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CERTAIN CLASS OF CONTACT C R-SUBMANIFOLDS
OF AN ODD-DIMENSIONAL UNIT SPHERE

Hyang Sook Kim and Jin Suk Pak

Abstract. In this paper we investigate (n + 1)(n > 5)-dimensional con-
tact C' R-submanifolds M of (n — 1) contact C'R-dimension in a (2m + 1)-
dimensional unit sphere S?™*! which satisfy the condition h(FX,Y) —
hX,FY) = g(FX,Y)( for a normal vector field ¢ to M, where h and
F' denote the second fundamental form and a skew-symmetric endomorphism
(defined by (2.3)) acting on tangent space of M, respectively.

1. INTRODUCTION

Let S?™F! be a (2m + 1)-unit sphere in the complex (m + 1)-space C™ 1, i.e.,

m+1
S = (21, Zmg1) €CTTH DY |z =11
j=1

For any point z € S?™*! we put & = Jz, where J denotes the complex structure
of C™*!. Denoting by 7 the orthogonal projection : T,C™*! — T,8?"+1 and
putting ¢ = mo.J, we can see that the set (¢, £, 1), g) defines a Sasakian structure on
S2m+1 where g is the standard metric on S?™*+! induced from that of C™*! and
n is a 1-form dual to £&. Hence S?™*! can be considered as a Sasakian manifold of
constant curvature 1 (cf. [1, 2, 10]).

Let M be an (n + 1)-dimensional submanifold tangent to the structure vector
field ¢ of S?™*! and denote by D, the ¢-invariant subspace T, M N ¢TI, M of the
tangent space 1, M of M at x € M. Then £ cannot be contained in D, at any point
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x € M (cf. [5]). Thus the assumption dimDJ{ being constant and equal to 2 at
each point x € M yields that M can be dealt with a contact C R-submanifold in the
sense of Yano-Kon (cf. [1,10]), where D denotes the complementary orthogonal
subspace to D, in T, M. In fact, if there exists a non-zero vector U which is
orthogonal to ¢ and contained in D, then N := ¢U must be normal to M. In
particular we can easily see that real hypersurfaces tangent to ¢ of S?™ 1 are typical
examples of such submanifolds.

On the other hand, in [7] Nakagawa and Yokote have studied real hypersurfaces
M of S?™*! which satisfy the condition

AF + FA = pF

for a function p and determined such submanifolds under the additional condition
that the scalar curvature is constant, where F' denotes a skew-symmetric endomor-
phism induced from ¢ acting on the tangent bundle 7'M and A the shape operator
of M (see also [10, Theorem 6.2, p.196]).

In this paper we study contact C'R-submanifolds M of maximal contact C'R-
dimension in $?™*1, namely, those with dimD, = n — 1 at each point x € M and
investigate such submanifolds under the condition

WFX,Y) - h(X,FY) = g(FX,Y)C

for a normal vector field { to M, where F' is a skew-symmetric endomorphism
given by (2.3) acting on 7'M and h the second fundamental form on M.
Manifolds, submanifolds, geometric objects and mappings we discuss in this
paper will be assumed to be connected, differentiable and of class C*°.
The present authors would like to express their sincere gratitude to the referee
for his valuable suggestions and encouragements to develop this paper.

2. FUNDAMENTAL PROPERTIES OF CONTACT C']R-SUBMANIFOLDS

Let M be a (2m+ 1)-dimensional almost contact metric manifold with structure
(¢,&,1m, g). By definition it follows that

P*X ==X +n(X)E, ¢€=0, n(@X)=0, n() =1,
9(¢X,8Y) = g(X,Y) —n(X)n(Y), n(X)=g(X,$)

for any tangent vector fields X, Y to M(cf. [1, 10]).

Let M be an (n + 1)-dimensional submanifold tangent to the structure vector
field ¢ of M. If the ¢-invariant subspace D, has constant dimension for any
x € M, then M is called a contact C R-submanifold and the constant is called
contact C R-dimension of M (cf. [1, 5, 6, 8]).

