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EXTENDED JACOBSON DENSITY THEOREM FOR GRADED RINGS
WITH DERIVATIONS AND AUTOMORPHISMS

Tung-Shyan Chen*, Chiu-Fang Huang and Jing-Whei Liang

Abstract. We introduce and study M -outer derivations and automorphisms of
graded rings. We prove a version of the Chevalley-Jacobson density theorem
for graded rings with such derivations and automorphisms.

1. INTRODUCTION

Chevalley-Jacobson density theorem is one of the important tools in ring theory.
This celebrated theorem has been generalized in various directions. For example,
Liu, Beattie and Fang proved the density theorem for primitive rings graded by
groups in [14], and Beidar and Bresar considered the density theorem for rings with
derivations and automorphisms in [3]. The purpose of this paper is to generalize
some results in [3] to graded rings. We shall prove a version of the density theorem
for graded rings with M -outer derivations and automorphisms.

In the next section, we set the basic terminology and prove the density theorem
for gr-local modules. In Section 3 and 4, we study the density theorems concerning
automorphisms and derivations, respectively. In Section 5, we prove a version
of the Chevalley-Jacobson density theorem for graded rings with derivations and
automorphisms. In Section 6, some applications of the density theorems concerning
derivations in graded rings are presented.

The method used here is very similar to that in [3]. In fact, most of the technical
details has already been presented in [3].
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2. DENSITY AND gr-LocAL MODULES

Let G be a group with identity e. A ring A called a G-graded ring if A =
@D, Ag, Where each A, is an additive subgroup of A, and AgA, C Ay, for all
g.h € G. A left A-module M is said to be graded if M = @ 5 M, where
each M, is an additive subgroup of M, and A M}, C Mgy, forall g,h € G. We
denote by h(A) the set of homogeneous elements of the graded ring A and h(M)
the set of homogeneous elements of the graded module M, i.e. h(A) =, cq 4y
and h(M) = U,eq My. A submodule N of M is called a graded submodule if
N = @, (N My). A graded left A-module M is said to be gr-simple if
AM # 0 and M has no nonzero proper graded submodules.

Consider graded A-modules M and N. An A-linear map ¢ : M — N is said
to be a graded morphism of degree g, g € G, if (Mp)¢p C Ny, for all b € G.
The graded morphisms of degree g form an additive subgroup HOM(4 M, 4N ), of
Hom(4M, 4N). The group @gec HOM(4M, AN)4 will be denoted by HOM( 4 M,
AN). Further, we set END(4 M) = HOM(4M, 4 M), and note that END( 4 M) is
a graded ring with unity under the pointwise addition and composition of maps.
It is well known that if M is finitely generated or G is a finite group, then
HOM(4 M, 4N) = Hom(4 M, 4N) [15, Corollary A.l.2.11.].

A graded ring D is a gr-division ring if D has a unity 1 in D, and every
nonzero element of (D) is invertible. If M is a gr-simple graded A-module, then
D = END(4M) is a gr-division ring and M becomes a graded right D-module.

We recall that a set {my, mo,---,m,} C h(M) is not D-independent if there
exist d; € h(D), not all zero, such that """ , m;d; = 0. By [14, Corollary 1.4] we
know that every homogeneous basis of M has the same cardinality, and thus the
notion of dimension, denoted by dim(Mp), of the graded module M over the gr-
division ring D makes sense. It is easy to see that a set {m, ma, -, m,} C M,
is D-independent if and only if the set is D.-independent. For if " ; m;d; = 0,
then we may assume that d; € Dj, for some h € G. Without loss of generality, we
may assume d; # 0. Then -7 m;d;d;* = 0 with each d;d; ' € D..

Throughout the paper, A will be a G-graded ring with a gr-simple module M
and D = END(4M). Since we are considering density theorem in graded cases,
throughout this paper we shall omit the adjective ‘graded’ for graded modules.

In [14], Liu et al. proved the density theorem for primitive rings graded by
groups. The following result is a corollary of [14, Theorem 2.5].

Theorem 2.1. Let M be a gr-simple A-module and D = END(4M). Let xy,
x2, ..., T € h(M) be D-independent, and let y1,y2,...,yx € M. Then there
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exists an element a € A such that ax; = y; forall i =1,2,... k.

First we generalize Theorem 2.1.

Theorem 2.2. Let M; (i = 1,2, ...,n) be pairwise nonisomorphic gr-simple A-
modules and D; = END( 4 M;). Further, for positive integers k1, ko, . . ., ky,and i =
1,2,...,n,letz;, @i, ...,z € h(M;) be D;-independent, and y;1, vi2, - - -, Yik; €
M;. Then there exists an element a € A such that for every i, ax;; = y;; for all
i=1,2,... k.

Proof. We proceed by induction on n. The case n = 1 is exactly Theorem 2.1.
Assume n > 1. We fix an elementu € A such that uz,; = y,; for j =1,2,..., k,.
Next we set B={a€ A | ax,; =0 foralli =1,2,... k,}. Clearly B is a left
ideal of A.

Now we define a module homomorphism p : A — MF» by

a? = (axp1,axpg, ... ,ax,,) forall a € A.

Since xp1, Tn2, - - ., Tnk; € h(M,) are D,-independent, it follows from Theorem 2.1
that p is surjective. Given g € G, we set

(Mﬁ")g = {(azn1, ap2, ..., axnk,) | a € Ay} = (Agzn1, Agna, ..., AgTnk, )-

It is clear that M}» = @ (My)g is an A-module.

