TAIWANESE JOURNAL OF MATHEMATICS
Vol. 15, No. 2, pp. 829-855, April 2011
This paper is available online at http://www.tjm.nsysu.edu.tw/

EMBEDDED WAVEFORM RELAXATION METHODS FOR PARABOLIC
PARTIAL FUNCTIONAL DIFFERENTIAL EQUATIONS

Jun Liu, Yao-Lin Jiang! and Hong-Kun Xu?*

Abstract. Waveform relaxation methods are decoupling or splitting methods
for large scale ordinary differential equations. In this paper, we apply the meth-
ods directly to semi-linear parabolic partial functional differential equations.
Taking into consideration of the complicated forms of these parabolic equa-
tions, we propose a kind of embedded waveform relaxation methods, which
are in fact two-level waveform relaxation methods and which can also be ap-
plied to some other systems. We provide explicit iterative expressions of the
embedded methods and exhibit the superlinear rate of convergence on finite
time intervals. We also apply the two-level idea to the functional differential
equations derived from semi-discretization of the original system. The win-
dowing technique is employed for the situation of long time intervals. Finally,
two numerical experiments are performed to confirm our theory.

1. INTRODUCTION

Waveform relaxations are a kind of dynamic iteration methods used to solve large
systems of time dependent equations in parallel. This kind of methods are totally
different from some classical numerical methods, such as Runge-Kutta method and
multi-step method. If we regard a waveform as an approximate curve of the original
system, the dynamic iteration method will produce a series of waveforms, each of
which is defined on the whole time interval.

Waveform relaxation methods were originally proposed in [11] to simulate large
circuits, and well developed in the past several years. Most of them are proposed for
ordinary differential equations [15, 13] and differential algebra equations [8, 9]. In

Received October 19, 2009, accepted November 21, 2009.

Communicated by J. C. Yao.

2000 Mathematics Subject Classification: Primary 35R10; Secondary 35K55, 65M12, 65M15.

Key words and phrases: Embedded waveform relaxation, Partial functional differential equations,
Fixed and distributed delays, Superlinear convergence, Windowing technique.

! This was supported in part by the Natural Science Foundation of China NSFC10771168.

2This was supported in part by NSC 97-2628-M-110-003-MY3.

*Corresponding author.

829



830 Jun Liu, Yao-Lin Jiang and Hong-Kun Xu

these applications, systems are decoupled and subsystems can be solved numerically
in parallel with different time steps. Therefore, Waveform relaxation methods are
quite suitable for stiff systems. Another advantage of waveform relaxation methods
is to convert the originally complicated systems into a series of simpler systems
which are also more easily to be solved.

To apply waveform relaxations for solving partial differential equations (PDEs),
one traditionally discretizes the PDEs in space to get a large system of ODEs, and
then apply waveform relaxation methods to solve the resulted ODEs. There are
two concerns with this approach: firstly, information about relaxation processes
may be lost during the processes of discretization; secondly, the convergence results
derived in this fashion depend on the mesh parameters and convergence rates would
deteriorate when the meshes are refined. A kind of Schwarz waveform relaxation
methods is shown in [5].

In this paper we study approximate solutions to the initial boundary value prob-
lem of the following parabolic partial differential equation with a functional term,

0
(1) 506 1) = alu+ g(x, £ u(x, 1), (7)), X €D,

where a > 0, 7 € [0, 79], with initial boundary conditions

u(x,t) = p(x,t), te[-m,0, xeQ,
u(x,t) = ¢(x,t), t € [0,T], x € 09.
The function u(y 4 (+) is defined by
Ux,1) (1) =u(x,t+71), 7€][-70,0].

The nonlinear function g has different representations, which means that Eq. (1)
indeed covers many different kinds of equations. As shown in [12], if the function
g(x,t,u,v) = f(x,t,u,v(—70)),

then system (1) has the form

0

au(xv t) = alAu + f(X7 tv ’LL(X, t)v ’LL(X, t— 7_0));
while if the function

g(x,t,u,v) = f <X, t,u, /0 v(7)d7> ,

7
system (1) becomes
0

%U(X, t) =aAu—+ f <X7 L, u(Xv t)? /

—T0

u(x, ¢+ T)dT) .
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Functional equations like (1) are used to model cancer cells in human tumors
and heat conduction in materials with memory viscoelasticity. Problem (1) is also
popular in population dynamics. A set of examples which illustrate the wide range
of such models can be found in [16]. Several different methods have been used
to solve the problem, such as iterated pseudospectral method [12], traveling waves
[2], adaptive higher order method [4], and so on.

Waveform relaxation methods apply to similar systems as system (1) at the ODE
level [7, 17], where the nonlinear delay partial differential equations are spatially
discretized. We also want to apply waveform relaxation algorithms to system (1),
but at the PDE level directly. Differently from the Schwarz waveform relaxation
methods, we do not decompose the spatial domain into subdomains, but keep the
spatial domain in one piece, and construct an iteration scheme from the original
systems. Therefore, we do not need to consider the information transmission among
subdomains and the convergence under different transmission conditions.

The outline of our paper is as follows. In Section 2, we propose a kind of
embedded waveform relaxation methods for partial functional equations with fixed
delays, present the iteration expressions, and analyze the corresponding convergence
theory. In order to improve behavior of the approximate waveforms on long time
interval, we bring windowing technique into the embedded waveform relaxations.
In Section 3, we discuss applications of the idea in parabolic functional differential
equations with mixed delays. The convergence analysis of semi-discrete situations
is given in Section 4. Numerical experiments are carried out in Section 5.

