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STRUCTURE OF THE FIXED-POINT SET OF ASYMPTOTICALLY
REGULAR MAPPINGS IN UNIFORMLY CONVEX BANACH SPACES

Jaroslaw Gornicki

Abstract. It is shown that the set of fixed-points of some asymptotically
regular mappings in uniformly convex Banach spaces is not only connected
but even a retract of a domain. The results presented in this paper improve
and extend some results in [11, 13].

1. INTRODUCTION

The concept of asymptotically regular mapping is due to Browder and Petryshyn

[3].

Definition 1. Let (M, d) be a metric space. A mapping 7" : M — M is called
asymptotically regular if lim,, ., d(T"x, T"2) = 0 for all z € M.

Example 2. Let T : [0, 1] — [0, 1] be an arbitrary nonexpansive mapping. It is
easy to check that S = (I + T') is also nonexpansive. Thus, for each z € [0, 1],

|y — S| < ... < |S% — Sz < |Sx — .

Furthermore S is nondecreasing function. Indeed, if x < y and Sx > Sy, then we
have %(z + Tx) > 1(y + Ty) which implies

Tx —Ty| >Te—Ty>y—x=|z—y|

Thus, for each x € [0, 1] we have x < Sz or Sz < z. So, we have

n
1> (8" —of = Z |§F 1y — Skz| > n - |S"H e — S
k=1
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which implies |S"Hx — S| < % Then S is asymptotically regular. ]

In 1976, Ishikawa obtained a surprising result, a special case of which may be
stated as follows: Let C be an arbitrary nonempty bounded closed convex subset of a
Banach space E, T': C' — C nonexpansive,and A € (0,1). Set Ty = (1-\)I+AT.
Then for each z € C, || T{™2 — Tz|| — 0 as n — oo, and Fiz T = Fiz T).
This result holds for any above set regardless of its geometrical regularity. In 1978,
Edelstein and O’Brien proved that {7}z — TPz} converges to 0 uniformly for
x € C, and, in 1983 Goebel and Kirk proved that this convergence is even uniform
for T' € T, where 7 denotes the collection of all nonexpansive self mappings of C,
see [1, 10].

In [15] and [21] one can find two very interesting examples of asymptotically
regular mappings without fixed points.

If T is a mapping from a set C' into itself, then we use the symbol || T’|| to denote
the Lipschitz constant of 7', that is

Tx—Ty
7” T I :x,yeC,w;«éy}.

|7 = sup {

The present author [12] proved the following extension of the well-known Lif-

shitz Theorem to asymptotically regular mappings, where k(M) denotes the Lifshitz
constant of a metric space M, see [1].

Theorem 3. Let M be a complete metric space with k(M) > 1 and T be a
mapping from M to M. If T is asymptotically regular,

liminf ||T"|| < k(M),
n—oo

and for some = € M the sequence {T"x} is bounded then 7" has a fixed point in
C.

Dominguez Benavides, Japon Pineda and Xu (see [1], [6] and the references
therein) proved that the Lifshitz characteristic can be replaced by another geometric
coefficient which can be computed in certain classes of Banach spaces.

We recall some observations about the structure of the fixed-point sets. Suppose
C C FE is a bounded closed convex set and 7' : C' — C' a nonexpansive mapping
(thatis, || Tz —Ty|| < ||z —y]| forall z,y € C). Assume Fiz T ={x € C: Tx =
x} # @. Obviously Fiz T is a closed set, and if E is strictly convex, then Fix T
is a convex set. In general the fixed-point set of a nonexpansive mapping need not
be convex and can be extremely irregular. Bruck [4] asserts that if a nonexpansive
mapping 7' : C' — C has a fixed point in every nonempty closed convex subset
of C' which is invariant under T' and if C is convex and weakly compact, then
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Fix T, the set of fixed-points, is nonexpansive retract of C (that is, there exists a
nonexpansive mapping R : C' — Fiixz T such that R|g;, v = I), [5], [10], and the
references given there. The Bruck results was extended by Dominguez Benavides
and Lorenzo Ramirez [7] to the case of asymptotically nonexpansive mappings if
the space E was sufficiently regular.

Recently the present author, using the method of Hilbert space, proved that the
set of fixed-points of some asymptotically regular mappings in a Hilbert space is a
retract of a domain [13]:

Theorem 4. Let H be a Hilbert space and let C be a nonempty bounded closed
convex subset of H. If T': C — C' is an asymptotically regular mapping such that

lim inf ||T"]| < V2,
n—oo

then 7" has a fixed point in C and Fiz T is a retract of C.

