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STRONG AND WEAK CONVERGENCE THEOREMS FOR
GENERALIZED MIXED EQUILIBRIUM PROBLEM
WITH PERTURBATION AND FIXED POINTED PROBLEM
OF INFINITELY MANY NONEXPANSIVE MAPPINGS

L. C. Ceng', Hui-Ying Hu? and M. M. Wong*

Abstract. Very recently, Plubtieng and Kumam [S. Plubtieng, P. Kumam,
Weak convergence theorem for monotone mappings and a countable family
of nonexpansive mappings, J. Comput. Appl. Math. 224 (2009) 614-621]
proposed an iterative algorithm for finding a common solution of a variational
inequality problem for an inverse-strongly monotone mapping and a fixed point
problem of a countable family of nonexpansive mappings, and obtained a weak
convergence theorem. In this paper, based on Plubtieng-Kumam’s iterative
algorithm we introduce a new iterative algorithm for finding a common solution
of a generalized mixed equilibrium problem with perturbation and a fixed point
problem of a countable family of nonexpansive mappings in a Hilbert space.
We first derive a strong convergence theorem for this new algorithm under
appropriate assumptions and then consider a special case of this new algorithm.
Moreover, we establish a weak convergence theorem for this special case
under some weaker assumptions. Such a weak convergence theorem unifies,
improves and extends Plubtieng-Kumam’s weak convergence theorem. It is
worth pointing out that the proof method of strong convergence theorem is
very different from the one of weak convergence theorem.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let C be
a nonempty closed convex subset of # and S : C' — C' be a self-mapping on C.
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We denote by F'(.S) the set of fixed points of .S and by P the metric projection of
H onto C. Moreover, we also denote by R the set of all real numbers. A mapping
S is said to be nonexpansive if

Sz = Syl < |z —yll, V,yeCl.

If C is a nonempty bounded closed convex subset and S is a nonexpansive mapping
of C into itself, then F'(S) is nonempty. A mapping A of C into H is called
monotone if

(Au — Av,u—v) >0, Yu,veC.

A is called a-inverse-strongly-monotone if there exists a positive real number «
such that
(Au— Av,u —v) > af|Au — Av|?, Vu,v € C.

It is obvious that any «-inverse-strongly-monotone mapping A is monotone and
Lipschitz continuous.

Very recently, Peng and Yao [1] introduced the following generalized mixed
equilibrium problem of finding z € C such that

(1.1) f(@y)+oy) — (@) + (AzZ,y —2) >0, VyeC,

where A : C — H is a nonlinear mapping, ¢ : C' — R is a function and f :
C x C — R is a bifunction. The set of solutions of problem (1.1) is denoted by
GM E P. Subsequently, this problem was also considered by Yao, Liou and Yao [2],
and Ceng and Yao [29]. Inspired by problem (1.1) we introduce and investigate the
following generalized mixed equilibrium problem with perturbation: Find z € C
such that

(1.2) f(@y) +o(y) — @) +(A+B)z,y—2) >0, VyeC,

where A, B : C — H are nonlinear mappings, ¢ : C — R is a function and
f: C x C — R is a bifunction. The set of solutions of problem (1.2) is denoted
by GMEPP.

If B =0, then problem (1.2) reduces to problem (1.1).

If A= B =0, then problem (1.2) reduces to the following mixed equilibrium
problem of finding z € C such that

f@,y)+o(y) —p(@) >0, Vyed,

which was considered by Ceng and Yao [3]. The set of solutions of this problem
is denoted by MEP(f, ¢).

If o =0 and B = 0, then problem (1.2) reduces to the following generalized
equilibrium problem of finding z € C such that

(1.3) f(Z,y)+(Az,y—z) >0, VyeC,
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which was studied by Takahashi and Takahashi [4].
If p=0and A= B =0, then problem (1.2) reduces to the following equilib-
rium problem of finding z € C such that

f(z,y) >0, VyeC.

If f =0, o =0and B = 0, then problem (1.2) reduces to the following
classical variational inequality problem of finding z € C' such that

(1.4) (Az,y—7) >0, VyeC.

The set of solutions of problem (1.4) is denoted by VI(C, A). The variational
inequality problem has been extensively studied in the literature; see [5-15,26] and
the references therein. Recently, Nadezhkina and Takahashi [12] and Zeng and Yao
[14] proposed some variants of Korpelevich’s extragradient method [13] for finding
a common element of the set of fixed points of a nonexpansive mapping and the set
of solutions of a variational inequality problem.

The problem (1.2) is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, minimax problems, Nash equilib-
rium problems in noncooperative games and others; see, e.g., [1-4,16-21,29]. In
order to solve problem (1.1), Peng and Yao [1] developed a CQ method and Ceng
and Yao [29] gave a new variant of Korpelevich’s extragradient method [13]. Peng
and Yao [1] established some strong convergence results for finding a common ele-
ment of the set of solutions of problem (1.1), the set of solutions of problem (1.4),
and the set of fixed points of a nonexpansive mapping. Moreover, Ceng and Yao
[29] derived some strong convergence theorems for finding a common element of
the set of solutions of problem (1.1), the set of solutions for a general system of
generalized equilibria, and the set of fixed points of a k-strictly pseudocontractive
mapping.

On the other hand, Aoyama, Kimura, Takahashi and Toyoda [22] recently in-
troduced an iterative scheme defined by ;1 =z € C and

(1.5) Tpgl = ATy + (1 — ap)Spzn, n=12,..,

where {«,, } is a sequence in [0, 1], C'is a nonempty closed convex subset of H and
{S.} is a sequence of nonexpansive mappings of C' into itself with (>, F(S,,) #
(). They also proved that the sequence {x,} generated by (1.5) converges strongly
to a common fixed point of nonexpansive mappings 7,,, n = 1,2, ....

