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INFINITESIMAL GENERATORS OF
RANDOM POSITIVE SEMIGROUPS*

Hiroshi Kunita

Abstract. We first show the existence of a random infinitesimal gener-
ator of a given random positive semigroup under some conditions. Then
we represent it as a random second order integro-differential operator.

1. INTRODUCTION

In the previous paper Kifer-Kunita [1], we studied the random infinites-
imal generator of a random positive semigroup, or a positive semigroup in
random environments. There, the random semigroup with independent in-
crements is studied. Its random infinitesimal generator is represented as a
second order stochastic partial differential operator, where the first order co-
efficients and the potential part are Brownian motions with spatial parameter
but the second order (highest order) coefficients are deterministic ones. In this
paper, we will study a more general random positive semigroup, not necessar-
ily with independent increments. Its random infiniesimal generator will be a
semimartingale with values in intego-differential operators.

In the next section, we will show the existence and the uniqueness of the
random infinitesimal generator of a given random positive semigroup. As-
sumptions needed for the random positive semigroup are relaxed considerably
from those in [1]. See Theorem 2.1 and Theorem 2.3. Then we will represent
it as a random integro-differential operator: It will be represented as a sum
of a second order stochastic partial diffrential operator and a random integral
operator involving a Lévy measure and a counting measure. See Theorem 3.1.
In section 4, we discuss the asymptotic properties of coefficients of the random
infinitesimal generator.
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2. ITO’S INFINITESIMAL GENERATORS OF RANDOM POSITIVE SEMIGROUPS

Let C = C(R?) be the totality of real continuous functions on R? such
that lim, .. f(z) exists and equals 0. It is a real separable Banach space
with the supremum norm || ||. Let {7, 0 < s <t < oo} be a family of
stochastic processes with values in linear operators on C, cadlag with respect
to t(> s), defined on a probability space (2, F,P). It is called a random
positive semigroup if (i) f > 0 implies Ts,f > 0 a.s. for any s,t, (ii) for
each s lim;, ., T,;f = f holds a.s. for f € C, and (iii) for each s < t < u
T, T f =T, f holds as. for f € C. Further, if T3, ;,,,,7=0,...,n — 1 are
independent for any 0 <ty < t; < ... < t, < 00, it is said to have independent
imcrements.

We set F; = 0(Ts ;8,7 < t). Then {F;}i~0 is an increasing family of sub
o-fields of F.

We shall obtain the infinitesimal generator of a given random positive
semigroup under two different conditions. Results will be stated in Theorems
2.1 and 2.3. To make statements precisely, we introduce some function spaces.
For a multi-index o = (ay, ..., a4) of nonnegative integers, we set |a| = a; +
<o+ g and D* = (0/0x1)* ---(0/0xq)**. Let m be a positive integer.
Set | fllm = > jaj<m [P f]l. Denote by C™ the totality of f € C such that
| fllm < co. We set C* =n,,C™. A function f is said to belong to C}.. etc.
if f1) belongs to C™ for any C*-function v with compact support.

Let A(t),t > 0 be a family of random linear maps from C* to C,. such
that A(t) f(x) is a semimartingale with respect to {F;} for any f € C> and
x € RY. Tt is called the random infinitesimal generator of {T,}, if it satisfies

(2.1) Ts () f(z) = f(z) + /st T, Aldr)f(z) as. Vs<t,

for any f € C* and z € R?, where the right hand side is It6’s stochastic
integral.
We introduce two assumptions for {7 ;}. Set

(2.2) Usif (@) = E Ty f (x)|F]-

Then {U;.} is a family of random popsitive linear operators on C. In gen-

eral, {Us,} might not satisfy the semigroup property. However, if {T;,} has

independent increments, {Us,;} defines a deterministic positive semigroup.
(A.1). For each f € C™, the limit

(2.3) L(t) () = lim Dn (@) = J(@)

h—0 h

exists uniformly in z a.s. and it is a continuous function of (¢, z) a.s.
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The family of operators {L(t)} is called the (random) infinitesimal gener-
ator of {Us,}. Note that if {7} has independent increments, its infinitesimal
generator is deterministic.

(A.2),,. For any s < t, T,, maps C"*"? to C"
there exists a positive constant ¢y such that

a.s. Furher, for any N > 0

loc
(24)  sup BID"T,f(x) = D" f(@)]'] € exlt = sl Iflfysar VF €12

hold for any a with |a| < m.