2. EQuATIONS WITH FIXED DELAYS

In this section, we take a simple parabolic partial functional differential equation
in one dimensional space as follows to show the form of embedded waveform
relaxation methods and the corresponding convergence. Consider the system

u(x,t)  0%u(x,1)
ot =a o2 —I—g(w,t,u(x,t),u(x,t—T)),

O<ze<l, 0<t<T,

(2)
u(0,t) =wu(l,t) =0, 0<t<T,

u(z,t) = h(z,t), 0<z<l, —79<1t<0,

where ¢ is a given nonlinear function. A natural kind of waveform relaxation
method for system (2) is to generate a sequence of approximate solutions {u(k)} by
the following algorithm:
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oulHD) (2, 1) B a82u(k+1) (z,1)

ot Ox?
+G (2, t,u* ) (2, ), ul) (2, ), u®) (2, — 7)),

uk D (0,8) = u*D (1 1) =0, 0<t<T,

utH (,0) = h(2,0), 0<w<l, k=01,

where, for any fixed k, u(®)(z,t) = h(z,t), —19 <t < 0. We usually choose the
initial guess u(®)(x,t) = h(z,0), 0 < ¢t < T. For any fixed k, such system is a
nonlinear reaction diffusion equation without functional term.

In fact, what we care about is the limit of the series of the waveforms, rather
than every individual waveform in the series. Therefore, we would better make sure
that the waveforms in the series could be solved easily. Considering the nonlin-
ear reaction diffusion equations is still expensive to solve, we embed an internal
waveform relaxation to approximate the nonlinear reaction diffusion equations, just
like the two-level scheme. This idea leads to the following embedded waveform
relaxation process:
8u(k+%)(x, t) a82u(k+%) (z,1)

ot 0z2

uFF5(0,4) = (L) =0, 0<t<T,

)

u(k+%)(x70):h(x70)7 OS(I)SZ, Z:0717 ’m_17 k:()’l’ ’

We take the same initial function on [0, ] X [—7p, 0] and the same initial guess as
before. We assume that the splitting function G satisfies

G(z,t,u,u,v) = g(x, t,u,v), YueC([0,1] x[0,T]), veC([0,l] x [—70,T)).

It is easy to find that, for any fixed ¢ and k, system (3) is a linear diffusion
equation. We also regard the corresponding solution as a “waveform”. In the
following discussion we will prove convergence of the relaxation process.

We know easily that the solution of equation (3) for any fixed k is

u(k+%—71)(x,t)
2 > [t . nmé —a(2E)%t o MTT
= 7;/0 h(¢,0) sdefe v sin——
t[ ) l ; nﬂf
+/ Z_/G(é"sju(k—"ﬁ)(g’3)7u(k)(£73)7u(k)(£73—7) sin—df
o \iilJo l

x e~ (=9) gipy L) ds.

“4)
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We define a function sequence

i+1 l 2
70 = T [ b 0)sin e ()"

5) (3 / Glg, s, u (e, 5), u(e, ), u (g, s—1))
sin ”dege—a<"%>2<t—s>) ds.
The solution of equation (3) has the expression

ity k+i . NI
ulk Zaf sin

We also define the function

l 2
an(t) ::%/0 h(¢,0) sinnTﬂgdfe_“(nTw) t

© o
(3] g(fE,s,u(&s),u(ff,8—7))SinnTﬁdfe‘“("T”)z“‘s))ds-

[e.°]

and it is not hard to verify that the function ) a,(t)sin 7% satisfies equation (2).
n=1

Next, we show the convergence of the relaxation series (4) and the rate of

convergence.

Theorem 2.1. Assume that the partial derivative of nonlinear function G with
respect to its j-th argument is bounded by constant M;, where j = 3,4,5. Then the

approximate solution u“”#)(x, t) of the embedded waveform relaxation method
(3) converges to the exact solution of system (2), and satisfies
0<z<lI

nmwx
u E an Sln —
0<t<T

Tk
<(C ) max u(o xt Zan sm@

max

— k! o0<az<i ’
0<t<T
where m is a positive integer, t =0,1,--- . m—1, k=1,2,---, and

o (MM T N M4—|—M5mz_:1 IMM;\? T3 2M(My + Ms)
B l (m —1)! M j! l

is a constant. Moreover, the rate of convergence of the embedded waveform relax-
ation method is superlinear.
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Proof.  Define

€(k+%)(x,t) = u(k+%)(x,t) — Zan(t) sin nle’ 0<z<l, —-19<t<T,

n=1

where, for —79 <t < 0and 0 <z <1, glbtm )(x t) = 0. From the expressions
(4) and (6), the error function ek )(x, t) can be written directly as