(2.1)
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From now on we assume that M is a contact C'R-submanifold of (n— 1) contact
CR-dimension in M, where n — 1 must be even. Then, as already mentioned in
the previous section, the structure vector ¢ is always contained in Di and qﬁDJ{ C
T,M+* at any point € M. Further, by definition we can see that dimD} = 2
at any point € M, and thus there exists a unit vector field U contained in D+
which is orthogonal to £. Since ¢D+ € TM*, ¢U is a unit normal vector field to
M, which will be denoted by N, that is,

(2.2) N := ¢U.

Moreover, it is clear that ¢T'M C T M @ Span{ N }. Hence we have, for any tangent
vector field X and for a local orthonormal basis {Ny}a=1,..
2m — n) of normal vectors to M, the following decomposition in tangential and
normal components:

(2.3) ¢X = FX + u(X)N,
p
(2.4) ¢No=> PapNg, a=2,...p.
B=2

It is easily shown that F' is a skew-symmetric endomorphism acting on 7, M and
P,3 = —Pgs,. Since the structure vector field § is tangent to M, (2.1), (2.2) and
(2.3) imply

(25) FE=0, FU =0, u(X) = g(U, X), u(§) = (U, &) = n(U) =0,
Next, applying ¢ to (2.3) and using (2.1), (2.2), (2.3) and (2.5), we also have
(2.6) F2X = - X +u(X)U +n(X)¢, u(FX)=0.
On the other hand, it is clear from (2.1) and (2.5) that
(2.7) N = —U,

which combined with (2.4) yields the existence of a local orthonormal basis { N, N,
Ng+}a=1,... ¢ of normal vectors to M such that

(2.8) Ny« :=¢Ny, a=1,---,q:=(p—1)/2.

We denote by V and V the Levi-Civita connection on M and M, respectively,
and by V1 the normal connection induced from V in the normal bundle TM* of
M. Then Gauss and Weingarten formulae are given by

(2.9) VxY =VxY +h(X,Y),
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q
(2.10)  VxN = -AX + VN = —~AX + > {54(X)Na + sq=(X)Na-},

a=1

q
(2.11) VxNg = —AeX — 5a(X)N + > {5a5(X )Ny + sap= (X) Nps },
b=1

q
(2.12)  VxNes = —Ag-X — 50+ (X)N + > {5a25(X)Np + 50+ (X) Ny}
b=1

for any tangent vector fields X,Y to M, where s's are coefficients of the nor-
mal connection V. Here and in the sequel h denotes the second fundamental
form and A, A,, A~ the shape operators corresponding to the normals N, N, N,
respectively. They are related by

(2.13)  h(X,Y)=g(AX,Y)N + Zq:{g(AaX, Y)Ny + g(Ag=X,Y)Ng+}.
a=1

From now on we specialize to the case of an ambient Sasakian manifold M,
that is,

(2.14) Vxé = 6X,

(2.15) (Vx9)Y = —g(X,Y)§ +n(Y)X.

Since the structure vector £ is tangent to M, it follows from (2.1), (2.3), (2.7), (2.8),
(2.11), (2.12) and (2.15) that

(2.16) AgX = —FAg- X + 50+ (X)U, AgeX = FAX — s4(X)U,

(2.17) Sa(X) = —u(Ap=X), S+ (X) =u(AX).
Moreover, since F' is skew-symmetric, (2.16) implies

(218)  g((FAc+ AF)X,Y) = sa(X)u(Y) — sa(Y)u(X),

(2.19) G(FAp + A F)X,Y) = 54+ (X )u(Y) — s+ (Y)u(X).
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Differentiating (2.3) and (2.7) covariantly and comparing the tangential and
normal parts, we have

(2.20) (VyF)X = —g(Y, X)&+n(X)Y — g(AY, X)U + u(X)AY,

(2.21) VxU =FAX, (Vyu)X =g(FAY,X),

where we have used (2.3), (2.7), (2.8), (2.9), (2.10), (2.13) and (2.15).
On the other hand, since ¢ is tangent to M, (2.14) combined with (2.9) and
(2.13) yields

(2.23) n(AX)=g(A{, X) =u(X), e, AE=TU,
(2.24) Al =0, ApE=0, a=2,....q.

