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REGULARITY CRITERIA FOR THE GENERALIZED
MAGNETOHYDRODYNAMIC EQUATIONS AND THE
QUASI-GEOSTROPHIC EQUATIONS

Jishan Fan, Hongjun Gao and Gen Nakamura

Abstract. In this paper we consider the Cauchy problem for the 3D general-
ized magnetohydrodynamic (MHD) equations and the quasi-geostrophic (QG)
equations. We prove some new regularity criteria for weak solutions.

1. INTRODUCTION

We shall consider the following 3D generalized MHD equations v

(1.1) ut—l—u-Vu—i—Vp—B-VB—!—%V\B\Q—F(—A)%L:O,
(1.2) Bi+u-VB—B-Vu+ (—A)*B =0,

(1.3) divu=divB =0 in (0,00) x R,

(1.4 u(z,0) = up(x), B(z,0) = By(z) in R3,

where u := (u1, ug, us) is the velocity field, B := (Bj, B2, Bs) is the magnetic
field, p(x,t) is a scalar pressure, and ug(x), Bo(x) with divug = div By = 0 in
the sense of distribution are the initial velocity and magnetic fields. « > 1 and the
operator (—A)“ is defined by

(=A)ef(e) = €T,

N [—=

where f denotes the Fourier transform of f. We will also denote A := (—A)z.

Received February 9, 2009, accepted November 18, 20009.

Communicated by Jong-Sheng Guo.

2000 Mathematics Subject Classification: 35Q35, 76D05.

Key words and phrases: Generalized MHD equations, Regularity criteria, Multiplier spaces, Quasi-
geostrophic equations.

This work supported Partially supported by a China NSF Grant No. 10871097, National Basic Re-
search Program of China (973 Program) No. 2007CB814800, China Postdoctoral Research Foundation
No. 20080441062 and Jiangsu Planned Projects for Postdoctoral Research Foundation No. 0802020C.

1059



1060 Jishan Fan, Hongjun Gao and Gen Nakamura

It is easy to prove that problem (1.1)-(1.4) is locally well-posed for any given
initial data ug, By € H*(R3),s > 3. Moreover, it is proved by Wu [1] that (1.1)-
(1.4) has a weak solution for any ug, By € L%(R3) with divug = div By = 0 in
R3. But whether the unique local solution can exist globally or the weak solution
is regular and unique is an outstanding open problem.

Note that if (u(z,t), B(x,t)) is a solution to (1.1)-(1.4), then (uy, By) with
any A > 0 is also a solution, where uy(z,t) = A\2@lu(\z, A\2%) and By(z,t) =
A2 B(Az, A2t). We will say that the norm |[[ul| 1o (0,00;z4(r3)) is Scaling dimen-
sion zero for 2% + 2 = 2o — 1 in the sense that [|ux | Lo(0,00:20) = [|ullLr(0,00:29)
holds for all A > 0 if and only if 2* + 2 = 2a — 1. Very recently, Y. Zhou [2]
proved that

Theorem 1.1. ([2]). Let 1 < a < 2 and assume that ug, By € H3(R?). If one
of the following conditions is satisfied.

2 3
(L5) (i) we LP(0,T; LYR®)), with §+5:2a—1,

<qg<
201 1=

20 3
1.6) (i) A% € LP(0,T: LY(R? ith —+-=3a—1
(1.6) (i) A%u e LP(0,T; LYR")), wi p+q -1,

Then the solution remains smooth on (0, 7).

Remark 1.1. If > 2 and ug, By € H3(IR?), then all the global weak solutions
to (1.1)-(1.4) are actually strong and unique ([1],[2]).

Remark 1.2. When o = 1, Theorem 1.1 reduces to the results obtained by C.
He and Z. P. Xin [3] and Y. Zhou [4].

Remark 1.3. The global well-posedness and regularity conditions for the Navier-
Stokes and the related equations were considered in [15] and [20].

