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SOME NEW ITERATIVE ALGORITHMS FOR GENERALIZED MIXED
EQUILIBRIUM PROBLEMS WITH STRICT PSEUDO-CONTRACTIONS
AND MONOTONE MAPPINGS
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Dedicated to Professor Wataru Takahashi on the occasion of his 65" birthday.

Abstract. In this paper, we propose some parallel and cyclic algorithms
based on the extragradient method (nonextragradient method) for finding a
common element of the set of solutions of a generalized mixed equilibrium
problem, the set of fixed points of a finite family of strict pseudo-contractions
and the set of the variational inequality for a monotone, Lipschitz continuous
mapping (an inverse strongly monotone mapping). We obtain some weak and
strong convergence theorems for the sequences generated by these processes in
Hilbert spaces. The results in this paper generalize, improve and unify some
well-known results in the literature.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (.,.) and induced norm |.||
and let C be a nonempty closed convex subset of H. let B : C' — H be a nonlinear
mapping and let ¢ : C — R U {400} be a function and F' be a bifunction from
C x C to R, where R is the set of real numbers. Peng and Yao [1] considered the
following generalized mixed equilibrium problem:

(1.1)  Finding z€C such that F(x,y)+¢(y)+(Bz,y—z) > p(x), VyeC.
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The set of solutions of (1.1) is denoted by GM EP(F, ¢, B). It is easy to see that
x € GMEP(F, ¢, B) implies that z € domy = {z € Clp(x) < +o0}.

If B = 0, then the generalized mixed equilibrium problem (1.1) becomes the
following mixed equilibrium problem:

(1.2) Find z € C such that F(z,y) + ¢(y) > ¢(x), Yy € C.

Problem (1.2) was studied by Ceng and Yao [2] and Bigi, Castellani and Kassay
[3]. The set of solutions of (1.2) is denoted by M EP(F, ).

If o = 0, then the generalized mixed equilibrium problem (1.1) becomes the
following generalized equilibrium problem:

(1.3) Finding z € C such that F(z,y) + (Bz,y —z) > 0,Vy € C.

Problem (1.2) was studied by Takahashi and Takahashi [4]. The set of solutions of
(1.3) is denoted by GEP(F, B).

If o = 0 and B = 0, then the generalized mixed equilibrium problem (1.1)
becomes the following equilibrium problem:

(1.4) Finding z € C such that F(z,y) > 0,Vy € C.

The set of solutions of (1.4) is denoted by EP(F).
If F(x,y) = 0 for all x,y € C, the generalized mixed equilibrium problem
(1.1) becomes the following generalized variational inequality problem:

(1.5) Finding =z € C such that ¢(y) + (Bz,y — x) > ¢(x), Yy € C.

The set of solutions of (1.5) is denoted by GV I(C, B, ¢).
If o =0and F(x,y) = 0 for all z,y € C, the generalized mixed equilibrium
problem (1.1) becomes the following variational inequality problem:

(1.6) Finding x € C such that (Bx,y —x) > 0,Vy € C.

The set of solutions of (1.6) is denoted by VI(C, B).
If B=0and F(z,y) =0 for all z,y € C, the generalized mixed equilibrium
problem (1.1) becomes the following minimize problem:

(1.7) Finding « € C such that ¢(y) > ¢(x),Vy € C.

The set of solutions of (1.7) is denoted by Argmin(p).

The problem (1.1) is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, minimax problems, Nash equilib-
rium problem in noncooperative games and others; see for instance, [1-6].

Recall that a mapping 7' : C' — C' is said to be a x-strict pseudo-contraction
[7] if there exists 0 < x < 1 such that

1Tz — Ty|* < llz — ylI* + K| (I = T)z — (I = T)y||* Yz, y € C,
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where I denotes the identity operator on C. When « = 0, T is said to be nonex-
pansive [8], and it is said to be a pseudo-contraction if x = 1. Clearly, the class
of k-strict pseudo-contractions falls into the one between classes of nonexpansive
mappings and pseudo-contractions. It is easy to see that 7" is a pseudo-contraction
if and only if

<T‘T - T’y,(L‘ - y> S Hw - yH27vw7y eC.