Theorem 2.1. (c.f. [1]) Let {T.} be a random positive semigroup satis-
fying (A1), (A.2),, for some m > [d/2] + 1. Then it admits a um’que random

infinitesimal generator A(t), which maps C™*2 into C- /2~

Let A, = {0 < t!"” < ... <t/ < ...} be a partition such that #{" =
(1 —1)/2". Set for f € C™

(2.5) Al = > {Te 04 [ (@) = f(2)}.

ist{V) <t
Then it holds
(2.6) At)f(z) = lim A" (t)f (=)

locally uniformly in (¢, ) in probability.

In particular, if the random positive semigroup has independent incre-
ments, then its random infinitesimal generator has also independent incre-
ments, i.e., A(t;ir1) — A(t;), i = 0,1,...,n — 1 are independent for any 0 <
to <t1 <...<tp.

For the proof of the theorem we need a lemma.

Lemma 2.2. For f € C™"2 set

@7 BUOI@ = X T f@) Uy o0 f(@)}-

(n)
i; t1+1§t

Then for any N > 0 there exists a positive constant ¢y not depending on
t, f, n such that

(2.8) sup E[|D*B™ (1) f(2)*] < cit]l fllfay sz,

|z|<N

holds for any o with |a| < m.
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Proof. Set M{™ := D*B™(¢)f(z). Then M.t > 0 1s a real valued
martingale. Set ¢;,; = j/2". Then we have E[|M|?] = Z [|MJ+1 -
Mt(f)|2]. Note that

E[|D*U,.f(x) — D* ()] < E[|D*T, . f(x) — D*f(x)]].

Then we have

(2.9) [’th M

2
e
by (A.2),,. Therefor we have E[|M™[?] < cntl 1%, 12 The proof is complete.

Proof of Theorem 2.1. We shall apply Sobolev’s imbedding theorem. For
a positive integer m and positive number IV, set

1/2
£l = | rs@par)
%;7” |z| <N

where D f(x) is the distributional derivative of f. Denote by H,, s n the set
of all f such that ||f|ln2n < co. Let X = X(x) be a H,, 2 y-valued random
variable. We set

1/2
X = / D‘XX dx .
[ X |2 = ( I;m ew ()] )

We denote by W, 2 n the set of all H,, ; y-valued random variables X such
that the above norm is finite. It is a real separable Hilbert space.

In view of Lemma 2.2, we can regard that B™(¢)f of (2.7) are W,, 5 n-
valued random variables for any N. For a fixed T' > 0, they satisfy

(2.10) IBT) flimaw < el fllmsz,  Vn=1,2,...

for any f € C™** in view of (2.8). Then {B™(T)f,n =1,2,...,} is compact
with respect to the weak topology of W,, o y. Therefore for a countable dense
linear subspace D of C™*?, we can choose a subsequence B")(T)f, f €
D which converge with respect to the weak topology of W,, » y for any N.
Let B(T)f, f € D be their weak limits. They admit the linear property
B(T)(ay fraofs) = ayB(T)fi + aoB(T) fo in D a.s. Further, they satisfy the
inequalities

(2.11) IBT) [l 2,n < Xl fllmea-
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Consequently B(T)f can be extended to a random linear map from C™*? into
H,, oy for any N. Then B(T)f(x) is a C, ~1472171_valued random variable by
Sobolev’s imbedding theorem.

Define a martingale by B(t)f(x) = E[B(T) f(x)|F:] and set

loc

(2.12) A()f = /0 " L(s)fds + B()f.

We shall prove that it is an infinitesimal generator of T, ,. Associated with
the partition A, = {s = t{" < -+ <tV = t}, set TG =T, 0 if " <
m s ERN

r< t,(ﬁ)l Set
n = T BOG) — B () @)

k
Then I,,,, converges to I, = [ TS(TEB(dr)f(x) weakly in L? as n — oo. Fur-
thermore, we have lim,, oo, = f: T, B(dr)f(z). We claim lim,, oI, , =
[IT., B(dr)f(z). Note that T, is represented by a random positive kernel
T (x,dy), ie

Tuf(@) = [ Toale.d) ()

