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STEADY STATES AND STANDING PULSES
OF A SKEW-GRADIENT SYSTEM

Ya-Ping Lin and Shyuh-yaur Tzeng

Abstract. We study a reaction-diffusion system of activator-inhibitor type.
Variational and ordered methods are used to obtain the existence of steady
states and standing pulses. It will be seen that the diffusion rates seem to play
important roles in the existence of standing pulses.

1. INTRODUCTION
This paper deals with the following system of reaction diffusion equations:
up = dAu+ f(u) — kv — kaw,

(1.1) TV = d1 AV + u — Y10,

Towy = do Aw + u — Yow,

where dq, do, d, ki, ko, T1, T, Y1, Y2 € (0, OO) and f(u) = u(u—ﬂ)(l—u), 0<
1 . .
B < o System (1.1) has been studied as a model [4] for gas-discharge systems.

By rescaling if necessary, we may assume that &, = &k, = 1. Notice that (1.1) can
be written in the form

up = dAu+ 81T-I(u,v,w)7
ou
H
(1.2) v = dyAv — M
ov
O0H (u,v,w)

ToWs = dgA’w — s
ow
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where

H(u,v,w) = —uv —uw + %’02 + %wQ — F(u).

As being proposed by Yanagida [23], a reaction-diffusion system with such a struc-
ture is referred as a skew-gradient system. It is easily seen that a steady state of
(1.2) is a critical point of ® defined by

1 1 1
(1.3) (u,v,w) :/ §(qu, Vu)—§(d1Vv,Vv)—§(d2Vw,Vw)—H(u,v,w)dw.
Q

In the past twenty years, there have been many works [6-9, 12, 13, 14, 16, 20,
23, 24] on the system of FitzHugh-Nagumo type equations:

uy = dAu+ f(u) — v,
(L4) ' (
Tur = d1Av + u — y1v.

Here u can be viewed as an activator and v acts to be an inhibitor. Clearly (1.4) is
a skew-gradient system. In case d; = 0, (1.4) has been considered as a model for
the Hodgkin-Huxley system[15, 21] to describe the behavior of electrical impluses
in the axon of the squid.

Partially motivated by the works related to (1.4), we try to get better understand-
ing on the effect of adding more inhibitors with possibly different diffusion rates.
Consider the case where

1 1 282-58+2
() —+ L~ <22 =50%2
2 9
) 0. 6_ 0. 0
It is easy to see that (0, 0, 0), (f_, —, 7—) and (6, —, =*) are constant
2
equilibria of (1.2), where 0 < 6_ < 6. Let 2 be a smooth bounded domain in
RYN. We are interested in the existence of non-trivial solutions of
—dAu = f(u) —v —w,
—di1Av =u—yv,z € £,
(1.5)
—doAw = u — yow,

u=uv=w=0onof.
For each u € H} (), denoted by £;u the unique solution of

—d;Az+viz=u, x €L,

1.6
(16) z=0 on o0f).
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Define
d o 1 1
(%)) I(u) = §\Vu\ + §u£1 (u) + §u£2(u) + F(u)dz,
)

u

where F(u) = —/ f(s)ds. If w is a critical point of I over H}(£2) then standard

0
regularity theory [11] shows that (u, Liu, Lou) is a classical solution of (1.5).
Using variational arguments, we obtain the following result.

Theorem 1.1. Assume that (fy) is satisfied. If 2 contains a large ball, then
(1.5) has at least two non-trivial solutions.

Observe that « = 0 is a local minimizer of 1. We will show that there exists a
global minimizer u* of I with I(u*) < 0, and thus (u*, Liu*, Lou*) is a solution
of (1.5). Then applying the Mountain Pass Lemma yields another critical point .,
of I from which the second solution follows.

In [23] Yanagida introduced the notation of mini-maximizer to study the stability
of steady states of skew-gradient system. A steady state (u, v, w) is called a mini-
maximizer of & if « is a local minimizer of ®(-, v, w) and (v, w) is a local maximizer
of ®(u,-). It has been shown [23] that non-degenerate mini-maximizers of & are
linearly stable. In particular, Yanagida’s result [23] tells that for any 7,75 > 0,
(0,0,0) is a stable steady state of (1.2). More recently, Chen and Hu [6] extended
Yanagida’s result by making use of relative Morse index of critical points of &.
Suppose u* and wu, are non-degenerated critical points of I, we will see that the
results of [6] imply that, for any 71, 75 > 0, (us, Lius, Lous) is always unstable,
while (u*, Liu*, Lou*) is stable if 71 and 7 are small.