Let 1 < i < nandzxz € h(M;) )\ {0}. We claim that Bx # 0. Assume
the contrary. Then the map = : A — M;, given by the rule of ™ = ax, is an
epimorphism of modules with B C Ker(7). Since Ker(p) = B C Ker(r), there
exists an epimorphism o : M*» — M; of modules with 7 = po.

Let N; = (0,...,0, Az,;,0,...,0) where 1 < j < k,,. Then N; is a submodule
of MF» forall j, 1 < j < k,. Since o is an epimorphism of nonzero modules M/~
and M;, there existsa j, 1 < j < k,, such that N;o # 0. Without loss of generality,
we may assume j = 1. Let ¢’ be the restriction of o to N;. Then Nio' = Nyo
is a nonzero submodule of Af;. Since M; is gr-simple, we have Ker(o’) = 0
and Im(¢’) = Nyo’ = M;. Thatis, M; = Ny = (Az,1,0,...,0) = M, a
contradiction.

Therefore Bx # 0 for all z € h(M;) \ {0}, 1 < i < n. Since B is a left ideal
of A, Bz is a submodule of M;. As each M; is gr-simple, we have Bx = M;
for all x € h(M;) \ {0} and can be regarded as a gr-simple B-module. Clearly
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END(4M;) C END(pM;). Also, we have END(4M;) D END(M;). Indeed, let
¢ € END(gM;), a € A and m € M;. Then m = bx for some b € B and

(am)® = (abx)® = ab(x)? = a(bx)? = a(m)?.

Hence ¢ € END(4M;) and END(4M;) = END(BM;).

Now by the inductive assumption, there exists an element v € B with vx;; =
yij —uxgy foralli=1,2,...,n—1and j=1,2,..., k. Hence a = u + v is the
desired element and the proof is completed. ]

The goal of this section is to prove the density theorem for gr-local modules.
Recall that a submodule L of M is gr-maximal if and only if M/L is a gr-simple
module. A left A-module M is said to be gr-local, if it contains a unique gr-maximal
submodule L and every proper submodule of M is contained in L.

We also recall that the gr-Jacobson radical of a module M of A, denoted by
J(M), is the intersection of all gr-maximal submodules K of M such that M/ K
is a gr-simple A-module. If M has no such submodules, set J(M) = M.

The next lemma gives some results on J(M) of a gr-local module M.

Lemma 2.3. Let M, N and N;, 1 < ¢ < n, be left A-modules, and L a
submodule of M.

(a) If « € HOM(4M, 4N) is an epimorphism, then J(M)a C J(N).

(0) J(Dizy Ni) = Dy J(N:).
(c¢) If M has a generating set {z1,x9,...,z,} C h(M) such that z; € Az, for
all ¢, and L is a submodule of M such that L + J(M) = M, then L = M.

(d) M is gr-local with gr-maximal submodule L if and only if Az = M for
all z € h(M)\h(L). Moreover, if M is a gr-local module with gr-maximal
submodule L, then J(M) = L.

Proof.

(a) Let o € HOM(AM,AN) = @geG’ HOM(A]W7 AN)g- Then o = deG’ag
for ag € HOM(4M, AN ), and so (Mp)ag € Nypg for all h € G. Let K be
a gr-maximal submodule of N. Then K%_1 is a gr-maximal submodule of
M. Thus we have J(M) C Ko, and so J(M)a, C K, for all g € G.
Hence J(M)a = J(M)(3 ,cq 0g) = 2 yeq(J(M)ay) C K. This shows
that J(M)a C J(N).
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(b) Applying (a) to the canonical projections =; : @' ; N; — N;, we have
J (@ Ni> m; C J(N;).
i=1

Thus @7_, (J( D, Ni)m;) € @), J(N;)and so J (P, N;) € P,
J(N;). On the other hand, let v € HOM(ED;.; N;, K), is an epimorphism
onto a gr-simple A-module K for some g € GG, and let +; be the restriction
of v to N;. Since K is gr-simple, either (N;)y; = 0 or (N;)y; = K. |If
(Ni)v; = 0, then J(N;) € N; C Ker(vy;) € Ker(v). And if (N;)y; = K,
then NV, /Ker(~;) = K and so Ker(~;) is a gr-maximal submodule of N;.
Thus J(N;) C Ker(~;) € Ker(v) for all i. Therefore @', J(NN;) C Ker(y)
and by [15, Lemma A.1.7.4.] we have @, J(N;) C J(P;, Ni).

(c) Assume that L # M. Since M is finitely generated, by Zorn’s Lemma, there
exists a gr-maximal submodule N of M containing L. Clearly z; ¢ N for
some i and so Az; ¢ N. It follows that M//N is a gr-simple module. But
then J(M) C N, contradicting L + J(M) = M.

(d) Suppose that M is a gr-local with a gr-maximal submodule L and z € h(M)\
h(L). Since M/L is a gr-simple A-module, Az ¢ L and so Az = M. On
the other hand, if Ax = M for all z € h(M)\ h(L), then M/L is a gr-simple
A-module and every proper submodule of M is contained in L. Hence M is
a gr-local A-module. In particular J(M) = L. |

We now have the main theorem of this section.

Theorem 2.4. Let A be a graded ring. Fori = 1,...,n, let M; be a gr-
local left A-module with a gr-maximal submodule L ;, and let N; = M,;/L; and
D; = END(4N;). Further, let n,my, mo,...,m, be positive integers, and for
each 4, 1 < i <mn, let z;1,x;2, ..., xim, e homogeneous elements of M; linearly
independent over D; modulo L;. Suppose that N; 2 N; if i # j. Then for any
Yil, Yi2s - - - Yim; € M;, 1 <0 < n, there exists a € A such that az;; = y;; for all
i and j.

