” = (anllGz o + lin 5 ] 2 )
— (el el o+ il i 2 )
> Yunll? + full” = (el + 1l (ltnlBy -+ i 2,) "
= (lunllZ + NinllZ) 7 (Ul + ],
— unll? + [ell? = ] Ynll? = [l P
= (lanll? = ull7) (tn | = [l
It follows that
G2 0< (fuallP = JulPY) (lunll — ) < (' (un) — ¥/ (), 1 — ),

which, together with (3.18) and (3.19) yields ||u,|| — |lu| (see [19]). By the uniform
convexity of W}”’ and (3.8), it follows from the Kadec-Klee property that w,, — u strongly
in WP, Thus we have verified that ¥ satisfies (PS) condition.

Step 2. In order to use Lemma 2.3, we only need to verify the following conditions:
() inf{P((z,v)) | (z,v) € ZXT"} > —0o0;

(i) ¥((y,v)) — —oo uniformly for (y,v) €Y x T" as |y| — oo.
For (z,v) € Z x T", set u = u(t) = v+ z(¢t). Then v = Qu, z(t) = u(t). It follows
from (1.8) and (2.9) that

/OT[F(t, u(t)) — F(t,0)]dt

- / / (VE(t, 5(Q + (1)), Qf + a(t) )dsdt

IN

T
//f s(Qa + alt )|“|Qa+a(t)|dsdt+/0 o(8)]Q + a(t)|dt
M (|Qu| + ||t]loo)™ (|Qu] + ||t]loc) + M2 (|Qu] + ||i]|oo)
2°My (|Qu|* T + ||af|&) 4+ M (1Qa] + ||| )

T 1/q
M. |Le| -
o+ (1) |u|L]

(3.22)

IN

IN

7\ (e+D/a
2° My M§+1+<—> [l 5t 4 Mo

IN

q+1
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Hence, by (1.3), (2.11) and (3.22), we have

U((z,0)) = ¢(u)

1 /T » T T i i
_ 5/0 |a(t)| dt—/o F(t,O)dt—/O [F(t,a(t) + Qa) — F(t,0)]dt

+/O (e(t), u(t) + Qu)dt

T e/
A@“+(——) e

Y

1
My ||P _ 9«
Ly, —2onn -

T 1/q
M. — 1| e
v () Ml

T T 1/q
— | F(,0)dt— M, [ —— illo.
| Fo - ()l

— M,

This shows that condition (i) holds.
For any (y,v) € Y x T7, it follows from (1.3), (1.8) and (2.11) that

U((y,v)) = oy +v)

T
—/ F(t,y+wv)dt
0

—/OTF(t,y)dt—/OT /OI(VF(t,ersv),v)dsdt

IN

T T 1 T
_/ F(t,y)dt+|v|/ /f(t)|y+sv|“dsdt+|v|/ o(t)dt

0 0 0 0

T

IN

—/‘mea+@wW+@
0

T
—y|®® (Iyl“’“/ F(t,y)dt> + Csly|™ + Cy
0

for some positive constants Cg and Cy. Hence, the inequality above, o < ga and (1.9)
imply condition (ii) holds. It follows from Lemma 2.3 that ¥ has at least » + 1 critical
points. Hence ¢ has at least » + 1 geometrically distinct critical points. Therefore, problem
(1.7) has at least » + 1 geometrically distinct solutions in W}”’.

Proof of Theorem 1.2 By (1.10), we can choose constants e > Oand ax > (T'/(q + 1))1/‘1
such that

[ +e)M1]qag/P< T >1/q

T
3.23 li —ae [ Pt 2)dt < —
629 lmswldl ™ [ Ft.o) : —

|x|—o0

as x € 0 x RY="_ It follows from (3.7), (1.3) and (2.9) that
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1 T ) , T . T .
- 5/0 ()| dt—/o F(t,u(t))dt—i—/o (e(t), a(t))dt
_ / (i) [Pt — /O F(t, Pa)dt + /O (e(t), a(t))dt

P Jo

—/O /O(VF(t,PaJrs(Qa+a(t))),Qa+a(t))dsdt

(3.24) ! L( - >1/q
p  paz \g+1

T l/q
. ( ) (Ma + M) o — MMy

Y

, 7o\
O e I L

q+1
—2%B(e) My M&T — (1 + ) My M3| Pul|”