Theorem 1.2. Suppose u* is a non-degenerate minimizer of 7. If min{ ﬁ, E} >

TL T2
2
— 1 .
%, then (u*, L1u*, Lou*) is a stable steady state of (1.1).

With the action of one more inhibitor added in (1.1), the diffusion rates seem
to play important roles in the existence of standing pulses of (1.1). For i =1, 2,
- d ~ 232 -58+2. . ,
set d; = 7 and o; = (vid; — (M + ———————)) " where M = Jnax —f'(s).
A standing pulse of (1.2) will be obtained under the following conditions:

- 2% — 2

(F2) d; >~ (M + %) fori =1, 2.
- - 2% — 53+ 2

(fs) d101+d202<—ﬂ 954— :

(fs) \/7101+\/d?202<1-
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Theorem 1.3. If (f;)-(f4) are satisfied, there exists a standing pulse to (1.2).

1
Through out the paper, we denoted by |jull, = </ \u\%lx)p and ||ul| =
Q
1
(/ \Vu\%lx) * respectively. Let By be a ball in R™ centered at the origin with
Q

radius R and || = / dx.
Q

2. EXISTENCE AND STABILITY OF STEADY STATES

In this section, variational methods are used to obtain non-trivial solutions of
.. 20 —1
(1.5). Note that F' has minima at 0 and 1; F'(0) = 0 and F(1) = b

< 0.
12
Multiplying equation (1.6) by z and integrating by parts yield

(2.1) /uﬁiudm:/di\Vz\Q—i—%szx.
Q Q

. . 1 .
Hence £; : L?(Q) — L?(2) is a bounded operator with ||£;|| < o Indeed, £; is

also a bounded operator from H} () to itself.
To prove Theorem 1.1, we need some estimates as stated in the next two lemmas.

Lemma 2.1. If R is large enough, there exists a ¢y € H{(Bg) such that

I(¢) <.

Lemma 2.2. There are positive numbers r and« such that I (u) >« for ||ul|=r.

Proof.  [Proof of theorem 1.1]. Since £; is a compact operator from H}(€2)
to itself, I satisfies the Palais-Smale condition (see e.g. [19]). By (2.1) we know

that I is bounded from below. Moreover, Lemma 2.1 implies that inf )I(u) <
u€Hy(Q

0 = I(0). Thus a minimizer «* of I gives a non-trivial solution of (1.5). Invoking
Lemma 2.2 and Mountain Pass Lemma, we yield the second solution u, of (1.5)
through the following minimax framework:

I(uy) = inf I ,
(us) inf max (h(6)) >0

where I' = {h € C([0, 1], H}(Q))| h(0) = 0, h(1) = u*}. ]
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Proof. [Proof of Lemma 2.1]. Let Agp = Br \ Br-1 and
a8 0<|z|<R-1
YR =
0t (R — |x|) R—-1<|z| <R

By straightforward calculation

1) = [ GIVenPde+ [ Sunfi(vn)+ gontawr) + Fvn)ds

Br

d 1,1 1
< —|V 2dx+/ ~(— + =)k + F(Yg)dz.
< [, giventin s [ S0+ ke Fow

: N 1 1. 2B+1*_ 1,1 1 )
Since (f;) impliesthat 5+(—+—) < =———and = (—+—)(6")>+F(0") <
(1) implies that §-+(——+—-) < == and o (——+—) (0" )+ F(0")
0, we see that I(vg) < I1 + I3, where
d 1 +1
h= [ 509+ higen— i
AR

and L1 .
I = /BR_1 3+ )07+ F()da.
Hence there are positive numbers C; and Cs, not depending on R, such that
L <CRN™! and I < —Cy(R-1)Y,
from which we know I(¢g) < 0 if R is large enough. ]

Proof.  [Proof of Lemma 2.2]. Since [, ul;u > 0,

I(w) > /Qg\Vu\Q—i—F(u)dx.

