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THE HYPER ORDER OF SOLUTIONS OF SECOND ORDER
DIFFERENTIAL EQUATIONS AND SUBNORMAL
SOLUTIONS OF PERIODIC EQUATIONS

Zong-Xuan Chen and Kwang Ho Shon

Abstract. In this paper, we obtain a precise estimation of the hyper order
of solutions for a class of second order linear differential equations, and in-
vestigate the condition of the existence of nontrivial subnormal solution for
a class of second order periodic equations. These results generalize the re-
sults of Gundersen, Steinbart [5] and Wittich [10]. Our methods of proofs are
different from the methods applied in [5, 10].

1. INTRODUCTION AND RESULTS

Consider the second order homogeneous linear periodic differential equation
(1.1) "+ Po(e®) f'+ Qo(e?)f =0

where Fy(¢) and Qo(¢) are polynomials in ( = e* (z € C) and are not both
constant. It is well known that every solution f of (1.1) is an entire function.

In this paper we will use standard notations from the value distribution theory
of meromorphic functions (see [8, 9, 11]). We suppose that f(z) is a meromorphic
function in whole complex plane C. The Nevanlinna characteristic of f(z), denoted
by T'(r, f), i.e.

T(r,f):m(r,f)—f—N(r,f)

where

N(r, f)= /07‘ n(t, /) ; n(o, f)dt +n(0, f)logr

Received January 20, 2007, accepted June 26, 2008.

Communicated by Yingfei Yi.

2000 Mathematics Subject Classification: 30D35, 34M10.

Key words and phrases: Periodic differential equation, Subnormal solution, Hyper order.

Project was supported by the Brain Pool Program of Korean Federation of Science and Technology So-
cieties (No. 072-1-3-0164) and by the National Natural Science Foundation of China (No. 10871076)
and by KOSEF, 2004, Project No. F01-2004-000-10262-0.

611



612 Zong-Xuan Chen and Kwang Ho Shon

is the pole-counting contribution, where n(r, f) is number of poles of f, including
multiplicities, for |z| < r. The proximity function m(r, f) is given by

1 27 )
nMﬁ:%Ak@ww%e

where log™ 2 = max{0,logx} for all z > 0. In addition, we denote the order of
growth of f(z) by o(f), and also use the notation o2(f) to denote the hyper-order
of f(z), is defined as
— loglogT
oo(f) = Trm 128108 (r,f)

T—00 logr

Suppose f # 0 is a solution of equation (1.1). If f satisfies the condition
— logT
(1.2) i 18T f)

T—00 'S

:07

then we say that f is a nontrivial subnormal solution of (1.1) (see [5, 10]).
Wittich [10] investigated the subnormal solution of (1.1), and obtained the form
of all subnormal solutions in the following theorem.

Theorem A. If f(# 0) is a subnormal solution of (1.1), then f must have the
form

(1.3) f(2) = e“(ho + h1€® 4 - - - 4 hype™)
where m > 0 is an integer and ¢, hg, - - - , h,, are constants with hg # 0 and h,,, # 0.
Gundersen and Steinbart [5] refined Theorem A and got the following theorem.

Theorem B. Under the assumption of Theorem A, the following statements
hold.

(i) If deg Py > deg Qo and Qo # 0, then any subnormal solution f # 0 of (1.1)
must have the form

(14) F2) =3 et
k=0

where m > 1 is an integer and hq, h1, - - - , h;, are constants with hg % 0 and
hpm # 0.

(ii) If Qo = 0 and deg Py > 1, then any subnormal solution of (1.1) must be a
constant.

(iii) If deg Py < deg Qo, then the only subnormal solution of (1.1) is f = 0.
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For the subnormal solution, we are only interested in the non-trivial subnormal
solution. Theorem B show that if deg Py < deg g, then (1.1) must have no a
non-trivial subnormal solution. But if deg Py > deg g, then Theorem B shows
that any non-trivial subnormal solution must have the form (1.4).

Thus three natural questions are:

(i) What condition will guarantee that (1.1) does not have a non-trivial subnormal
solution under the condition deg Py > deg Qy?