E(H%)(x, t)

t ~+00 ) ! ;
= = G, s, ut R (€ s), uP(E s), uP (g s — 7))
0 l 0

j=1

—G(&,s,u(g, s),ul&,s),u(&,s— 7'))] sin ]%gdf e (t=9) gip ?)ds.
We notice that

G(fv S, u(k—’—#)(fv 3)7 u(k)(é.v 3)7 u(k)(é.v S_T)) _G(é.v S, u(fv 3)7 u(fv 3)7 ’U,(f, S_T))
= Qe (€, 8) + G (€, 5) + GreM (6,5 = 7),

where

G; — <§73 ui o (f, s), uik)(f,s),uik)(f,8—7)>

denotes the j-th partial derivative of the nonlinear function G with respect to its
j-th argument, 7 = 3,4, 5, and

uf (e, ) € [mint (€ ), u(e, 5)), max(u D (€, 5), u(E, )]

so do ulk (f, s) and ul® (57 5 —1T)).
Then,

€(k+%71)(x,t)

t /X9 gl i g€
= - Ghelktm) £8)+ G () &, s +GLe®) £,8—7)| sin ——=d¢
A 1), s 5 ]

j=1
xe@UF)2(=9) iy ﬁ?)ds

t I ~ iy~ ~ ~ - .
= [ (X7 65 60+ 646 )60+ 636 e G5

J=1
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l . ' .
X/ sin 278 e . =0 )20-5) i Jﬂ) ds
0 l ]
t s oo 9 . i ) ) )
- (X [Gg“’s)g(“m(&8>+Gil<f,s>e<’“><f, )+ Gy(E. )e(E.s—7)
0

t ~ i - - - ~ ~
- /0 = ’3(578)8(’”5)(5,8)+GZ(£,8)8(’“)(57s)+G’5(£,s)€(’“)(£,s—7)}

N g

_a(2]7r 7r) (t—S) . (2] - 1)7‘(1‘
X Z: 7(2], — ) e sin S E— ds,

where £ € [0,1]. Let us take a look at the series of functions in the expression
above. For any 0 < x < [, we have

i_ (2j — V) 1 i (2j — Drz . 7
siIp —————| = S ————— S11l ——
; l sin TF 4 l l
=1 =1
1 (2j — 2)m 2
= |—¥/T— — | COS — COS
sin TF £~ 2 l l
NNV 2N
N sin % 2 o3 l
1
< |=
T |sinTE

This means that the partial sum of the series Zsinw is bounded. On
the other hand, for any fixed 0 < s < ¢, ﬁe_“( ) ()

decreasing function with respect to index j on [0, ¢| uniformly. According to the
Dirichlet rule, the series

1S a monotone

Z 2l e_a( 2]'7rl—7r)2(t_8) sin (2] —l 1)7'('1'

22— )

converge uniformly on [0, ], and assume M is a uniform bound. Since we assume
that the three partial derivatives of the nonlinear function G are bounded by Ms,
M, and M35 respectively, we obtain that,

i 2M [
O )] < 2 [ (Ml (€ )]+ M=) (€ 5) Ml 6 7)) .
0
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Notice that, for —r9 < ¢ < 0, £(¥) (z,t) =0, and

t _ t—1
[0 s = ryds = [T slas < [ E9E sas.
0 -7

If we define the norm || ||(¢) = Jnax |e®) (2, )|, then we obtain,

i+l 2M t a
050 < 2 [ [0 ) + (3 + 35 [ ()] s

By induction we get

IMMz\™ ' gml
(k=) 3 (k)
e I(t) < ( l ) (=11 225 1=7)
M4+M5 < 2M M3
Z( )—, ma |09 ()
— 7t 0<s<t
and
oM [t m=1
ety < 2 /0 (M55 () + (Ma + M) || (5)] ds
_/t 2OM M3 \™ sm—1 +M4+M5mz_:1 2M M3 Il i
o ! (m—1)! M; j=1 ¢ gt
2M (M + M,
# 2R 169 s,
l 0<u<s
Set

oo <2MM3)m -1 | M+ My mz‘:l <2MM3>j+1 T3 2M (M, + Ms)

l (m—1D!" M l g l

It then follows that

t t
(k+1) < (k) < (k)
<000 < € | max [ ()ds < O [ max e (s)ds
Suppose that the k-th error function has the estimation

C
) I« < 0

mas [ (s).
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Then the (k + 1)-th error function has the following estimation

t

(0)
C J, o, T g I

¢ [ Ol

0<r<s
- (Ct)k-f—l
- (E+ 1) 022t

le® 111t

IN

IN

ax [|e]|(s).

Therefore, we see by induction that the error estimation (7) is valid for all k.
Taking the maximum norm on both sides of (7) over the time interval [0, 7] yields
the estimation:

CT
® 1@ < T o,

k
Since as the iteration number k approaches to infinity, (CkT! ) converges to 0 super-
linearly, the results stated in Theorem 2.1 follow. ]

Remark 2.2. In the special case where m = 1, the embedded waveform re-
laxation method (3) degenerates to a kind of general waveform relaxations, which
seems similar to the Jacobi waveform relaxation method. The corresponding error
estimation is then

2M (M + My + Ms)T\* 1
ey < (T IDTY L0

The rate of convergence is also superlinear.

As far as we know, waveform relaxation methods have obvious disadvantage
when performing simulation for systems defined on long time intervals. For general
ODEs on finite time intervals, waveform relaxation methods have superlinear con-
vergence rate [15]. However, the waveform relaxation methods converge linearly
for linear ODEs on long time intervals if some dissipation condition on the splitting
is assumed [13]. Besides, divergent examples of the waveform relaxation methods
for nonlinear systems on long time intervals can be found in [15].