We denote the set of fixed points of T by Fiz(T).

Peng and Yao [1] introduced an iterative scheme for finding a common element
of the set of solution of problem (1.1), the set of fixed points of a nonexpansive map-
ping and the set of the variational inequality for a monotone, Lipschitz continuous
mapping and obtain a strong convergence theorem. Ceng and Yao [2] introduced
an iterative scheme for finding a common element of the set of solution of problem
(1.2) and the set of common fixed points of a family of finitely nonexpansive map-
pings in a Hilbert space and obtained a strong convergence theorem. Takahashi and
Takahashi [4] introduced an iterative scheme for finding a common element of the
set of solution of problem (1.3) and the set of fixed points of a nonexpansive map-
ping in a Hilbert space and proved a strong convergence theorem. Some methods
have been proposed to solve the problem (1.4); see, for instance, [5, 6, 9-16, 27-29]
and the references therein. Recently, Combettes and Hirstoaga [9] introduced an
iterative scheme of finding the best approximation to the initial data when EP(F)
is nonempty and proved a strong convergence theorem. Takahashi and Takahashi
[10] introduced an iterative scheme by the viscosity approximation method for find-
ing a common element of the set of solution of problem (1.4) and the set of fixed
points of a nonexpansive mapping and proved a strong convergence theorem in a
Hilbert space. Peng and Yao [11] introduced a hybrid iterative scheme for finding
the common element of the set of fixed points of a family of infinitely nonexpansive
mappings, the set of an equilibrium problem and the set of solutions of variational in-
equality problem for an a-inverse strongly monotone mapping. Tada and Takahashi
[12] introduced some iterative schemes for finding a common element of the set of
solution of problem (1.4) and the set of fixed points of a nonexpansive mapping in a
Hilbert space and obtained both strong convergence theorem and weak convergence
theorem. Ceng, Al-Homidan, Ansari and Yao [14] introduced an iterative algorithm
for finding a common element of the set of solution of problem (1.4) and the set of
fixed points of a strict pseudo-contraction mapping. Plubtieng and Punpaeng [15]
introduced an iterative process based on the extragradient method for finding the
common element of the set of fixed points of nonexpansive mappings, the set of an
equilibrium problem and the set of solutions of variational inequality problem for a-
inverse strongly monotone mappings. Chang, Joseph Lee and Chan [16] introduced
some iterative processes based on the extragradient method for finding the common
element of the set of fixed points of a family of infinitely nonexpansive mappings,
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the set of an equilibrium problem and the set of solutions of variational inequality
problem for an a-inverse strongly monotone mapping. Yao, Liou and Yao [27] and
Ceng and Yao [28] introduced some iterative viscosity approximation schemes for
finding a common element of the set of an equilibrium problem and the set of fixed
points of infinitely nonexpansive mappings in a Hilbert space.

On the other hand, Marino and Xu [17] and Zhou [18] introduced and re-
searched an iterative scheme for finding a fixed point of a strict pseudo-contraction
mapping. Acedoa and Xu [19] introduced the following parallel algorithm for find-
ing a common fixed point of a family of finite strict pseudo-contraction mappings

{Tj}évzf

N

(1.8) Tpg1 = QpZp + (1 — ay) ZC}n)zjn.
j=1

Acedoa and Xu [19] also introduced the following cyclic algorithm for find-
ing a common fixed point of a family of finite strict pseudo-contraction mappings

N-1.
{Tj}j:O .
rg =z € C,
1 = Aoxo + (1 — )\Q)Toxo,
xe =Mz + (1 — M) Thz,

N =An—12n-—1+ (1 = An_1)TNn_12zn-1,
TN+1 = Anen + (1 — An)Tozn,

In a more compact form, x,,.1 can be written as

where T}, = T;, with i = n(modN),0<i< N —1.

Acedoa and Xu obtained weak convergence theorems for the sequences generated
by the algorithms (1.8) and (1.9). Furthermore, Acedoa and Xu [19] proposed the
modifications for the algorithms (1.8) and (1.9), respectively, as follows:

r1 =x € C,
Zn = &y + (1 — apn) Wy,
Cn=1{2€C:|z,—2|?