The pointwise multipliers between different spaces of differentiable functions
have been studied by Maz’ya and co-workers [5, 6, 7, 8]. They are a useful tool
for stating minimal regularity requirements on the coefficients of partial differential
operators for proving regularity or uniqueness of solutions.

More precisely, we define the space ers(Rd) of pointwise multipliers which
map H" into H~*. The norm in X, , is given by the operator norm of pointwise
multiplication:

(L7) T ::sup{w,ﬁ o}.
’ ol

When s = 0, we simply denote X, = X,.,.
Now we are in a position to state the main result in this paper.
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Theorem 1.2. Let 1 < a < 2,0 < r < a and assume that ug, By € H3(R?).
If one of the following three conditions is satisfied

(18) (i) ue Lo (0,T; Xpam),
(1.9) (i) Vue LT (0,T; X,),
(1.10) (ii1) Vu € Lo (0, T; Xra),
(1.11) (iv) Vue L'(0,T;BY o)

Then the solution (u, B) remains smooth on (0, 7).

Remark 1.4. Since L7 (R%) ¢ L7+(R7) ¢ X,.,(R%), our result improve
Theorem 1.1.

2. PRELIMINARIES

We first recall the definition of the homogeneous Littlewood-Paley decomposi-
tion which will be used to define function spaces. We follow [9]. Let S be the
Schwartz class of rapidly decreasing functions. Given f € S, its Fourier transform

A~

F(f) = f is defined by
. 1 A
_ —ix-&
We consider ¢ € S satisfying suppp C {€ € R"|5 <[] <2}, and ¢ > 0 if
% < |€] < 2. Setting 4; = $(279€) (in other words, ¢;(z) = 27"p(27z)), we can
adjust the normalization constant in front of ¢ so that
D 656 =1 Ve e R\ {0}
JEL
Given k € Z, we define the function S € S by its Fourier transform
Sk(€) =1~ $5(6).
j>k+1
We observe

suppg; N suppgy = empty set if |j—j'| > 2.

Let s € R, (p,q) € [0,00) x [0,00]. Given f € S’, we denote A;f = p; * f,
and then the homogeneous Triebel-Lizorkin semi-norm || f|| -, is defined by
p,q

1/q
<Z QjQS\Ajf(-)\q> if q€[l,00),

| EZ

11l = ! Lo
sup (2j8\Ajf(-)\)‘ if q=o0.
JEZ
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The homogeneous Triebel-Lizorkin space F;"q is a quasi-normed space with the
quasi-norm given by || - HFS . For s > 0,(p,q) € [1,00) x [1,00]. We define the
p,q

inhomogeneous Triebel-Lizorkin space norm || f{|p;s of f € &' as

1£llig, = 11l + £l

The inhomogeneous Triebel-Lizorkin space is a Banach space equipped with the
norm, |- || . Similarly, for s € R, (p, q) € [0, oo]?, the homogeneous Besov norm
HfHBs is defined by

oo |
(Z 2wles+ 118,) if a€ o),

1715, = | |
sup(2/°llg;j * fllze) if ¢=o0
J
The homogeneous Besov space sz,q is a quasi-normed space with the quasi-
norm given by | - || 5. . For s > 0 we define the inhomogeneous Besov space norm
p,q

1fll5;, of f €S as | flls, = I fllee +11/1 5, -

Lemma 2l DLletl <p<oo,l<g<ooandlets>0,a>0,08>0.
Wetake 1 < p1 < oo, 1l < ppo <ocandl < r; < 00,1 < rg < 0o S0 that
1/p=1/p1 + 1/p2 =1/rm + 1/r2 Then there is a constant C such that for every

f e Fsto mF ~andg e F, mFﬁjf there holds f - g € F; , with the estimate

P1,9 pzoo

@12)  IIf - glliy, <O (Ifligrg ol + Hfumuguﬁ;g) .