In this situation, we should turn to a windowing waveform relaxation method,
which is a modified waveform relaxation method, and also regarded as an accelerated
method. For system (2), we first divide the time domain into several windows
[T, Tj4+1] with time points 75 (0 < 77 < ...), and let all lengthes of windows
be identically H. For the windowing strategy, the series of relaxed systems are
separately and successively solved on windows [T, Tj41]. The embedded waveform
relaxation method with windowing for (2) is
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i1 i1
8u§k+ m )(x, t) 82u§k+ m )(x, t)
o L o
+ Gt (1), ulP ), P (7)),
) Tj<t<Tj+1,0<x<l,
i+l i+l
(k+555) k
w7 Ty =), T),
0<z<l,i=0,1,---,m-1,k=0,1,---,kg—1,

where u§ T )(x, t) denotes the waveform on the time window [T, T}41], and kg is

a fixed iteration number on every window. When applying windowing technique, we
choose u(_kf) (z,0) = h(z,0), and for all j, the initial guess uﬁ»o)(x, t) = uﬁk_ol) (x,T5),
Tj <t< Tj+1.

For the windowing waveform relaxation method for ODEs, the continuous it-
eration solution at any iteration can not, in general, be a semigroup [1, 10]. The
mappings between the approximations at the end points of all time windows generate
a discrete semigroup if the following three conditions are satisfied:

(a) the system is autonomous;
(b) all the windows have the same length;

(c) waveform relaxation is carried out same times on every window.

We know more from [1] that the discrete semigroup generated from windowing
waveform relaxation preserves a variety of invariant sets of the original ODEs on
long time intervals. We assume that the results still work for the windowing embed-
ded waveform relaxation (9) without derivation. We notice that kg-th waveform on
every time window provides a continuous connection among the end points of every
time window. Therefore, the windowing waveform relaxation method (9) preserves
the continuous behavior of system (2) on long time intervals.

In the next section, we will investigate the embedded waveform relaxation
method for another type of partial functional differential equations.

3. EQUATIONS WITH FIXED AND DISTRIBUTED DELAYS

We consider the following parabolic partial functional differential equations with
both fixed and distributed delays,

ou(z,t)  0%u(z,t) t
5 =9 a2 +g |z t,u(z,t T),/Ou(x,s)ds ,

O<ze<l, 0<t<T,
uw(0,t) =u(l,t) =0, 0<t<T,
u(z,t) = h(z,t), 0<z<Il, —19<t<0,

(10)
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where g is a given nonlinear function.
For simplicity, we construct the similar embedded waveform relaxation method
as before,

Aulk+5) (z,t) a82u(k+%) (z,t)

ot 0z2

(k+5) _ b (k)
(an +g (x, t,u (z,t —71), fo ul® (z, s)ds) ,
Wk (0,8) = w1 t) =0, 0<t<T,

)

w50 (2,0)=h(x,0), 0<z<l, i=0,1,--- ,m—1, k=0,1,--.

We take the same initial function on [0, ] x [—7p, 0] and the same initial guess as
before. Such a relaxation scheme is proposed to make sure that both fixed and
distributed delays are relaxed.

It is easy to find that, for any fixed ¢ and k, system (11) is a linear diffusion
equation. Similarly to system (3), the solution of this system is

u(k+%—71)(x, t)

B 77;/0 h(&,0) sin nTW'Ed,ge—a(T) tsin?

t 0 2 1 i .
+/0 (2 7/0 96,5, u" (€ 5=7), /0 uM(e, 0)d6)sin "7 de

x e~ (") (t=5) gipy %) ds.

(12)

We define a function sequence by

i+1 l 2
b0 (1) ::2/ h(€, 0) sinnTngfe_“(T) t
0

l
t 9 1 i
(13) +A <7A g(f,s,u(k+ﬁ)(f,s—7),
/ uM(¢,0)do) sin”Tﬁdge—WT”)Q(t—S)) ds.
0

The solution of equation (11) has the expression

(50 0 ) = § pEHSED (4 i T
u (z,1) Z” ()sml.

n=1
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We also define the function
bn(t)

! 2
(14) = %/0 h(£,0) sinnTﬂgdfe_“(nTw) t

l
+/t<%/g(£,s,u(f,s—7)/ (&,6)do) sm—gdf —a(*F) (t_8)>ds.
0 0

It is not hard to verify that the function Z bn(t) sin *7* satisfies equation (10).

Next, we present convergence of the relaxatlon series (12) and the corresponding
rate of convergence.

Theorem 3.1. Assume that the partial derivative of the nonlinear function g with
respect to its j-th argument is bounded by constant M;, where j = 3,4. Then the

approximation solution u(k+%)(x, t) of the embedded waveform relaxation method
(11) converges to the exact solution of system (10), and satisfies

nmTT
maXF(k (z,t)— E b ( sm—
0<z<l

S
S(C ) maXF(O (z,t) Zb sm@

k!l o<z<i
0<t<T 0<t<T
where m (usually) is a small positive integer, t = 0,1,--- . m—1, k=1,2,---,
and
o OMMs\ T . 9M N, mz‘:l OMM;\~ Tit!
B l (m—1)! l gt l (7 +1)!

is a constant. The rate of convergence of this embedded waveform relaxation
method is superlinear.

Proof.  Firstly, define the error function

E(H%)(x,t) = () Zb sin@ 0<z<l, —-T19<t<T,

where, for —79g <t < 0and 0 <z <1, E(H#)(x,t) = 0. From the expressions
(12) and (14), the error function E(H%)(x, t) can be written directly as

(k+_+_)(x £)

t s +oo l ' s
:/o (Z% /0 [9<€vsvu(“*><£vs—7>, /0 u® (¢, 0)d)
j=1

_9(57 S, 'U:(f, §— 7_)7 / ’U,(f, 0)d0):| sin #d& : e—a(ij)Q(t—s) sin ?) ds.
0
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Notice that

S

g <£7 S, u(k—’—#)(& §— 7_)7 u(k) (57 H)de) - 9(57 8, ’U,(f, §— 7_)7 /8 ’U,(f, 0)d0>
0

0
s

— gheT (¢, s —7) + gl [ (&, 0)a.

where
d =g (5, o a7 (¢ s — 7). /0 WP, 0>d0) =34

denotes the j-th partial derivative of the nonlinear function g with respect to its j-th
argument (sometimes we denote the expression as g;(&, s) for short), and

a7 (€ ) € [min{u®0) (€, 5), u(e, o)}, maxful (e, ), u(€, 5)) .