< lwn = 2l° = (1 = an)(an — &) |20 — Wyza*},
Qn ={z€ H:(xy— 2z, —x,) >0},

(1.10)

Tn4+1 = Pcn m an
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for every n = 1,2, .., where W, = > % | C}”)Tj.

And
g =x € C,
Yn = AnZn + (1= Ap) Ty,
" Co ={z€Cs llyn — 2P

< lzn — 21* = (1 = an)(@n — &) |2 — Tiaal*},
Qn ={z€H:(xy—2zx—xzy,) >0},

Tpt1 = Po,nq, (T).

They proved the strong convergence theorems of the algorithms (1.10) and (1.11).
Ceng, Petrusel and Yao [27] introduced some parallel algorithms and cyclic algo-
rithms based on extragradient method for finding a common fixed point of a family
of finite strict pseudo-contraction mappings and a monotone and lipschitz continu-
ous mapping and obtained some weak convergence theorems and strong convergence
theorems.

In the present paper, inspired and motivated by the above ideas, we introduce
some parallel and cyclic algorithms based on the extragradient method (nonextragra-
dient method) for finding a common element of the set of solutions of a generalized
mixed equilibrium problem, the set of fixed points of a finite family of strict pseudo-
contractions and the set of the variational inequality for a monotone, Lipschitz con-
tinuous mapping (an inverse strongly monotone mapping). We obtain some weak
convergence theorems and strong convergence theorems for the sequences generated
by these processes. The results in this paper generalize, improve and unify some
well-known results in the literature.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let C be
a nonempty closed convex subset of H. Let symbols — and — denote strong and
weak convergence, respectively. In a real Hilbert space H, it is well known that

1Az + (1= Nyll* = Allz]* + (1 = Mllyl* = A1 = V)l -yl

forall z,y € H and X € [0, 1].

For any x € H, there exists a unique nearest point in C, denoted by Po(x),
such that ||z — Po(z)|| < ||z — y]| for all y € C. The mapping Pc is called the
metric projection of H onto C. We know that P is a nonexpansive mapping from
H onto C. It is known that Po(x) € C and

(2.1) (z = Po(x), Po(z) —y) 2 0
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forallz € Hand y € C.
It is easy to see that (2.1) is equivalent to

(2:2) lz = ylI* > [l — Pe(@)|* + |y — Po()|?
forall z € H and y € C. It is also known that
(2.3) (x —y, Pox — Poy) > ||Pox — PCyH2
A mapping A of C into H is called monotone if
(Az — Ay,x —y) >0

for all z,y € C. A mapping A of C into H is called a-inverse strongly monotone
if there exists a positive real number « such that

(x —y, Az — Ay) > of Az — Ay|]?

for all x,y € C. A mapping A : C' — H is called k-Lipschitz continuous if there
exists a positive real number £ such that

[ Az — Ay|| < kllz -y

forall z,y € C. If A is a-inverse-strongly monotone of C into H, then it is obvious
that A is %-Lipschitz continuous. We also have that for all z,y € C and A > 0,

I(I = AA)z — (I = M)yl
= |lz —y — M(Az — Ay)|®
= |z — yl* — 2\(z — y, Az — Ay) + N*|| Az — Ay|?
<z =yl + A\ — 20)|| Az — Ay|*.

(2.4)

So, if A < 2q, then I — A\ A is a nonexpansive mapping of C into H. It is easy to
see that if A is an a-inverse strongly monotone mapping, then A is monotone and
Lipschitz continuous. The converse is not true in general. The class of a-inverse
strongly monotone mappings does not contain some important classes of mappings
even in a finite-dimensional case. For example, if the matrix in the corresponding
linear complementarity problem is positively semidefinite, but not positively definite,
then the mapping A will be monotone and Lipschitz continuous, but not a-inverse
strongly monotone.

Let A be a monotone mapping of C into H. In the context of the variational
inequality problem the characterization of projection (2.1) implies the following:

ueVI(C,A) = u= Po(u— NAu), A >0,
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and

u = Po(u — MNAu) for some A > 0= ue VI(C,A).

It is also known that H satisfies the Opial’s condition [21], i.e., for any sequence
{z,} C H with z,, — z, the inequality

liminf ||z,, — z|| < liminf ||z, — y||
n—oo n—oo

holds for every y € H with z # y.