(ii) What condition will Py and Q) satisfy if (1.1) has a non-trivial subnormal
solution under the condition deg Py > deg Qy?

(iii) What can be said about the growth of all other solutions of (1.1) except
subnormal solutions?

In this paper, we investigate more general equations than (1.1), and get the
following theorems 1 and 2. For more general equations (1.7) and (1.8), we prove
that all solutions satisfy o2(f) = 1. Applying these results to periodic differential
equation (1.1), we obtain the following theorem 3 and corollaries 1 and 2. These
results answer the above three questions. Theorem 3 shows that any one of three
additional hypotheses (i)-(iii) in Theorem 3 guarantees that (1.1) has no non-trivial
subnormal solution. Corollary 1 shows that if (1.1) with n > s, has a non-trivial
subnormal solution, then the constant terms cg, dg of Py, Qo must satisfy (1.10).
Corollary 2 gives a precise estimation of growth of all other solutions of (1.1) except
subnormal solutions, and shows that, for any two linearly independent solutions of
(1.1), at least one of them satisfies oo(f) = 1.

These results generalize the results of [5, 10]. Our methods of proofs are also
different from the methods applied in [5, 10].

Now we let polynomials

1

(1.5) aj(z) = ajd].zdf + aj(d]._l)zdf_ + -+ ajz+aj, (j=0,1,---,n);

(1.6) bi(2) = bm, 2™ + bk(mk_l)zm’“_l + -4 bpiz 4+ bro, (k=0,1,---,5),

where d; >0, mp >0 (j=1,---,n, k=1,---,5) are integers, ajq;, -, ajo;
bkmy,, -+ bko are constants, ajq; # 0, brm, # 0.

Theorem 1. Leta,(2), - ,a1(2),bs(2), -, bi1(z) be polynomials and satisfy
(1.5) and (1.6), and a,(2)bs(z) # 0. Suppose that

P(e®) = an(2)e™ + -+ a1(2)e®, Q) = bs(2)e** + -+ -+ bi(z)e”.
If n # s, then every solution f(# 0) of equation
(1.7) F" 4+ PN+ Q) f =0



614 Zong-Xuan Chen and Kwang Ho Shon

satisfies oo(f) = 1.

Theorem 2. Let ay,(

Dy a1(2),0(2),ba(2), -+ ba(2), bo(2) be polynomi-
als and satisfy (1.5) and (1 )

.6), and a,(2)bs(z) # 0. Suppose that
P*(e*) = an(2)e™*+ - +ai(z)e*+ap(z), Q(e*)=bs(z)e™+ - +b1(2)e*+bo(2).
If n < s, then every solution f(# 0) of equation
(1.8) "+ P [ +Q(e*)f =0
satisfies oo(f) = 1.
Theorem 3. Let
(1.9) Py(e®)=cpe™+- -+ c1e°+co, Qo(e*)=dse’*+- - +die” +dy, cp,ds=0,

where cj, di (j = 0,1,---,n; k=0,1,---,s) are constants. Suppose that P
and Qg satisfy any one of the following three additional hypotheses:

(i) s>m;
(ii) n > s and co = dy = 0;

2

(iii) m > s and equation x* — cox + do = 0 has no positive integer solution.

Then (1.1) has no non-trivial subnormal solution, and every non-trivial solution f
satisfies oo(f) = 1.

Corollary 1.  Suppose that Py(e?) and Qq(€?) satisfy (1.9) andn > s, ¢y =
co1 + coot and  dg = do1 + dgat, where co1, co2, doi, doo are real constants. If
(1.1) has a non—trivial subnormal solution, then cy and dy satisfy

{ dp2 = coam

(1.10)
m? — coym +dp1 =0

where m is a positive integer and m > n — s.

Wittich [10] showed that of any two linearly independent solutions of (1.1) at
most one of them can be subnormal. By the result of Wittich, we can get the
following corollary 2.