QLetl<p<oocandlets>0,a>0,6>0. Wetake 1 < py1,p2, 71,72 < 00
sothat1/p =1/p; + 1/p2 = 1/r1 + 1/ry. Then there is a constant C such that

for every f € F;‘jg‘o NEL . and g e proo N F:‘jg‘o there holds f - g € F,;  with
the estimate
@13) 1 gliy. < C (g lolae, + 1750 lollzs ) -

For the proof see [10].
3. PROOF OF THEOREM 1.2
In order to prove Theorem 1.2, first we show
(3.1) u, B € L>®(0,T; HY) N L*(0,T; H*™).

Multiplying (1.1) by « and (1.2) by B, after integration by parts and taking the
divergence free property into account, and adding up the resulting equality give
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—_

T
32) 5 (lu@IZ + 1BO)172) +/0 IAu(®)|Z2 + [|A“B(#) |72t
< S (lluollZ> + [ BollZ2)-

—_

Testing (1.1) by Aw and using (1.3) yield

1d .
5 77 VullZe + 1A% a7,
(3.3) = — Z/azuk . 8kuj . 8Z~ujdx + Z/ain . 8kBj . 8Z~ujdx
i,5,k 5k
— Z/Bk . 828kuj . 82Bjdx
1,5,k
Similarly, testing (1.2) by AB, we get
1d .
57 IVBILz + [A*F Bl
(3_4) = — Z faiuk . 8kBj . 8Z~Bjdx + Z fain . 8kuj . 8Z~Bjdx
i,5,k 5k
+ Zkak - OkO;u; - 0;Bjdx.
Z’j’
Combining (3.3) and (3.4) gives
1d o o
5 7 IVullLz + 1VBIL) + [A* P ulls + A B 7,
(3.5) = — Z/azuk . 8kuj . 8Z~ujdx + Z/ain . 8kBj . 8Z~ujdx
' i,5,k .5k
- Z f&zuk . 8kBj . 8Z~Bjdx + Z f&sz . 8kuj . 8Z~Bjdx
i,5,k .5k

=L+ 1+ I3+ 14

Each term I; can be bounded as follows.
Firstly we assume (1.8) holds true.

Il = — Z/&Zuk . 8kuj . 8Z~ujdx
1,5,k
= Z /uk . (8Z~8kuj -8Z~uj + akUj . 8Z~8iuj)dx
1,5,k
= Z /uk . 8kuj : 8282ujdw
1,5,k

< Ml - Orugll o100 o
1,5,k
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<> lunllx,, M9kusll g 10:0i05]| o

W5,k

< Cllully, . IVull goll Aull o

< Cllullg,,  IVull g llA ]l 22

1-Z 142

< Clullg,,  IVull 2 A% ] =,

by the interpolation inequality
1—2 r
(3.6) lwll g < Cllwll 2 * [l
and hence
2c

(3.7) I < | Al + Cllull 37 1IVull3s,

for any € > 0 by the Young’s inequality.
Similarly, one can obtain

Iy, I3, Iy < Cllullg, VBl g |AB| ot

< Ollullg, ., IVBI g AT B 12

e < Cllully, . IVBIlz" [AF B[ (by (3.6)
< AABIR, + ClulE VB

for any € > 0.

Inserting (3.7) and (3.8) into (3.5) and taking e small and then the Gronwall’s
inequality yield (3.1).
Next we assume (1.9) holds true.

Lo <) |0 g2 - 1Ok - Dy 12

1,5,k
< > l0uull 2 - 19kusll 5, 19w 70
1,5,k
(3.9) < ClIVull 2Vl ., [Vull g

IN

9o_r r
ClIVul e > IVul g, IVullz, (by (3.6))

2a 9
Va2,

IN

el A a7, + CVullF

for any € > 0 by the Young’s inequality.
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Similarly, one can get
Iy, I3, Iy < C|VB|| 2 [[Vullx VB -
2 r
(3.10) < CIVBIlz * I Vull ¢, A% Bl| 7

2

= 2
VB2,

< e|A*TB[72 + O Vul %
for any € > 0.