A set-valued mapping T : H — 2 is called monotone if for all =,y € H,
f €Tz and g € Ty imply (z —y, f — g) > 0. A monotone mapping 7" : H — 2/
is maximal if its graph G(T') of T is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping 7" is maximal if and only
if for (z, f) € Hx H,(x—vy, f—g) > 0 for every (y,g) € G(T) implies f € Tx.
Let A be a monotone, k-Lipschitz continuous mapping of C' into H and let Ncw
be normal cone to C at v € C, i.e, Nov = {w € H : (v —u,w) > 0,YVu € C}.

Define
{ Av+ Neov ifveC,
Tv =

0 ifvégcC.

Then T' is maximal monotone and 0 € T'v if and only if v € VI(C, A)(see [21]).
We shall use the following results in the sequel.

Lemma 2.1. [22] Let H be a real Hilbert space, let D be a nonempty closed
convex subset of H. Let {x,,} be a sequence in H. Suppose that, for all v € D,

|Tns1 —ul| < flen —ul],

for every n = 0, 1,2, .... Then, the sequence {Ppx,} converges strongly to some
z€D.

Lemma 2.2. [17, 19] Assume C'is a closed convex subset of a Hilbert space

H.
(i) If T: C — C is a k-strict pseudo-contraction, then 7" satisfies the Lipschitz
condition -
K
1T =Tyl < 7—llz —yll, Yz, y € C.

(i) If T : C — C'is a k-strict pseudo-contraction, then the mapping I — 7' is
demiclosed (at 0). That is, if {z,,} is a sequence in C such that z,, — z and
(I -T)x, — 0, then (I —T)z = 0.

(iii) If T : C — C'is a k-strict pseudo-contraction, then the fixed point set Fiiz(T)
of T' is closed and convex so that the projection P ;. is well defined.
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(iv) Given an integer N > 1, assume, foreach 1 < i < N, T; : C — C'is
a k; -strict pseudo-contraction for some 0 < x; < 1. Assume {¢;}Y is
a positive sequence such that Z ~1G = 1. Then Z _1 GT; is a k-strict
pseudo-contraction, with k = max{x,; : 1 <i < N}.

(v) Let {T;}, and {¢;}¥, be given as in (iv) above. Suppose that {7;}Y¥, has
a common fixed point. Then Fiz(XN, aT) = N, Fiz(T)).

For solving the generalized mixed equilibrium problem, let us give the following
assumptions for the bifunction F', ¢ and the set C:

1) F(z,z)=0forall z € C,
A2) F'is monotone, i.e. F(z,y)+ F(y,z) <0 forany z,y € C;
A3) foreach y € C, x — F(z,y) is weakly upper semicontinuous;

I

5)
B1

for each x € C,y — F(x,y) is lower semicontinuous;

For each x € H and r» > 0, there exist a bounded subset D, C C and
Yy, € C such that forany z € C'\ D,,

(A
(
(
(
(
(

)
)
A4) for each z € C,y — F(x,y) is convex;
)
)

F(0) + 9la) + (g = 207 = 2) < 9(2);

(B2) C'is a bounded set;

(B3) For each x € H and r > 0, there exist a bounded subset D, C C and
y» € C such that forany z € C'\ D,,

1

(B4) For each z € H and r > 0, there exists a bounded subset D, C C and
y» € C such that forany z € C'\ D,,

Pla) + e — 2,2 — 1) < 9(2)

3. STRONG CONVERGENCE THEOREMS

We first derive two strong convergence theorems of some parallel and cyclic
algorithms based on both hybrid method and extragradient method which solves the
problem of finding a common element of the set of solutions of a generalized mixed
equilibrium problem, the set of fixed points of a finite family of strict pseudo-
contractions and the set of the variational inequality for a monotone, Lipschitz
continuous mapping in a Hilbert space.
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Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
C — RU {+o0} be a proper lower semicontinuous and convex function. Let A
be a monotone and k-Lipschitz continuous mapping of C into H and B be a (-
inverse strongly monotone mapping of C'into H. Let N > 1 be an integer. For each
1<j<N,letT;:C — C be an ¢;-strict pseudo-contraction for some 0 < e; < 1
such that Ty = NI, Fiz(T;) N VI(C, A) N GMEP(F, ¢, B) # (. Assume for

each n, {(j(”) 2L, is a finite sequence of positive numbers such that Z?’Zl Cj(”) =1
for all n and inf >, Cj(”) >0forall0 <j<N.Lete=max{e;:1<j <N}
Assume also that either (B1) or (B2) holds. Let the mapping W,, be defined by