Very recently, Plubtieng and Kumam [30] proposed the following iteration pro-
cess for finding a common element of the set of solutions of variational inequality
(1.4) and the set of common fixed points of infinitely many nonexpansive map-
pings {5, }5°, of C into itself and proved the weak convergence of the sequence
generated by this iteration process to an element of ()2, F'(S,) N VI(C, A).
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Theorem PK. ([30, Theorem 4]). Let C' be a nonempty closed convex subset
of a real Hilbert space H. Let « > 0 and let A be an a-inverse-strongly-monotone
mapping of C' into H. Let {S,,} be a sequence of nonexpansive mappings from C
into itself such that (2, F(S,) N VI(C, A) # 0. Let {x,} be a sequence in C
defined by z¢ € C and

Tpg1 = ATy + (1 — ) SpPo(xn — A\yAxy,),

foralln =0,1,2,..,where 0 <a < A\, <b< 20 0<c<a, <d<1and
Yonl i an(l — ay) = oo. Suppose that >~>° ; sup{||Snt+12 — Spz|| : 2 € B} < 00
for any bounded subset B of C. Let S be a mapping of C' into itself defined by Sz =
lim,, oo Spz for all z € C and suppose that FI(S) = (\,—; F(S,). Then {z,}
converges weakly to z € F(S)NVI(C, A), where z = lim,, .o Pr(s)nvi(c,4)Tn-

Throughout this paper, suppose that {S,,} is a sequence of nonexpansive self-
mappings on a nonempty closed convex subset C' of a real Hilbert space H. Moti-
vated and inspired by Aoyama, Kimura, Takahashi and Toyoda [22], Takahashi and
Takahashi [4], Plubtieng and Kumam [30] and Ceng and Yao [29] we introduce the
following iterative algorithm for finding a common solution of problem (1.2) and
the fixed point problem of infinitely many nonexpansive mappings {.S,,}: For fixed
u € C and z; € C arbitrary, let {z,,} C C be a sequence generated by

Yo =T (2 — An(A+ B)ay),
Tn+1 = QU+ Bry + YnYn + 5nSnyn7

forall n = 1,2, ..., where 0 < A\, < min{a, 8}, {an}, {Bn}, {1}, {0n} C [0,1]
with a, + B + v + 6, = 1, f : C x C — R is a bifunction, ¢ : C — R is
a lower semicontinuous and convex function, and A, B : C — H are «-inverse-
strongly monotone and (-inverse-strongly monotone, respectively. On one hand,
following the idea of the proof in Ceng and Yao [29, Theorem 3.1] we derive a
strong convergence theorem for algorithm (1.6) under appropriate assumptions. On
the other hand, we consider a special case of algorithm (1.6): For fixed v € C and
x1 € C arbitrary, let {z,,} C C be a sequence generated by

(1.6)

Yo = T\ (@0 — Aa(A + B)zy),
Tp+1 = Brnn + YnYn + 5nSnyn7

for all n = 1,2, .... Following the idea of the proof in Plubtieng and Kumam [30,
Theorem 4] we establish a weak convergence theorem for algorithm (1.7) under
some weaker assumptions. Such a weak convergence theorem unifies, improves
and extends Plubtieng and Kumam [30, Theorem 4]. It is worth pointing out that
the proof method of strong convergence theorem for algorithm (1.6) is very different
from the one of weak convergence theorem for algorithm (1.7).

(1.7)
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2. PRELIMINARIES AND NOTATIONS

Let C' be a nonempty closed convex subset of a real Hilbert space H. We write
x, — x to indicate that the sequence {z,,} converges weakly to z. x,, — x implies
that {x,,} converges strongly to =. For every point z € H, there exists a unique
nearest point in C', denoted by Pcx, such that

lo - Pex| <z —yl, VyeC.

Such a Pg is called the metric projection of H onto C. We know that Po is a
firmly nonexpansive mapping of H onto C, i.e.,

<w—y,ch—Pcy>ZHch—PcyHQ, vayGH-

It is also known that, Pcx is characterized by the following properties: Pox € C
and

(21) <x—PC$7y—PCx> Sov
(2:2) lz = ylI* > ||z — Poz||® + || Pox — yl|?

forall x € H and y € C. In a real Hilbert space H, it is well known that

(2.3) lz = yl* = lz)* = lylI* — 2(z — y, )
and
(2.4) Az 4+ (1= Nyl* = Azl + (1= Nlyll> = M1 = A) ||z — y|?

forall z,y € H and A € [0, 1]. It is also known that H satisfies the Opial condition
[23], that is, for any sequence {x,} with z,, — z, the inequality

liminf ||z, — z|| < liminf ||z, — y||
n—oo n—oo

holds for every y € H with y # x.
In the context of the variational inequality problem, it is easy to see that

(2.5) ueVI(C,A) & u= Po(u— NAu), YA>0.

Recall that a mapping A : C — H is called a-inverse-strongly monotone if there
exists o > 0 such that

<fIf-y,A"I,‘—Ay> Z(X”A(I,‘—A:l/”2, vayec-
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It is obvious that any a-inverse-strongly monotone mapping A is Lipschitz contin-
uous. Meantime, we have that, for all u,v € C and A > 0,
(I = AA)u — (I — AA)v|?
= [[(u—v) = A(Au — Av)||?
= ||lu — v|* = 2\ (u — v, Au — Av) + \?||Au — Av||?
< lu—v||? + A\ = 20)||Au — Av]*

(2.6)

So, if A < 2q, then I — A A is a nonexpansive mapping of C' into H.

The following lemmas will be used for proving the convergence result of this
paper in the sequel.

Lemma 2.1. ([22, Lemma 3.2]). Let C' be a nonempty closed subset of a
Banach space and let {T’,} be a sequence of nonexpansive mappings of C' into
itself. Suppose that > ° | sup{||T+12 — Tnz| : z € C} < oo Then, for each

y € C, {T,y} converges strongly to some point of C. Moreover, let T' be a
mapping of C' into itself defined by

Ty = lim T,y, YyeC.
n—oo

Then limy, oo sup{||Thz — Tz|| : z € C} = 0.

Lemma 2.2. (see [24]). Demiclosedness principle. Assume that 7" is a nonex-
pansive self-mapping of a nonempty closed convex subset C' of a real Hilbert space
H. If T has a fixed point, then I — T" is demiclosed. That is, whenever {x,} is a
sequence in C' weakly converging to some = € C' and the sequence {(I — T)x,}
strongly converges to some y, it follows that (I — 7))z = y. Here I is the identity
operator of H.

Lemma 2.3. (see [26]). Let {s,} be a sequence of nonnegative real numbers
satisfying the condition

Sn+1 < (1 - an)sn + anﬁnv Vn > 17

where {o,, }, {5,} are sequences of real numbers such that
(i) {an} C[0,1]and >°77 | o, = o0, Or equivalently,

e} n
H(l — ) = nh_)rglo H(l —ay) = 0;
n=1 k=1

(i) limsup,, ., Bn <0, Or
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(i) >°07, anf3y is convergent.

Then, lim,_ s, = 0.