Corollary 2. Suppose that Py(e*) and Qo(e?) satisfy (1.9). If f1 and fo are
two linearly independent solutions of (1.1), then at least one of f1 and fa, say fs,

satisfies o3(f2) = 1.
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Example 1. The equation
" 1 3z 1 z / z
r + — =4+ —e*+2 [ +ej= 0

has a subnormal solution fy = e~2% — 1, and all subnormal solutions must have the

form f = cfy where c is any constant. Here ¢y = 2 and dg = 0, the equation
2 —
z°—cor+dy=0
has a positive integer solution x =2 =m =n — s.
Example 2. The equation

f//+(_e2z+2)f/+(ez+1)f:0

has a subnormal solution fy = e™* — 1, and all subnormal solutions must have the

form f = cfy where c is any constant. Here ¢y = 2 and dy = 1, equation
2 —22+1=0

has a positive integer solution x =1 =m =n — s.

2. LEMMAS FOR PROOFS OF THEOREMS

Lemma 1. [7]. Let f(z) be an entire function and suppose that |f*)(z)| is
unbounded on some ray arg z = 0. Then there exists an infinite sequence of points
Zn = e (n=1,2,...), where 1, — oo, such that f*)(z,) — co and

f(j)(zn)

(2.1) ()

< |z (140(1) (j=0,...,k—1).

Lemma 2. [6]. Let f be a transcendental meromorphic function with o(f) =
o < oo. Let H = {(k1,j1), (k2,J2), ..., (kq, Jq)} be a finite set of distinct pairs
of integers that satisfy k; > j; > 0, fori = 1,...,q. And let € > 0 be a given
constant. Then there exists a set E C [0,27) that has linear measure zero, such
that if 1 € [0,27)\E, then there is a constant Ry = Ry(¢)) > 1 such that for all
z satisfying arg z = ¢ and |z| > R and for all (k,j) € H, we have
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Remark 1. Obviously, in Lemma 2, if ¢» € [0,27)\F is replaced by ¢ €
[—Z,25)\ E, then (2.2) still holds.

Lemma 3. [2]. Let f(z) be an entire function with o(f) = 0 < co. Suppose
that there exists a set E C [0,2m) that has linear measure zero, such that for any
ray arg z = 0 € [0,2m)\E, | f(re?)| < Mrk(M = M (o) > 0 is a constant and
k(> 0) is a constant independent of 0y, then f(z) is a polynomial with deg f < k.

Lemma 4. [1]. Let A, B be entire functions of finite order. If f(z) is a solution
of the equation

(2.3) f"+Af'+Bf =0,
then oo(f) < max{o(A),o(B)}.

Lemma 5. [3]. Let g(z) be an entire function of infinte order with the hyper-
order 03(g) = o and let v(r) be the central index of g. Then
— logl
(2.4) o loglogy(r)

r—oo  logr

Using a similar proof as in the proof of Remark 1 of [1], we can obtain the
following lemma 6.

Lemma 6. Let f(z) be an entire function of infinite order with o2(f) = a (0 <
a < o0) and a set E C [1,00) have finite logarithmic measure. Then there exists
{21, = ree®%} such that |f(z)| = M(ry, f), Ok € [-5, 2F), limy_.o0 O = O €
[-Z, 35), ri & E, r, — oo, and such that

(i) if o2(f) = a (0 < a < o0), then for any given 1 (0 < g1 < ),

(2.5) exp{ry '} <v(r) < exp{rg”LEl};

(ii) if o(f) = oo and o2(f) = 0, then for any given e5 (0 < €2 < 1) and for
any large M (> 0), we have as ry, sufficiently large

(2.6) ril < v(ry) < exp{r?}.

Proof. By Lemma 5, o(f) = oo and o2(f) = «, we have

1 — logl
T 108Yr) _ o g loslos(r) e < oo
r—oo logr r—oo  logr
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There is a sequence {r }(r}, — 0o) satisfying

1 f log1 f
lim ogV(?;k) oo, lim 18 ogvl(?“k) W
r—oco logry r—oo  logry

Set the logarithmic measure of F, ImFE = § < oo. Then there is a point r; €
[, (0 4+ 1)r ]\ E. Since

loglog v(ry) S loglogv(r,)  loglogu(ry)
= " log(d+1)+’
log 7 log[(6 + 1)ri]  logr)[1 + %ﬁg)]
we have
I log1
(2.7) lim 7ogl/(rk) =00, lim 08 08 VATk) og (1) =«
rr—oo  log Tk rr—oo  logryg

Now we take zj, = rxe'* and 0), € [-Z, 2), such that | f(z;)| = M(rg, f). Thus
there exists a subset of {0}. For convenience, we still suppose that the subset is
{01 }. Then it satisfies limg oo Ox = 0 € [—75, 37”) Thus we easily obtain (2.5)

and (2.6) by (2.7), i.e. (i) and (ii) hold.