In this paper, by means of techniques of asymptotic center, we establish some
results on the structure of the fixed-point set of asymptotically regular mappings in
uniformly convex Banach spaces. The results obtained in this paper improve and
extend some results in [11, 13].

2. UNIForMLY CoNVEX BANACH SPACES

Let us recall that a space E' is uniformly convex if its modulus of convexity

. 1
() =it {1= S+ yl: ol < 1, Iyl < 1, 2 -yl > e}

is strictly positive for all ¢ > 0. A Hilbert space H is uniformly convex. This fact is
a direct consequence of parallelogram identity. Also spaces ” and LP, 1 < p < oo,
are uniformly convex. It is well known that ¢z is continuous on [0, 2) and strictly
increasing in uniformly convex Banach spaces [10].

Recall the concept and the notion of asymptotic center due to Edelstein (1972),
see [10]. Let C be a nonempty closed convex subset of a Banach space F and
{z,} C E be a bounded sequence. Then the asymptotic radius and asymptotic
center of {z,} with respect to C' are the number

r(C,{zn}) =1 <limsup lly — an>

nf
yeC n—o00
and the (possibly empty) set

A(C, {en}) = {y € O : limsuply —za]| = (C, {za})},
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respectively. It is well known that if E is reflexive, then A(C, {x,}) is bounded
closed convex and nonempty, and if E is uniformly convex, then A(C, {,}) consist
only a single point, {z} = A(C, {x,}), i.e., other words z € C' is the unique point
which minimizes the functional

limsup ||y — @, ||
n—oo

over y in C.
We start from some result for all uniformly convex Banach spaces.

Theorem 5. Let E be a uniformly convex Banach space and let C' be a
nonempty bounded closed convex subset of E. Suppose T : C — C' is an asymp-
totically regular mapping such that

liminf |77 < 7,
n—oo

where v > 1 is the unique solution of the equation

(1) 7(1—5;;(%)) ~1.

Then T has a fixed point in C and Fix T is a retract of C. (Note that in a Hilbert
1
space, v = 2v/5 and in LP—spaces (2 < p < 0), 7, = (1 +27P)7.)

Proof. Let {n,;} be a sequence of natural numbers such that
liminf |77 = lim |[T™] =k < .
n—oo 11— 00

We may assume that & > 1 since if & < 1, the well known Banach Contraction
Principle guarantees a fixed point of T.

For an x = zp € C we can inductively define a sequence {x,,} C C in the
following manner: 1 is the asymptotic center of the sequence {17 x,, };>1, that
IS, 1 IS the unique point in C' that minimizes the functional

limsup |y — T" |
i—00
over y in C. For each m > 0 we set
T = Hmsup ||@ms1 — T x|,
i—00
d(xp,) = limsup || zy — T @y
i—00

Obviously,

(2) Tm < d(xy,) for m > 0.
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Existence of fixed points. If r,,, = 0 for some m > 0, then Tx,,41 = Tpt1-
Indeed, we choose € > 0. Since r,,, = 0, there exists ig € N such that

. €
[T™ @ — T || < )

if @ > ip. From the assumption "liminf, . ||T™| < ~” there exists a positive
integer p such that ||77|| < co. By asymptotic regularity of T there exists k € N,
ko > 19, such that

177 = Tt < TP = T ]| + [T 2 = @ |
p—1
< DIy, = T | + [T — 2| < e
7=0

if © > kg. Hence for ¢ > kg, we obtain
TPz 1 = Tt < NTP@mgr = TP @ || + TP 2 — 2o |
<NTPI - Nomar = T 2| + TP @0 — T |
<Gl +1) 0
ase | 0,50 TPxypy1 = xme1. It is easily verified by induction that 7P%x,, 1 =
Tmy1 for s =1,2,.... Therefore
|ITzms1 = Tmia || = TP @y = TP 2| — 0

as s — 00, S0 T'py+1 = Tm+1. Analogically, if d(z,,) = 0, then T™ix,, — x,, as
1 — o0, yielding T'z,, = z,.