Proof. Set M = @;_, (M) where M™ is the direct sum of m; copies of
M;. Let

T = ((L‘ll, ey X1y T21y - s T2mgy - - > Ty - - .,{L‘nmn) and

y: (y117"'7y1m17y217"'7y2m27"'7yn17"'7ynmn)'
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According to Lemma 2.3 (b), J(M) = J(P;_, M]") = @}, J(M™") and
so M/J(M) = @}, [M;/J(M;)]™. It follows from Theorem 2.2 that A(Z +
J(M)) = M/J(M) and so Az + J(M) = M. Now by Lemma 2.3 (c), we have
Az = M. In particular there exists a € A with aZ = 7. Thus ax;; = y;; for
i=1,2,...,nand j =1,2,...,ms n

3. DENsITY AND M-OuTER AUTOMORPHISMS

Let A be a graded ring with a gr-simple left A-module M and D = END(4M).
An automorphism « of A is called a graded automorphism if (A,)a = A, for all
g € G. With an automorphism « of A, we define an A-module M, as follows. As
an abelian group, M, = M. Next (M,), = M, for all g € G. Given a € A and
x € M, we set a x, x = a“z. Clearly M, is a gr-simple left A-module, and

(a*q x)u = (a“2)u = a“(zu) = a *q (zu)

forall w € D, a € A and ©x € M,. Therefore there exists a monomorphism
of graded rings D — END(4M,). Since gM = 4(M,),-1, we conclude that
D =~ END(4M,). Henceforward we shall identify them, i.e.,

) D = END(4M,).

Let g € G. Consider M as an additive group and denote by END(M),, the set
of all endomorphisms ¢ : M — M such that ¢(Mj) C My, for all h € G. Set
END(M) = @, END(M), and consider END(Mp) as a subring of END(M).
Given a € A, we defineamap L, : M — M by L,x = ax for all x € M. Clearly,
if a € h(A), then L, € END(Mp).

Now we introduce the concepts of M-inner and M -outer automorphisms.

Definition 3.1. An automorphism « of a graded ring A is called M-inner if
there exists an invertible homogeneous element 7" € END(/) such that

TL, T ' = Lso forall a € A;
otherwise it is called M -outer.

We shall say that two automorphisms « and 3 of A are M-independent if
the automorphism o' (and hence 5~'a) is M-outer; otherwise they are called
M-dependent.
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Proposition 3.2. Let A be a graded ring with a gr-simple left A-module M,
and let « and 8 be automorphisms of A. Then « and 3 are M-dependent if and
only if the left A-modules M, and Mg are isomorphic.

Proof. Assume that o and 3 are M-dependent, then there exists an invertible
homogeneous element 7" € END (M) such that L 15 = TL,T! for all a € A.
Therefore L,s = TLqoT~! and so

(2 LT =TLye forallae A

Consider T as a bijective additive map M, — Mpg. Then for a € A and z € M,
we have
T(a*qx) =T(Lgex) = Ly (Tx) = axpg (Tx).

Therefore, T is an isomorphism of A-modules M, and M.
Conversely, let T : M, — Mgz be an isomorphism of left A-modules. Then

T(Lgox) =T(a*qz) =axg(Tx) = L,s(Tx) forallae Az e M,.

That is, T L, = L,sT. Substituting a®"" for a, we obtain TL, = L, .-15T and
so TL,T7 ' = L .15 forall a € A. This shows that o and 3 are M-dependent. m

The main result of this section is

Theorem 3.3. Let A be a graded ring with a gr-simple left A-module M,
D = END(4M) and ag, ag, ..., a;, automorphisms of A. Then the following
conditions are equivalent:

(a) a; and o are M-independent for all ¢ # j;

(b) given any x1,xo,...,x, € h(M) linearly independent over D, and any
yij € M, 1 <1i<n,1 <j <k, there exists an element a € A such that
ao‘ixj = Yij for all < and j.

Proof.  Suppose that o; and o; are M-independent for all ¢ # j. According to
Proposition 3.2, M,,, M,,, ..., M,, are pairwise nonisomorphic. By equation (1),
we get D = END(4M,,) = END(4M,,) = --- = END(4M,,,). It follows from
Theorem 2.2 that there exists an element a € A such that a®z; = a %, T; = yij
foralli=1,2,...,n,j=1,2,...,k.

To prove the converse assume that two automorphisms o = «; and 8 = «;,
i # j, are M-dependent. Let T € END(M ) be invertible and such that the equation
(2) holds.
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Now, pick x € h(M) \ {0}. If z and Tz are linearly independent over D,
then by the assumption there exists an element a € A with ¢’z = 0 = ¢*Tz and
a“x = x. On the other hand, if = and Tz are linearly dependent, we choose a € A
such that e’z = 0 and a®z = x. Since = and Tz are linearly dependent, we also
have a®Tz = 0.

With such an a, we have

Tz =T(a%) = T(Lgo)z = LysTx = a’Tx = 0.

This is a contradiction since T is invertible. Hence « and 3 are linearly independent.
This completes the proof. ]

4. DeNsSITY AND M-OuTeR DERIVATIONS

Let A be a graded ring with a gr-simple left A-module M. Put D = END(4M)
and let F' be the prime subfield of the gr-division ring D. Clearly M is a vector
space over F. By a derivation of A we mean an additive map d : A — END(Mp)
satisfying (A,)d C END(Mp), for all g € G and (zy)? = L,y? + 2L, for all
x,y € h(A). This extends the usual concept of a derivation of a graded ring into
itself since any derivation d : A — A gives rise to a derivation d : A — END(Mp)
given by al=1L

ad:

Definition 4.1. A derivation d : A — END(Mp) is called M-inner if there
exists a homogeneous element 7' of END(M ), such that

(3) [T, Ly = a® forall a € A;
otherwise it is called M -outer.