If the ambient manifold M is a (2m + 1)-dimensional unit sphere S*™*1, then
its curvature tensor R satisfies

R(X,Y)Z =g(Y,Z2)X — g(X,2)Y

for tangent vector fields X,Y, Z to M. In this case, from (2.3) and (2.4), we can
see that the equations of Codazzi and Ricci imply

(VxAY — (VyA)X Z{sa VALY — 54(Y)AlX

(2.25)
+50+ (X)AgrY — 50+ (Y )Aa X1,
(2.26) (VxAL)Y — (Vy A X = 54(Y)AX — 5,(X)AY + Z{sab )ApY
_Sab(Y)AbX + Sab* (X)Ab*Y — Sab*( )Ab*X}
297y (V)Y =(VyAe)X =50 (V)AX — s ( AY+Z{SQ b(X)ApY
_Sa*b(Y)AbX + Sa*b* (X)Ab*Y — Sa*b*( )Ab*X}
(228) g(Rl(va)NvNOé)+g([AO<7A]X7Y):07 0622,,]9

for any vector fields X,Y tangent to M, where R and R denote the Riemannian
curvature tensor and the normal curvature tensor of M, respectively(cf. [1, 2, 10]).
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3. SoME LEMMAS

Let M be an (n + 1)-dimensional contact C'R-submanifold of (n — 1) contact
CR-dimension immersed in S?"™*! which is considered as a Sasakian manifold of
constant curvature 1 and let us use the same notations as stated in the previous
section.

We assume that the equality

(3.1) WFX,Y) - h(X,FY) = g(FX,Y)C

holds on M for a normal vector field ¢ to M. We also use the orthonormal basis
(2.8) of normal vectors to M and set

q
¢=pN+ Z(paNa + pa*Na*)-

a=1

Then by means of (2.13) the condition (3.1) is equivalent to

(3.2) (AF + FA)X = pFX,
(3.3) (AuF + FA)X = poFX, (ApF + FAp)X = pau FX
for all a = 1,...,q. Moreover, the last two equations combined with (2.18) and

(2.19) yield

(3.3) sa(X)u(Y) = sa(Y)u(X) = pug(FX.Y),

(3.4) S+ (X)u(Y) — s+ (YV)u(X) = paxg(FX,Y),

from which, putting Y = U and Y = £ into (3.4), respectively, and using (2.5), we
obtain

(3.5) $a(X) = sa(U)u(X),  sax(X) = sa= (U)u(X),

(36) Sa(f) = 07 Sa* (5) = 07 a = 17 g
Substituting (3.5) into (3.4), we have

(3.7) pa=0, pw=0, a=1 g



Certain Class of Contact C'R-submanifolds 635

and consequently
(3.8) FAG/+AG/F:07 FAQ*+AQ*F:07 a’:17"'7q

with the aid of (3.3)
As a direct consequence of (3.2) and (3.8), it follows from (2.5), (2.6), (2.17),
(2.23) and (2.24) that

(3.9) AU =AU + €, X = u(AU)
and, fora=1,---,q,
(3.10) AU =u(AU)U = s¢«(U)U, AgrU = u(Ag=U)U = —5,(U)U.

Inserting F'X into (3.2) instead of X and using (2.6), (2.23) and (3.9), we have
(3.11)
—AX+{(A = p)u(X) +n(X)U+{u(X)—pn(X)}{+ FAF X =—pX.

On the other hand, F'D,, = D, at each point x € M, and thus there exists a local

orthonormal basis {Ey}x=1... n+1 = {Ej, Ei=, U, iz ... of tangent vectors to

M such that

(3.12) Ey+«=FFE; i=1,---,1:=(n—-1)/2

Taking the trace of the both side of (3.11) by using this orthonormal basis, we have

(3.13) trA=X+pn—1)/2.

because of YS! {g(FAFE;, E;) + g(FAFE;«, Ep)} = —trA 4 \.
Differentiating (3.9) covariantly and using (2.21), (2.22) and the symmetry of

A, we can easily show that

g(VxA)Y,U)+ g(FAX, AY) = (XMu(Y) + \g(FAX,Y) + g(FX,Y),

from which, taking the skew-symmetric part and substituting (2.25) into the equation
thus obtained,

(3.14) —(24+Mp)g(FX,Y) +29(FAX, AY) = (X Mu(Y) — (Y )u(X)

with the help of (2.17), (3.2) and (3.5). Putting Y = U into (3.14) and using (2.5)
and (3.9), we have

(3.15) (X)) = (UNu(X),
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which together with (3.2) and (3.14) implies
—(2+ M) FX +2(pFAX — FA?2X) = 0.