Assume r,,, > 0 for all m > 0. Let m > 0 be fixed and £ > 0 be small enough.
First choose p € N such that

[T Tt — T || > d(@mg1) — €

and -
I < b+,

and then choose sy € N so large that
| T" Ty — Tppr || <+ < (kK +€)(rm +¢€)

and
[T @, =T g1 || < N T™ @ — T2 i ||+ | T 2 — TP 2 ||

np—1

< Z ”Tns+j+1xm_Tns+jxm” +HTan ’ HTnsxm_xm—I—l H
=0

<5 (rm+ )+ T (rm+) < (h+8)(rm +2)
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for s > sg (by the asymptotic regularity of T'). It follows from the properties of g,
that

1
7720 = Gt + )|

< (- o) e+ Am o

for s > sg. Hence

d(Tpmi1) — €
(k+e)(rm+e)

Tm<<1—5E< ))(k+€)(rm+€).

Taking the limit as ¢ | 0 we obtain by continuity of 6z,

e (10422

k-rm
and
(1= e (fez)) i
This implies

1
d($m+1) < k- 5EI<1 — E) *Tm
1
<k-ogt(1—+)- =B.
<k-05' (1= 1) - d@m) = B-d(wn).
where B = k-(S]}l(l — %) < 1. From (1) and k < , we have 0 < B < 1. Hence

(3) d(zm) < B - d(zm-1) < ... < B™ - d(x).

Noticing
[#mi1 = Tl < [[#msr = T @ + ([T @m — om|

and taking the limit superior as i — oo on both sides, we get
|Tmt1 — Tl < rm+ d(xm) < 2d(24,)
(4)
< 2-B™. d(xo)
and hence, for all n € N,
[Zn4m—Zm| < [|Tntm —Tntm-1 |+ Zntm—1—Tnim—2ll+- A+ Tms1 — 2|

< 2B d(20) + 2B" T2 d( () + ... 4 2B™d(x0) + . . .

N 2Bmd(1‘0)
~ 1-B
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So, we see that {x,,} is norm Cauchy and hence strong convergent. Let z =
lim,, oo Tm. Then one can easily see that

Iz =T 2| < Iz = 2mll + [|2m = T @m || + [T 2m — T 2]
SAHNT" Nz = 2wl + 2m = T 2wl
Taking the limit superior as i — oo on each side, we get

d(z) = limsup ||z = T"z[| < (1 + K)||2 — 2w + d(zm)

1—00
< (1+E)||z — zm| + B™ - d(xg) — 0 as m — oo.
Therefore d(z) = 0 and this implies Tz = z.
Retraction. Let A : C' — C denote a mapping which associates with a given

x € C aunique { € A(C, {T™x}i>1), that is, £ = Az. Sedtak and Wisnicki [18]
proved the following Lemma which is very useful in our proof.

Lemma 6. Let E be a uniformly convex Banach space and let C' be a nonempty
bounded closed convex subset of E. Then the mapping A : C' — C'is continuous.

Note that x,, = A™x for m = 1,2, ... and by (4),
|A™ e — A™z|| < 2-B™-d(z) < 2- B™ - diamC

form =0,1,2,... Thus

m

1-B

sup |[A™z — Alz|| < diamC — 0 if m,i — oo
zeC

which implies that the sequence { A™x} converges uniformly to a function

Rz = lim A"z, z € C.

m—00

It follows from Lemma 6, that R : C' — C'is continuous. Moreover,
|Rx — T™ Rx| < ||[Rx — A" z|| + [|[A™x — T A™x|| + | T A™x — T™ Rx||
< (L4 [T |)|[Rx — A™z] + || A"z — T A™x.
Taking the limit superior as i — oo on each side, we get

d(Rz) = limsup |Rx — T" Rzx| < (1 + k)||[Rx — A™z|| + d(A™x)
< (14 k)||Rx — A™z|| + B™ - d(x) — 0 as m — oc.
Thus d(Rzx) = 0 and as earlier, Rz = T Rx for every z € C, and R is a retraction
of C onto Fix T. m
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3. p—UNIFORMLY CONVEX BANACH SPACES

In p—uniformly convex Banach spaces we can establish a more general result.
Let p > 1 be a real number. A Banach space F is said to be p—uniformly convex (or
E is said to have the modulus of convexity of power type p) if there exists a constant
d > 0 such that the modulus of convexity dg(g) > d-&P for 0 < e < 2. We note that
a Hilbert space is 2—uniformly convex (indeed, 6y (e) = 1 — /1 —(5)2 > 1£?)
and an LP—space (1 < p < oo) is max{p, 2} —uniformly convex.