Then we have

E[|Lnn = Innl’] ZE T(mw (z,dy) — <n> (z,dy))
(T o (v, dy') =T (’;3) (x,dy"))
(BO@ f(y) = B ()
(B fy) = BO () ()]
It converges to 0 as n — oo and m — oco. Consequently,

Ts,tf — f = Inﬂ’b —+ ZT5>t;€n) <Ut](g")’tgzzrl)f - f)
k

. / T Bl f + / T L(r)f dr,

proving that A(t) is an infinitesimal generator of the random positive semi-

group {7Ts}.
We shall next prove (2.6). Then the uniqueness of the random infinitesimal

generator A(t) follows. Note that

trt1 tet1
(213)  Tyuod—f= [ TuoBlnf+ [ T Lw)fdr
tg

tg
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It holds
thgt t
lim Z/ Ttw_L(r)fdr:/ L(r)fdr,
T <t b 0
tet1
lim 3 [T, Ban = BW)S.
te<t

Then (2.6) follows.

The last statement of the theorem is immediate from (2.6). The proof is
complete.

We shall give an another sufficient condition for the existence of the in-

finitesimal generator of the random positive semigroup. Let 0 < 6 < 1. For a
function f of C™, set

[ fllmts == 1 llom + Z sup

lee|=

|D* f(z) — D*f(y)|
|z —yl[°

)

and denote by C™*9 the totality of f € C™ such that ||f]|mss < 00
(A.3)5. For each s < t, T,, maps C° into C._ a.s. Further, for any
positive integers p and N, there exists a positive constant ¢, x such that

(2.14) sup BT f(z) — f(2)|F) < cpnlt = s| IFI1225  as.,

lz]<N

E(Touf(x) = f(x) = Tof (y) + f )71 ]
< o lt = sll lz =yl fII2% s as.

holds for all s < t,z,y € By and f € C*™ where By = {x;|z| < N}.

(2.15)

Remark. (1) The above assumption is checked more easily than (A.2),,
in the case where the random positive semigroup has independent increments.
Indeed the conditional expectations of the right hand sides of (2.14) and (2.15)
can be replaced by the expectations, since T, and F; are independent for any
s < t.

(2) Inequality (2.15) is satisfied with 6 = 1 if the following inequality holds.

(2.16)  sup E[|DT,.f(x) — D f(2)*"|F] < cpwlt = s| 1fII}%420 @

lz|<N
holds for any o with |o| = 1, and f € Cl*I*2,

Theorem 2.3. (c.f. [1]) Let {Ts.} be a random positive semigroup satis-
fying (A.1), (A.3)s for some 6 > 0. Then it admits a unique random infinites-
imal generator A(t), which maps C?*° into C}.. for any 0 <y < §. Further,
the latter assertion of Theorem 2.1 is valid.
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For the proof of the theorem, we need a lemma.

Lemma 2.4. Let B™(t)f be as in Lemma 2.2. For any positive integers
p and N, there exists a positive constant ¢,  such that for any f € c*,

(2.17) sup B[|B™(t)f ()] < ¢, wtll fl12%s:

|z| <N

(2.18) E[B™(1)f(x) = BW () f(y)*] < ¢, xtlz =y || fll35s: Vr.y € By
holds for all n.

Proof. We shall prove (2.18) only, since the proof of (2.17) is done similarly.
We shall fix f € C*** and z,y € By. Set M{™ := B™(t) f(x) — B™ () f(y).

Then Mt(n), t > 0 is a real valued martingale. By Burkholder’s inequality,
there exists a positive constant ¢; (not depending on f,x,y,n) such that for

any t € A,
— (n) ’
Z ’MJ+1 Mtjn |2 ’
j=1

where t;,; = j/2". Set Ny = 3, |M™, — M{™|?. 1t holds

ti+1

(2.19) EHMt(n)Pp] <ak

p—1

P _
Nj = Nj_; = Z (l) Nal‘fl(Nj = Nja)"

=0

Since
Bl(N; — N, )P F, ] < epn2 o — y PO 1507 as.

holds for any [ =1,...,p — 1 by (A.3)s, we have

E[Nh.q)= Y. EIN. 1]

1< <[2n]

<en Y z( )2"\x—y\2“’ AR B[N,

1<j<[2nt] 1=0

(2.20)

If p =1, the above inequality implies
B[Npgng] < ¢y ytlz = y1*| fll545-
If p = 2, substituting the above to (2.20), we have

E[Npye] < ¢y wtle =y fll24s-
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Repeating this argument inductively, we arrive at
E[N[zwt]] < Cp ntlz — |2p6||f||2+5
We have thus proved the inequality (2.18). The proof is complete.