N
Waz = Tz, ¥z € C.
j=1

Let {x}, {un}, {vn}, {tn} and {z,} be sequences generated by

1 =2 € C, Flun,y) + o) — p(un)

—|—<Bwn,y—un>—|—%<y—un,un—xn> >0, Yy € C,
Yn = Po(un — ApAuy,),
tn = Po(un — A\Ayy),
Zn = Quty + (1 = ap) Wity,
Cn ={2€C:|lzn— 2| < [lon — 2> = (1 = an)(an — &) [tn — Wata |},
Qn ={z€H:(xy—2zx—xzy,) >0},

Tn4+1 = PCanan)

for every n = 1,2,.... If {\,} C [a,b] for some a,b € (0,1), {an} C [c,d] for
some ¢,d € (g,1) and {r,} C [y, 7] for some v, 7 € (0,2a). Then, {z,}, {un},
{yn}, {tn} and {z,} converge strongly to w = Pr, ().

Proof. From observe that C,, is closed and convex by Lemma 1.3 in [23] and Q.,
is closed and convex for every n = 1,2, .... Itis easy to see that (x, —z,z—x,) > 0
forall z € @, and by (2.1), z,, = Py, (z). Letu € I'; and let {7}, } be a sequence
of mappings defined as in Lemma 2.1 in [31]. Then u = Pc(u — A\,Au) =
T,,(u — r,Bu). From w, = T, (x, — r,Bz,) € C and the 3-inverse-strongly
monotonicity of B and (2.4), we have
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[|tn — uH2 = |T;, (xn — rnBryn) — T, (u — rnBu)H2
< |z — rpnBxy — (u — rnBu)H2
< |lzn — uH2 + 70 (1 — 28)|| By — BuH2

< flan —ull*.

(3.1)

From (2.2), the monotonicity of A, and u € VI(C, A), we have

tn = ull® < lun = AnAyn = ull* = lun — AnAyn — ta]?
= [lun = ull® = llun = tal|* + 2Xn{Ayn, u — )
= llun = ull® = lun = talI* + 220 ({Ayn — Au,u— y,)
+(Au, u — ypn) + (AYn, Yn — tn))
< lun = ull? = un = tall® + 2Xn{Ayn, yn — tn)
< Jun =l = un = yall® = 2(un = Y, Yo — ta)
~[lym = tall® + 22 (Ayn, yo — tn)
= llun = ull* = llun = yal® = llyn = tall® + 2(un = Ao Ayn = Yn tn — yn)-

)
{

Further, Since y,, = Po(u,, — A\ Auy,) and A is k-Lipschitz continuous, we have

<un - )\nAyn — Yn, tn - yn>
= <un — MAuy, — Yny tn — yn> + <)‘nAun - )\nAynv ty — yn>
< <)\nAun - )\nAynv ty — yn>
< Akl = ynlllltn — ynll-

So, we have
[tn = ull?® < lJun — ul]® = [Jun — yn?
~llyn — tall® + 2Xnkltin — [l tn — ynl
(3.2) < g = ull? = fJun = ynll* = llyn — tal?

X2k tn — ynl* + [tn — yal?
= =l + 28 = 1)l — 3
< Jun — ulf%.