Applying F' to this equation and using (2.5), (2.6), (2.23) and (3.9), we can easily
obtain

242X — 2pAX + (2+ X)X
(3.16) +H{(Ap =222 — Du(X) +2(p — \)n(X)}U
+2(p — Nu(X) — (Ap+ 4n(X)} =0,
and thus, it is clear that, at a point x € M with p(x) = 0,
A?X + X — {(N 4+ 2)u(X) 4+ M (X)}U — {Du(X) +2n(X)} e = 0.

Therefore, the eigenvalue v corresponding to an eigenvector of A, orthogonal to U
and ¢, satisfies 2 + 1 = 0 which is a contradiction because A is a real symmetric
tensor.

Thus we have

Remark. The function p given by (3.2) takes a value zero nowhere.
Now we prepare some lemmas for later use.

Lemma 3.1. Let M be an (n+1)(n > 3)-dimensional contact C R-submanifold
of (n — 1) contact CR-dimension in S*™ 1. If the equality (3.1) holds on M for
a normal vector field ( to M, then \ determined by (3.9) is constant. Moreover,

(3.17) AU + &) = m(nU + &), AlpU +€) = po(p2U + ),
where p;(i = 1,2) denote the solutions of the quadratic equation
(3.18) p2—=Ap—1=0.

Proof.  Tentatively we denote by G := UM\ in (3.15) and differentiate the
equation thus obtained covariantly. Then, from (2.5), (2.21) and (3.2), we have

(YB)u(X) = (XB)u(Y) + Bpg(FY, X) = 0,

from which, putting Y = U and using (2.5), it follows that (X3) = (UB)u(X)
and so
Bpg(FY,X)=0.
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As already shown in the above remark, p is nowhere vanishing and consequently
B = 0, which together with (3.15) implies that A\ is constant. The last assertion
(3.17) can be easily obtained from (2.23), (3.9) and (3.13). [ ]

Differentiating (3.2) covariantly and using (2.20), (2.23), (3.2) and (3.9), we
have

(VxA)FY + F(VxA)Y +u(Y)A2X +{(\ - p)u(Y) +2n(Y)}AX
HuY) —pn(Y)}X —{g(X,Y) + (A — p)g(AX,Y) + g(AX, AY)}U
—{29(AX.Y) — pg(X,Y)}§ = (Xp)FY,

from which, using (2.5) and the orthonormal basis given by (3.12),

n+1
> 9((VE,AFY, Ey) Zg Vp,A)FE; — (Vrg,A)E;,Y)

(3.19) =l
+trA*u(Y) + rA{(A — p)u (Y) +20(Y)} + nfu(Y) — pn(Y)}

—(A = p)u(AY) — u(A?Y) — 2(AY) = (FY)p.

On the other hand, using (2.5), (2.17), (2.25) and (3.5), we have

n+1 n+1
> 9((VEAFY,E.) =Y g((VeyA)Ey, Ey)
k=1 k=1

and
l

Zg((inA)FEz‘ — (Vrg,A)E;,)Y) =0.

i=1
Moreover, taking the trace of (3.16) with respect to the orthonormal bais (3.12) and
using (2.23), (3.9) and (3.13), we can find

trA2=(n—1)p(p—N)/2+ X2 —n+3.

Substituting these equations into (3.19) and taking account of (2.23), (3.9), (3.13),
(3.16) and Lemma 3.1, we can see that

(n—=3)(FY)p =0,
which together with (2.6) implies
(3.20) (n=3){Yp—u(¥)Up—n(Y){p} = 0.

Thus we have
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Lemma 3.2. Let M be an (n+1)(n > 5)-dimensional contact C R-submanifold
of (n—1) contact CR-dimension in S*™'. If the equality (3.1) holds on M for a
normal vector field ¢ to M, then the function p determined by (3.2) is a non-zero
constant.