It then follows that

M50 a, 1)
:/ Zj/ g5t (g5 — 7)
0 =1 0
+gz/1/ E(fﬁ)d@] sin ]%gdfe—a(]%‘)?(t—s) Sin]%x) ds
0

¢ +002 ~ i~ B s ~ 1 .
:/0 (Z7[gé(fvS)E(km)(ﬁvs—THg&(&,s)/0 E(k)(£,0)d0]/0 sin]%gdg

J=1

we— a2 (t=9) gin ]g) ds

t s Foo o ) s ) |
- (;%Wé D € s=r)+i(E) [ <OE0aR) 1 = (<1

we— a2 (t=9) gin ]g) ds
) ~ iy~ ~ S -
= [ st E s =)+ i) [ G 0]

+o00o .
21 Ca(Zir=my2 gy . (2] — D)mx
E 2 ol )2 (t=s) gipy 2 — DML
) ( (25 — 1)7Te l S l ) ds,

j=1
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where £ € [0,1]. By the same argument as in the proof of Theorem 2.1, we find
that the series in the expression above is uniformly bounded by a constant M.
Therefore, we have the following estimation for the error,

0 0, < 2 / (WEle € 5 = )+ 810 [ |EW(E 0)ap) as
< 2 / (NIl 40 (E, 9] + W12l (€, 6(s)) ) .
L Jo

where 0 < 0(s) < s < t.
If we use the sup norm ||c®)||(¢) := [oax, |e(®) (2, t)|, then we obtain

i) 2M
DI (8) <

le 0 [0 (5) + Wasll 1 (G())] d.

By induction we further get that
5 (8)

- L. ~ . ~ —1 .
IMMs \ t1 [(2MM,\ <~ [(2MM;\ it
< — 4+ . max [|¢®]|(s)
l i! l ‘= l (J+ 1) o<s<t

and

le®+1]I(2)

IN

2M [t - m-1 2M [t - =
[ et = s)ds + 2 [ sl 6(s)ds
0 0

WOV AN oML\ W (oM
:/OK z ) (m _1)!+< z >Z< 13> (j+1)!]

Jj=0
x max ||| (u)d
0<u<s

Introducing the constant

o OMMs\ T 2MM4 ] 2MM3 !
B l (m—l)! gt (j+ 1)

we then get

t t
D |1 (4) < (k) <O (k)
[eFTH|(#) < C/O (ax €Y (n)ds < C/O Joax e (s)ds

Consequently,

e\ k
OO e 101 (s)

(k) <
1200 < s

and the results stated in Theorem 3.1 follow. []
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Remark 3.2. In the special case of m = 1, the error estimation for the corre-
sponding Jacobi waveform relaxation method is

~ ~ k
2MT(M3 +M4T) 1
<P < ( : 21Ol

The rate of convergence is also superlinear.

We also divide the time domain into several windows with equal length, and
on the time window [T, T)j11] the corresponding windowing embedded waveform
relaxation scheme for system (10) is designed as follows,

8u§-k+i_;"1_1)(m,t) 82u2k+i_;"1_1)(a:,t)
=a
ot 0x2
k4L
+g | x,t, u§ +"‘)(x,t— T),fotuﬁ»k)(x,s)ds> , Tj<t<Tji1, 0<z<l,
k1L kit
50,0 =l =0, T <t < Ty,

L)

k
ST e, Ty) = W) (@, 1),

0<z<l,i=0,1,--,m—1 k=01, ky— 1.

where u(_kf)(x, 0) = h(z,0), and for all j, the initial guess u(o)(x, t) = uyio)(x, Tj),

J
Tj <t< Tj+1.

In the next section, we will investigate the semi-discrete situation of the embed-
ded waveform relaxation method.

4. EQUATIONS AFTER SPATIAL DISCRETIZATION

Waveform relaxation methods are first carried out for ordinary differential equa-
tions of large scale. We will extend the embedded waveform relaxation methods to
the ordinary differential equations which are obtained from spatial discretization of
parabolic partial functional differential equations.

4.1. Fixed delays

We first investigate the parabolic partial functional differential equations (2).
We divide the space domain [0, /] into J segments with equal length Az, and take
U;(t) as the approximations to the solution u(z,t), where j = 0,1,...,J. One of
the most common approximation schemes is

dU;(t) _ Ujpr(t) —2U5(8) + Uj—1(8)

7 =a A2 —|—g(xj,t, Uj(t),Uj(t—T)).
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If we set U(t) = [Uy(t), Ua(t),...,Us_1(t)]T, we then obtain the functional dif-
ferential equations

du(t) _ a }
“dt A2 - <
(15) o = azAUO+3(UM),U(E=7)), 0<t<T,
U(t) = [u(xl, t), ’LL(%‘Q, t),.. .,’LL(xJ_l7 t)]T7 —19 <t <0,
where,
-2 1 0 0
1 -2 1
(16) A= o 1 . . 0 | erVUDxU-D,
1
0 0o 1 =2
g(x1,t, Uy (t), Ur(t — 7))
g(xa,t, Us(t), Us(t — 7))
(17) g(tv U(t)vU(t_T)) = ‘ e R(J_l)_

g(xJ_l, t, UJ_l(t), UJ_l(t — 7'))