This together with Sobolev inequality implies that if  is small enough and ||u|| = r
then I(u) > a > 0. ]

To study the stability of a steady state (u, v, w) of (1.2), we analyze the spectrum
of

(22) MITE = DAE — V2 H (u,0,w)E,  Elaa =0,

where

1 0 0 -d 0 0 -1 0 0
T=10=n 0 |,D=| 0 d o |, J=] 0 1 0 ].
0 0 7 0 0 d 0 0 1
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A steady state (u, v, w) is stable if all the eigenvalues of (2.2) have negative real part
and unstable if at least one of the eigenvalues has positive real part. For a critical
point (u, v, w) of ®, we let " (u, v, w) denote the second Frechet derivative of & at
(u,v,w). A critical point (u, v, w) is non-degenerate if the null space of ®"(u, v, w)
is trivial.

Let E = HZ(Q). If A is a self-adjoint Fredholm operator on E, there is a
unique A-invariant orthogonal splitting

E=E,(A)@E_(A) @ Ey(A)

with E;(A), E_(A) and Ey(A) being respectively the subspaces on which A is
positive definite, negative definite and null. For a pair of self-adjoint Fredholm
operators A and A, a relative Morse index i(A, A) is defined by

(2.3) (A, A) =dim(E_(A)NE_(A)Y) — dim(E_(A)* N E_(A)).

Let Q" and Q~ be the orthogonal projections from E to E,(J) and E_(J)
respectively. Define ¥y = T‘%(DA — V2H(u,v,w))T‘%, P = Q ¥eQ~ and
Yo = QTUQT. Set ® = H3(,R3) N H}(Q,R3),

: <¢1272>L2
i = inf ~—
pilvr) = Il 1021,
and
<'¢2272>L2
s =sup ————.
pa(V2) =sup o e,

Theorem 2.1. Suppose dim Ey(®" (@, v, w)) = 0. (i)lfi(—J, ®"(u, v, w)) # 0,
then for any positive 71 and 7o, (@, v, w) is an unstable steady state of (1.2). (ii)lf
i(—J,®"(u,v,w)) =0 and p;(¢1) > ps(12), then (a, v, w) is stable.

We refer to [6] for a proof of Theorem 2.1.

Proof. [Proof of Theorem 1.2]. Let u* be a non-degenerate minimizer of
I, v* = Lyu* and w* = Lou*. By an argument used in [6], we know that
i(J, ®"(u*,v*,w*)) = 0. Direct calculation gives

1
—dA — f/(u*) ) 2 T 2
1
Yo T 2 (dlA — ')/1)7'1_1 0
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Note that f/(u) = —3u? +2(8+ )u— 3 <

that p;(41) = pi(—dA — f'(u")) > dry — B > 5L where ) <
A2 < Az < -\ < --- are eigenvalues of —A. Since ps(12) = max{ps((d1A —
di da
(i +71)  (do 2—1—”}’2)} <max{—

-1 -1
s((d2A— = - -
)T ps((doeA—n2)75 )} maX{ - ™
n

71

2
— 1 .
%. It is easy to check

, —Z—;} Applying Theorem 2.1 completes the proof. [

3. QUASI-MONOTONE SYSTEMS

In this section, an ordered method is used to study the existence of steady states
of (1.1). LetU = (w1, ug,..., uy) and V.= (v1, vo,..., vy) be continuous
functions on 2. Denoted by U < V if for each i = 1, ..., m, w;(x) < v;(x) on .
Furthermore, U < V if U <V and U # V, and U < V if u;(x) < v;(z) for
all i =1,....,m,z € Q. If U <V, let [U, V] be an ordered interval defined by
U, V]={W . U<W<V}

Let F(U) = (F1(U), ..., Fn(U)) and consider an elliptic system

AU =F(U) z€eqQ,

(3.2)
U=0 on o0f).

(2

System (3.1) is quasi-monotone if g

Uj
that \gf\ < Kfori=1,...m Let D(Q) ={ U = (u1, ug,..., up,) | 0 <
U and 112 € C5°(2) }. A function W is a supersolution of (3.1) if W > 0 on
o and [, W(—AV)dz > [, F(W)Wdz for every ¥ e D(£). A supersolution
W is said to be strict if W > 0 on 99 and there exists a ¥ € D(£2) such that
JoW(=AW)dx > [, F(W)¥dx. Asubsolutioncan be defined in the same manner
with reversed inequalities.