T q,4/P 1/q
pafe [ p pa y MY (T 1
0

—| Pa)®
e q+1

for all u € W, 7. It follows from (3.23), (3.24) and ay > (T/(q¢+1))"/? that ¢ is
bounded from below. Let G be a discrete subgroup of W}”’ defined by (2.14) and let
7 : WP — WP /G be the canonical surjection. By (1.2) and (1.3), it is easy to verify
that ¢ is G-invariant. In what follows, we show that the functional ¢ satisfies the (PS)-
condition, that is, for every sequence {u,} in W, * such that {,(u,)} is bounded and
¢ (uy) — 0, the sequence {m(uy)} has a convergent subsequence. In fact, the boundedness
of (uy), (3.23), (3.24) and the fact that ay > (T/(¢ + 1))/ imply that (P,,) and ||, | »
are bounded. Furthermore, by (2.10), we know that (4,,) is also bounded. Hence {a,} is
bounded. Similar to the proof of Theorem 1.1, we can know that {,} has a convergent
subsequence. So {m(u,)} also has a convergent subsequence since m(w,) = m(4,). Thus,
by Lemma 2.4, we know that ¢ has r + 1 critical orbits. Hence, as in [5, Theorem 4.13],
problem (1.7) has at least » + 1 geometrically distinct solutions in W}”’. The proof is
complete.

Proof of Theorem 1.3. Similar to the proof of Theorem 1.1, we divide our proof into
two steps.

Step 3. We prove ¥ defined by (2.15) satisfies (PS)- condition.

First we assume that {(y, + zn,vn)} C X x T7 is a (PS)- sequence for ¥, that is
{U((yn + 2zn,vn))} is bounded and ¥’ ((y,, + 2z, vn)) — 0, Where y, €Y, z, = z,(t) €
Z, v, €T forn=1,2,.... Set

Un = Yn +Un+zn(t)a n=12,....
Then it is easy to see that

Yn :Pan; Un :Qan; Zn(t) :an(t)a n:1525----
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It follows from (2.15) and (2.16) that {(u,,)} is bounded and ¢’ (u,,) — 0.
By (1.17), we can choose an az > T'/12 such that
TM?
24

as z € 0 x RV=". It follows from (1.4), (1.16), « € (0, 1) and Young’s inequality that for
all w € W,

T
(3.25) lim inf |z|~ 2“/ F(t,x)dt > a3M? +
0

|#]—o0

/T(VF(t, Pu+ Qu+ a(t)), u(t))dt
0

T

< / ()P + Qa + a(t)|*|a(t)|dt + / o(t) a(t) dt
< / FOPE + [Qal* + [a(t)] ) a(t)|dt + / o(t) a(t) dt

IN

T T
|Pa|® i]oe / F@)dt -+ 1Qal o / f(tydt

T
(3.26) +HUH“+1/ f(t dt+HUHoo/ g(t)dt

= Mi|Pu|*|d]l oo + Mi|Qu|*||i| oo + Myl|af| S + Mol oo
1 ~112
EHUH

T . . as M? T .
a1 + 23 PO /(M + M M3 i1

7\ (et1)/2 )
— M otl
+(33) i

ang

IN

| Pal?® 4+ My Mg ||l oo+ My ]| S + Mo ||

IN

Hence we have
ldnll > [ (un), @n)

=‘ / it ()] 2t~ / (VE(t, 2 <t>>,an<t>>dt+/0 (elt), in () dt

T . agM
> (1 - m) |72 — =P

T T (a+1)/2 L
T MMM il (55) Ml

for large n by the fact that ' (u,) — 0. It follows from (1.15) and (3.27) that

T2 1/2
(2 +1)  linlo = fal

T . a3M2 _
> (1 g0 ) Nl = 25 Pa, e

T T (a+1)/2
350 M A il (35) Ml

(3.27)
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for large n, which implies that

a3M12

- |22 + D1,

(3.28) | P, |** >

| =

where

T

12a5 — T
D2 (M + My + My M)

Dy = i
! se[%l,foq{ 2das 2
T2 1/2 T ot
—+1 — [ — Mys®tt Y,
() o) e

The fact a; > T'/12 implies that —oco < D; < 0. By (3.28), we have

(3.29) in]|32 < asME| P> + Do
and
(3.30) [in|l2 < VazMi|Pu,|* + D3

for all integers n > 1, where Dy, D3 > 0. It follows from (1.4) and (1.16) that for all
U € W%’Q