Lemma 7. [6]. Let f be a transcendental meromorphic function and let o > 1
be a given constant. Then there exists a set E C (1,00) with finite logarithmic
measure and a constant B > 0 that depends only on « and i,j (0 < i < j < 2),
such that for all z satisfying |z| = r ¢ [0, 1] J E, we have

19| _ o (Tiar, f)
g <2 (75

(2.8) (log®r) log T (ar, f))j_Z .

Remark 2. From the proof of Lemma 7 (i.e. Theorem 3 in [6]), we can see
that the exceptional set E satisfies that if a,, and b, (n,m = 1,2,---) denote all
zeros and poles of f respectively and if O(a,,) and O(b,,) denote sufficiently small
neighborhoods of a,, and b,, respectively, then

E= {\z\ Lz € (pj O(an)> U (pj O(bm)> } .

Hence, if f(z) is a transcendental entire function, and z is a point that satisfies
| f(2)| is sufficiently large, then (2.8) holds.

Lemma 8. [4] Let equation

’U)(k) + ak_lw(k_l) 4+ .-+ agw = 0
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be satisfied in the complex plane by linearly independent meromorphic functions
fi,--+, fi. Then the coefficients a; (j = 0,---,k — 1) are meromorphic in the
plane satisfying the properties

m(r, a;) = Ofloglmax(T'(r, fs) : s =1,--- ,k)]}.

Lemma 9. [9, p. 5]. Let g: (0,+00) — R and h:(0,4+00) — R be monotone
increasing functions such that g(r) < h(r) outside of an exceptional set E of

finite logarithmic measure. Then, for any o > 1, there exists ro > 0 such that
g(r) < h(ar) holds for all r > r.

3. PROOF OF THEOREM 2

Suppose that f(# 0) is a solution of (1.8), then f is an entire function. Since
o(P*) = o(Q*) =1, by Lemma 4, we see that

(3.1) o2(f) < max{o(P), o(Q")} = L.

By Lemma 7, we see that there exist a subset £ C (1, co) having logarithmic
measure [mE < oo, and a constant B > 0 such that for all z satisfying |z| = r ¢
[0,1] | E, we have

f"(z) f'(2)
f(z) f(2)

Taking z = r, by (1.5) and (1.6), we obtain that for sufficiently large r

(3.2) < B[T(2r, f)]?, < B[T(2r, )]

(3.3) |P*(2)| = |an(r)e™ + - -4 ai(r)e” + ao(r)| < 2]ang, |r¥e™ (1 + o(1));

1
(3.4) |Q"(2)| = |bs(r)e’ + -+ br(r)e" + bo(r)| > §\bsms\rmsesr(1 +0o(1)).
Now taking z = r ¢ [0, 1] |J E, by (1.8) and (3.2)-(3.4), we deduce that

b o6 (14 o(1)
<1-@@I= |2 P

BIT(2r, /) + 2|and, |[r™e™ BT (2r, /)*(1+ o(1))

f'(2)
f(2)

(3.5)

IN

IN

AB[T(2r, f)]P|ang, |r4e™ (1 + o(1)).
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By (3.5), we get when z =r ¢ [0,1] | J F;
(B:6)  Hlbu e (1 4+ 0(1) < ABITr, )Plana, ™ (1+ o(1)).

Since s —n > 0, by (3.6) and Lemma 9, we get

(3.7) oo(f) > Tim loglog T'(r, f)
r— oo logr
rgo1U B

=1.
By (3.1) and (3.7), we have o2(f) = 1. Thus Theorem 2 is proved.

4. PROOF OF THEOREM 1

If s > n, by Theorem 2, we have oo(f) = 1.
Now we suppose n > s. Suppose that f( 0) is a solution of (1.7), then f is
an entire function.