Notice that if (f;)-(fs) are satisfied, (1.5) can be converted to a quasi-monotone
system through the transformation

> 0 for ¢ # j and there is a K > 0 such

~ 1 ~ 1
z=du——v, y=dou— —w.
o1 o9

Straightforward calculation shows that (u, v, w) is a solution of (1.5) if and only if
(u, z,y) satisfies

—dAu = f(u) — (d~101 + d~202)u + 012 + o9y,
(3.2) —d1Az = f(u) + M u— (71— 01)z + 02y,

—daAy = f(u) + M u+ 012 — (72 — 02)y,

uloa = zlaa = yloa =0,
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where
M* =M + 25" —56+2 _;ﬁ 2 (dyoy + daos).
Define
—pu if u<0
flu)y=14 flu) if 0<u<l1

B-=1u if w>1.

We remark that f € C'(R) and the function f(s) — (dio1 + dao2)s has zeros at
0, 0. and 0*. It is easy to check that 0 < 6~ < 0, < 6* < 6+ and foe*(f(s) —
(dyo1 + dyos)s)ds > 0. As to be seen, the solutions we are looking for actually
satisfy 0 < u(x) < 1; in what follows we may take f to replace f in (3.2).

By constructing two pairs of subsolutions and supersolutions, it will be shown
that (1.5) possesses two positive solutions.

Theorem 3.1. Assume that (f1)-(f3) are satisfied. There exists a p > 0 such that
if @ D Br and R > p then (1.5) possesses two solutions (u, v, w) and (a, v, w) in
the order

(0,0,0) < (u, v, w) < (&5, 9) < (0, =, %4y
Y172
In case 2 = Bg, u, v, w, u, v, w are strictly decreasing functions of |z|,
1 1
(3.3) 0~ <u(0) <6, v0)<—0" and w(0)< —0OT,
71 Y2
and
(3.4) u(z) < 6 if |z > p.

We now state a theorem which will be used to prove Theorem 3.1.

Theorem 3.2. Let (V, W) and (V, W) be two pairs of subsolutions and
supersolutions of (3.1) with W, V' being strict and in the order of

V<W<W, V<V<W, W#V.
Then (3.1) has two solutions U, U which are in the order of V<U<Wand
V <U < w. Moreover, if U < W and U > V then there exists a solution U

such that B
Vinin <U < Whax, U LW, and U 2V,

where Viin and Wiy are respectively the minimal and maximal solutions in
v, wl.
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Theorem 3.2 is a direct application of a fixed point theorem due to Amann [1, 2].
In case 2 = Bp the next theorem, obtained in [22], gives the radial symmetry of
solutions.

Theorem 3.3. Let U = (uq,...,u;) bs a positive solution of (3.1) on Bp.

Then, for each 4, u; is radially symmetric and % <0ifr=|zland r € (0, R).
T

In the proof of Theorem 3.1, two pairs of subsolutions and supersolutions will
be selected to satisfy the hypotheses of Theorem 3.2.

Proof. [Proof of Theorem 3.1]. Consider the boundary value problem

—dAp = f(p) — (dioy + d202)p, x € B,,

(3.5)

=0 on 0B,.
If p is sufficiently large then (3.5) has a positive solution ¢ satisfying 6, < ||¢]lc <
0*(see e.g. [7] ). By taking a fixed p, this function » will be used to construct a
subsolution of (3.2). Let (V/, W) be the first pair and (V/, W) be the second pair
of subsolutions and supersolutions of (3.2):

V=(00,00),W=(6, (di——)0 , (dy — —)0~
(0,0,0, W= (6, (di = )6, (dp= )6 )
and . .
1% 0,0), W= (0", (dj— —)0" ., (dy — ——)b"
(£,0.0,W = (0", (d1——) 57
where

Furthermore, it is easily seen that V.< W < W,V < V < W and V ¢ W.
As a consequence of Theorem 3.2, we obtain two solutions U = (4, 2,7) and
U = (@, %,§) of (3.2) which in the order V < U < W and V <U<W. Also, as
stated in Theorem 3.2, if U < W and U >> V, then there is a solution U = (u, z, )
of (3.2) which satisfying

(3.6) Vinin <U < Wiax, ULW and U ¥V,

where Viin and Winax are resp&tively lhe animaI and maximal solutionsin [V, W].
We now verify that U < W and U > V. Clearly,
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We are going to apply the maximum principle to show that U < W, that is,
~ 1 ~ 1
a(x) <0 , Zx)<(d———)0" and g(z)< (do——)0 .