Proof. Differentiating (3.20) covariantly and using (2.21), (2.22) and (3.2), we
can easily obtain

(Xa)u(Y) = (Ya)u(X) + (XB)n(Y) = (YB)n(X) + (ap +28)g(FX,Y) =0,

where we have put a := Up and 3 := &p. Putting X = U and Y = £ into this
equation, respectively, and using (2.5), we obtain

Xa=Ua)u(X)+ (UB)n(X), XB=((a)u(X)+ (£8)n(X)
and consequently
UB)n(X)u(Y) = n(Y)u(X)} + (Ea){u(X)n(Y) — u(Y)n(X)}
+(ap+28)9(FX,Y) = 0.

Putting X = £ and Y = U into the last equation and using (2.1) and (2.5), we have
UB = & and so

(3.21) ap+28=0.

On the other hand, differentiating (2.23) covariantly and using (2.21), (2.22) and
(3.2), we have
g((VxA)E,Y) = g(2FAX — pFX,Y),

which together with (2.24), (2.25) and (3.6) implies
9(VEA)X,Y) = g(2FAX — pFX,Y),

Taking the trace of the last equation with respect to the basis (3.12) and using (2.5)
and (3.2), we obtain

n+1 l
> 9((V¢A)E., E) =2 {g(FAE, E;) + g(FAFE,, FE;)}
k=1 i=1

l
=2 {—g(AE;, FE;) + g(AFE;, E;)} = 0,
i=1

and thus £(trA) = 0, which combined with Lemma 3.1 yields § = &p = 0.
Therefore we can see from (3.21) that ap = 0 and consequently a = 0 because
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p takes a value zero nowhere. Hence (3.20) with a = 8 = 0 implies that p is
constant. ]

Finally, differentiating the first equation of (3.10) covariantly and using (2.21),
we have

g((vXAa)Yv U) + g(AaFAXv Y) = X(Sa*(U))u(Y) + Sa*(U)g(FAXv Y),

from which, taking the skew-symmetric part with respect to X and Y and using
(2.26), (3.2), (3.5), (3.9) and (3.10), the last equation turns out to be

Sa(D)u(Y)n(X) = sa(U)u(X)n(Y) + 220 {Sab(X)sp-(U)u(Y)
—8ab(Y)sp+ (U)u(X) = Sap= (X )sp(U)u(Y) + Sap+ (V)6 (U)u(X) }
+g(AFAX,Y) — g(A FAY, X)
= X (50 (U))u(Y) = ¥ (500 (U))u(X) + ps- (U)g(FX, V).

(3.22)

Taking Y = U in (3.22) and using (2.5), (3.9) and (3.10), it follows that

X (0 (U)) = U (U)X + 5a00(X) + 3 lson(X)s0- (1)
s (X)$5(0) = (X {50050 (U) = s (U)s1(U)}).
Inserting the last equation back into (3.22) and using (3.2) and (3.8), we have
—g(FAaAX, Y) — g(FAAaX, Y) + pg(FAaX, Y) = psa*(U)g(FX, Y).
Replacing Y by FY in the last equation and using (2.6), we can easily obtain
g((AgA+ AA)X,Y) = 2X54+ (D) u(X)u(Y) + so+ (U){n(X)u(Y)
52 Fu(X)n(Y)} + p{g(AuX,Y) = 5ax (U)g(X,Y) + sax (U)n(X)n(Y)},

where we have used
u(AaAX) = Sa* (U){)‘U(X) + n(X)}v u(AAaX) = ASg* (U)’U,(X),
N(AAX) = sq+(U)u(X)

which are direct consequences of (2.23), (2.24), (3.5), (3.9) and (3.10).
On the other hand, taking account of (2.10) — (2.12), we can easily see that

g(Rl(X, Y)N,Ne) = (Vxse)Y — (Vyse) X + Z{SQ(Y)SQC(X)

—5a(X)8ac(Y) + 8+ (Y)Sa7e(X) — 80+ (X)Saxc(Y) },
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which combined with (2.28) yields
G(AAX,Y) —g(AAX, Y )+ (Vse)Y — (Vyse) X
(3.24) +Zq:{sa(Y)sac(X) (X)) 5ae(Y)
o (V) s00() — 50 (X) 80 (Y)} 0.
As a direct consequence of (3.5), we have
(Vxsa)V = (Vysa)X = X(5a()u(¥) = ¥ (5a(0))u(X) + psa(V)g(FX, V),
and consequently (3.24) reduces to
G(AAX,Y) = g(AAX,Y) + X (s (0))ulY) = ¥ (5a(U)u(X)
(335 Hp0(FXY)5u0) S A )s0a(X) — 5o (X)s0alY)
s (V)80 (X) — - (X)8pea(¥)} = 0.
Taking Y = U in (3.25) and using (2.5), (2.24), (3.5), (3.9) and (3.10), we have