Proof of Theorem 2.3. Let T be an arbitrary positive constant. Let D
be a countable dense linear subspace of C*™. Then in view of the previ-
ous lemma, for any positive integer p we can choose a subsequence {n;} of
{n} such that B")(T)f(x), f € D, v € R? converge weakly in L*. Let
B(T)f(x), f € D, z € R? be their limits. They admit the linear property
B(T)(aq fraafe)(x) = a1 B(T) fi(x) + aoB(T) fo(z) in D for all z a.s. Further,
it satisfies the inequality

(221) E[IB(T)f(z) - B(T)f(y)I*] < ¢, xTlx =yl fl2Es Yo,y € By.

Therefore, by Kolmogorov’s theorem, B(T)f can be extended as a random
linear map from C** into C},, where 0 < v < §. See [3, p.31]. Define a
martingale by B(t)f(z) = E[B(T)f(x)|F:] and define A(t) by (2.12). Then
this A(t) is the random infinitesimal generator of the given random positive

semigroup as is shown in the proof of Theorem 2.1.

3. REPRESENTATIONS OF RANDOM INFINITESIMAL GENERATORS

We shall represent the random infinitesimal generator A(t) of a random
positive semigroup {7s,}. We denote by V' the totality of positive bounded
linear operators T' on C equipped with the strong topology, i.e. T,, — T in
V+ifand only if T,f — T f in C for any f € C.

Theorem 3.1. Assume (A.1) and (A.2),,, m > [d/2]+1 or (A.3)s, 0 <
0 < 1. Then the random infinitesimal generator A(t) is represented as a
random integro-differential operator:

:/OtL(s)f(x)ds+ZE($,t)gf (z) + G(x,1) f(2)

T

(3.1)
" /W{Tf(x) — f(@)}N((0,1],dT).

Here, each term of the above representation is interpreted as follows:
(i) L(t) is a second order mtegro—diﬁerentz’al operator represented by

Zaw (x,1) 8 aac ) + ) + c(z,t) f(z)

+ Rd(f(y) ~ /(@) - Z mgg{iu))nt(m,dw.

(3.2)



Random Positive Semigroups 379

Here a;;(x,t), bi(z,t), c(x,t) are {F,}-adapted and are continuous in (z,t) a.s.
The matriz (a;;(x,t)) is symmetric and nonnegative definite a.s. n(x,dy) is
an {F;}-adapted Lévy measure such that ny(x, {x}) = 0 and [y ¢.(y)n.(z,dy) <
oo for anyt,x a.s., where ¢, is a function of C* such that ¢, (z) = 0, ¢,(y) >0
if y £z, lim infy,_.o ¢.(y) > 0 and ¢.(y) = O (|z — y|*) near z.

(i) (Fy(z,t), ..., Fy(z,t)) is a continuous martingale with values in C], (R?,

RY) where v = m — [d/2] — 1 under (A.2),, and 0 < v < § under (A.3)s. It is
of mean 0 and the joint quadratic variation is written by

(3.3) (w0 Fy(w.0) = | (. s)ds,

which are continuous in (x,y,t) and C-functions of (x,y). Furthermore, the
matrices (a;;(z,t)) — (fi;j(x,x,t)) are nonnegative definite for any x a.e. t.

(iii) G(x,t) is a continuous martingale with values in C; (R RY) with
mean 0.

(iv) N(dtdT) is a counting measure on V'™ with an intensity measure of
the form dtp,(dT). The meaures n,(x,-) — [+ pu(dT)T (z,dy) are positive
(nonnegative) for any x a.e. t, where T'(x,dy) is the kernel such that T f(x) =
JT(z,dy)f(y) holds for f € C.

Furthermore, under (A.2),, the intensity measure satisfies

t

(34 E [ || swp DT () - Daf<x>|2us<dT>ds] < exllf I
0 JV+ |z|<N

for any o with |a] < m —[d/2] — 1, and under (A.3)s it satisfies

B[ [ 1756 - 1@~ Tr) + f)Prc(aT)as]

< cpvle =yl f112% s,

for all x,y € By.