By Lemma 2.2, we know that W, is an e-strict pseudo-contraction and F'(W,,) =
N Fia(Ty). Itfollows from (3.1), (3.2), 2, = antn+(1—an)Wat, and u = Wyhu
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that
lzn —ull® = anlltn — ull? + (1 — ) [Waty — ul]?
—an (1 = )|ty — Wit ||?
< apltn = ull® + (1 = an)[[ltn — ul® + elltn — Witnl|?]
—an (1 = )|t — Wity ||?
(3:3) = lltn —ull® + (L — an)(e — an)[tn — Witnl|?
< un =+ (An®k? = 1) un—ya |+ (1 = an) (e = an)|[tn — Watn?
< un = ull® + (An®&? = 1)||un — yal|?
< lzn = ull® + (An®&? = 1)[fun — yal|?
< |lzn —ull?,

forevery n =1,2, ...
From (3.3) and (3.1), we know that

(34) Iz = ull® < llan = ull® + (1 = an)(e = an)|[tn — Watal?,

foreveryn =1,2,...,and hence u € C,. So, I'; C C,, foreveryn =1,2,.... Next,
let us show by mathematical induction that {z,,} is well definedand I'; C C,,N @,
for every n =1,2,.... Forn =1 we have ; = z € H and Q1 = H. Hence we
obtain 'y € C1NQ;. Suppose that zy, is given and T'y € C N Q) for some positive
integer k. Since I'y is nonempty, C.. N Q) is a nonempty closed convex subset of H.
So, there exists a unique element 251 € Cj, N Q, such that z; 11 = Po,ng, (). It
is also obvious that there holds (z;11 — 2,z — zk1) > 0 for every z € C, N Q.
Since T'y € C;, N Qg, We have (xp11 — 2z, — xp41) > 0 for every z € Ty and
hence I'; C Qg+1. Therefore, we obtain I'y C Ciy1 N Qk41-
Let lo = Pr,z. From x,11 = Pc,ng,x and [y € I'y € C,, N @y, We have

(3.5) [n1 — ]| < [llo — =]

for every n = 1,2,.... Therefore, {z,} is bounded. From (3.1)-(3.3), we also
obtain that {¢,,}, {z,} and {u,} are bounded. Since z,+1 € C;,, N Q, C @, and
xn = Pg, (x), we have

[2n — ]| < [[#n41 — |

for every n = 1,2, .... Therefore, lim, . ||z, — 2| exists.
Since z,, = Py, (x) and x,41 € @, Using (2.2), we have

lns1 = nll® < lans = 2 = [lon — 2|
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for every n =1, 2, .... This implies that
lim |[zp41 — 2| = 0.
n—oo
Since z,41 € C,, we have
20 = 2ps1l® < zn = 2pia |2 = (1= an)(an = &)ty = Wata||* < flzn — znpa |2
and hence
[#n = znll < |20 — Tpga | + |20 — 2nll < 2[2n — 2nga |

for every n =1,2,.... From lim, . ||Zn41 — 25| = 0, we have ||z, — z,|| — 0.
For u € T'y, from (3.3) we obtain

12 = ull? < flom = ull® + A2k = 1) [un — ynl|*.

Thus, we have

1

Tz (e =l =l = ul?)

lun — yal|* <

1

< gy (e =l + e =l — 2l

It follows from ||z, — z,|| — 0, {z,,} and {z,} are bounded that ||w, — y,| — O.
From the the definition of ¢, and y,,, we have
It = ynll = | Po(un — AnAyn) — Po(un — AnAuy) ||
< |[(un = AnAyn) = (un — AnAug) || < Aikl|lyn — unll,

which implies that lim,, oo [|[tn —Yn |l = 0. From [Ju, —t, || < ||wn —yn || +1|yn —tn ||
we also have ||u, — t,|| — 0. As A is k-Lipschitz continuous, we have || Ay,, —
Aty || — 0.

Frome < ¢ < a, <d < 1and (3.4), we have

(1—=d)(c—e)tn — Wnth2 < (1= an)(an =)ty — Wnth2

< lan = ull? = [lzn = ull® < (ln = ull + [l20 = ul) |25 = 20]]-

This implies that
(3.6) lim ||¢, — Wyt,] = 0.
Also by (3.3) and (3.1), we have

l2n = ull? < Jlup — ull® < flon — ull® + r0(rn — 26)|| Ban — Bul|.
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Thus, we have
v(28 — 7)||Bxy, — BuH2 <rn(28 —ry)|| By — BuH2

< lan = ull® = llzn = wl® < (2w = ull + ll20 = ul)llzn = 2.