X(sa(U))u(Y) = U(sa(U))u(X)u(Y) = sa= (U)n(X)u(Y)

— Zq:{sb(Y)sba(X) + sp= (V) sp0 (X)
(U350 (D)X )lY) = s (0 straU (X pu(Y)},
which together with (3.25) implies
9(AAX,Y) — g(A4,X,Y)
= s (U){n(X)u(Y) — n(Y)u(X)} ~ psa(U)g(FX,Y).

Adding (3.23) and (3.26), we obtain

(3.26)

327) 29(AAX,Y) = 2X80+(U)u(X)u(Y) 4 254« (U)n(X)u(Y)
T p{g(AaX,Y) = 50s (D) g(X, V) + 50 (U)n(X)n(Y) = 50(U)g(F X, Y)}

Now, let X be an eigenvector of A, orthogonal to U and &, with the corresponding
eigenvalue v. Then, it follows from (3.27) that

(3.28) (2v — p) A X = —p{sa+ (U)X + s, (U)FX },

and also
(27/ - p)AaFX - _p{sa(U)X - Sa*(U)FX}
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because of AFX = (p— v)FX. Similarly, from the second equation of (3.10) we
can obtain

(2v —p)Ae X = p{54(U)X + s4«(U)F X},
(20— ) AwFX = plse- (U)X — s,(U)FX).

Hence, if the distinguished normal vector field N is parallel with respect to the
normal connection , i.e., V-N = 0, then it is clear from (2.10) that s, = s4+ = 0,
and therefore the above equations imply that A, = 0 and A, = 0 with the help of
(2.24) and (3.10), provided p # 2v.

Thus we have

Lemma 3.3. Let M be as in Lemma 3.1 and let the distinguished normal
vector field N is parallel with respect to the normal connection. If the equality
(3.1) holds on M for a normal vector field ¢ to M and p # 2v, then

Aa:07 Aa*zov a217"'7Q'

4. MAIN REsULTS
We first prepare the following lemma:

Lemma 4.1. Let M be an (n+1)(n > 5)-dimensional contact C R-submanifold
of (n — 1) contact CR-dimension in S*™*1. If the equality (3.1) holds on M for a
normal vector field ( to M, then the shape operator A has 2 constant eigenvalues
{\+ VA2 + 4} /2 of multiplicities 1 and n, or 4 constant eigenvalues

{AEVAZ+4}/2, {p£/p?—2(2+Ap)}/2

of multiplicities 1, 1, (n — 1)/2 and (n — 1)/2, respectively. Moreover, if A has
exactly 2 eigenvalues {\ + V/A\? + 4} /2, then the eigenvalue v corresponding to
an eigenvector of A, orthogonal to U and &, satisfies 2v = p = A+ VA2 + 4 and
vice-versa.

Proof. If we denote by v the eigenvalue corresponding to an eigenvector of A,
orthogonal to U and &, then it is clear from (3.16) that v satisfies

(4.1) 202 — 20+ Ap+2=10

and consequently the shape operator A has at most 4 constant eigenvalues

{AEVAZ+4}/2, {pE/p*—2(2+Ap)}/2
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whose multiplicities are 1, 1, (n — 1)/2 and (n — 1)/2, respectively, with the
help of (3.13). Moreover, if A has exactly 2 eigenvalues {\ + V/A? 4+ 4}/2, then
2v = A+ VA2 + 4, which together with (3.18) and (4.1) implies

MAEVAZ+4+4—p AL VA2 +4}+XAp=0
and hence p = A+ VA2 +4 =20 [ |

In the sense of Lemma 4.1, we first consider the case of p = A+ VA2 + 4 = 2v.
In this case, the shape operator A has exactly 2 constant eigenvalues

pr =+ VAZ+4}/2) po = {A— VA2 +4}/2.

of multiplicities, say 1 and n, respectively. Moreover, since p is a non-zero constant,

(3.5) and (3.28) with p = 2v imply s, = sS4+ = 0, which and (2.10) yield V- N = 0.