In particular, if the random positive semigroup has independent incre-
ments, all coefficients and Lévy measures of the operator L(t) of (3.2) are
deterministic. Furthermore, (Fy(x,t),..., Fy(x,t),G(x,t)) is a Brownian mo-
tion with the spatial parameter x, and N(dtdT') is a Poisson random measure
with the deterministic intensity measures fi;.

(3.5)

Proof. We shall prove the theorem under conditions (A.1) and (A.2),, only.
The other case can be verified similarly. The representation of the operator
L(t) can be proved similarly as in Yosida [4] (XIII, Section 7) (cf. Kifer-Kunita
[1]). Set B(t)f = A(t)f — [y L(s)fds for f € C™**. Then it is decomposed as
B(t)f = B(t)f + B4(t) f, where B¢(t)f is a C"-valued continuous martingale
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and B%(t) f is a C7-valued discontinuous martingale, where v = m — [d/2] — 1.
Define the counting measure N(dtdT) on [0,00) x V' by

(3.6) N((0,] x A) = #{s € (0,t]; T,,. € B},

where E is a Borel set in V¥ —{0}. Let u(dtdT’) be its compensator. We show
later that the compensator is written as p(dtdT’) = dtp,(dT). Set N(dtdT') =
N(dtdT) — u(dtdT). Then B(t)f(x) is represented by

(3.7) BY(t)f(z) = /W{Tf(o’ﬂ) — f(2)}N((0,4),dT).
The bracket process of D*B(t) f(z) is given by

a nd a 2
(D“B*( / /V+ (DT f(x) — D f(x))*u(dtdT).
It satisfies

KD B &) F)llrn 25 = 1D B () fIl1 25 < Nl oo

by (2.11). Then Sobolev’s inequality implies (3.4).
Now observe that

flz+y) = +Z f (z)

1,

= Z =) - 23) 5 éij (2) + ¢aly).

Let 1, be a C™"-function with the compact support such that ¥,(y) = 1
on a certain neighborhood of z. Set ¢ (y) = ¥.(y)(y; — z;) and A(")( ) =
AM () (gi g?)(x), where A™ (t) is defined by (2.5). Then the matrices (A( N(z,1))
are nonnegative definite and are increasing in ¢ with respect to the order of
nonnegative definiteness for any x,n. Therfore (A;;(x,t)) = (A(t)(gLg2)(x))
is also nonnegative definite and increases with ¢ for any x. This implies that
its continuous martingale part of mean 0 is identically 0. Therefore we have
Be(t)(6,f)(x) = 0 for amy f € C™2 and ¢,(y) such that ,(y) = O(jz — y[?)

near x. Now set

Fi(o,t) = B()(g)(@), Glw,1) = B()1(x).
These are C)

loc-valued continuous martingales. These do not depend on the
choice of the function ,. In fact, let ¢, be another function with the same

property as that of ¢,. Then B((¢, — ¢.)f)(z) = 0, since ¥, (y) — . (y) =
O(|x — y|?). Therefore B¢(t)f is represented by
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35) B(0S(@) = X Fi ) 5 @) + Gla ) (@)

We have thus shown a representation of the infinitesimal generator A(t).

We shall prove the latter assertion of (ii). Let A, = {0 = ¢, < t\" <
---t,in) < ---} be a sequence of partitions as before. We set ¢, = tg) =
(k—1)/2". Then we have

lim > Uy, (9090)(2)

n— oo
Sgtk St

3.9) = [ L)) @

- /ot @i (%, r)dr + /: ( /]R ne(x, dy)gi(y)gi(y)> dr,

and
nh_{lolo Z E[Ttk;tk+1g;(‘T)Ttkytk,lg':]v(x)ﬂkytk+11(x)71|ftk]
s<tp <t
= lim Z E[Ttk,tk+1g;(x)Ttk,tk+1gi(x)|‘7:t1«]
nee s<tp <t
(3.10) = ((A(t) — A(s))gs, (A(t) — A(s))g3)

= <Fi(xﬂt)7Fj(x’t)> - <Fi(w78)ﬂFj(x73)>

* /Ot /V+ Tg;(x)Tg; (x)u(drdT).