In [14, 22] the following inequalities was proved.
Lemma 7.

(@) Let p > 1 be a real number and let £ be a p—uniformly convex Banach
space. Then there exists a constant c,, > 0 such that

Az + (1= Nyll” < Allz]l” + (1 = NIyl = cp - Wp(A) - [l = y[|”

forall z,y € E, 0 < XA < 1, where W,(A) = A(1 — AP+ AP(1 — \).
(b) If H is a Hilbert space, then

12z + (1= N)yll* = Alz[* + (1 = N)lyl* = A1 = V[l =y
forall z,y € H and A € R.

When E is particularly an LP?—space, we have the following
Lemma 8. Suppose E is an LP—space.
(@ If1 <p<2,then

Az + (1= Nyl < Azl + (@ = Nllyl® = (o= 1) - A (1= X) - & —y]?

forall z,y e Fand 0 < A <1 (¢p=p—1);
(b) If 2 < p < 0, then

Az + (1= Nyll? < Allz[l” + (1 = NIyl = cp - Wp(A) - [l = y[”
forall z,y € E, 0 < A < 1, where Wp(A) = A(1 — AP + AP(1 — ) and

1+t -

with ¢,, being the unique solution of the equation

(p—2tP L4 (p—1P2-1=0,0<t<1.
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All constants appeared in the above inequalities are best possible.
The following theorem is an extension of Theorem 3 from [11].

Theorem 9. Let p > 1 be a real number and let E be a p—uniformly convex
Banach space, C' a nonempty bounded closed convex subset of £. If T': C — C
is an asymptotically regular mapping such that

liminf |77 < (1+¢,)?,
n—oo

then 7" has a fixed point in C and Fiz T is a retract of C.

Proof. Let {n,;} be a sequence of natural numbers such that
liminf |77 = lim [T = k < (1 +¢,)?.
n—oo 1—00

We may assume that & > 1 since if £ < 1, the well known Banach Contraction
Principle guarantees a fixed point of T.

For an x = zp € C we can inductively define a sequence {x,,} C C in the
following manner: 1 is the asymptotic center of the sequence {17 x,, };>1, that
IS, 1 IS the unique point in C' that minimizes the functional

lim sup [y — Ty

1— 00

over y in C. For each m > 0 we set

P41 = Hmsup [Zp1 — T @ |,
1—00
d(xp,) = limsup || zy — T @y
1—00
Obviously,
Tmt1 < d(x,y,) for all m > 0.

For 0 < A <1, nj,n; € N, from Lemma 7 (a), we have
(1= NZmyr + AT 241
T x| +cp - Wp(A) - [Zmir = T 2 [P
S A= Mlzmpr =Tzl + AT @1 =T 2
S A= Mlzmer =T zm”
AT g1 = T | 4 [Ty — T )

< (= Nlzmpr = Tz |?

n;—1

. ) ) p

AT Ntmsr = T + D T gy = Ty |)
v=0
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Taking the limit superior as ¢ — oo on both sides, by the asymptotic regularity
of T', we get that for each n;,

limsup [[zm1 =T @[ + ¢p - Wp(A) - lzmsr = T @ [P
1—00
<limsup|[(1 — N @pmp1r + AT 21 — T @y ||P
i—00

+ep - Wp(A) - |omer — T 2 [P

S (L= A) - limsup [z 41 = T @m[|PHA - [T P - T sup [|2m 1 =T 2 |?

1—00 e
and
Tt T WpA) - lzmsr = T T [P
SA=A) rpp T A TPy
So, we have
. AT P —1)
— T P = —— " T
lom1 = TVl < = =y T
and hence

TP — 1 ,

i P g : :
|1 mnil” S T Ay T Ay

Letting A | 0 and next taking the limit superior as j — oo on both sides, we get

kP —1 kP —1
(A1)} < = it <
P P

[d(zm))?,
where B = %:1 < 1 by assumption of Theorem. Hence
d(xm) < D -d(xpm-1) <...< D™ d(xy),
where D — B¥ < 1. From this inequalities, noticing,
[mir = 2l < [2mis = T m|| + ([T 2m — 2m]|
and taking the limit superior as i« — oo on both sides,
|Tmt1 — Tml < rmg1 +d(@m) < 2-d(x) < ... <2 D™ - d(x).
So, we see that {x,,} is a Cauchy sequence and its limit is a fixed point of 7. A

similar argument as in the corresponding part the proof of Theorem 5 concludes
that F'iz T is a retract of C. ]
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Remark 10. From Theorem 9, by Lemma 7 (b) we immediately obtain Theorem