When solving equations (15) with waveform relaxation methods, one usually
splits the matrix A into A; and As, where the matrix A; has special structure,
such as diagonal or lower triangular, to make sure that each system in the relax-
ation series can be solved easily or in parallel. Such splitting methods lead to
Jacobi and Gauss-Seidel waveform relaxation methods. However, the correspond-
ing convergence results derived in these two fashions depend on mesh parameters
and convergence rates would deteriorate when the meshes are refined.

In order to reduce the dependence of the convergence on mesh parameters, we
take A; = A and As = 0, which means that the matrix A is not split. We only relax
the nonlinear term and the functional term, which leads to the following relaxation
scheme,

AU a

_ (k+5EL)
dt AV AU ®)
(%) +G U (1), U0 @), UG (1 - 7)),

U0 = [u(er, 0), u(a, 0), ..., ulzs-1,0)]",
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where, the splitting function G satisfies G(t, uy, uy, up) = §(t, u1, ug), uy, uy €
R~ The initial guess is taken as

17(0)( ) [u(xht)?u(x%t)v'"7u(xJ—17t)] ) 70 <t< )
t — 0
[u(xl,()),u(xg,()),...,u(xz_l,())]l, O<t<T.

For any fixed k and ¢, the relaxed system (18) consists of linear ordinary differen-
tial equations with no functional terms, which is more easily dealt with numerically
or by other ways. Below is a convergence analysis of the embedded waveform
relaxation method (18).

Theorem 4.1. Assume that the Jacobian of the nonlinear splitting function G
with respect to its j-th argument is uniformly bounded by constant M, 7 = 2,3, 4.
Then the approximation solution UUH#)()S) of the embedded waveform relaxation
method (18) converges to the solution of system (15), and satisfies

MyCa+Ms+ My)FT*
*) () < (MaCa+Ms+ My ©) () _
(19) g [000) -0 (1) < - s (V00 -0,
where k=1,2,---,
-~ 1 Az?. el 1 Az?_.
Ca = My (= —=—)" > M 1(M3+M4)(—)\ =y
max @ =1 max @

is a constant, m is a positive integer, and \yax Is a negative real number. The rate
of convergence of the embedded waveform relaxation method is superlinear.

Proof.  First, we define the error function 5(’”%)(15) by
ek () = URTR (4) —U(t), —mo<t<T.

Obviously, 5(’”%)(15) = 0 for —79 < ¢ < 0. On the time interval [0, 7] we have,

il
S ORI S
dt Ax?

+G(UR R (1), UP @), UR (t — 1)) — §(t, U (), U(t— 7).

Its solution can be written directly as

» b, 3 ;
e* 0 (1) :/ 2 AT (G (s, UF ) (5), UM (5), UF) (5 — 7))
0

—G(s,U(s),U(s),U(s — 7))]ds.
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We notice that
G(s, U2 (5), UK (5), UM (s — 7)) — G(s,U(s), U(s),U(s — 7))
= Giy(s)e®Hm) (5) + G4(5)e® (5) + G(s)e® (s — 1),

where é;(s) = C:‘;(s, UiH#)(s), Uik)(s), U,gk)(s — 7)) denotes the j-th Jacobian
of the function G with respect to its j-th argument (j = 2, 3, 4), and

) (s) e [mm{w’%)(s), U(s)}, max{U* ) (s), U(s)}] .
On the other hand, the matrix A is symmetrical and negative definite. Let Apax

be the maximum eigenvalue of the matrix A. We then obtain

HeALxQA(t—S)H S eﬁ)\max(t—s)

)

where Apax < 0, and || - || is the 2-norm.
Then we have

. Lo, . ; -
[t = | [ =20 G020 () + Gis)e )
0
+G(5)e®) (s — T)]dSH
< / emm e Gy ) [0 ()| + G () 1= (s)
+ 11G4(s) 1@ (s = 7)1l ds
t .
< [ sl [apyliri )
0
+ Myl ®)(5)]] + Mal|le¥) (s = 7)) ds.
For convenience we define another norm || - ||¢ by ||z = lnax ||z||(s). Obviously

we have ||e®)||,_, < ||e*)||,. By induction we find that

1 Az?

1

e+ ) < [t 50
m—1
; 1 Az?_.
E: j—1 _ =7 (k)
+j:1 M2 (M3+M4)( Moo )j HE Ht
Put
1 Az? el 1 Az? .
Ca — M= =)t > M (M + My)(— =y
A Q(Amaxa) + 2(3+4)(Amaxa)’

j=1
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where the subscript A means that the constant C'a depends on the mesh parameter.
Since Amax < 0, we have

t
JeFD]I(e) < / exm 9 [ [+ o)
0
(20) +Ms]|e ™) (s) | + Myl|e®) (s — 7)) | ds
t
< / (MaCa + M + My)[|e® ds.
0

Similarly to the induction argument used in the proof of Theorem 2.1, we obtain

tk
Ie®(8) < (MaCas + My + M) 1@

This implies that the rate of convergence is superlinear. Taking the maximum on
both sides of the inequality (20) with respect to ¢ over [0, 7| gets the required result
(19). ]

To conclude this subsection, we point out that if we employ different inequalities
in the process of induction in the proof of Theorem 4.1, such as

_a_

t
le®V]I(1) < (MaCa + My +M4)/ enaz (s max [1e ]| (1)
0 0<t<T

1 Az?
= R (¢
—— ) e 171,

< (MaCa + M3 + My)(—

we will get another error bound which converges linearly. We notice that the con-
vergence factor is a quadratic function with respect to the mesh parameter; so the
convergence factor can usually be very small. Although such an error estimation
presents better convergence property of the embedded waveform relaxation methods
within finite iterations, the convergence results depend on the choice of mesh pa-
rameter, while the superlinear convergence results in Theorem 4.1 is unconditional.