Putting (3.9) and (3.10) into (3.5) and taking ¢ small enough and then the
Gronwall’s inequality give (3.1).

We assume that (1.10) holds true.

I < Z [0iwel o - | Okutj - Oiws| o

1,5,k
< 10kl ga - N0kl %, 100l v
1,5,k
(3.11) < Ol Vull gallVull ¢, [Vl

-2y 1+L
< OVl g, IVull = A ]l = (by (3.6))

2a
< elA*ulf. + ClIVal T IVl

for any € > 0 by the Young’s inequality.
Similarly, we deduce

Iy, I3, Iy < C|IVB||ga|Vullx, - IVBll g

1-Z 14+L
(3.12) < C|Vul g, IVB| " [A“FIB] . (by (3.6))
2a
< | ATHBI, + CIVully T VB,
for any € > 0.

Inserting (3.11) and (3.12) into (3.5) and taking ¢ small enough and then the
Gronwall’s inequality gives (3.1).

Finally we assume (1.11) holds true. Using the Littlewood-Paley decomposition,
we decompose d;u; as follows:

—+o00 N
Oiuj = > Ay = Y A+ Y Aduj+ Y Ay,
{=—N

{=—00 {<—N >N
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where N is a positive integer to be chosen later. Substituting this decomposition
into 77, we obtain

Il = Z Z /@uk . 8kuj . Ag@iujdx

1,7,k (<—N
N
+ Z Z /@uk - Oy - AgOjuydx
(3.13) Py —
+ Z Z /@uk - Okuj - AgOsujdx
1,5,k £>N

= Ji(t) + Jo(t) + J3(2).

Next, we estimate each J;(i = 1, 2, 3). First, recalling

1_1

(314) 1851z < 02 Al 1 < p < g < o0

with C being a positive constant independent of f and j, we apply Holder’s in-
equality and (3.14) to infer that

B < CIVulRa > 3 1Al

1,j £<—N

< OVul2 Y 3T 22 Awduy 12

1,j £<—N
< 0272V ||Vul)3,.
For J,(t), we use Holder’s inequality and (3.14) to conclude that
N
Ja(t) < C|Vulza Y D I1ADwullr= < CN||Vul gy |IVulZ..
ij t=—N

For Js(t) we make use of Holder’s inequality and (3.14) to deduce that

Ts(t) < ClIVul? & > D Al

i, £>N
1l _a
< OIVulP o > 2| Ay | 2
i, £>N
1/2 1/2
< CIvul? o > (Z 2‘“”“”) (Z Wumaiujrr%z>
,J >N >N

< CHVUJH?% g~ (a=3N | AlFay)|

3

< C27UmIN| V| o | AT w2,
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due to the Gagliardo-Nirenberg inequality

(3.15) HVUHi% < ClIVull 2| AT u| .

Now we choose N so that C2~ 43N (| V| 12 + |VB]|12) < 1, ie,,

N> L log"(8C(|Vullz: + [[VBI|L2))
4o -3 log 2 ’

to conclude

.16) Iy < C|Vullfz + C|[Vull go [ Vull7zlog™ ([ Vul 2 + [ VB| 2)

. 1 ’
5 IAT e .

Similarly, we can get

I, 13,14

1 (0%
(17 < C(IVullfe + [VBIL2) + S(IAulle + A B 72)
+C|IVull g, (IVullZ2+IVB72) log™ (I Vull 2+ (VB 2).

Putting (3.16) and (3.17) into (3.5) and we apply the Gronwall’s inequality to
get (3.1).

After we have (3.1), the estimates for higher order derivatives can be obtained
by an inductive procedure.