Of course, if d is a derivation of A into itself, then we shall say that d is M-inner
if d: A— END(Mp) is M-inner.

Recall that an additive mapping ¢ : M — M s called a differential transfor-
mation if there exists a map v : D — D such that ¢(zu) — (pz)u = 2zu? for all
r € M,ueD.

Letd : A — END(Mp) be an M-inner derivation, and 7' € END(M), such
that [T, L,] = a? for all a € A. We claim that T is a differential transformation of
M. Given u € D, we defineamap R, : M — M by R,z = zu for all z € M.
Clearly D° = {R, : w € D} is a gr-subdivision ring of END(M/) anti-isomorphic
to D. Note that [R,, L,] = 0 for all w € D and a € A. Clearly

D°={A € END(M):[A,L,] =0 forall a € A}.
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Note that (3) yields
0= [Tv [Rw LaH = [Ruv [T, LaH + [[Tv Ru]v La] = [Lav [Ruv TH

for all w € D and a € A because [R,, L] = 0 = [Ry,a%. Then [R,,T] C D°.
Therefore [R,,T| = R, for some «/ € D we see that T'(zu) — (Tz)u = zu’ for
all x € M. That is to say, T is a differential transformation of M.

Let V' be a vector space over F' with basis {d,e} and d : A — END(Mp)
a derivation. We can define a left A-module structure on the vector space My =
V @p M by the following action:

aWd@r+exy) =dQar+e® (alz +ay) forall z,ye h(M), ac A.

Also, let L(d) = e® M. Then L(d) is a submodule of M, since

e@M=e® (@Mg> :@(e@)Mg)

geG geqG

= P (e ® My) (\(Ma)g) = E(L(d) ((Ma)y).

geG geG

Moreover, M;/L(d) is isomorphic to M via the map d ® x + L(d) — =, for all
x € h(M). Finally, we identify D with END(4(Mg4/L(d))):

(d@z+ L(d)A=d (x\)+ L(d), forall A\ € D and x € h(M) .

Proposition 4.2. Let A be a graded ring with a gr-simple left module M and
d: A — END(Mp) be an M-outer derivation. Then M is a gr-local left A-module
with gr-maximal submodule L(d).

Proof. If M, is gr-local, then L(d) is a gr-maximal submodule since L(d) is a
proper submodule of M, and Mg/ L(d) = M is gr-simple. Suppose that M, is not
gr-local. Then there exists a proper A-submodule N of M, which is not contained
in L(d). Since L(d) is a gr-simple A-module, either N D> L(d) or NN L(d) = {0}.
If N D L(d), then N/L(d) must be a nonzero proper submodule of the gr-simple
A-module M,/L(d) = M, which is impossible. Therefore N N L(d) = {0}. It
follows that IV is isomorphic to the gr-simple left A-module M,/L(d) = M.

Let0 # e®y+d®x € N. Then x # 0 since N N L(d) = {0}. Itis
clear that y is uniquely determined by x because N N L(d) = {0}. Further, for
ac A wehave a(e®@y+d®z) =e® (ay+a's) +d®ax. Asz # 0, Az = M.
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Thus, for every u € M, and g € G, there exists a uniquely determined v € M, with
eRu+d®u € N. LetT : M — M be given via setting T'u = v. Clearly T is well-
defined and 7' € END(M).. Since a(e®@v +d®u) = e® (av +a%u) +d @ au, we
see that T'(au) = av + a%u = aTu+ a®u and so [T, LyJu = a%u for all u € h(M).
That is [T, Lo) = a® for all a € A, contradicting that d is M-outer. ]

Here is the density theorem concerning one derivation.

Theorem 4.3. Let A be a graded ring with a gr-simple left module M, let
D =END(4M) and let d : A — END(Mp) be a derivation. Then the following
conditions are equivalent:

(a) dis M-outer;

(b) given any elements x1, xo, ..., z, € h(M) linearly independent over D and
arbitrary elements y1, y2, . . ., Yn, 21, 22, - - -, 2n € M, there exists an element
a € A such that az; = y; and a®z; = z; fori=1,2,...,n.

Proof. Suppose that d is M-outer. Then M, is a gr-local A-module by
Proposition 4.2. Set7;, = d®@z; and g, =d®y;i+e® 2, i = 1,2,...,n. By
Theorem 2.4, there exists an a € A such that ax; =7y, fori =1,2,...,n. That is
to say, ax; = y; and a%x; = 2z fori =1,2,...,n.

Conversely, suppose that (b) is fulfilled and there exists 7' € END(M ), with
al = [T,L,] for all a € A. Let 2 € h(M)\ {0}. If = and T are linearly
independent over D, then by the assumption there exists an element a € A with
ax = 0 = aTx and a®z = 2. On the other hand, if 2 and 7'z are linearly dependent,
we choose a € A such that axz = 0 and a®z = 2. Since x and Tz are linearly
dependent, we also have aTx = 0. Now, we get

x = a%z = [T, L)z = Tax — aTx = 0,

a contradiction. Thus no any 7' € END(M ), can satisfy a? = [T, L,] for all a € A.
Therefore, d is M-outer. |

We shall now prove an analogue of Theorem 4.3 with several derivations.