4.2. Fixed and distributed delays

For the parabolic partial functional differential equations (10), the corresponding
equation after spatial discretization is
U (t) a t
—— =——SAU)+g(t,U(t— U(s)d 0<t<T
on | S = a0+ (rue -0, [Ueas), v<is,
U(t) = [u(z1,t), u(zo, 1), ..., u(zs_1,1)]7T, —10<t<0,

where A is the same symmetrical and negative definite matrix as given in (16), and
g is a vector of nonlinear functions.
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System (21) seems more suitable to be solved by the embedded waveform re-
laxation method. In fact, when solved numerically with Runge-Kutta or some other
methods, system (21) is troublesome to handle because of the distributed delay. Just
like the analysis in [3], the computation is much bigger than that of the system
without distributed delays.

With the help of ideas of this paper, we propose the embedded waveform relax-
ation method for system (21) as follows,

dU F+520) (1) a i 7’ .
= AUR+H55) G (k+5) (4 _ / (k)
(22) dt AU (t)”(t’U (=), ) U™ (s)ds |,

U(k—’_%)(o) = [u(xla O)a u(an O)a sy U’(xJ—la 0)]T’
with the same initial guess as given for the case of fixed delays. Note that we
no longer need to concentrate on the approximation of the distributed delay after

relaxation.
We also define the error function

ekt () .= UR R () —U®t), —mo<t<T.

The following theorem shows the convergence results of the embedded waveform
relaxation methods (22).

Theorem 4.2. Assume that the Jacobian of the nonlinear splitting function g
with respect to its j-th argument is uniformly bounded by constant M;, where

7 = 2,3. Then the approximate solution UUH%)()S) of the embedded waveform
relaxation method (22) converges to the solution of system (21), and satisfies

Tk 1 Az? F
B (4) — < mi oo\ Ty T
Orgtag)% HU (t) U(t)H - mln{ k! ’ < )\max a ) }
_ k (0) _
X (MCa + MsT)" max [[U(2) = U (1),

where k = 1,2, ---, and the constant

-1
- _ 1 Agz? ~— i 1 Az?
— m—1 -1 j—1
Ca = M, (—)\ — )T+ E 5 (—)\ 0 ) M3T,
max j:1 max

m is a positive integer, and Ay ax is the maximum eigenvalue of the negative definite
matrix A. The rate of convergence of the embedded waveform relaxation method
is superlinear.
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Proof. We only investigate the series of the error functions 5(’”#)(15) on the
time interval [0,7]. Similar to the case of fixed delays, the error function can be
written as

) t o, i
) = [ om0 g6, 00 s ),
0

/0 U® (0)d6) — §(s, U(s — 7), /O ) U(@)d@)] ds,

and

- t o, i s
eBHEDN() = || [ x| gh(s)eHam) (s — 1) + g4(s) [ €M (0)db| ds
0 ? ’ 0

t i — —
< [ ettt [N ) s — ) + Ml D @)]s] s,
0

where 0 < 6 < s.
By induction we get

mi o1 A2 A L Al
[ 5N @) < M (=)™ o D M (Y Mt] V.
max @ =1 max @

Set

_ _ 1 Az? ml 1 Az? . _
Ca = My (- — ) e > M (- —— ) M3T.
Amax @ = Amax @

9o Amax (t—s)

Firstly, noticing the inequality e 2«2 < 1, we obtain the estimation

m—1

t
[0 (8) < / |3 455 (s — )| + M|« (B) I | dis
0
t
< (1,0 + M) [ 9]
0

Similar to the induction technique used in the proof of Theorem 2.1, we have

~ kik

(k) (
e (t) < i Joax,

This clearly says that the rate of convergence is superlinear.
However, the constant M3 is independent of mesh parameter when the mesh is
refined. This error estimation seems not sharp enough, at least for the first several
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iterations. Therefore, we resort another error estimation,

t —_ — —
Jce) < [ et [l 5 (s - 1)) 4 3 | )] ds
0

o _ 1 Az?
< (MzCa+M3t)(—)\ T)Hé?(k)Ht-
max
Therefore,
_ _ 1 Az?
(k) < k(_ 24k (0)
022’%”5 |(t) < (MyCa + MsT)¥( W ) Og%!!e 1(2).

The mesh parameter could be taken small enough, to make sure that the convergence
factor is also small enough. The convergence results stated in the theorem follow. m

5. NUMERICAL EXPERIMENTS

In this section we present two numerical examples to show the behavior of the
embedded waveform relaxations.

Example 5.1. Consider the normalized Hutchinson’s equation in one-space di-
mension with Neumann boundary conditions:

2 ulw,1)
2 T
(23) = d@u((ﬂ,t)—(§+M)U($,t—l)[l‘f—U(II),t)], O<z<m, t>0
%u(x, t)y=0, x=0,m,

where the constants d = 0.01 and p = 0.2. In this example, we choose the initial
function u(x,t) = 0.5cos?(z), 0 <z <7, -1 <t <0.