Lemma 2.4. ([3, Lemma 3.1]). Let C be a nonempty closed convex subset of
a real Hilbert space H. Let f: C x C — R be a bifunction satisfying conditions
(H1)-(H4):
(H1) f(z,x)=0, Vz € C;
(H2) f is monotone, i.e., f(z,y)+ f(y,z) <0, Va,y € C,
(H3) foreach y € C, x+— f(x,y) is weakly upper semicontinuous;
(H4)

H4) foreach z € C, y+— f(z,y) is convex and lower semicontinuous.
Let ¢ : C' — R be a lower semicontinuous and convex function. For » > 0
and = € H, define a mapping 7.9 : H — C as follows:

TV (x)={z€C: f(zvy)+w(y)—¢(2)+%<y—zvz—w> 20, vy € O}

for all z € H. Assume that either (A1) or (A2) holds:

(1) foreach x € H and r > 0, there exist a bounded subset D, € C'and y,, € C
such that for any z € C\D,,

f(2,92) + @(yz) — p(2) + %<ym —z,2—x) <0;

(2) C'is a bounded set.
Then there hold following:

(1) Tﬁf’“")(x) # () for each x € H and T s single-valued;
(i) T,gf’“") is firmly nonexpansive, i.e., for any z,y € H,

| TP g — TRy |12 < (TP — TRy 2 — ),

(iti) F(T;") = MEP(f, ¢);
(iv) MEP(f, ) is closed and convex.

Remark 2.1. If o =0, then T,gf’“") is rewritten as T7f.

Lemma 2.5. ([29, Proposition 2.1]). Let C, H, f, ¢ and T,gf’“") be as in Lemma
2.4. Then the following holds:

—t
|7 w =T Dl < =TI Dw = T 00, T O — )
S

forall s,t >0and x € H.
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Corollary 2.1. ([4, Lemma 2.3]). Let C, H, f and T be as in Remark 2.1.
Then the following holds:

—1
HTSfx—thxHQS %(TSfx—thx,Tsfx—@
forall s,t >0and x € H.

Lemma 2.6. (see [27]). Let {z,} and {y,} be bounded sequences in a Ba-
nach space X and let {$3,,} be a sequence in [0,1] with 0 < liminf,, . B, <
limsup,,_,. Bn < 1. Suppose x,+1 = (1 — Bn)yn + Bz, for all integers n > 0
and lim sup,, o ([[Yn+1 = Yn |l = [[Zn+1 —25[]) < 0. Then, limy, oo ||y — 2| = 0.

Lemma 2.7. ([5, Lemma 3.2]). Let C be a nonempty closed convex subset of
a real Hilbert space H. Let {z,} be a sequence in H such that

[2n+1 =yl < [l =yl

forall y € C' and n > 1. Then the sequence { Pc(z,)} converges strongly to some
point in C'.

Lemma 2.8. (see [25, p. 303]). Let {a,}2, and {b,}5>, be sequences of
nonnegative real numbers satisfying the inequality

ant1 < ap + by, Vn > 1
If >°>° , by, converges, then lim,, . a,, exists.

Lemma 2.9. ([5, Lemma 3.1]). Let H be a real Hilbert space. Let {«,} be a
sequence of real numbers suchthat 0 < a < a,, < b < 1foralln=1,2, ..., and
let {v,,} and let {w,} be sequences of H such that

limsup ||v,|| < ¢, limsup||wy| <e¢,
n—oo n—oo
and
lim |lapvp, + (1 = Bp)ws| = ¢,
n—oo

for some ¢ > 0. Then,
lim |lv, — wy| = 0.
n—oo

3. STRONG AND WEAK CONVERGENCE THEOREMS

In this section, we prove some strong and weak convergence theorems for a
generalized mixed equilibrium problem with perturbation and a countable family of
nonexpansive mappings.
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Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let f: C' x C — R be a bifunction which satisfies assumptions (H1)-(H4) and
¢ : C — R be a lower semicontinuous and convex function with assumptions (A1)
or (A2). Let A, B : C' — H be a-inverse-strongly monotone and $-inverse-strongly
monotone, respectively, and {S,,} be a sequence of nonexpansive mappings from
C into itself such that (2, F(S,) N GMEPP # (). For fixedu € C and z; € C
arbitrary, let {x,,} C C be a sequence generated by

Y =T (@ — Aa(A+ B)ay),
Tn+1 = QU+ Bny + YnYn + 5nSnyn7

forall n =1,2,..., where 0 < X\, < min{e, 5}, {an}, {6n}, { W}, {6n} C [0,1]
satisfy the following conditions:

(i) an+ Bpn+n +06n=1foralln>1;

(3.1)

(i) limp oo oy, =0 and > ° | a, = o0;

(iif) 0 < liminf,, .~ By < limsup,,_ . By < 1 and liminf,, . 6, > 0;

() T e (2527~ 257) =0

(V) 0 < liminf, 0 Ay, < limsup,_, Ap < min{a, 8} and lim, o0 (A, —
Ant1) = 0.
Suppose that >~ >° | sup{||Sn+12 — Spz|| : 2 € B} < oo for any bounded

subset B of C. Let S be a mapping of C into itself defined by Sz =
lim,, .o Spz for all z € C and suppose that F(S) = (>, F(S,). Then
{=,} converges strongly t0 Z = Pr(s\ngumeppU-

Proof. We divide the proof into several steps.

Step 1. {z,} is bounded.

Indeed, take z € F(S) N GMEPP arbitrarily. Since z = Tﬁf’“")(z — (A4
B)z) = Sz, Aand B are a-inverse-strongly monotone and 3-inverse-strongly mono-
tone, respectively, and 0 < )\, < min{«, 5}, we know that, for any n > 0,

1yn — 212

= |79 (@0 — An(A+ B)an) — TP (2 — Mu(A+ B)2)|?

< Nz — M(A+ B)xy) — (2 — M(A+ B)2) |2

= H%[wn — 2z =2 \(Azy, — A2)] + %[wn — 2z — 2\n(Bz, — B2)]||?
%Hxn — 2z =2\ (A, — A2)|% + %Hxn — 2 — 2\, (Bx, — B2)||?
alllzn = 2l + 4\ (hn — )| Azy, — Az
+5(llwn — 2] + 4X (A = B)]| Bz — Bz’
= ||zn — 2|2 22N (A — ) || Az — Az||24+200 (A —B) || Bz, — Bz||?

< [l — 2II%,

IN N
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for every n = 1,2, .... Hence, from (3.1) and (3.2) it follows that

[2n+1 = z]|
= [lan(u = 2) + Bu(@n = 2) + Y0(yn = 2) + 6n(Snyn — 2)
(3.3) < apllu = 2| + Bullen = 2l + nllyn = 2l + 0nl| Snyn — 2|l

< O‘nHu - ZH + ﬁonn - ZH + (’Yn + 5n)Hyn - ZH
< apllu = 2[| + Ballzn — 2[| + (vn + &) lzn — 2|
< apllu—zl| + (1= an)|lzn — 2.
By induction, we obtain that for all n > 1
|y — 2[| < max{|u—z|, |zo — 2|}

Thus, {z,} is bounded. Consequently, we deduce immediately that { Az, }, { Bz},
{yn} and {S,y,} are bounded.