It is also clear from (2.25) that A is of Codazzi type because of s, = s4 = 0.
Now, we denote by

Tp:={Xe€TM | AX =X}, k=12

Since A is of Codazzi type and u; # o, we can easily see that the distributions
Ti(k = 1,2) are both involutive and that the integral submanifolds M}, of T}, are
totally geodesic and parallel along T, j # k(cf. [3]). Hence M is locally a
Riemannian product M; x My, where dimM; = 1 and My = n.

In order to investigate the integral submanifolds M}, more precisely, we consider
the Gauss and Weingarten formulae for S?"+! c R?™+2 which are given by

(4.2) VxY = VxY +g(X,Y)N,

(4.3) VN =—X,

where V denotes the Euclidean connection of R2™+2 and N the inward unit normal
to S2™*1. Then it follows from VN = 0 and (4.2) that

(4.4) VxN = —AX

for any vector field X tangent to M.
On the other hand, by means of (3.17) M, is a curve on S?™*! with unit tangent

vector 1
Z = —=—=(mU+¥¢).

Vii+1
Further, using (2.5), (2.21), (2.22), (2.23), (2.24) and (3.9), it follows from (2.9)
that V727 = 1 N. Moreover, it also clear from (2.10) that VN = —yu; Z. Hence
we easily deduce that M belongs to a circle S* on $2™ 1,
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Next, we consider the integral submanifold Ms. Let P be the position vector
of My in R?™*+2 and put

Q=P+ 1+ (2N + N).

Then, for X € T5, we have ﬁxQ = 0 because of AX = s X, (4.3) and (4.4), and
so (Q is a fixed point for Ms. Moreover, it is clear that

1Q =PI = (1 + )™

which means that P belongs to a sphere Sy with radius (1 + u22)_1/ 2 and center
Q.

We consider M, as a submanifold of S?"*1. Since Mj is totally geodesic in
M, it is clear that Ay = 0 where Ay is the shape operator of M, in S2™+1
with respect to the tangent vector Y to M;. This means that the first normal space
(cf. [4]) of M, is contained in Span{N, Ns, ..., N,}.

We now prove

Lemma 4.2. Span {N, N», ..., N} is invariant under parallel translation with
respect to the normal connection D) of M, in S2"+1,

Proof. Since S?™*1 is of constant curvature 1 and V%N = 0, (2.28) implies
g([A, AN]X,Y) = g(R*(X,Y)N,N') = 0

for any normal vector N’ to M. Hence AAn, = An/A and so, for X € Ty we
have An' X € Ty, ie.,

(46) AN/T2 C TQ.
On the other hand, for any vector field X tangent to My, we have
VxNy = —AuX + VEN,.

But V%N, € Span{N, Ns,...,N,} and A,X € T as a consequence of (4.5).
Hence
DN, = VLN, € Span{N, Ns, ..., N, },

which completes the proof. ]

As a consequence of Lemma 4.2 we can apply Erbacher’s reduction theorem
([4, p- 339]) and this yields that M, belongs to a totally geodesic submanifold S(1)
of dimension (dimMy + p) in S?™+1. Therefore M, belongs to the intersection of
this sphere S (1) and the sphere So((1+ p2?)~/2, Q) obtained above. Note that Q
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belongs to the Euclidean space of dimension (dimMs + p + 1) through the origin
and containing S(1). Since dimMs + p is even, we may conclude

Theorem 4.3. Let M be an (n+1)(n>5)-dimensional contact C R-submanifold
of (n — 1) contact CR-dimension in S*™*1. If the equality (3.1) holds on M for
a normal vector field ( to M and p = \ &= /A2 + 4, then M is locally a product
S1 x My, where My belongs to some sphere of odd-dimension.