Consider derivations d; : A — END(Mp), ¢ = 1,2,...,n. Denoting by
Dy(A) the set of all M-inner derivations. We say that di,ds,...,d, are de-
pendent over D modulo D, (A), if there exist elements Ay, Ag, ..., A\, € h(D),
not all zero, and 7' € END(M), such that >°° , a%iz\; + [T, LyJx = 0 for all
a € A and x € M; otherwise d1, do, . . ., d, are called independent over D modulo
Dy (A).
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Let V be a vector space over F' with basis {d,,, e1, ea, ..., e,}. We set My =
V @ M. Clearly Mg is a left A-module under the multiplication

a(&n ®x—|—Zei ®xi> :En®aw+Zei ® (adix—i—awi)
=1 =1

for all z,x1,22,...,2, € h(M), a € A. We set L(d,) = Y., e; ® M. Clearly

L(d,,) is a submodule of Mg isomorphic to the direct sum of n copies of M/ and

MEH/L(ER) = M. In proving the density theorem for derivations dj, do, . . ., d,

(Theorem 4.5 below), the modules Mg and L(d,,) will play the same role as that

M, and L(d) play in the proof of Theorem 4.3.

We first generalize Proposition 4.2.

Proposition 4.4. Suppose that d1, ds, ..., d,, are independent over D modulo

Dy (A). Then Mg is a gr-local module with gr-maximal submodule L(d ,,).

Proof. We proceed by induction on n. The case n = 1 follows from
Proposition 4.2. In the inductive case we assume that M7 s a gr-local module
with gr-maximal submodule L(d,—1) = 37" e; ® M.

Let g € G with M, # 0. Pick x, z1, z2, ..., x, € My with x # 0 and set

n—1
T=d, 1 ®x—|—Zei ®x; € (MEn_1)g and y=d, @z +e®@z, € (My,)
i=1

Suppose that for all @ € A, az = 0 implies ay = 0. Note that Az = M7  and

n—1
Ay = Mg, by Lemma 2.3(d). It follows that exists an epimorphism of modules
B: Mz  — Mg, ByLemma 2.3(a), 3 maps the gr-Jacobson radical L(d,_y) of
MEn_l into the gr-Jacobson radical L(d,,) = e ® M of My, . Since each e¢; @ M =

M, there exist elements A1, Ao, ..., A, € h(D) such that

n—1 n—1
<Zei®zi>ﬁ: Ze@zi)\i forall z1,29,...,2,_1 € Mg.
i=1 =1

If (L(dn—1))5 = 0, then 3 induces an epimorphism from the gr-simple module M =
Mg /L(d,-1) onto the gr-local module M,,, which is impossible. Therefore
L(d,_1)B # 0, and so not all \;’s are equal to 0.

Clearly 3 induces a homomorphism of modules

M =M | [L(dn-1) = Ma,/L(dn) = M
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so there exist elements A\ € h(D) and T' € END(M). such that

(dn—1®@2)B=d, @2zA+exTz forall z€ h(M).
Given a € A and z € h(M), we have

dp @ azA+e® a2\ +e®alz

=a(d, @ 2\+e®Tz) = a[(dp—1 @ 2) ]

n—1
= la(dn-1 ® 2)]8 = <En—1 ®az+ Z e ® adiz> 8

i=1
n—1
=d,®azA+e®T(az) —|—Ze®adiz)\i.
i=1

But then, for all a € A and z € h(M),
n—1
Z a%iz\i — a¥ 2\ + [T, L)z = 0,
i=1

a contradiction. This shows that there exists an element ¢ € A such that az = 0
and ay # 0. That is

d

4 waw=a"4ar =---=a"'z+ax,1=0 and a®z+azx, #0.

Let z € h(M; )\h(L(d,)). According to Lemma 2.3(d), it is enough to show
that Az = M . To thisend, we set z = d,, @ x + Y. e; © ; where z, z; € M,
for some g € G. Clearly x # 0. Therefore, by what we have just shown, there
exists some a € A such that (4) is fulfilled. Hence aZ = e,, ® (a%"z + ax,) # 0,
and so e, ® M C Az. Since M5 /(e, ® M) = M which is gr-local by the
induction assumption. We thus conclude that Az = Az +e, ® M = Mg . n

We are now in a position to prove the main result of this section.

Theorem 4.5. Let A be a graded ring with a gr-simple left module A with
D =END(4M). Letd; : A— END(Mp), j =1,2,...,m, be derivations. Then
the following conditions are equivalent:
(a) di,da, ..., d,, are independent over D modulo D 5;(A);

(b) given any elements x1, xo, ..., z, € h(M) linearly independent over D and
arbitrary elements y;, z;; € M (1 <i<mnand 1 < j < m), there exists an
element a € A such that

ar; = y’iv a,dj{I,'Z‘ = Zz‘j, for a” 7, and j
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Proof.  Suppose that (a) is fulfilled. Then A7 is a gr-local A-module by
Proposition 4.4. Fori =1,2,...,n, setT; = dp@x; and §; = dm@yi+>_ 50 €;©
zi;. By Theorem 2.4 there exists an a € A such that az; =y, foralli =1,2,...,n.
Clearly a is the desired element.

Now suppose that (b) is true but not (a). That is, there existelements A1, ..., A\, €
h(D), not all zero, and T € END(M). such that > 7", aiz\j + [T, Ly)z = 0 for
all a € Aand x € M. We may assume that A\; # 0. Arguing similarly as in the
proof of Theorem 4.3, we see that given any nonzero x € h(M), there is some
a € A such that az = aTx = a®z = --- = a% 2 = 0 and a®™ 2 = x, which yields
xA1 = 0, a contradiction. This completes the proof. ]

5. THE MAIN THEOREM

Let A be a graded ring with a gr-simple left A-module M. Put D = END(4M)
and let F' be the prime subfield of the gr-division ring D. Let D(A) be the additive
group of derivations from A into A. Let n, mq, ma, ..., m, be positive integers
and let dq, do,...,d, € D(A). We set

m= (ml,mg,...,mn),
Q(m) ={s=(s1,82,.-,8n) | 0<s;, <my,i=1,2,...,n},
Ag=djrdy?...dJr, se€Q(m) and

0=(0,0,...,0).