Step 2. limy, oo [|Tnt1 — xn|| = 0.
Indeed, define 1 = Bpayn + (1 — B,)wy, for all n > 1. It follows that
Wnp4+1 — Wn

_ Tp42 — Brn1Tntl  Tntl — BnZn

1- ﬁn—f—l 1-— ﬁn
_ Qni1U + Ynt+1Yn+1 + On+15n+1Yn+1 _ apl + YnYn + 0nSnYn
1- ﬁn—f—l 1-— ﬁn
_ Qp1U _ anl +7n+1yn+1 _ TnYn + 5n+lsn+1yn+1 _ 5nsnyn
(34) 1Bnt1 1080 1=Bnt1 1054 1—Bns1 1-0n
Ap41 (679 Yn+1 Yn+1 Yn
= - u+ 1= Yn)+ - Y
1_ﬁn+1 1_ﬁn) 1_ﬁn+1 (yn—l— yn) ( 1_ﬁn+1 1 _ﬁn) "
1) Ona1
+n7+1(sn+1yn+1 - Snyn—I—l) + L(Snyn—f—l - Snyn)
1- ﬁn—f—l 1- ﬁn—f—l
St 5

+( )SnYn-

1= Buy1 1—Bn
Observe that
[(@nr1 = Ans1(A+ B)ans1) — (2n — An(A + B)zn)||
= [[Zn+1 — Tn — A1 (A + B)zny1 — (A + B)zy)
+(An — Ang1) (A + B)zy, ||
(3.5) < @n1 = 0 — A1 (A + B)ansr — (A+ B)ay)|
st — Al (A + Bz
< %[Hxn—kl — Ty — 2Ap41 (ATpt1 — Az ||
[ @n41 = 2n = 2An41 (Bangr — Bay)|]
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HAnt1 = Anl[[(A+ B)zn||
< 3llznir — 2l + [2ng1 — zall] + Xag1 — Aalll(A + B)z, ||
= lznt1 — zull + [Ans1 — Al [[(A+ Bz, |,

and hence
[P
= T (@n1 = Ansr (A + B)nan) =T (2= An(A + B)ay)||
< T @ = Anir (At B)ann) =T @ —Au(A + B
(3.6) HITS ) (@ = An(A + B)an) = T (2 — An(A + B)a)|

<N (@nt1 — A1 (A+ B)rpy1) — (20 — An(A + B)ay) ||
TS (w0 = An(A+ B)zn) = T (1 — An(A + B)ay)|
< eng1 — 2ol + [Ang1 — Aal[|(A+ B)z,||
HITS ) (w0 — An(A+ B)an) = T (0 — An(A + B

Note that
5n+1 _ 5n _ 1-— AOp41 — ﬁn—f—l — Tn+1 _ 1-—- Qp — ﬁn — Tn
1_ﬁn+1 1_ﬁn 1_ﬁn+1 1_ﬁn

_ _( Ap41 _ (679 ) _ Yn+1 _ Yn )
1_ﬁn+1 1_ﬁn 1_ﬁn+1 1_ﬁn
So, it follows from (3.4) and (3.6) that

Hwn—l—l - wn”
Hn+1 On Yn+1
+ ull 4 ————— 1 —
(1—ﬂn+1 1_/871)” | 1—ﬁn+1”y”+ Yl
In+1 Tn 5n+1
_ _Ontl g g
5n+1 n+1 (Sn
4t g n _ g
1 — ﬁn—f—l H nYn+1 — nynH ‘ ﬁn—f—l 1— ﬁnw nynH
1) <l 1S )+ (S
' " 1B 1—ﬁn
Ynt1+0n+1 Tn+1 Vn
Tt 5., Wl - +1S
1_ﬁn+1 Hyn—I— yn” ‘1_ﬁn+1 1_ﬁn‘(HynH H nynH)
Ont1
1St 1Yntt — Snyna |
11— ﬁn—f—l
Ant1
< — S S
<7 —ﬁn+1(”uH + 1Snynll) + 1 —ﬁn(”u” +11Snynll)

Hlznt1 =2nll + [Ans1=Anl[|(A + B)aa||
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HI TV (2, — Ap(A + B)an) — Tg,w)(% — (A +B)z,)|

A n+1
Tn+1 Tn
+ - +1
2 T+ [l
)
" S 1 Ynt1 — St |-
1_ﬁn+1

Note that 0 < liminf,, o Ay, < limsup,,_,o, A\ < min{e, 5} and lim, o (A, —
An+1) = 0. Then utilizing Lemma 2.5 we have

(38)  lim |13 (@, = (A + B)ay) = TV (@, — Ma(A+ B)n)l| = 0.

>\+1

Since limy, 0 sup{||Sp+12 — Spz|| : 2 € B} = 0 for any bounded subset B of C,
we get

(39) nh—{EO HSn—l—lyn—l—l - Snyn—l—l H =0.
Consequently, it follows from (3.8), (3.9) and conditions (ii), (iv), (v) that
lim sup(|[wnt1 = wnl| = |[#n41 — 2al])
. On41
< Tim sup{ ——(|[ull + [[Snyn ) + = (llu]| + [|Snyal)
n—oo 1 ﬁn—f—l ﬁn

HAnt1 = Anll[(A + B)an||

—|—HT(f (2 — M(A+ B)ay) — T(f’“o)(xn — A(A+ B)zy)||

25 = 725 (yall + 1Suyall) + 12525 15019041 = Sy |}
=0.

Therefore, by Lemma 2.6 we obtain lim, . ||w, — 2, | = 0. This implies that
(3.10) lim ||zp41 — 2] = lim (1 — G)||w, — 2| = 0.
n—oo n—oo
Step 3. lim, o ||Azy, — Az|| = lim, . || Bz, — Bz|| = 0.
Indeed, from (3.1) we get
lzns1 — 2|2
= (o (u = 2) + Bn(Tn — 2) + Y0 (Yn — 2) + 6n(Sn¥n — 2), Tnt1 — 2)
= an<u — %, Tn+l1 — Z> + ﬁn<xn — %, Tp+l — Z>
(Y (Yn — 2) + 6n(Snyn — 2), Tnt1 — 2)
< an(u =z, Tpt1 — 2) + Ballzn — 2| |Tn1 — 2|
Hllm(yn = 2) + 6n(Snyn — 2l 2n1 — 2||

< an(u =z, Tpt1 — 2) + Ballzn — 2| |Tn41 — 2|



Strong and Weak Convergence Theorems for Generalized Mixed Equilibrium 1353

(W + )y — 2llll2nt1 — 2|l
< an(u— 2,211 = 2) + (|20 — 2[ + [[2n1 — 2[1?)
+ 250 (|ly, — 2|2 + @t — 2]12),
that is,

Yn+0n

A1 —
(311) lm =] < o

<u —2, Tpp1—2)+ —z||2.