This completes the proof of Theorem 1.2. ]

4. THE QG EQuATIONS

In this section we use the similar method to the previous section to study the
regularity of the dissipative quasi-geostrophic equations:

(4.1) 010+ v - VO = —kA,
1
(4.2) oz, t) = —VH(—A) 30 = _/ Vioz+yt),
R ly|
(4.3) 0(x,0) = bo(z), = € R?,

where 6(z,t) is a scalar function representing temperature, v(z, t) is the velocity
field of the fluid, x > 0 is the diffusion coefficient, A% := (—A)%, and V% :=
(—=0zy, Ory). (4.1)-(4.3) is an important model in geophysical fluid dynamics, they
are special cases of the general quasi-geostrophic approximations for atmospheric
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and oceanic fluid flow with small Rossby and Ekman numbers. See, e.g., [11, 12, 13,
14] for the instructive discussions and the physical and mathematical motivations
of the study of (4.1)-(4.3), in particular of the inviscid case (k = 0). The case
«o > 1 is called the subcritical case, the case o« = 1 is critical, the case 0 < o < 1
is supercritical. For a > 1, the global regularity of the solution of (4.1)-(4.3) is
well-known [16]. For o = 1, the global regularity of the solution of (4.1)-(4.3)
has been proved very recently in [17, 18]. On the other hand, for 0 < o < 1,
the question of global regularity/finite time singularity is still a challenging open
question. In particular, the critical dissipation case (a« = 1) has similar features
to the 3-D Navier-Stokes equations and could be considered as its model problem.
In order to see the similarities to the 3-D Navier-Stokes equations (with fractional
powers of Laplacian) more apparently we apply the operator V- to (4.1) to get

(4.4) XV + (v- V)V = (V410 - Vv — kACV4.

Then we observe that V-6 has the role of vorticist, and (4.2) corresponds to
the Biot-Savart law for the 3-D Navier-Stokes equations. In this mote we are
concerned with the sufficient conditions to guarantee regularity of solutions to the
quasi-geostrophic equations. Constantin, Majda, and Tabak [13] proved that:

T
@5)  Jim sup [6(2) [ < o0 if and only if / IVL0(8) | o dt < o0,
- 0
where m > 2, which holds for solutions of both viscous and inviscid (k = 0) equa-
tions. Very recently, Chae [19] generalizes (4.5) to obtain the following theorem:
Theorem 4.1. Let 6(x, t) be a solution of the quasi-geostrophic equation (4.1)-

(4.3) with o € (0, 1], k> 0, and its derivative V-0 satisfies

2 2
(4.6) V+0 € L"(0,T; LP(RQ)) for some (r,p) with ——|—g <a,— < p< oo,
p T !

then there is no singularity up to 7.
Our theorem generalizes this as follows.

Theorem 4.2. Let 6(x,t) be a solution of (4.1)-(4.3) with a € (0,1],k > 0,
and its derivative V-4 satisfies one of the following conditions:

(4.7) (i) V10 € L= (0,T; X,),
(4.8) (i1) Vi e L%(O,T; Xﬁa/?)v
(4.9) (ii1) 0 < s < /2, V0 € L= (0,T; F5)

then there is no singularity up to 7.
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Remark 4.1. Very recently, J.Yuan [21] refines (4.6) as
4.10 vio e L7(0,T; B th 2+%<a,2<p<
(4.10) € L"(0,T; By o) wi p+r_a,a<p_oo.

Remark 4.2. Since Bg,oo C Fogf‘oo with % = s our condition (4.9) generalizes
(4.10).

Proof of Theorem 4.2. We plan to show that our integrability condition for
V16 in Theorem 4.2 implies

T
(4.11) / IV20(8) | et < oo,
0

thus guaranteeing the desived regularity until 7" by (4.5). Multiplying (4.4) by
AV and integrating by parts, we see that

Ld

2dt
= /(U V)V - AVEodr — /(vie V)v- AV odz =: T + J.