Now, let &1, ..., &, be any real numbers. Then, by applying Schwarz’s inequal-
ity to the kernel T}, 4, ., (z, dy), we have

. 2
E “Z T‘tkythrlg;z;;(x)gi ﬂk,thrll(w)_l ft;;|

Zgigz 2’~¢m;| < Utk»tk+1 (‘Z g;& 2>

for any k. Take the summation of the each term of the above for k such that
s <t <t and let n tend to infiinity. Then we have the inequality for two
matrices:

(<E(xat)7Fj($vt)> - <F1(xv 3)? Fj($7 3)))

S E thkvtk+1

sy +([ L @)

< </t aij(DE?T)dT) + </t (/Rd nr(:v,dy)gi(y)gi(y)> dr) :
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where “<” represents the order of matrices with respect to the positive defi-
niteness. Now choose a sequence of functions (" (y) such that its supports is
included in U, (x) = {y : |y — x| < 1/n} and set g5 (y) = (y' — )™ (y).
Substitute them in place of ¢g’. in equality (3.11). Then, as n — oo, we find
that the second member of the left hand side of (3.11) involving the Lévy
measure n,.(x,dy) and the second member of the right hand side involving the
compensating measure u(drdT’) are both converging to 0. Consequently, we
obtain

(Fia,t), Fy(a.t) = (Fe.s), Bleo) < ( | t a1

a.s. for any t, s. This proves that (F;(z,t), Fj(z,t)) is absolutely continuous
with respect to dt and the density function (f;;(x,x,t)) satisfies (fi;(x, x,t)) <
(a;j(z,t)) a.e. t. Finally the absolute continuity of (F;(z,t), F;(y,t)) with
respect to dt follows from that of (F;(x,t), Fj(x,t)), because

[(Fi(z,1), Fi(y,t)) — (Fi(w,s), Fi(y,s))|
< ((Fi(z, 1)) — (Ei(, )2 ((F(y, 1)) — (Fy(y, s))>.
We shall next prove (iv). Let e > 0 and 7\, n = 1,2, ... be the sequence of
jumping times of the counting process N\ = N((s, ], {|T — I| > €}). Given

a random positive semigroup {7s,} with the random infinitesimal generator
A(t), define

(312) T =T, o T

— T

if i <t <l

Then {Tf?} defines a random positive semigroup. It satisfies (A.1) and (A.2),,.
Let A (t) be its infinitesimal generator. Then it is represented by

A1) = [ s + R 5]

() + Gz, 1) f ()

+/|T—1|<6{Tf(x) - f(x)}N((O,t],dT)

- [ ATs@ - f@)uldsar).

0 J|T—I|>e

Further, )
/0 L(s) fds — /| o ATH@) = S s

is the infinitesimal generator of the conditional average U, ﬁft) f=E [TS(? f1Fs].
Its Lévy measure 19 (x, dy) satisfies

A (@, dy)dt = ny(x, dy)dt — / T(x, dy)pu(dtdT).

IT—1||>e
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It is a positive measure for any e, 2. This proves that u(dtdT) is absolutely
continuous with respect to dt and the density p(dT) satisfies n;(x,dy) >
JT(z,dy)p(dT) a.e. t for any x. The proof is complete.

Now we shall consider a random positive semigroup {7} with additional
properties stated belows. It is Markovian if T, ;1 = 1 holds a.s. for any s < t.
It is a diffusion type if (i) Ts,f is continuous in s, ¢ a.s. for any f € C
and (ii) it has a local property, i.e., for any x, € R? and ¢,, € C such that
0o (1) = o(|x — xo|?) near xg, Ty 1pa,(T0)/(t — s) converges to 0 in L'(P) as
t—s—0.

The following corollary can be verified easily.

Corollary 3.2. (1) {T..} is Markovian if and only if c(z,t) = 0 and
G(z,t) = 0.

(2) {Ts.} is of diffusion type if and only if its infinitesimal generator is a
differential operator, i.e., ny(z,-) =0 and p, = 0.

4. AsYMPTOTIC PROPERTIES OF COEFFICIENTS OF
RANDOM INFINITESIMAL GENERATORS

We shall discuss the intrinsic meaning of the coefficients of the infinitesimal

generator A(t) in the case of diffusion type. We assume that T ; has the second
order moment, i.e., [T, :(z,dy)ly — z|* < oo a.s. for any z. Set

1) Gulx) = /Rde,t(x,dy)l—l,

(42 M@ = [ Ted)e o).