First step. We prove that o(f) = co. If f is a polynomial, then we take z = r,
by observing the growth of the left side of (1.1), we can obtain a contradiction.
Now we assume f is transcendental with o(f) = 0 < 0.

By Lemma 2 and Remark 1, we know that for any given £ > 0, there exists a
set E C [-Z, 3%) having linear measure zero, such that if ¢ € [-F, 3%)\E, then
there is a constant Ry = Ro(%)) > 1 such that for all z satisfying argz = 1) and
|z| =1 > Ry, we have

f"(2) 1"(z) I(z)
f'(2) f(z) f(z)

Now we take a ray argz = 0 € (=5, §)\E. Then we have cosf > 0. We
assert that | f/(re?)| is bounded on the ray argz = 6. If |f'(re??)| is unbounded
on the ray arg z = 6, then by Lemma 1, there exists a sequence {z, = rqew} such
that as r; — oo,  f’(z4) — oo and

f(zg)
f'(zq)

f"(z)

o—14¢

f— )

ra—l—f—e'

(4.1)

r2(0—1+5)7 ‘fl(z)

(4.2)

<1e(1+0(1)).

By (1.7), we get that

— (an(2g)e™™ + -+ + a1(zg)e™)
(4.3) B f”(Zq)
- f'(2q)

f(2q)
f'(zq) '

+ (bs(zg)e™ + - - -+ b1(2q)€™)
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Since when r; — oo,
|an(zq)e™ + - - + a1(zg) ™|

> Jan(zq)e™ | - |

= [ana, [ (1 -+ o(1))em o>

A1 (zq)e(n—l)zq

oo fan (zg)e)

(4.4)
- [\an_l,dn_l\rg"_le(”_l)rq c0sf(1 4 0(1))
o fana [P (1 o(1))ene e
= |ana, [ (14 0(1))e™ 15 (1 4 o(1))
and

(45)  |bs(zg)e™ + - -+ bi(zg)e™| < by, |ry=e 10 (1 4 o(1)),
by substituting (4.1), (4.2), (4.4) and (4.5) into (4.3), we obtain that
(4.6) ‘andn‘rdnenrq cosé’(l + 0(1)) S ‘bsms‘rgnsesrq cosé’rq(l + 0(1)) + Tg_H—E.

By n > s, we know that when r; — oo, (4.6) is a contradiction. Hence when
argz = 0 € (—Z,2)\E, we have |f'(re?’)| < M, so, on the ray argz = 0 €
(_%7 %)\Ev

(4.7) |f(re?)| < M.

Now we take a ray argz = 0 € (Z,3E)\E, then cosf < 0. We assert that
|f"(re?)| is bounded on the ray arg z = 6. If | f”(re?)| is unbounded on the ray
argz = 0, then by Lemma 1, there exists a sequence {z, = r,¢} such that as
rg — 00, f"(z4) — oo and

f'(29)
f"(2q)
By (1.7), we get that

f(2q)
f"(zq)

(4.8) < ry(1+0(1)), <rZ(1+o(1)).

- = f///(zq) (an(ZQ)enzq +oeee al(z(J)ezq)
(4.9) f ;Z))
ey (o)™ o hg)e)

Since when r; — oo,

|an(zq)e"™ + - - -+ a1(zg)e™|
(4.10)
< ‘andn‘rfjnenm cosé’(l + 0(1)) 4+t ‘aldl‘r;herq COSG(l + 0(1))
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and

|bs(2g)€™0 + -+ - + b1(zq) €™
(4.11)
< |bgm, [0 €3 (14 0(1)) 4+ -+ |bigm, [ €00 (1 + o(1)).

Substituting (4.8), (4.10) and (4.11) into (4.9), we obtain that
1< rg(1+0(1) [[ana, [rde™™s 0 (14 o(1))

+-- 4 \aldl\r;llerq Cose(l + 0(1))}
(4.12)
21+ 0(1)) [[bam, [T (1 + 0(1))

A by g te™ Cose(l + 0(1))} )

Since cos 6 < 0, when rq — 00, by (4.12), we get 1 < 0. This is a contradiction.
Hence |f”(re?)] < M on the ray argz = 6 € (Z,3Z)\E. So, on the ray argz =
0 € (%,35)\E, we have

(4.13) |f(re?)| < M2

Since the linear measure of E'( J{—%, T} is zero, by Lemma 3, (4.7) and (4.13),
we know that f(z) is a polynomial. This contradicts our assumption that f(z) is
transcendental. Therefore o(f) = oo.