IA%0(1) 172 + KI[A*T2 017
(4.12)

Integrating by parts, we have
I= —/V[(U-V)vie] - VV+0dx

(4.13) = - / (Vo) - (VV0) - VV0dr — / (v-V)VV0 - VV*0da
=11+ I

Integrating by parts again, and using the fact that divv = 0, we get

1 1
I, = -3 /(U V)| VVE2de = 5 / |VVL6|%div vdz = 0.

Now we assume that (4.7) holds true. Then

I < /\wuvvie\?dx < VY40 2| | V0| - VIO 1o

< CI|VVH0| 2 [|Voll g IV V0] .

(4.14) Cam L om
ClIVollx IVV=Ol2 « IVVH)l =, (by (3.6))

IN

IN

ko oo o
JIATTROIIL + CIIV0) 37 IA%]17

<
X
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In order to estimate J we first integrate by parts:

J = /V[(vie-V)v]-vviedm
= /vvie-w-vviedm+/(vie-V)w-vviedm,

since |[VV| e < C|VV4O|Le,1 < ¢ < oo, due to the Calderon-Zygmund
inequality, we observe that the estimate of .J is the same as the estimate of 7, and
we have

k a P
(4.15) J < FIATROIL: + CIVEOl 3 1A%

Combining the estimates (4.14)-(4.15) and absorbing the diffusion term into the
left hand side, we obtain

@16) SN+ KIAZTE 02 < OV Ol LT A%
By Gronwall’s lemma,
A0 < 1%z exp [c [ 190177 ar] e 0.7
Hence, ||A20]|;2 € L°°(0,T). Integrating (4.16) over [0, 7], we have

T T .
!!A29(t)!!+k/ !!A”?@(t)!!%zdté(?/ IV=6l1 5 7 dt sup [[A%O(8)[|72+]A%G01 72
0 0 T 0<<T

which implies fOT HAQ’L%H(t)H%th < oo. Applying the Gagliardo-Nirenberg in-
equality,

_o « _4
V0]l < Cll6]I 2~ 14> 6] 5

L2 )
in R?, we have (4.11).
We assume that (4.8) holds true. Then

L < IVV5) gl V0] - V0] g

< IVollx, IV Oll o/l VY0l
(4.17) 1-2 1420
CIIVSOlx,, ,IVV0l 2 = VYOl i (by (3.6))

IN

2

ki ora o Lolazsr ([A2012
B IA R0, + IV A%l

IN

Since ||[VVv|| ;. < C||VVL0]| ., due to the Calderon-Zygmund inequality, we
observe that the estimate of J is the same as that of I;, and we have
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ki2+s =z
(4.18) T < IAR015. + CIVEOI L™ A%,

and hence we similarly get (4.11).
Finally, we assume that (4.9) holds true. Using Lemma 2.1 and the interpolation
inequality (3.6), we bound J as follows.

J = / (V40 - Vv A2V 0ds = / ATV - Vo) - ATV 0da
< AT(VE0 - Vo)l gz - ATV 2
< ClIVE0 - Vol gy |ATFV 0 12
419y <C (HVLHHF;%OHVUHFQ’Q""HVLHHFQ{QHVUHF;fOO> [AT5V46]| 2
< CIVH Ol s, [1A%6]] 2| A*F°6) 2

9_2s

o 28
OVl s A% 2 = [A%F20) 2,

IN

IN

1 a as
AP R60: + CIV OIS [1A%6)3,
where we have used the following inequalities [22]:

1
IVoll g, < CIVH6l 4,

and
IVUll s, < OV Ol -

On the other hand,
I = Z/viaivie AVt 0dz = —Z/vivie - 30, VLodx
i ik
-y / Ov; - V10 - 9,0,V 0
ik
and now I can be bounded by the same method as that of .J, we obtain
1 a —a
(4.20) I < ZIAPFR0I[Z + CIIV0l 22t [1A%]1Z:.
Inserting (4.19) and (4.20) into (4.12) and using the Gronwall’s inequality gives
T
| nzea<c.
0

which implies (4.11).
This completes the proof. ]
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