4. Now, let E = LP, 2 < p < oo, and 7, = (1 + 2—1’)% be the solution of the
equation (1). Because an easy computation shows the bounds

22 <, < (p—1)227F forall 2 < p < o0,

1
[19], so in LP—spaces v, < (1 +¢p)? for 2 < p < oo. For example, (1 + Cg)% =

1
(3= 2)3, (1+cq)7 = (3)%. Thus in LP—spaces (2 < p < 4oc) Theorem 9 is
an extension of Theorem 5. Moreover from Theorem 9, by Lemma 8 (a), we have
the following result:

Corollary 11. Let C' be a nonempty bounded closed convex subset of L7,
1<p<2 IfT:C — Cis an asymptotically regular mapping such that

. n
lim inf |77 < /p,
then 7" has a fixed point in C and Fiz T is a retract of C.

Remark 12. Corollary 11 improve Corollary 1 presented in the paper [11]. By
the way we note that the proof of Theorem 2 in [11] is unfortunately not correct
because the inequality

diamg({zn}) < D({z,}) = limsup(lim sup ||z, — zp,||)

is false (H.K. Xu, personal communication, 1995). Indeed, if £ = (> and ,, = e,, —
ent1,n =1,2,..., where {e,} denotes the standard basis in 12, then diam,({y,}) =
V6 > 2 = D({y,}). Actually, it is easy to see that for each bounded sequence
{z,,} in a Banach space E, r,({z,}) < D({z,}) < diamg({zn}).

Using the result of Prus and Smarzewski [17], [20] and Xu [22] we can obtain
from Theorem 9 some additional corollaries, for example, for Hardy and Sobolev
spaces.

Let HP, 1 < p < oo, denote the Hardy space [9] of all analytic functions x in
the unit disc |z| < 1 of the complex plane such that

1 27 ) 1
|z|| = lim <2—/ \x(re’e\pd@>p < +o00.
_ T Jo

Now, let © be an open subset of R™. Denote by W"P(Q2), r > 0, 1 < p < oo,
the Sobolev space [2] of distributions = such that D®x € LP(2) for all |a| =
a1+ as + ...+ ap < k equipped with the norm

2| = ( > /Q\Do‘x(w)\pdw>%.

ool <k
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Let (Qa, X0, ta), @ € A, be a sequence of positive measure spaces, where the
index A is finite or countable. Given a sequence of linear subspaces X, in
LP(Qy, ¥q, o), We denote by L, ,, 1 < p < oo and ¢ = max{2,p}, [16], the
linear space of all sequences x = {z, € X, : « € A} equipped with the norm

lall = (3= (lzallpa)) "

aEA

Q=

where || - ||, denotes the norm in LP(Q, Xy, fta)-

Finally, let LP = LP(S, %1, p1) and L9 = L9(Sy, X9, p2), Where 1 < p < o,
q¢ = max{2,p}, and (S;, ¥;, u;) are positive measure spaces. Denote by L,(Ly)
the Banach space [8] of all measurable L”—value functions = on S5 such that

1

Joll = ([ (1)) atas)) "

So
All these spaces are g—uniform convex with ¢ = max{2, p}, [17], [20], and the
norm in these spaces satisfies
Az + (1 = Nyl|? < Allzf|f + (1 = M yll! =d- We(X) - [z —y[|?
with a constant
—1 i
pT if1<p<2,
d — dp — 1 .
Hence the following result follows from Theorem 9:

Corollary 13. Let C be a nonempty bounded closed convex subset of the space
E,where E = HP or E=W"P(Q)or E =Ly, or E=Ly(Ly,) and 1 < p < oo,
g = max{2,p},r > 0. If T: C — C is an asymptotically regular mapping such
that )

liminf ||T"] < (1 +d)«,
n—oo

then 7" has a fixed point in C and Fiz T is a retract of C.

Remark 14. Note that Theorem 3 was significantly generalized by Dom” nguez
Benavides, Japon Pineda and Xu, (see [1, 6]), but it is not very clear whether our
statements are also valid in these cases.
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