It is understood that Ay = e, the identity map on A. Given 5,7 € Q(m), we shall
write 5 > 7 provides that s; > »; foralli =1,2,...,n.
Leta,b € A and 5 € Q(m). According to Leibnitz Formula [5, Remark 1.1.1],

(5) (@)= % (:) N

FeQ(m), 7<s

where (5) =TT, (7).
Let V be the vector space over F' with basis {Az | 5 € Q(m)}. We set

Mo = PV @r M) = P (Magm)),
geG geG

is a graded A-module. When the context is clear, we shall simply write Mq for
Mgy and 2 for Q(m).
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It follows from (5) that M, is a left A-module under the operation

_ _ s _ Az
(6) a(As ® ) = Z _<F>As_r®a z
reQ, 7<s
foralla € A, z € h(M),s € Q.
Next, we set
@) L= > AseM.
5€Q, s<m
Then

= 3 Ag®<@Mg>=@(L(Q)ﬂ(MQ)g)

5€Q), s<m geG geG

is a graded submodule of Mg such that, as graded A-modules,
(8) Mq/L(Q) = M.
Given s € 2, note that

©) Mo = > As®M C Mg
TEQ(3)

for all 5 € Q. Finally, if 5 = (s1,592,...,8,) € Q, we set [5] = > ;5. The
reader will see that the modules Mg and L(2) are main tools in the proof of our
main result.

Proposition 5.1. Suppose that the following conditions are fulfilled:

(i) dy,da,...,d, € D(A) are independent over D modulo D ,;(A);
(ii) either char(D) =0 or char(D) =p > 0 and m; < p for all 4.

Then Mg, is a gr-local A-module with gr-maximal submodule L(£2).

Proof. Given € h(Mgq)\ h(L(2)), in view of Lemma 2.3(d), it is enough to
show that A=z = Mgq. In order to prove the equality, we shall make use of the triple
induction. The first induction is on |m]|. On the inductive step on |m| we shall
represent L(€2) as an union of certain A-submodules Ny, —1 < k < |m| — 1 (with
N_; = 0) and proceed by induction on & to show that N, C Az for all £ (and so
L(Q2) ¢ Az forcing AT = Mg, in view of (8)). Making the induction step on k&, we
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shall introduce the concept of the height 4(z) of the element z € h(AT) \ h(Ng_1)
and proceed by the induction on A(z).

We now proceed by induction on [m|. If [m| = 1, then n =1 = my. In this
case Mq = My,, L(Q) = L(d;) and the result follows from Proposition 4.2.

In the inductive case we may assume that each Mqs) is gr-local for all s € Q
with |5 < |m]. Let

T = ZA§®$§ € h(MQ)
5eQ

where x5 € M, for some g € G with zm # 0. By Lemma 2.3(d) it is enough to
show that AT = Mq. It follows from (6) that

aZ — Am @ axm € L(Q)

and so A7 + L(Q) = Am ® Az + L(Q) = Mgq. Therefore it is enough to show
that Az O L(Q).
Let k& be a nonnegative integer. We set N_; = 0 and

Ni= > As@MC M.
3€Q, [5/<k

Clearly L(€2) = Npm—1. We proceed by induction on k to prove that N, C AZ.
The case k£ = —1 is clear. In the inductive case we assume that N,_; C Az. If
k = |m|, then Ny_; = L(€2) and there is nothing to prove. Therefore we may
assume that k < |m|. Pick any 5 € Q with |s| = k. Since

Nkz Z AF®M+NI§—17
TEQ, |T|=k

it suffices to show that Az ® M C AZ. To this end, we introduce the following
concept. A nonzero elementy = > -, As ® ys € h(Mq) is said to have a height
provided that there exists an 7 € €2 such that

T=0@yr+ > Ap®y; and yr #£0.
peQ, IpI<I7|

In this case we shall write the height /(y) = 7. For example, (Z) = m. In the set
{7 € h(AZ) \ h(Ni-1) | T(y) > 5}

we choose an element Z with minimal possible height (with respect to the partial
order on €2). Suppose that |i(Z)| = |5| = k. Then z = Az ® zz + u for some
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u € h(Ng-1). Because Mg is gr-local by the induction assumption (recall that
k < |ml), we have

AT :_> AE—F Nk_l :_> A(Ag@ Zg) = MQ(g)

and so As ® M C Az. Therefore we may assume that |A(Z)| > k& = [5]. Let
7 = h(z). We have 7 > 5, and whence there exists an index ¢ such that r; > s;.
Say, i = 1. By Theorem 4.5 there exists an a € A such that

azz =0, pel)

atizz=0, i=2,3,...,n, and

a2 £ 0.