Finally, we consider the case of p # A\ &= VA2 + 4 under the assumption that
the distinguished normal vector field N be parallel with respect to the normal
connection. In this case, by means of Lemma 3.3 and Erbacher’s reduction theorem
([4, p. 339]), we have

Theorem 4.4. Let M be as in Theorem 4.3 and let the distinguished normal
vector field N be parallel with respect to the normal connection. If the equality
(3.1) holds on M for a normal vector field ( to M and p # X\ £ VA2 + 4, then
there exists an (n + 2)-dimensional unit sphere S™2 which is totally geodesic in
S2mH+L and M c S" 2,

In Lemma 4.4, since the tangent space 7, 5™ 12 of the totally geodesic subman-
ifold S"*2 at x € M is T, M @ Span{N}, S"*2 is an invariant submanifold of
52m+1 because of (2.2) and (2.3). Therefore M can be regarded as a real hypersur-
face of S™*2 which is a totally geodesic invariant submanifold of S?"+!. Hence,
under the assumptions stated in Lemma 4.4, Lemma 4.1 implies that M is a real
hypersurface of an odd-dimensional unit sphere S™2 whose shape operator A has
exactly 4 constant eigenvalues of multiplicities 1,1, (n — 1)/2, (n — 1)/2, respec-
tively. Thus a theorem of Takagi [9](see also [10, Example 1.1, p. 159] and [7,
Theorem 4.1, p. 239]) implies

Theorem 4.5. Let M be an (n + 1)(n > 5)-dimensional contact CR-
submanifold of (n — 1) contact CR-dimension in S*™ 1 and let the distinguished

normal vector field N be parallel with respect to the normal connection. If the
equality (3.1) holds on M for a normal vector field ¢ to M and p # XA+ V> + 4,
then M is locally a hypersurface M'(n + 1,t) of S"*? defined by

k

M'(n+1,t):={(z1,..., % e(CkHZZQQ Zzﬁ

=1

where k := (n+3)/2.

Combining Theorem 4.3 and Theorem 4.5, we have
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Theorem 4.6. Let M be an (n + 1)(n > 5)-dimensional contact CR-
submanifold of (n — 1) contact C R-dimension in S*™*1 and let the distinguished
normal vector field N be parallel with respect to the normal connection. If the
equality (3.1) holds on M for a normal vector field ( to M, then M is locally one
of the following:

(1) a product S* x My, where My belongs to some sphere of odd-dimension.
2) a hypersurface M'(n + 1,t) of S™t2 given in Theorem 4.5.
yp g

10.

REFERENCES
. A. Bejancu, Geometry of C R-submanifolds, D. Reidel Publishing Company, Dor-
drecht, Boston, Lancaster, Tokyo, 1986.
B. Y. Chen, Geometry of submanifolds, Marcel Dekker Inc., New York, 1973.

. A. Derdzinski, Some remarks on the local structure of Codazzi tensors, Lecture Notes
in Math., Vol. 838, 251-255, Springer-Verlag, Berlin, 1981.

. J. Erbacher, Reduction of the codimension of an isometric immersion, J. Differential
Geom., 5 (1971), 333-340.

J.-H. Kwon and J. S. Pak, On some contact C'R-submanifolds of an odd-dimensional
unit sphere, Soochow J. Math., 26 (2000), 427-439.

. H. S. Kim and J. S. Pak, Certain contact C'R-submanifolds of an odd-dimensional
unit sphere, Bull. Korean Math. Soc., 44 (2007), 109-116.

H. Nakagawa and 1. Yokote, Compact hypersurfaces in an odd dimensional unit
sphere, Kodai Math. Sem. Rep., 25 (1973), 225-245.

. J. S. Pak, J.-H. Kwon, H. S. Kim and Y.-M. Kim, Contact C'R-submanifolds of an
odd-dimensional unit sphere Geom. Dedicata, 114 (2005), 1-11.

R. Tagaki, A class of hypersurfaces with constant principal curvatures in a sphere,
J. Differential. Geom., 11 (1976), 225-233.

K. Yano and M. Kon, CR submanifolds of Kaehlerian and Sasakian manifolds,
Birkhauser, Boston, Basel, Stuttgart, 1983.

Hyang Sook Kim

Department of Computational Mathematics,
School of Computer Aided Science,
Institute of Basic Science,

Inje University,

Kimhae, 621-749,

Korea

E-mail: mathkim@inje.ac.kr



646 Hyang Sook Kim and Jin Suk Pak

Jin Suk Pak

Department of Mathematics Education,
Kyungpook National University,
Daegu 702-701,

Korea

E-mail: jspak@knu.ac.kr