/ [F(t, P+ Qu + a(t)) — F(t, Pa)]dt
0

/OT /OI(VF“’ P+ s(Qu+u(t))), Qu + u(t))dsdt

IN

al® ! a+a ! a+a(t)|ett
P |T / F()]Qa + a(t)|dt + / F()1Qa + a(t) o+ dt
+ /O o(0)|Qa + a(t)|dt

My (1Q|+[[]|oo) [Pl * +27 My (|Qul** Hall$™) +Ma(|Qal + [l o)

1, . as M?
My M| Pl + o—||al5, + —L|Pu|*
as 2

(3.31)

IN

20 MM 427 M [[a]| S 4+ Mo My + Mo |al o

T - 112 a3M12 — 2 —lo o a+1
—HU’HLQ + |PU,| +M1M3|PU,| +2 M1M3 +M2M3
24@3 2

(a+1)/2
T . T .
+2(XM1 — HUJH%;FI + —MQHU,HL2.
12 12

It follows from the boundedness of {¢(u,)}, (3.31), (3.29) and (3.30) that

IN
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Dy < ‘P(“n)

— %/O Iun(t)|2dt—/0 [F(t, un(t)) — F(t, Pty,)]dt

- /T F(t, Puy)dt + /T(e(t), U (t))dt
0 0

1 T ) T (a+1)/2 o T “
(54—%) [l 7,2+2% My (E) i7"+ EMQH“TLHL2+2 M, M

a M2 T T '
ML | P2 4 2,0 | Pty o _/ F(t, Pa)dt + || = Mi |12
0

IN

+Mo M3 +

IN

1 T (a+1)/2 a+1
(T%) (a3 M7 | Piin|**+ D) +2° M <E> (Vas M| Pun|*+Ds)

M2
a32 1 |Pan|2a

T
4/ 15 (Ma + Ma) (y/azMy | Pain| +Ds) 2% My Mg+ + Mo M +

T
+M1M3|Pan|“—/ F(t, Puy)dt
0

TM} T
= (%Mﬂj) IPan|2“+D5IPanI“‘“+1’+D6|PanI“+D7—/ F(t, Puy)dt
0
T 2
TM
— —|Pun|2“{|Pun|_2“/ F(t, Pu,)dt — <a3M12+ 241>}
0

+Ds| P, |***Y) 4+ Dg|Pa,|* + Dy,

where D5, Dg and D7 are positive constants. Then it follows from (3.25) and a(a+1) < 2«
that {| Pu,,|} is bounded. Furthermore, {,,} is bounded by (1.16) and (3.30), which implies
that {w,,} is bounded in W}’Q. Arguing then as in Proposition 4.1 in [5], we conclude that
the (PS) condition is satisfied. The other proofs are similar to those in Theorem 1.1 with
p = 2. The proof is complete.

Proof of Theorem 1.4. By (1.18), there exists an a4 > T'/12 such that

a4M12

T
(3.32) lim sup |x|_2“/ F(t, z)dt < —
0

|x|—o0
asz € 0 x RN=". It follows from (1.3) and (3.31) that for all u € W,
p(u) = o(a)
1 T T T
_ —/ () [2dt —/ F(t, Pa)dt +/ (e(t), a(t))dt
2 0 0 0

- /OT /OI(VF“’ P+ s(Qu +i(t))), Qu + u(t))dsdt
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17T T T et/2
> (= — 1|20 — A/ =Myl|dl|pe — 29M, [ — 1|93
> (5~ ga;) 10l = ggMabille —20 ()l
T
—\/ g Malillzs — Mo My — 2 My Mg+ — My My| Pl
T 2
M
—|Pul?® <|Pu|_2“/ F(t, Pu)dt + a42 1 ) .
0

It follows from a4 > T'/12 and (3.32) that ¢ is bounded from below. Arguing then as in
Theorem 1.2 with p = 2. The proof is complete.

4. EXAMPLES
In this section, some examples will be given to illustrate our results.
Example 4.1. Consider the following system:
(Ju'()|?u' (1)) + VF(t,u(t)) = e(t), a.e. te]0,T],
{ u(0) —u(T) = (0) — &(T) =0,

(4.1)

where T > 0, p =4 and ¢ = 4/3, e € L' (0, T; R") satisfies (1.3). Let

7/4
N
1
F(t,r) = (0.5T —t) [ sin®xy +--- +sin®z, + 5 Z x?
j=r+1
N 5/3
1
+(8T3—t) sin2x1+---+sin2x,«+§ Z x? ,
j=r+1
where © = (21,22, - ,zn)T € RY. Obviously, F satisfies (1.2) with T; = 7,i =
1,2,---,r Let
| XN
y:sin2x1+---+sin2x,«+§ Z x?
j=r+1
and let z = (sin 2wy, - -+ ,sin 2@, 241, - ,xn) L. Then