Therefore
az = 7"1Aq® adle—i— Z Aﬁ@’lﬂl—;
pELL,
|pl<[7[—1

for suitable wy € h(M), where § = (r1 — 1,r9,...,7,). By our assumption r is
a nonzero element of F and whence the element az has a height and 7 > (az) =
g >3, a contradiction. n

Theorem 5.2. Let A be a graded ring, M1, M,, ..., M; gr-simple left A-
modules (k > 1), and my, ..., m, positive integers. Further, for positive integers

[, n, let dy, do,...,d, € D(A), and let z;1,22,...,zy € h(M;) be linearly
independent over D; = END(4M;). Also for 1 < i < k, 1 < j < [, and
5€ Q= Q(m)\ {0}, let y;;, zij5 € M;, where m = (mq, ma,...,m,). Suppose
that the following conditions are fulfilled:

(i) dy,da,...,d, are independent over D; modulo Dy, (A) for every i,
(ii) for all ¢, either char(D;) = 0 or char(D;) = p; > 0 and each m; < p;, and
(iii) aM; 24 M; for all i # j.
Then there exists an a € A such that

A

aTij = Yij and « ST = Zijs

for all i, j, and 5 € 2\ {0}.
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Proof. By Proposition 5.1, let N; = (M;)q is a gr-local A-module with
gr-maximal proper submodule L; such that N;/L; = M;. It follows from (iii) that
]\[Z/LZ %NJ/LJ Ifz;«é] Fori=1,2,...,k andj: 1,2,...,1, set

m
Ty =Am@ay; and Py =Am@uy+ Y <§>Am—§ ® zijs-
5€Q, 540

Note that each @) is a nonzero element of every D;. By Theorem 2.4 there exists
some a € A such that az;; =7, for all i and j. The result now follows from (6). m

Finally, we have arrived at the main result of the present article.

Theorem 5.3. Let A be a graded ring with a gr-simple left A-module M, let

k, 1, n, my, ma, ..., my, be positive integers, let di, da,...,d, € D(A), and let
a1, a9, ..., ag be automorphisms of A. Suppose that the following conditions are
fulfilled:

(i) d1,ds,...,d, are independent over D = END( 4 M) modulo D (A);
(ii) either char(D) = 0 or char(D) = p > 0 and each m; < p;
(iii) «; and o are M-independent for all i # j.

Then for any elements x1,zs, ...,z € h(M) linearly independent over D, and
forany z;z; € M, i=1,2,...,k,5€ Q=Q(m), j =1,2,...,1, there exists an
a € A such that

Asaj
a= X = Zisj

for all 4, 5, and 5 € Q.

Proof. Set N = Mg and L = L(2). By Proposition 5.1, N is a gr-local
module with gr-maximal submodule L and N/L = M. Set N; = N, and L; =
L.; € Nj. Itiseasy to see that N; is a gr-local module with gr-maximal submodule
L; and N;/L; = M,;. By Proposition 3.2, N;/L; = N;/L; if and only if i = j.
According to (iii), END(4M,,) = D. In particular,

Am®@x1, Am®@T, ..., Am® oy

are independent elements of 4(N;) over D modulo L; (1 < j <1). The result now
follows from Theorem 5.2. ]
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6. APPLICATIONS
We state with a lemma.

Lemma 6.1. Let M be a right vector space over a gr-divisionring D. Letg € G
be such that dim(A,)p, > 2. If T' is an additive homogeneous endomorphism of
M such that = and Tz are linearly dependent for every « € M ,. Then there exists
a A\g € h(D) such that Tz = X, for all x € M,.

Proof. By assumption, for every = € M, there is a A, € h(D) such that
Tx =z, Fixay e Mg\ {0}. Since dim(My)p, > 2, there is x € M, such
that = and y are linearly independent over D.. From (z 4+ y)X\p1y = T(z +y) =
Tx+Ty = xA; 4+ yry, We get x(Agqy — Az) + y(Apqy — Ay) = 0. Since z and y
are linearly independent, we see that A\, = A\, = Ay

Now let z be any nonzero element in M,. If y and z are linearly independent,
then A, = A, as we have just seen. If y and z are linearly dependent, then = and z
are linearly independentand so A, = A, = A\,. Thus A\, = A, for all z € M\ {0}.
This completes the proof. ]

For a positive integer n, let J,(A) be the ideal of A consisting of those elements
a € A such that aM = 0 for all gr-simple left A-module M with the property that
if M, # {0}, g € G, then dim(M,)p, > n. Here, D = END(4M). Of course,
J1(A) = J(A) is the gr-Jacobson radical of A.

We shall consider derivations satisfying certain conditions which might appear
special at first. However, it is actually more general than various conditions con-
sidered by other authors.

Derivations d of (ungraded) prime rings R such that

(@) =0forall aeR

was studied in [10, 11, 12, 16]. Further, Felzenszwalb and Lanski [9] investigated
derivations d with (a?)® = 0, a € R, where n = n(a) is not fixed but depends on
a. In a theorem [3, Theorem 7.2], Beidar and Bresar treated derivations with all
the above conditions mentioned.

Lemma 6.2. Let A be a graded ring with a gr-simple module M. Let D =
END(4 M) and let d be a derivation of A. Suppose that for every a € A there exist
positive integers n = n(a) and m = m(a) such that (a%)"A C A(a®)™ + J(A). If
dimMp > 1, then d is M-inner.
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Proof.  Assume that d is M-outer. Since dimMp > 1, there are z,y € h(M)
linearly independent over D. By Theorem 4.3, there is an a € A such that a%z = 0,
aly =y, and az = y. But then (a®)"ax = y while A(a?)™z = 0 for all positive
integers n and m, contradicting the assumption. Thus d is M-inner. ]

Theorem 6.3. Let A be a graded ring and d be a derivation of A. Suppose
that for every a € A there exist positive integers n = n(a), m = m(a) such that
(a®)"A C A(a®)™ + J(A). Then A¢ C J5(A).