Y

g
" [lwn—z*+
n

1—|— 1+«

So, in terms of (3.2) and (3.11) we have

141 — 2]

2c Bn
“—|lu — z|[|znt1 — 2+

~ — 2||?

T ltan 1+a
+6n
+71”+ [l =21+ 2A0 (An — ) [ Ay — A2 * 42X, (A — B) | Bn — B2|?]
TL
2an ﬁ 2 7n+5 2
< — _
<1y nHu Aantr =2l + 7 Hwn z|” + I Ta, |zn — 2|
+ O,
+1 220 (An — @)|| Az, — AzH2 + 22, (An — B)|| Bz, — Bz|)?]
n
_ 20, 1—ay, 2
= T ffu = #lllens = 2l + el — |
on,
LIt ooy O —a)HAxn—AzH2+2)\ (An— B)|| Ban — Bz|.
1+,
Therefore,
20, (A — @) || Ay, — Az||2 + 20 (A — B)|| By, — B2||?
20, 1—a, 9 9
< = el — 2l 4+ - e = 2l = e — 2I)
20, —Qnp
< — — )
S — lu—z|lznt1—2]+ po—" ([lzn = 2]l + lznt1 = z|Dl|@n — Tnia|

Since a,, — 0, ||z, — Tpy1|| — 0, 0 < liminf, oo Ay, < limsup,_ o A\, <
min{«, £}, and lim inf,,_ (7, + 9,,) > 0, we have

(3.12) lim ||Az, — Az|| = lim ||Bz, — Bz| = 0.
n—oo n—oo

Step 4. limy, o0 ||Snyn — ynll = 0.
Indeed, utilizing the firm nonexpansivity of Tg’“"), we conclude from (3.2) that
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lyn — 2|12

= 1T (@0 — An(A+ B)zy) = TP (2 = Mu(A+ B)2)|?

< (20 — M(A+ B)ag) — (2 — M(A+ B)z), yn — 2)

= 5[l (@n = M(A+ B)zn) — (2 = A(A+ B)2)|* + lyn — 2|
~[[(zn = A(A+ B)an) = (2 = Aa(A+ B)2) = (yn — 2)|I”]

< $lllzn = 2l + llyn — 2012 = (20 — yn) — M((A+ B)zn — (A+ B)2)|%]
and hence

lyn — 2|1
< llzn = 217 = (=0 — yn) — Aa((A + B)an — (A+ B)2)|?
(3.13) = [0 =2l = l2n —yn >+ 2Xn (@0 — Y, (A+B)2n— (A+B)z)

~Al(A+ B)zy — (A+ B)z|?

< llzn =21 = lzn—ynl*+220ll2n —yn [ (A+ B)zn — (A+ B)z||.
From (3.11) and (3.13), we have

201 — 2]

20, Bn 2 ’Yn‘f’(sn 2
(= 2t = 2) o = 2l P

2 +4

o (=, gt =)+ = 2 P 2l =

2 llzn — Ynll|(A + B)zy — (A + B)z|].
It follows that

m,,x — |
1+, " "
2a 1—«
< 1+Zn<u—z,xn+1—z>+1+a:Hxn—zH2
2 +6
s — 22+ 20 A+ B (44 B2
n
< 20 lzmgs — 2l + (l2n— 2]+ e — 2D ]2n — 2nga]
> 1+Oén n+1 n n+1 n n+1
2 +6
12200 00) (A + B)aw — (At B)2].

1+,

Since oy, — 0, ||Xpt1 —2n|| — 0and ||(A+ B)x, — (A+ B)z|| — 0, we conclude
that

lim ||z, — yn| = 0.
n—oo
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Utilizing (3.1), we deduce from lim inf,, .~ &, > 0 that

ISuttn = tnll = 5-2n1 = o — lan (= vn) + Balan — o) |
< 5 Unsa = a1+ 2 =g+ ullu =l +Ball2n ~gnl] 0
as n — oo. That is,
(3.14) Jim [Snyp = yall = 0.

Step 5. limsup,, (v — 7,2, — ) < 0 where T = Pp(g)naueppt-
Indeed, take a subsequence {y,, } of {y,} such that
(3.15) limsup(u — Z,y, — ) = lim (u — Z, yn, — T).

n—oo 1— 00

Without loss of generality, we may assume that y,, — w. Next, let us show that
w € F(S) N GMEPP.
First, we show that w € F(S). Indeed, since {y, } is bounded, it follows that

Zsup{HSnx — Spp1z) s x € {yn}} < 0.
n=1

Observe that

Hsyn - ynH < Hsyn - SnynH + Hsnyn - ynH
< sup [|Sz = Spzll + [|Snyn — ynll-
z€{yn}
Utilizing Lemma 2.1, from (3.14) we get lim,,_. || Syn —yn|| = 0. Since y,,, — w,
it follows from the demiclosedness principle for S that z € F(.5).
Now, we show that w € GMEPP. Indeed, from y, = Tii’@)(xn — (A +
B)x,,), we know that

f(ynvx)+()0(x)_()0(yn)+<(A+B)xnvx_yn>+)\i<x_yn7yn_1‘n> > 07 Vo € C.

n

From (H2) it follows that

o(x) —tp(yn)+<(A+B)wmw—yn>+%<w—yn,yn—wn> > f(z,yn), VreC.

Replacing n by n;, we have

yni - fI,'ni

An;

7

(3:16) ()= (Yn H (A+B) T, , T—Yn, ) Hz—Yn, )2 f (2, yn,), Vel
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Put y; = tx 4+ (1 — t)w for all t € (0,1] and 2z € C. Then, we have y; € C. So,
from (3.16) we have

(Yt = Yni» (A+ Byr)
> (Yt = Yni» (A+ B)yr) — o(e) + ¢(Un,) — (Wt — Yni, (A+ B)an,)
~(y = Yoo 50+ F (W Yn)
= (Yt = Yn;» (A+ B)ye — (A+ B)yn,) + (%t = Yn;» (A+ By, — (A + B)an,)
—p(ye) + @(n) = (e = Ynis P55 + F (Y Yn)-
Since ||yn, — T, || — 0, we have ||(A+ B)y,, — (A+ B)zy,|| — 0. Further, from
the monotonicity of A + B, we have (y — yn,, (A+ B)y: — (A + B)yn,) > 0. So,

from (H4), the weakly lower semicontinuity of ¢, y";m"' — 0 and y,, — w, we
have Z