Second step. We prove that oo(f) = 1. By Lemma 4 and o(P) = 0(Q) = 1,
we see that

(4.14) oo(f) < max{o(P), o(Q)} = 1.

Set oo(f) = a, then o < 1. We assert that « = 1. Now we assume that o < 1
and prove that o9(f) = a < 1 is failing.

By the Wiman-Valiron theory (see [9, p.51]), there is a set £ C (1, 00) having
logarithmic measure ImE; < oo, such that we can choose a z satisfying |z| = r ¢
[0,1]UE; and |f(2)] = M (r, f), then we get

f9E) ()Y .
(4.15) f(z) —< . ) (1—1—0(1)), 7 =12,

where v(r) is the central index of f(z).
By Lemma 6, we see that there exists a sequence {z = rkewk} such that
|f(zi)| = M(ri, ), O € [-5, 35), lim Oy = 0y € [-5, 35), rp & [0,1] UE1, r&
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— 00, and if o > 0, then for any given £; (0 < &1 < min{e, 1 — «}) and for
sufficiently large r, we get by (2.5) that

(4.16) exp{ry "'} <wv(r) < exp{rg+51}.

If a = 0, then by o(f) = oo and (2.6), we see that for any given g2 (0 < g2 < 1)
and for any sufficiently large M > 0, we have for sufficiently large rp,

(4.17) ril < v(ry) < exp{r?}.

Since fy may belong to (—%, Z), or (%, 27), or {—%, 2}, we divide this proof

into three cases to prove.

Case 1. Suppose 0y € (—5,%). By cosfly > 0 and 6 — 6y, we see that for
sufficiently large k, we have cos 6 > 0. By (1.7) and (4.15), we get for sufficiently
large rp,

f/(zk) nz z f”(zk)
— an(2k)e"* + -+ ar(zg)e™*) = ——=+(bs(2) e + - - + b1 (z1)e™*)
and
I/(rk) \an(zk)\e”r’“ cos@k(l + 0(1))
(4'18) V2(r/€) 513, cos 0
< — (L4 0(1)) + [bs(ze)|e”™ 7 (1 + o(1)).
k

If « > 0, then by (4.16) and (4.18), we get for sufficiently large r,

exp{r ™y an (z2) [ % (1 4 o(1))
(4.19)
< exp{2r Y [bu(2) | 0 (1 + o(1),

Since n > s, a+¢1 < 1 and cos 8, > 0, we see (4.19) is a contradiction. If « =0
then by (4.17) and (4.18), we get for sufficiently large ry,

il Han (zk) € 5% (1 + o(1))
(4.20)
< exp{QTZQ}r,f\bs(zk)\esrk Cosek(l + o(1)).

Since n > s, €9 < % and cos 0 > 0, we see (4.20) is also a contradiction.

Case 2. Suppose 0y € (T, 37”) By cosfy < 0 and 0, — 0y, we see that for

sufficiently large k, we have cosf, < 0. By (1.7), (4.15) and cos 0 < 0, we get
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for sufficiently large rg,

onz k) ()
fa)  fa)

+ (bs(Zk)e_(n—S)Zk 4+t bl(zk)e_(”_1)2k>

(an(zk) +- a1(zk)e_(”_1)z’“>

and
VQ(gk)e—nrk cos&’k(l + 0(1))
Tk
(4.21) < (lan(zp)|+ -+ ‘al(zk)‘)e—(n—l)rkc%@kM(l +0(1))

Tk
+([bs(z)| 4 - -+ b (zi)Je™ IOk (1 4 0(1)).