Straightforward calculation yields

- 1 1
(—dA + 5)(1_1, —607) < f(’L_L) + Ul(dl ——)0 + Ug(dg ——)0 — 66~
7101 Y202
= f(u) — 70~ <0.
By the strong maximum principle, we know that (z) < 6~ for all x € Q. Likewise,

~ 1

@7) (~hA+(n=o1) ) (F= (= =)0 )< f(@) 8 + M (a-67) <0
and

~ 1
(3.8) (—daA+(v2—02) )(7—( dg—%)e‘)gf(a)—TH‘JrM*(a—H‘)gO.
Again, with the aid of maximum principle, we have z(z) < (d; — L)0‘ and

7101
= 1 ~ = R -
g(x) < (da — 7—)0‘ for all z € 2. Also, U > V can be verified in a similar
202

way. Indeed, if § = (d10y + dyo3), by the Mean Value Theorem
(—dA+w)(a—p) = f(a)—du+o1Z2+02y+wi— f(p)+dp—wp
> (f'(vi+(1—v)p)—d+w)(a—¢) for some v € [0, 1].

If w is sufficiently large, (—dA + w)(@ —¢) > 0 on B, and (—dA +w)(a) > 0
on Q. It follows from the strong maximum principle that a(z) > ¢(z) in Q. A
direct calculation gives (—diA + (y1 — 01))Z = f(4) + M*a + o027 > 0 and
(—daA + (2 — 02))y = f(u) + M*a + 012 > 0. Then the strong maximum
principle implies Z > 0 and g > 0 in €.

Recall from (3.6) that

(3.9) (0, 0, 0) < U = (u, 2,9) < Winax < W,
(3.10) ULTW= (6, (di———)0, (do— ——)0 )
. ) 1 o ) 2 o

and

(3.11) U#V=(500).
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We claim that

(3.12) thereisa £ € Q suchthat u(&) >0~ ;

1 1
for otherwise (3.7)-(3.8)would imply z < (d1 — —)0 and y < (do — 7_0)0_
2
which would be contrary to (3.10). In view of (3 11) there exists a ¢ € B, such

that

(3.13) u(¢) < @(¢) < 0"

Next, we claim U > (0, 0, 0) in Q. It is clear from (3.9) that 0 < u(z) <
~ 1

0, 0< z2(z) < (dl—i)e+ and 0 < y(z) < (de — ——)0" forall z € Q. A
Y10 Y202

direct calculation shows that (—dA+w)u>0ifwis sufﬂuently large. The strong

maximum principle implies that w > 0,z > 0and y > 0 in Q. Letv = o1(dyu—2)

and w = oa(dou — y). Since (—d1A + v1)v = u and (—d2A + y2)w = u, the

strong maximum principle implies that v > 0 and w > 0 in Q. Likewise, u < 7
1 . 1 .

and (—d1A + 1) (v — —07) =u — 0T imply that v < —6T. The same lines of
ga! ga!

. 1
reasoning as above shows that w < —6+,

Y2
Before proving (3.3) and (3.4), we state a Proposition.

Proposition 3.1. Suppose (u, z, y) is a radially symmetric positive solution of

(3.2) and %, %, % <0on (0, R]. If v =01(dyu—2) and w = oa(dyu — 7))
ov

then (u, v, w) is a positive solution of (1.5) and o

If Q = Bg and R > p, we know from Proposition 3.1 that u, v, w are radially
symmetric solutions and strictly decreasing in r. This together with (3.13) gives
(3.4).

From the proof of (3.12), we know (3.3) holds. Now the proof of Theorem 3.1
is complete. ]

8—1: <0on (0, R].

Proof. [Proof of Proposition 3.1]. It is clear that v and w are radially
symmetric. Since (—diA+71)v = u and (—daA+y2)w = u, the strong maximum
principle implies that v > 0 and w > 0 in Bp.