Proof.  Pick any gr-simple left A-module M such that dim(M,)p, > 3 for all
g€ G ={g9ge G| My +# 0}, and let D = END(4M). The goal is to show that
A?M = 0. By Lemma 6.2, we can assume that d is M-inner, and let T : M — M
be a differential transformation such that [T, L,] = L, for a € A.

Suppose for all g € G’ and for every x € M, Tz and = are D-dependent. By
Lemma 6.1 for every g € G, there is a \; € h(D) such that Tz = z\, for all
x € M,. Butthen a’z = T(az) — a(Tz) = (ax))\y — a(z),) = 0 for any a € A
and z € My, and so AYM = A(D,eqM,) = 0, a contradiction. Therefore, there
is some g € G’ with an = € M, such that y = Tz and x are D-independent.

We claim that there is a nonzero z € h(M) such that y & (T'z)D + zD + zD.
Indeed, pick any zy & yD + xD (such z exists for dimMp > dim(M,)p, > 3 by
assumption). With no loss of generality we may assume that y € (T'29)D + 20D +
xD, say, y = (T'z)\ + zop + v for some A\, u, v € h(D). Clearly, A # 0. Now
set z = zg — A "', Of course, z # 0. Since T is a differential transformation, we
have T'(zA™!) = (Tx)A~t + z(A~1)” where v : D — D is a map. Whence

Tz=Tz—T(zA™1)
=g\t — oA —avA Tl — AT — (M)
€ 20D +xD = zD + xD.

Asy & zD +xzD,wegety & (Tz)D + zD + xD, and our claim is proved.

By Theorem 2.2, there exist a,b € A such that a7z = az = ax =0, ay = —x,
and bz = x. Then (a®)"bz = z while (A(a®)™ + J(A))z = 0 for all positive
integers n and m. This clearly contradicts our initial assumption. ]

The condition treated in the next theorem also unifies several conditions treated
in the literature (see [3, Section 7] for detail).

A well-known theorem of Posner from 1957 [17] considers derivations d such
that [a?, a] is central for every a in a (ungraded) ring R. This theorem was gen-
eralized in various ways, in particular, derivations satisfying certain Engel type
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conditions were studied. Lanski [13] considered the following general condition:
[[...[(a")¢, a™], a"™],..], a™] = 0
where the n;’s are fixed positive integers. Also, Chuang [7] another condition
(@), " = 0

(here, [z,y]x is defined as [z,ylo = = and for k& > 1, [z,y]x = [z,y|k—1y —
ylz,y|k—1. Beidar and Bresar made a unified treatment for these conditions just
mentioned in [3, Theorem 7.3]. Now we shall prove a similar result in graded rings.

Theorem 6.4. Let A be a graded ring and d a derivation of A. Suppose that for
each a € A there is a nonnegative integer n = n(a) such that a"a? € Aa + J(A).
Then A4 C Jy(A).

Proof.  Pick any gr-simple left A-module A/ such that dim(M,)p, > 2 for
all g€ G' = {9 € G| My # 0} and put D = END(4M). We will show that
AdM = 0.

We claim that d is M-inner, but assume on the contrary that d is M-outer.
Choose any D-independent elements z,y € h(M). By Theorem 4.3 there is an
a € A such that axz = 0, ay = y and a’xz = y. Then a"az = y for every
positive integer n, while (Aa+ J(A))z = 0, a contradiction. Therefore, d is indeed
M-inner.

Let 7' be a differential transformation 7" such that [T, L,] = L,a for all a € A.
Suppose that for some g € G, there is an « € M, such that = and Tz are D-
independent. By Theorem 2.2, thereisan a € A such that ax = 0 and a(Tz) = Tx.
But then a™a’x = —Tx for any positive integer n, yet since (Aa+.J(A))z = 0, this
is impossible. Therefore = and 7'z are D-dependent for all z € M, with g € G'.
Using Lemma 6.1 and arguing as in the proof of Theorem 6.3, we would arrive at
the desired conclusion. [ ]

As discussed in [3, Section 7], we cannot claim that A¢ C .J(A) in general.
After all, A could be commutative and so the condition of Theorem 6.4 would be
trivially satisfied; but it is not true that every derivation of a commutative graded
ring has the range in the gr-Jacobson radical.

However, in graded Banach algebras this is true indeed (by a graded Banach
algebra we shall always mean a complex Banach graded algebra). In particular,
many conditions under which a derivation of a noncommutative graded Banach
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algebra has the range in the gr-Jacobson radical have been found. As a corollary to
Theorem 6.4 we will now obtain a result of such type.

Corollary 6.5. Let A be a graded Banach algebra and d be a continuous
derivation of A. Suppose that for each a € A there is a nonnegative integer
n = n(a) such that a”a? € Aa + J(A). Then A% C J(A).

Proof. It is enough to show is that A4M = 0 for any gr-simple left A-module
M which is one-dimensional over D = END( 4 M), a subfield of the complex field
[6, Corollary 5, p. 128].

Clearly, ann(M) = {a € A | ax = 0 forall z € M} is an ideal of A and
(ann(M))? C ann(M) by Sinclair’s theorem [18]. Therefore, d induces a deriva-
tion on the algebra A/ann(M) which is given by a + ann(M) +— a? 4 ann(M).
However, A/ann(M) is isomorphic to the complex field and so the induced deriva-
tion is trivial. That is, A? C ann(M) and the proof is completed. ]

Finally, let us point out a special case of Corollary 6.5 that concern the Engel
condition.

Corollary 6.6. Let A be a graded Banach algebra and d a continuous derivation
of A. Suppose that for each a € A there is a nonnegative integer n = n(a) such
that [a?, a],, € J(A). Then A? C J(A).
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