The Hutchinson equation is used to be a rough model for the evolution of
population in mathematical ecology. Some derivations of the equation are able to
describe an assemblage of particles, e.g., cells, chemicals, bacteria and so on. More
details can be found in [14].

As is well known, the waveform relaxation method has its inherent disadvantages
when processing time-dependent systems which are defined on long time intervals.
In order to overcome such disadvantages, we first investigate the behavior of the
iteration method on short time interval [0,2]. The following kind of embedded
waveform relaxation methods is employed,
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0 0?

O (kL) _ gL k)
T ) (z,1) d8x2u (x', t)

—(5 + ) u® (z,t— 1)1 +u*r ) (2, 0)], 0<z <,
%u(k+%)(x, t)y=0, x=0,m,

and the initial guess is u(%(z,t) = 0.5cos?(x) for t € [~1,2] and = € [0, 7].
When carrying out in computer, we assume the numerical solution with space step
Az = /100 and time step At = 0.01 to be the true solution. The computing error
is shown in Table 1.

Table 1. Error of the embedded waveform relaxation method for the system in Ex-
ample 5.1 on short time interval [0,2], and k is the number of iterations

k k=1 k=2 k=3 k=4
m=2 5.04e-001 2.82e-002 1.01e-003 1.40e-005
m=3 7.69e-001 6.05e-003 9.85e-006 4.83e-009

k k=5 k=6 k=7 k=8
m=2 1.08e-007 5.35e-010 1.81e-012 4.72e-015
m=3 9.84e-013 1.67e-016 - -

As for the behavior of the Hutchinson’s equation (23) on a long time interval,
e.g., [0,100], which maybe receive more concern, we employ the windowing tech-
nique to handle it. In fact, carrying out embedded waveform relaxation method on
the long time interval directly will usually make the error blow up, while windowing
technique will change the situation into several systems on short time intervals. We
divide the time interval [0, 100] into 100 time windows. The error functions of the
windowing embedded waveform relaxation method with respect to time and space
variables are shown in Figure 1 and the maximums of the error functions can be
found in Table 2.

Example 5.2. Consider the single-species population models:

24) +ru(z, t) <1 - f_OT u(z, t+ s)ds) ,0<z<m, t>0,
u(z,t) =0.3sin(z), —-7<t<0, 0<z<m,
u(0,t) =0, wu(mt)=0, t>0.

where the constants d = 0.01, r = 0.2 and 7 = 1.
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error
error

error
error
'

Fig. 1. The error functions of the embedded waveform relaxation method at different
iterations.

Table 2. Error of the windowing embedded waveform relaxation method for the
system in Example 5.1 on long time interval [0, 100]

k k=1 k=2 k=3 k=4
m=2 1.945 2.133 5.04e-001 2.31e-002
m=3 inf 5.04e-001 4.10e-003 1.32¢-005
m=4 2.1329 2.31e-002 1.32e-005 2.06e-009

k k=5 k=6 k=7 k=8
m=2 6.65¢-004 1.32¢-005 1.91e-007 2.06¢e-009
m=3 2.05e-008 1.70e-011 1.07e-014 1.11e-016
m=4 1.10e-013 1.11e-016 - -

System (24) is proposed by Green and Stech [6] for a class of single species
population models with diffusion. We take the relaxation scheme
Qu(w—;,%)(m t):da_Zu(H%)(m £)+rutw) (2, 1) 1—/0
ot ’ Ox? ’ ’

u(/f+%t71)(x,t) =0.3sin(z), —-7<t<0, 0<z<m,

u® (z, t—l—s)ds) ,

—-T
W 0,8 =0, uFT)(r,t) =0, t>0.
We first consider the short time interval [0, 5] and take the same discrete time

step and space step as Example 5.1. The maximum of the errors of some waveforms
are shown in Table 3.
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Table 3. Error of the embedded waveform relaxation method for the system in Ex-

ample 5.2 on short time interval [0, 5]

k k=1 k=2 k=3 k=4
m=1 4.62¢-002 8.22¢-003 1.30e-003 1.82¢-004
m=2 3.02e-002 2.44e-003 1.13e-004 3.20e-006

k k=5 k=6 k=7 k=8
m=1 2.23e-005 2.44e-006 2.40e-007 2.14e-008
m=2 5.90e-008 7.41e-010 6.66e-012 4.50e-014

Table 4. Error of the windowing embedded waveform relaxation method for the
system in Example 5.2 on long time interval [0, 100]

k k=1 k=2 k=3 k=4
m=1 2.26e-002 9.26e-004 3.20e-005 9.23e-007
m=2 6.62¢-003 4.24e-005 1.45e-007 3.15e-010

k k=5 k=6 k=7 k=8
m=1 2.27e-008 4.82¢-010 9.06e-012 1.52¢-013
m=2 4.68e-013 1.89¢-015 - -

The windowing technique is also applied to deal with system (24) on the long
time interval [0, 100] which is divided into 100 windows with the same length. The
corresponding error functions of the windowing embedded waveform relaxation are
shown in Figure 2 and the maximums of the error functions can be found in Table 4.

x 10

5 m=1k=3

error

error

error

error

-8 m=1k=5

Fig. 2. The error functions of the embedded waveform relaxation method at different
iterations.
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