To show that ? < 0 on (0, R], we note that v satisfies

T
v N—10dv
(3.14) —d1(8 5 + " E) +vv=u, re(0, R),
ov

E(R) < 0.
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. 0 . . .
Letting v = 7Y and differentiating (3.14) with respect to r, we have

(3.15)
9% N —10v di(N —1) o
i (G g )+ (Mot <0 e
7(R) < 0.

We claim v < 0 on (0, R]; for otherwise there is an ¢ € (0, R) such that o(r¢) =

H%Eoi)}(%]’l_)(r) > 0. Simple calculation shows that the left hand side of (3.15) is non-
re(0,

. I 3} . 3}
negative at r, which is contrary to a—:f(ro) < 0. Similarly, 8—1: < 0on (0, R].
The proof is complete. ]

Remark 3.1. In the proof of Theorem 3.1, we cannot rule out the possibility
of U being the constant solution (0, 0, 0).

4. STANDING PuLSES

Recall from Theorem 3.1, there is a solution U = (u,z,y) of (3.2) which
satisfying (3.6). If v = oy(diu — 2) and w = oa(dyu — ) then (u, v, w)
is a positive solution of (1.5). In case {2 = Bg, this solution will be denoted by
(ur(r), vr(r), wgr(r)). A standing pulse will be obtained as the limit of a sequence
of solutions {(ur,vr, wr)} as R — oo. We start with a technical Lemma.

Lemma 4.1. If (f;)-(f,) are satisfied, then for all » € [0, R]

4.1) dup (1)? — divlp(r)? — dowlp(r)* > 0.

Proof.  For simplicity in notation, the subscript R will be suppressed from
(’UR, WR, ’LLR). Note that

dul (r)? — dyt! (r)2 — dow! ()2 = d[u (r)? — d%v'(r)Q - d%w'(r)Q].
Since /() < 0, v'(r) < 0 and w'(r) < 0, it follows that
/ 2 1 / 2 1 ! 2
u'(r)” — dTlv (r)” — dTQw (r)
1 1 ?
>/ (r)? — —o'(r ——w'(r
> u'(r) (ﬂ (r)+ N ( )>
'T—Lv’r—iw'r ’LL/T 1’[)/7" L’U)/T
[u() \/dT() \/72()] ()+\/d71()+\/d72()
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Moreover, 2 (r) < 0, y'(r) < 0 and (fs) imply that
1 1
' (r) — —=2'(r) — —=w'(r)
Vi, Vdy
= |1— (o1\/dy + 0» d;)] W () + 2 () + 2y (1) < 0.
The proof is complete. ]

Proof.  [Proof of Theorem 1.3]. In view of (3.3), for every m € N if R > myp,

1 1
+ + +
HuR”LOO(Bm/J) S 0 ) HURHLOO(Bmp) = %0 ’ HwRHL‘X’(Bmp) < %0

and
1f(ur)ll LB,y < sup | f(2)]-
0<z<py

By the standard elliptic estimates [11], {ur : R > mp} are bounded in C*!(B,,,)
and thus precompact in C?(B,,,). Then through a diagonal process, a subse-
quence of {(ug, vg, wg)} converges to (u, v, w) in C? on compact subsets
of RY. Clearly, (u, v, w) is a radially symmetric solution of (1.5) on RY,
u'(r) <0, v'(r) <0and w'(r) <0 forall » > 0. Furthermore,

u(0) = max u(zx), v(0) = max v(z), w(0) = max w(z)

and (3.3) implies that

1 1
0~ <u(0) <ot , 0<v0)<—0",0<w0)<—06".
m 72

Therefore (u, v, w) is not the constant solution (0, 0, 0). Also, (3.4) rules out the
I . . 1
possibility of (u, v, w) being the constant solution (9, —#*, —6T).
71 Y2
Next, we are going to prove that u(z) — 0, v(xz) — 0, w(z) — 0 as || — oo.
Let I, = lim u(r) = inf u(r), I, = lim v(r) = inf v(r) and I, = lim w(r) =
r—00 >0 r—00 r>0 r—00