By (4.16) and (4.21) (if « > 0), or (4.17) and (4.21) (if « = 0), we get for
sufficiently large ry, respectively,

exp{ 27 }r2e Tk 080k (1 4 o(1))
(022) < (a0l + -+ far () e e exp i)

+(Ibs(z)| + -+ br(zi)Je "I (1 4 0(1))  (if @ > 0)
or

e ottt o(1))
(423) < (Jan(ap)l + - o (s0) e exp (o2}

+([bs(z)| 4 - -+ br(zi)Je " TIHO(L 1 0(1)) (if @ = 0).

Since ai, - - -, an, b1, - -, bsare polynomials, a+e; < 1 (ores < %) and —nry, cos 0y
> —(n — 1)rg cos @ > 0, we see that both (4.22) and (4.23) are absurd.

Case 3. Suppose that 0y = 5 or fp = —F. Since the proof for 6y = —F

2
is the same as the proof for 0y = 7, we only prove the case that fp = 7. Since
O — 0o, for any given €3 (0 < €3 < 75), we see that there is an integer K (> 0),
as k> K, 0p¢cl[f—e3 5 +e3],and

(4.24) zk:rkew’“eﬁz{z:g—eggargz§g+€3}.

By Lemma 7, we see that there exist a subset Eo C (1, 00) having logarithmic
measure [mFEs < 0o, and a constant B > 0 such that for all z satisfying |z| = r ¢
[0,1] | E2, we have

f"(z)

(4.25) o

1 < BIT(r )]
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Now we consider the property of f(re’) on a ray arg = 6 € Q\{3}. If
0 €[> —e3, I), then cosf > 0. We assert that | f/(re”)| is bounded on the ray
arg z = 0. If | f'(re?)| is unbounded on the ray arg z = 6, then by Lemma 1, there
exists a sequence {u; = R;e} such that as R; — oo,  f'(u;) — oo and

f(uy)
f'(uy)

Since Remark 2 and f'(uj) — oo, we know that |u;| = R; ¢ E>. By (4.25), we
have for sufficiently large j,

(4.26) < Rj(1+o0(1)).

f"(uj)
[ (uj)

Since ay, - - -, a, are polynomials, by (1.7), (4.26) and (4.27), we deduce that for
any given g4 (0 <eg <1—a)

5 lan(u) | =01+ (1))

(4.27) < B[T(2R;, )%

< an(uj)e™ + -+ a1 (uj)e™|

1!
(4.28) Py e ot by (e | | L)
< BIT(2R;, f))]? + [[bs(uwj)| + - -+ b1 ()] €75 R (1 + o(1))
a+te
< T [Jba(ug) + o+ [ba ()] €T SO R (1 + o(1)).
Sincen > s, a+¢4 < 1 and by, ---,bs are polynomials, we know that when

Rj — o0, (4.28) is a contradiction. Hence | f/(re')| is bounded on the ray arg z =
0 €% —e3 Z). Set|f/(re”)| < M, then on the ray argz = 0 € [T — 3, T)

(4.29) |f(re?)| < Mr.
If 0 € (3,2 + 3], then cos® < 0. We assert that | f”/(re®)| is bounded on the

ray arg z = 6. If | f”(re?)| is unbounded on the ray arg z = 6, then by Lemma 1,
there exists a sequence {u} = Rjeze} such that as R} — oo, f"(u}) — oo and

f'(uj)
f"(u3)

fuj)
f"(u3)

(4.30) < Ri(1+o0(1)), < (R})*(1+ o(1)).

Since cosf < 0 and ay,- -, ay, by, -, bs are polynomials, by (1.7) and (4.30), we
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deduce that as R;*» — 00

*\ _nut *\ ut f/(u*)
S fanlig)e™ ook e | 2
+ |bs(uf)e”™ 4 - -+ by (uj)e"s 7]“//( j*)
(4.31) 7(5)
< {lon (@)l 4o fan ()1} B (1 + (1))
() €75 0 o ()| (R (1 + 0(1))
— 0.