7 5
VE(t,2) = (057 = )y* "z + S(8T° — t)y*/ .
By Young’s inequality, we have
7 5
|VF(t, x)| < Z|0_5T _ t|y3/4|z| + §|8T3 o t|y2/3|2|

7 5
< Z|0'5T_ t||x|3/2 (7“ + |x|2)1/2 n §|8T3 _ t||x|4/3 (7“ + |x|2)1/2

7 5
< 1057 — ]]af*/2 + 28T — t]|o]"/?
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+£\/7_“|0.5T—t||x|3/2+ g\/F|8T3 — t]||*/3
< T8 — e + DTal /5 4 LTI 4 2T el
= E (|0.5T — t| + &) |=|>/2 + Ay (e),
where 0 < & < 1, Ay(e) > 1is a function of . Thus F satisfies (1.8) with o = 5/2 and
£(6) = 20057~ 1]+ 9), (1) = Ax(e).
Then

T 2
T TTe
/0 FWdt = g+ =

and so
q

w07 (" _wsrar2 re)
plg+1) (/O ﬂt)dt) - 28 (16 L > '

N 1/2
On the other hand, as = € 0 x RV ~", we have |z| = (Z 2) , and

j=r+1Tj
, N 7/4 X N 5/3
F(t,x) = (0.57 —1) | 5 > a? + (873 —t) 5 > a?
j=r+1 j=r+1
0.5T =t 75  8T° =1, 103

Then

T T 4 _ g2
167T* -T
lim inf |x|_‘1a/ F(t,z)dt = lim inf |x|_10/3/ F(t,z)dt = ————.
0 0

|z|—o0 |x|—o0 28/3

Thus, if T > 0.265, we can choose ¢ > 0 sufficient small such that

T 4 2
1674 —T
1iminf|x|_10/3/ F(t,z)dt = ———
|| — o0 0 28/3
_ 18T (71 | TTe 4/3
28 \ 16 4

_ T [ *F !
~ plg+1) (/0 ﬂt)dt)

Hence, when T' > 0.265, F' satisfies all conditions of Theorem 1.1. Therefore, system (4.1)
has at least r + 1 geometrically distinct solutions in TW,*.

Example 4.2. Consider the following system:
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{ (Ju' ()2 (t)) + VE(t,u(t)) = e(t), ae. te][0,T],
(4.2)

w(0) —u(T) = u(0) —(T) = 0,
where T > 0, p =4, ¢ =4/3 and e € L' (0, T; R") satisfies (1.3). Let

7/4

F(t,z) = (0.5T —t) | sin® in? L~

(t,x) = (0.57 —t) | sin“x1 + - - -+ sin x,«—i—gij

j=r+1
N 5/3
1
—o73 sin2x1 + - +sin2x,« + B Z x?
j=r+1

where z = (z1, 22, -- ,zny)T € RYN. Similar to the argument in Example 4.1, it is easy to

show that F satisfies (1.8) with & = 5/2 and
7
J(t) = 70057~ t]+2), g(t) = Aa(e),
where 0 < ¢ < 1, As(e) > 1is a function of . Then
T 2
T TTe
/O f@)dt = <=+

and so
q

T T or (7712 7T\
R (/0 f“)d’f) -5 ()

1/2
On the other hand, as z € 0 x RV~ we have |z| = (ZN xQ) , and

j=r+1<j
N 7/4 N 5/3
1 1
F(t,z) = (0.5 —¢t) 5 Z x5 — 27" 5 Z x5
j=r+1 j=r+1
_ @| |7/2_T_3| |10/3
= Tora T 927311