inf w(r). We claim
r>0

1 1
(4.2) L.e{0,0 ,0") 1l,=—l, and I[,=—1I,.
4! V2

We will also show that the case of I, = 6~ or [, = 61 cannot be true, and thus
l, =1, = I, = 0 must hold.
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Since w is non-increasing, (3.3) implies [, < u(Rg) < 6* < 6%, from which we
know [, # 6%. We now prove (4.2). Let prime denotes differentiation with respect
to r. Then

d(N —1) ,

(4.3) —du" — — U = flu) —v—w,
-1

(4.4) —dv" — Wv' = u— Y0,
-1

(4.5) —dow"” — %w' = u — Yw,

Let ug = u(0), vo = v(0), wo = w(0) and F(u) = [;' f(s)ds. Multiplying (4.3)
by (=), (4.4) by (—¢') and (4.5) by (—w'), and integrating from 0 to R, we get

d R 72 R R
§u'(R)2 +d(N —1) / —dr — / u'vdr — / u'wdr
0 0 0

(4.6) r
= F(uo) — F(u(R)),
) %v’(R)2 +di(N —1) /OR ;dr — /ORu’vdr
= —(u(R)o(R) — uovo) + T (v(R)? — )
and
“s) %U/(R)2 +da(N —1) /OR wT/er — /OR ' wdr
= —(u(R)w(R) — uowo) + 5 (w(R)* - wf).
Subtracting (4.7) and (4.8) from (4.6) yields
1(dul(R)2—dl’l)/(R)Q—dgwl(R)2) +(N— 1) /R du’2—d1v’2—d2w’2 dr
2 0 T
4.9) = F(ug) — F(u(R)) + (u(R)v(R) — ugvo) + (u(R)w(R) — upwy)

~ SR —v}) = L (w(R) ~w}).

Note that «/(r) < 0, v/(r) < 0 and w'(r) < 0. Then the boundedness of u implies
that the left hand side of (4.6) is bounded and positive. Hence lim u'(r) exists.

This together with lim w(r) = I, implies that «/(r) — 0 as » — co. By the same
T7—00
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lines of reasoning, v’(r) —0 and w’(r) — 0 as r — oo. Then we see from (4.3)-(4.5)
that —du” (r) — f(lu) — Ly — Ly, —d10" (r) =1, — 11ly and —dow” (r) — 1, — Yaly
as r — oo. Consequently f(l,) — 1, —ly =0, Ly, — y1ly, = 0 and I, — 2l = 0.
This completes the proof of (4.2).

Having known that

0~ 1 1
/ <f(s)—<—+—>s>ds<0,
0 gt 72
We next show that

(4.10) /Olu (f(s) - (% + %) s) ds >0

to rule out the possibility of [, = 6~. If N > 1, letting R — oo, we see from (4.2)
and (4.6) that

00 2 2 _ 2
(N — 1)/ du div dow dr
0 T

(4.11)

171 1 M o9 V2 9
= F(ug)—F(l,)— — =) 2L L2 wd,
(ug) (1) —ugvo uowo—|—2 <71+72> wt 5 vy + 5 wg

On the other hand, since (4.6) also holds if (u, v, w) is replaced by (ugr, vgr, wr),
it follows from ur(R) = 0, vg(R) =0 and wr(R) = 0 that

%(du’R(R)2 — divp(R)? — dywi(R)?)

R 2 2 12
(4.12) LN —1) / dup — divg — dowp dr
0 T

— Fug(0)) — ur(0)vr(0) — ur(0)wx(0) + %’UR(O)Q + ?wR(O)Q.

If p <R, (4.12) and (4.1) imply that

7 2 2 12 R 2 2 12
0 0

r r

< Fup(0)) — ur(0)vr(0) — ur(0)wr(0) + %UR(()V + %wR(O)Q.

Since up —u, vg —v and wr—w on compact subsets of RY,

0 d /2_d /2_d 2
(4.13) (1\7—1)/0 Y “; 2w drSF(uo)—uovo—uowo—i—%vg—i—?wg.
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Note that (4.13) holds for every p > 0. Letting p — oo yields

(4.14) (N—l)/ drr < F () —ugvo — o wo+ L

vg—i—%wg.

00 du’2—d1v’2 _d2w/2 1

0 r 2

Combining (4.11) with (4.14) gives (4.10).
For N =1, (4.10) easily follows from a simpler argument. The proof is com-

plete.
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