Thus (4.31) is a contradiction. Hence | f”(r¢')| is bounded on the ray arg z = 6 €
(%, Z +e3). Set |f"(re??)| < M, then on the ray argz =0 € (5, % + €3]
(4.32) |f(re?)| < M2
By (4.29) and (4.32), we see that | f(re?)| satisfies on the ray argz = 0 €
N{Z}
(4.33) |f(re?)| < M2

But since f(z) is of infinite order and every point z;, of {2z = 7€} satisfies
|f(zr)| = M (rg, f), we see that for any large N (> 2), as k sufficiently large,

(4.34) [f(z)| = | (rie®)| > exp{ry'}.
Since 21, € Q, by (4.33) and (4.34), we see that for sufficiently large k
T

Thus cos @, = 0 and
(4.35)  |an(zx)e™*F 4+ - +ay(zr)e"| <r¢, |bs(zx) e+« -+b1(2) | <r¢,

where C' (> 0) is some constant. By (1.7) and (4.15), we obtain that

- (422)" (o)) = (e an(ae) L (14 o)

(4.36)
+ (bs(zx) e + -+ + b1 (zx)e™).

By (4.35) and (4.36), we obtain that

(4.37) v(rg) < 3r¢.

By (4.16) (or (4.17)), we see that (4.37) is a contradiction. Theorem 1 is thus

proved.
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5. PROOF OF THEOREM 3

By Theorems 1 and 2, we know that if Py, Qg satisfy (i) or (ii), then all solutions
of (1.1) satisfy oo(f) = 1. Thus by Theorems A and B, we know that if Py, Qo
satisfy (i) or (ii), then (1.1) has no nontrivial subnormal solution.

Now suppose Py and (g satisfy (iii) and fy is a non-trivial subnormal solution
of (1.1), by Theorem B, we see that as n > s > 1, fy must have the form

(5.1) fo(z) =ho+hie 4+ -+ hype ™,

where m > 1 is an integer and hg, - - - , h,, are constants with hg # 0 and h,,, # 0.
Substituting (5.1) into (1.1), we get

hie * + 2%hge % + - -+ m?hype ™
— [cnhle(”_l)z +enrhie™ 2% 4 cghie™
+2¢,hoe "2 £ 9¢, _1hee" 32 o 4 2cghge 2
4.
+menhme™ ™% 4 mep_1hme™mE 44 mcohme_mz]
o2 +[dshoe®® + dg_1hoe* V% + - 4+ dohg
Fdghi eV 4 dy 1 hie* P 4 dohye
4.
Fdshyn e ™™ 4 dy by e 4 g dghy,eT™]
=0
Taking z = —r, by observing the growth of the left side of (5.2) and noting that

hm # 0, we see that the sum of coefficients of all terms containing e~™* must
equal to zero, i.e.

(5.3) m? — com + dy = 0.

Since m is a positive integer, (5.3) contradicts our assumption that equation z? —

cor + dg = 0 has no a positive integer solution. Hence (1.1) has no non-trivial
subnormal solution.

Now suppose f is a non-trivial solution of (1.1), then we see that f is not
subnormal by the above results. Thus we have

— logT
r—00 r

By (5.4), we have o3(f) > 1. Combining Lemma 4, we get oo(f) = 1.

(5.4) = M,(0< M < ).
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6. PROOFS OF COROLLARIES 1 AND 2

Proof of Corollary 1. Suppose that f is a non-trivial subnormal solution of
(1.1), then by n > s and Theorem 3, we see that there exists a positive integer m,
such that

(6.1) m? — (co1 + cozi)m + (do1 + dozi) = 0.

Thus we can easily obtain (1.10) from (6.1). If m < n—s, i.e. n—m > s, by taking
z = r and observing the growth of the left side of (5.2) and noting ¢,, # 0, since
(n=1r>mn-=2)r>--->(n—m)r > sr,weobtain hy = hy =---= hy, =0.
This contradicts h,, # 0. So, m > n — s.

Proof of Corollary 2. Suppose that f; and fo are two linearly independent
solutions of (1.1), and f; is a non-trivial subnormal solution. By Theorem A, we
see that f; is of the form (1.3).

By Lemma 8, we see that

(6.2) m(r, Qo) < M{ log[max(T(r, f1), T(r, fg))]}

Since m(r,Qo) = =r and T'(r, f1) = O(r), by (6.2), we see that oa(fz) > 1.
Combining with Lemma 4, we obtain that o5(f2) = 1.
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