(3.17) (ye —w, (A+ B)ye) = —o(ye) + e(w) + f(ye, ),
as i — oo. From (H1), (H4) and (3.17), we also have
0 = f(ye, ye) +o(ye) — o(vr)
< tf(ye, o) + (1= 1) f (g, w) + tp(x) + (1 = H)e(w) — o(ye)
= t[f () + () = p(ye)] + (L =) [f (ye, w) + p(w) — @(y1)]
< tf(yes @) + () — o(ye)] + (1= ) {ye —w, (A+ B)ys)
< Hf(ye, @) + o) — o(y)] + (1 = )tz —w, (A+ B)ys),

and hence
0< flye,x) + (@) —e(y) + (1 —t)(z —w, (A+ B)y).
Letting t — 0, we have, for each = € C,
0 < flw, z) + ¢(x) — p(w) + (z —w, (A+ B)w),

which hence implies that w € GMEPP. Therefore, w € F(S) N GMEPP. This
together with ||z, — y,,|| — 0 and the property of metric projection, implies that

limsup(u — Z,z, — ) = lim (u — Z, 2, — ) = (u —Z,w — ) < 0.
n—o00 1—00

Step 6. x, — T as n — oc.



Strong and Weak Convergence Theorems for Generalized Mixed Equilibrium 1357

Indeed, from (3.2) and (3.11) we have

lone —2l? < Fofu =2, w0 —2) + 4 llan — 202 + Y aw — 2

< 200 ||z,, — 7| + 228 (4 — 7, Tpi1 — T).

It is clear that >~ >° , f—ﬁg— = oo. Hence, applying Lemma 2.3 to the last inequality,

we immediately obtain that x,, — Z as n — oo. This completes the proof. |

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let f : C x C — R be a bifunction which satisfies assumptions (H1)-(H4)
and ¢ : C — R be a lower semicontinuous and convex function with assumptions
(A1) or (A2). Let A, B : C — H be a-inverse-strongly monotone and g-inverse-
strongly monotone, respectively, and {.S,,} be a sequence of nonexpansive mappings
from C' into itself such that (2, F(S,) N GMEPP # (). For fixed u € C' and
x1 € C arbitrary, let {z,,} C C be a sequence generated by (3.1), where 0 < \,, <
min{«, 5}, {an}, {Bn}, {7}, {dn} C [0, 1] satisfy the following conditions:

(i) an+ Bp+n +06n=1forall n>1;

(i) 02 oy < o0;

(iif) 0 < liminf,, .~ By < limsup,,_ . Bn < 1 and liminf,, . 6, > 0;
)
)

limn—oo (=g — T28) = 0;

(iv

(v) 0 < liminf, oo A, < limsup,, . A\, < min{a, 8} and lim, .o (A, —
)‘n—l—l) 0.
Suppose that >">° | sup{||Sn+12 — Spz|| : z € B} < oo for any bounded subset
B of C. Let S be a mapping of C into itself defined by Sz = lim,,_,, S,z for all
z € C and suppose that F'(S) = (1,2, F'(S,). Then {z,} converges weakly to an
element of F(S) N GMEPP.

Proof. Repeating the same arguments as those of Steps 1-5 in the proof of
Theorem 3.1, we know that the following statements hold:

(a) {z,} is bounded;

(b) limy, oo Hxn—f—l - an =0;
(¢) limy— oo ||Azy — Az|| = limy,—.oo || Bz, — Bz|| = 0 for each z € F(S) N
GMEPP;

(e) there exists a subsequence {y,,} of {y,} such that y,, = w € F(S)n
GMEPP.
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Now, let us show that lim,,_,~ ||, — z|| exists for each z € F(S) N GMEPP.
In terms of (3.3) we have

(3-18) [[zn41 — 2| < anllu = 2] + (1 = an)l[zn = 2|| < [lzn — 2] + anllu = 2]

Utilizing Lemma 2.8, we deduce from condition (ii) that lim,,_ ||z, — z|| exists.

Next, let us show that z,, = w € F(S) N GMEPP. Suppose that there exist
{zm,;} € {x,}and p # wsuch that z,,,, — p. Then, we have p € F(S)NGMEPP.
From Opial’s condition it follows that

lim [l — w|| = lim [la,, - w] < lim [z, - p]
— 0 11— 11—
= lim |y, — pl| < lim [, - w]
j—)OO j—)OO

= lim ||z, —w],
n—oo
which leads to a contradiction. Hence z,, = w € F(S) N GMEPP. ]

Theorem 3.3. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let f: C xC — R be a bifunction which satisfies assumptions (H1)-(H4) and
¢ : C'— R be a lower semicontinuous and convex function with assumptions (A1)
or (A2). Let A, B: C — H be a-inverse-strongly monotone and -inverse-strongly
monotone, respectively, and {S,,} be a sequence of nonexpansive mappings from
C into itself such that N~ , F(S,) N GMEPP # (. For z; € C arbitrary, let
{z,} C C be a sequence generated by

(3 19) Yn = T){ivw)(xn - )‘n(A + B)xn)v

Tp+1 = By + YnYn + 5nSnyn7

forall n =1,2,..., where 0 < A\, < min{a, 8}, {6n}, {1}, {on} C [0, 1] satisfy
the following conditions:

(i) Bn—+n+ 0, =1forall n>1;

(i) 0 < liminf, o By < limsup,_,o Bn < 1;

(iii) liminf, o 0, > 0;

(iv) 0 < liminf,, o Ay < limsup,,_, . A, < min{e, 5}.
Suppose that > | sup{||Sn+12 — Snz|| : z € B} < oo for any bounded subset
B of C. Let S be a mapping of C into itself defined by Sz = lim .o S,z for

all z € C and suppose that F'(S) = (2, F'(S,). Then {z,} converges weakly to
w e F(S) N GMEPP, Whel’e w = hmn_,oo PF(S)OGMEPPxn-

Proof. Take z € F(S)NGMEPP arbitrarily. Then z = Jﬁfl’“")(z—)\n(AjLB)z).
Utilizing (3.2) we get
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g = 201> < =21 +2X0 (A — ) || Az — A2||*+ 220 (An— B) | Bz, — Bz2|?
< lan — 2|
for every n > 1. Hence from condition (i) it follows that

(Bl

< Bullwn — 2012 + (mn + 60|l 525 (Yn — 2) + 5225 (Snn — 2)|

< Bulln — 217 + (v + 0n) 52557 1 — 201 + 52851 Snyn — 21I°]

< ﬁn”xn - 2H2 + (’Yn + 571)”3/71 - 2H2

< Bullen — 2)1* + (yn + 0n) [z — 2|2
+2X, (A — ) || Az, — AzH2 + 2\, (A — B)|| By, — BzH2]

= Hxn - 2H2 + 2(1 - ﬁn)[)‘n()‘n_a)HAwn_AzH2+)‘n()‘n_ﬁ)Han_ B2H2]

< |lwn — 212

for all n > 1. This implies that
(3.20) [2n1 — 2] < [lan — 2]

for all n > 1. Hence lim, ., ||z, — 2| exists. Thus from conditions (ii), (iv) it
follows that
|Az, — Az|| - 0 and |Bz, — Bz| — 0.