Then

T T T4
1imsup|x|_q“/ F(t,x)dtzlimsup|x|_10/3/ F(t,z)dt = YT
0 0

Then, if T'> 5103/1048576 ~ 0.00487, we can choose ¢ > 0 sufficient small such that

s [T T
lim sup |z|™ / F(t,z)dt = ——=
|| — o0 0 22/3
_ 9 (1T T 4/3
28 16 4

q

T T
Calg+1) </0 ﬂt)dt)
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Hence, if T > 5103/1048576 ~ 0.00487, F' satisfies all conditions of Theorem 1.2.
Therefore, system (4.2) has at least  + 1 geometrically distinct solutions in W}A.
Example 4.3. Consider second-order Hamiltonian system:
w(t) + VF(t,u(t)) = e(t), ae. tel0,T],
4.3)
w(0) —u(T) = u(0) — w(T) = 0,

where T > 0, e € L*(0,T; RY) satisfies (1.3), and F is defined by (1.6). Obviously, F'
satisfies (1.2) with T; = m,¢ =1,--- ,r. Let
1 N
y=r+1 +sin2x1 +---+sin2x,« + B ZHJU?
Jj=r

and let z = (sin 2wy, - -+ ,sin 2@, 241, - ,xn) L. Then

7 3
VFE(t,z)= §(0.5T — )y V2 4 6—4T4y_1/4z.

Thus
7 374
IVE(t,2)] < 2]0.5T — tly~"/*|2] + —y /||
8 64
7 _ 3 _
< Sl0ST — ]y R (2y)t 2 4 Ty ()2
V2 3V2
< T\f|o.5T ) (r+ 1+ 22 6—\1_T4 (r+1+ 22"
V2 V2
< —;/_|0.5T — ||z 3% + —\8f|o.5T —t|(r+1)*8
3v2 3v2
T4 || 1/2 T4 1 1/4
+—64 |z ] +—64 (r+1)
V2
< T\/_UO'E)T —t| 4 &)|z|>/* + As(e),
where 0 < & < 1, As(e) > 1is a function of . Thus F satisfies (1.4) with o = 3/4 and
7V?2
ft) = ?(|0-5T—t| +¢€), g(t) = As(e).
Then

T TV2T?  T\2eT
/Of(t)dt: 5t

J

1/2
Asz €0 x RN then |z| = (ZN xQ) a}r)g

J=r+1 3/4
1 & T4 1 & !
2 2
F(t,z) = (0.5T —t) 7~+1+§}Z G+ T+1+§‘Z a?
j=r+1 j=r+1

1 7/8 T4 1, 3/4
= (0.57 —t 1+ = — 1+ = .
( )<r+ +2|x|> + 15 <r+ +2|x|>
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Thus if 7' > 0, we can choose ¢ > 0 sufficient small such that

T
1iminf|x|_3/2/ F(t,z)dt = 271945
0

|x|—o0

8 32 8

:%</0Tf(t)dt>2.

Hence, F satisfies all conditions of Theorem 1.3. Therefore, system (4.3) has at least r + 1
geometrically distinct solutions in ,.>.

T (7\/§T2 . 7\/§ET>2

Example 4.4. Consider second-order Hamiltonian system:
{ w(t) + VF(t,u(t)) = e(t), ae tel0,T],
u(0) = u(T) = u(0) —i(T) = 0,

(4.4)

where T' > 0, e € L'(0, T; R") satisfies (1.3), and

7/8
N
1
F(t,x) = (0.5T —t) | r+ 1 +sin®x; + - -- +sin’x, + 5 Z x5
j=r+1
. W 3/4
~21 7“+1+sin2x1+---+sin2x,«+§‘Z x? ,
j=r+1
where © = (z1,22,---,zn5)T € RY. Obviously, F satisfies (1.2) with T; = 7,i =
1,---,r. Similar to the argument in Example 4.3, it is easy to show that F satisfies (1.4)
with o = 3/4 and
72
F(t) = (05Tt +€), g(t) = Aae),
where 0 < & < 1, A4(e) > 1is a function of . Then
T
V2 V2
t)dt = ——T? + —=¢T.
| i = SR T2
N-—r N 2 1/2
As z €0 x RY~" then |z| = (Zj=r+1 xj) a;r)g »
F(t,z) = (0.5T —t) +1+1Z 2 - +1+1§: :
%) = & " g2 2 7 24 | 2 £« i
j=r+1 j=r+1

1 7/8 T4 1, 3/4
= (0.5T — 1+ = B 14 = )
0.5 t)<r+ +2|x|> 51 (7~+ +2|x|>
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Thus if 7' > 0, we can choose ¢ > 0 sufficient small such that

T
1
lim sup |x _3/2/ F(t,z)dt = ——————1°
|z|—o00 = 0 23/4.24
2
T (7V2 V2
(D22 VEp
Y ( 32 T8 " )

S ([ e

Hence, F' satisfies all conditions of Theorem 1.4. Therefore, system (4.4) has at least r + 1
geometrically distinct solutions in >,
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