@3) Vi@ = [ Tuledn)e - )

@) WA@ = [ Tedy) o — o= M) - 2 — M),

Two random fields @ (z) and W' (z) are called asymptotically equal at (z,t)
as € — 0 if

tim B9 (z) — 91 (z) ] = 0.
We will denote the relation by ®'(z)=0!(z).

Theorem 4.1. Let {T,;} be a random positive semigroup of diffusion
type satisfying (A.1) and (A.2)m,, m > [d/2] + 1 with the random infinitesimal
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generator represented by (3.1). Suppose that the coefficients of the random
infinitesimal generator are continuous in t. Then we have for any (x,t):

(4.5) %GWM@ = elwt) + (Gt +6) — Gla 1))
(46) IMir@) = bilet) b (Bt o) = B, 1),
(17) Vi) = aye),

(4.8) SW@) = aylet) - fule,0).

Proof. Note that

t+e

Giire(r)= t T: . A(dr)1(z)

t+e t+e
=[] Twctry@ar+ [ [ TotwdpGiy,an),
t Re t R

where ¢(r)(z) = ¢(z,7). Then we have

21

(z,dy)(Ti, — I)(x,dy’)g(y, ', dr)

E ’Gt7t+6(x) - (/:Jre c(x,r)dr + G(z,t+¢€) — G(a:,t))

g2{E[Zﬂlﬂmndﬂ@mr]

e

= 0(62)7

T
where g(y,y',t) = (G(y,t), G(y/,t)). This proves (4.5). Similarly, we have
t+e 2
E ‘Mt,t+e(a:) - / b(x,r)dr — F(x,t +¢€) + F(x,t) ]
i
t+e 2
K/(ETDMXWT]

+2F [/ (//Rdw (Tyr — I)(2, dy)(Ti,, —I)(w,dy’)fij(y,y’,r)> d?“}
= o(€?),

R4 ><]R4
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[mwu—lw%@wmj

= F l /tt+E Ty (ai;(r))(x)dr — /fJre a;j(x,r)dr

= o(€),

proving (4.6), and

21
proving (4.7).
Now set ¢! (y) = y; — z;. Note that

Wiige(w) = t Ty A(dr) (@h3) (@) = My, (2) MY ().
We have
t+e ) )
Ti . A(dr) (g, e2) ()
t t+e
ay ) TelulNEd
+ | T A(bidr + Ey(dr)) @i, + (bidr + Fj(dr))g;)} (2)
t
= Jl + JQ.

It holds E[|J5]?] = o(€?) because T}, |¢i|*(z) = O(e?) if |r —t| < € by (4.7).
We have further,

My (@) M (o / )T, {bi(r)dr + Fi(dr)}(z)

+A M} ()T, by (r)dr + F(dr)} (2)

t+e
+/ <// Tt,r(x,dy)Tt,r(x,dy’)fij(y,y’,r)) dr
t R4 xRd

=K+ Ky + Ks.

(4.10)

It holds E[|K,[*] = o(e?) and E[|K,|?] = o(€®), because M; (x) = O(e) if
|r —t| < e by (4.6). Further,

7|

Therefore (4.8) is verified.

t+e
L—&—/<%mw—mmamm
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The above theorem can be extended to a more general random positive
semigroup.

Theorem 4.2. Let {1} be a random positive semigroup satisfying (A.1)
and (A.2)m, m > [d/2] + 1 with the infinitesimal generator represented by
(3.1). Suppose that the coefficients of the random infinitesimal generator and
their characteristics are continuous in t. Then we have for any (x,t):

(4.11) %Gt,m(x) = c(x,t)+%(G(x,t+€)—G(m,t))

+% V+{T1(:U) —1}N((t,t + €], dT)
(4.12) %M;He(x) = bi(:z:,t)—i—%(E(:c,t—i—e)—ﬂ(x,t))

+% V+T<pi(m)]\7((t,t+e],dT),
@13) W) = a0+ [ edn) - 2 - o),
@) W) = et + [ ) - 2 - o),

~(femt)+ [ T @),

where ¢'(y) = y; — x;. Furthermore, for any (z,t)

@) = [ nGdns) - [ TH@wdr)

+% Tf(x)N((t,t+¢€,dT),

v+

(4.15)

holds for any f € C* such that f(x) =0 and f(z) = o(|x — y|?) near x.

The proof is omitted. It is left to the reader.
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