Then {z,,} and {y,, } are bounded. From the firm nonexpansivity of Ji{;@)' we have

lyn — 2|2

= |57 (2 — Al A + B)an) — J9 (2 — Mu(A+ B)2)|?

<Ayn — 2, (xn — A(A+ B)zy) — (2 — M(A+ B)2))

= 5{llyn = 21 + [[(zn = Au(A + B)zn) = (2 = An(A + B)2)|?
~llyn — 2 = (20 = An(A+ B)zn) — (2 = Aa(A + B)2)]|1?}

< 3{llyn = 217 + 0 — 211 = [1(yn — @) + An(A + B)zn, — (A + B)2)|%}

= 5{lyn =217+ ll2n =201 = lyn—20]? =22 (Yn— 20, (A+ B)zn— (A+B)z)
“X2|(A+ B)z, — (A+ B)z|}.

So, we obtain
lyn = 2lI17 < llzn = 201* = llyn — zall* — 2An

(Yn—n, (A+ B)zn—(A+ B)z) =X (A + Bz — (A + B)z|*
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and hence
|zn41 = 21* < Ballzn — 2[1* + (1 + 8a) g — 2II°
< Ballzn — 21> + (1= B)lllzn — 21° = llyn — zal®
=2 (Yn — xp, (A+ B)x,, — (A+ B)z)
~A (A + B)an — (A + B)z|f”]
= [len =202~ (1= Ba) |y —2nll* =220 (1= Ba) (yn— 20, (A +B)an —(A+B)z)
~A2(1 = Ba)l(A+ B)zy — (A+ B)z|
< llan—2]* = (1= Ba) lyn — 2ol *+2 min{e, B} ||y —zn|| (A+B)z, — (A+B)z],
which implies that
(150) [yl ? < |22~ 2n 122 min{a, B} |ymn|| (AB) zn~(AB)-].

Since ||(A+B)z,—(A+B)z|| — 0, {z,} and {y, } are bounded and lim,,_, ||, —
z|| exists, so it follows from condition (ii) that

(3.21) lim ||y, — x,|| = 0.
n—oo

Now, let us show that

(3.22) lim ||Spyn — ynll = 0.
n—oo
Indeed, since
YTn on
_ S _
Hl—ﬁn(yn Z>+1_ﬁn( wn — 2)||
Tn n
_ S _
= 1_ﬁnHyn Z”+1_ﬁn” nYn — 2|
Tn n
< — [ _
< 22—l o~
= |lyn — 2|| < llzn — 2|,

we get lim sup,, ., [|[77%; (yn—z)—i—lf%n (Snyn—2)| < ¢, where ¢ = limy,, oo ||2n—

z||. Furthermore, we have

7’L11—>I£10 Hﬁn(xn — Z) + (1 - ﬁn)[l ;Ynﬁ W

= lim |zp41 — 2| = ¢
n—oo

(Snyn - z)] H

Utilizing Lemma 2.9, we have
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Thai is,
(3.23) lim || Tn (Yn — Tn) + L(Snyn — )| = 0.
neo ' T 3, 1= G,
Since
S =
T2 = )+ T2 St — ) = 725 (o — )]
<2 = ) 12 St — )l 72—l

from (3.21), (3.23) and conditions (ii), (iii), it follows that
(3.24) lim ||Spyn — zn] = 0.

This together with (3.21) implies that (3.22) holds. Note that {y,} is bounded.
Hence there exists a subsequence {y,, } of {y,} such that y,,, — w € C. Repeating
the argument of Step 5 in the proof of Theorem 3.1, we can obtain w € F(S) N
GMEPP. Also, repeating the same argument as in the proof of Theorem 3.2, we
can derive z, — w € F(S)N GMEPP.

Finally we prove that lim,, . 2, = w, Where 2, = Pp(s)ngumeppen for each
n > 1. Utilizing (3.20) and Lemma 2.7, we know that there is zo € F'(S)NGMEPP
such that 2, — zo. From z, = Pp(g)neuepprn and w € F(S) N GMEPP, we
have

(T — 2py2n —w) >0, Vn>1.

It follows from z, — 2o and z,, — w that
(w— 29,20 —w) >0
and hence zy = w. This completes the proof. ]

Theorem 3.4. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T : C — H be k-inverse-strongly monotone, and {S,,} be a sequence of
nonexpansive mappings from C' into itself such that (>, F(S,) N VI(C, T) # 0.
For z; € C arbitrary, let {x,,} C C be a sequence generated by

(3.25) Tnt1 = Pnn + (1 = Bn)SnPo(xn — AMnTxy),

forall n = 1,2,..., where 0 < \,, < 2k and {5,} C [0, 1] satisfy the following
conditions:

(i) 0 < liminf, o By < limsup,,_. Bn < 1;
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(i) 0 < liminf, o0 Ay, < limsup,, oo Ap < 2k.

Suppose that >">° | sup{||Sn+12 — Spz|| : z € B} < oo for any bounded subset
B of C. Let S be a mapping of C into itself defined by Sz = lim,,—.o S,z for
all z € C and suppose that F'(S) = (,~; F'(Sy). Then {z,} converges weakly to
we F(S)NVI(C, T), where w = lim, oo Pr(s)nvi(c,T)Tn-

Proof. Put f =0, p=0, A=B= 3T, v, =0and §, = 1 — 3, in Theorem
3.3. In this case, we get GMEPP = VI(C,T). Moreover, it is clear that

v = T (@0 — Aa(A+ B)an) = Po(an — MTy)

and
Tnt+1 = BrnTn + Ynln + 0nSnYn = BnTn + (1 - ﬁn)snyn'

Note that 0 < lim inf,, .~ G, < limsup,,_, ., B, < 1. Thus we have

liminf §,, = liminf(1 — 3,) > 0.

n—oo n—oo

Since T : C' — H is k-inverse-strongly monotone, we have for all z,y € C

(Az— Ay, x—y) = (Bx—By,x—y) = =(Tx—Ty,z—y)

—N|

1 Tx-T
SHlTe = Ty|? = Srl|2- ==

= 2k||Az— Ay||* = 2x|| Bz — By||?.

>

Hence both A and B are 2k-inverse-strongly monotone. Thus we get min{«, 5} =
2k. This shows that conditions (i)-(iv) in Theorem 3.3 are satisfied. Therefore, by
Theorem 3.3 we derive the desired conclusion. This completes the proof. |

Remark 3.1. Compared with Theorem 4 of Plubtieng and Kumam [30], Theo-
rem 3.4 coincides essentially with it. Therefore, Theorem 3.3 includes it as a special
case. Indeed, Theorem 3.3 unifies, improves and extends it in the following as-
pects:

(i) the problem of finding an element of F'(S) N GMEPP is more general than
the one of finding an element of F(S) N VI(C, T) because the generalized
mixed equilibrium problem with perturbation includes the variational inequal-
ity problem as a special case.

(ii) the iterative scheme (3.1) is more general than (3.25) because (3.1) reduces
to (3.25) by putting f =0, ¢ =0, A=B=31T, v, =0and 4, =1-3,
in Theorem 3.3.



Strong and Weak Convergence Theorems for Generalized Mixed Equilibrium 1363

Let F': C — C be a k-strictly pseudocontractive mapping with k£ € [0, 1). For
recent convergence result for strictly pseudocontractive mappings, we refer to Zeng,
Wong and Yao [28]. Putting 7= I — F', we know that for all z,y € C

(I =T)z — (I = T)y|* < |z — ylI* + k|| Tz — Tyl|>.
Since
(I =T)z— (I =Tyl* = |z —yll> + |T2z — Ty||* - 2(x — y, Tz — Ty),

we have for all z,y € C
1—-k 9
(@ —y, Te-Ty) 2 ——|Tz - Ty"

Consequently, if F: C — C'is a k-strictly pseudocontractive mapping, then the
mapping 7' = I — F'is (1 — k)/2-inverse-strongly monotone.

Corollary 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F': C' — C be k-strictly pseudocontractive mapping, and {S,,} be
a sequence of nonexpansive mappings from C' into itself such that (>, F(S,) N
VI(C,T) +# (), where T = I — F. For z; € C arbitrary, let {z,} C C be a
sequence generated by

Tn+l = ﬁnxn + (1 - ﬁn)SnPC((l - )‘n)xn + )\ann)v

forall n =1,2,..., where \,, C [0,1— k] and {8,} C [0, 1] satisfy the following
conditions:

(i) 0 <liminf, o By < limsup,_ .., Bn < 1;
(if) 0 < liminf, o Ay <limsup, oo A < 1—k.

Suppose that >">° ; sup{||Sn+12 — Spz|| : z € B} < oo for any bounded subset
B of C. Let S be a mapping of C into itself defined by Sz = lim,,—.o S,z for
all z € C and suppose that F'(S) = (1,2, F'(Sy). Then {z,} converges weakly to
we F(S)NVI(C, T), where w = lim, oo Pr(s)nvi(c,T)Tn-

Putting S,, = S in Theorems 3.1, 3.2 and 3.3, we immediately obtain the
following strong and weak convergence results.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let f : CxC — R be a bifunction which satisfies assumptions (H1)-(H4)
and ¢ : C — R be a lower semicontinuous and convex function with assumptions
(A1) or (A2). Let A, B : C — H be a-inverse-strongly monotone and (-inverse-
strongly monotone, respectively, and S be a nonexpansive mapping from C' into
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itself such that F/(S) N GMEPP # (). For fixed v € C and 2, € C arbitrary, let
{z,} C C be a sequence generated by

n =T (2, — A\(A+ B)zy),
(3.26) o ( )2n)
Tptl1 = QU + ﬁnxn + YnYn + 5nsyn7

forall n =1,2,..., where 0 < X\, < min{e, 8}, {an},{Bn}, {Wm}, {6} C [0,1]
satisfy the following conditions:
(i) an+Bn+yn+0,=1forall n>1;
(il) limp ooty =0 and > 074 ay, = 00;
(iil) 0 < liminf,, .~ Gy § lim sup,, . Bn < 1 and liminf,, o &, > 0;
(iv) limy, oo (7222 — ) =0;
)

1—=Bn41 ﬂn
(v) 0 < liminf, )\n < limsup, o0 An < min{e, 5} and lim, (A, —
Ant1) = 0.

Then {x,} converges strongly t0 Z = Pp(g)ngumeppU-

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let f: C x C' — R be a bifunction which satisfies assumptions (H1)-
(H4) and ¢ : C — R be a lower semicontinuous and convex function with as-
sumptions (Al) or (A2). Let A,B : C — H be a-inverse-strongly monotone
and (-inverse-strongly monotone, respectively, and S be a nonexpansive map-
ping from C into itself such that F(S) N GMEPP # (. For fixed v € C
and x; € C arbitrary, let {z,,} C C be a sequence generated by (3.26), where
0 < A, <min{a, 8}, {an}, {6}, {7}, {0n} C [0, 1] satisfy the following condi-
tions:

(i) an+Bn+yn+0,=1forall n>1,;

)
(i) 02 oy < o0;
(iif) 0 < liminf,, .~ By < limsup,,_ . Bn < 1 and liminf,, . 6, > 0;
)
)

(V) T oo (2555 = 257) = O

(v) 0 < liminf, oo A, < limsup,, o A\, < min{a, 8} and lim,_o(A, —
Ant1) = 0.
Then {z,,} converges weakly to an element w € F(S) N GMEPP.

Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let f : C'xC — R be abifunction which satisfies assumptions (H1)-(H4)
and ¢ : C — R be a lower semicontinuous and convex function with assumptions
(A1) or (A2). Let A, B : C' — H be a-inverse-strongly monotone and 3-inverse-
strongly monotone, respectively, and S be a nonexpansive mapping from C' into
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itself such that F'(S) " GMEPP # (). For x1 € C arbitrary, let {z,} C C be a
sequence generated by

Yn = T){iw)(xn - )‘n(A + B)xn)v
Tn+1 = BnTn + YnlYn + 0nSYn,

forall n =1,2,..., where 0 < A\, < min{a, 8}, {6n}, {7}, {on} C [0, 1] satisfy
the following conditions:

(i) Bp+Yn + 0, =1 forall n> 1;

(if) 0 < liminf, o By <limsup,_ .., Bn < 1;

)
)

(iii
(iv
Then {z,} converges weakly to w € F(S) N GMEPP, where w = lim,_,
PF(S)mGMEPPUCn-

liminf, o &, > 0;

0 < liminf,, oo Ay < limsup,,_ . A < min{e, 5}.
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