It follows from ||z, — z,,|| — 0, {x,,} and {z,} are bounded that || Bx,, — Bu|| — 0.
For u € T';, we have, from Lemma 2.1 in [31],

[|tn — uH2 = |T;, (xn — rnBxyn) — T, (u — rnBu)H2
<ATy,(zy, — rnBxy) — T}, (u — rpBu), 2y — ryBx,, — (u — rpBu))
1
= §{Hun — uH2 + ||zp — rnBxy, — (u — rnBu)H2
— ||z — rpnBxy — (u — . Bu) — (upy — u)H2}
1
< gtllun — ull® + |zn — ull® = [|&n — ra By — (u—rBu) — (un, — u)||*}
1
= tllun — ull® + lzn — ull? = [[2n — un|?
+2r,(Bx, — Bu, x, — u,) — r2||Bx, — Bu|*.
Hence,
(3.7) || tn, — uH2 < |lxn — uH2 — ||zn — unH2 + 2rp(Bxzy, — Bu, z, — uy).
It follows from (3.3) and (3.7) that
|20 — uH2 < Jun — uH2 < |lzn — uH2 — |lzn — unH2 + 2rp( By, — Bu, 1y — up).
Hence,

|zn — unH2 < |lzn — uH2 — Iz — uH2 + 2ry|| Bz, — Bul|l|zn — un |-

< (lzn = ull + llzn = ulDllzn = 2all + 2ral Brn = Bullllzn — -

Since || Bz, — Bul|| — 0, ||xy, — 2| — 0, {zn}, {u,} and {z,,} are bounded, we
obtain ||z, — u,|| — 0. From ||t, — x| < ||tn — unl|| + ||z — uy| We also have
[tn = nl| — 0.

As {x,} is bounded, there exists a subsequence {x,,} of {z,} such that z,,;, —
w. From ||z, —u,|| — 0and ||t, —z,| — 0, we obtain that w,,; — w and t,,; — w.
Since {u,;} € C and C is closed and convex, we obtain w € C.

In order to show that w € I';, we first show that w € m]kVZIFix(Tk). To see this,
we observe that we may assume (by passing to a further subsequence if necessary)
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C/(fni) — (¢ (@s i — o0) for k = 1,2,...,N. It is easy to see that ¢, > 0 and
S, Gk = 1. We also have

Wy,x — Wz (asi— o0) forallz e C,

where W = Z]kvzl (xTr. Note that by Lemma 2.2, W is an e-strict pseudo-
contraction and Fiz(W) = NY, Fiz(T;). Since

thi - thi H < thz - antnzH + Hantnz - Wt”z”

N
<ty = Wt ||+ 316" = Gull| Tkt |-
k=1

It follows from (3.6) and ¢ — ¢, that
thi - Wt”z” — 0.

So by the demiclosedness principle (Lemma 2.2(ii)), it follows that w € Fiz(W) =
MLy Fia(Ty).

By the similar argument as in the proof of Theorem 3.1 in [1], we can show
w € GMEP(F,p,B) and w € VI(C, A), which implies w € T';.

From [y = Pr,(z), w € T'; and (3.5), we have

[lo — || < [[w—2| <liminf[|z,, — 2| < limsup ||z, — 2| < |[lo —z|.
=00 1—00
So, we obtain
lim |z, — 2| = [|lw —=||.
71—

From z,, —  — w — = we have z,, — x — w — = and hence x,, — w. Since
xn = Pg,(z)and I € Ty C C, N Qy C @, We have

—|llo — xanQ = (lo — Tn;, Tn, — ) + (lo — Tn;, . — lo) > (lo — Tp,, x — o).

As i — oo, we obtain —||lg — w||? > (lo —w,z — lg) > 0 by Iy = Pr,(z) and
w € T';. Hence we have w = ly. This implies that z,, — ly. It is easy to see
up — o, Yn — lo, tn — lg, and z, — lg. The proof is now complete.

Theorem 3.2. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ : C' —
R U {+o0} be a proper lower semicontinuous and convex function. Let A be a
monotone and k-Lipschitz continuous mapping of C into H and B be a -inverse
strongly monotone mapping of C into H. Let N > 1 be an integer. For each
0<j<N-1letT; : C — C be an g;-strict pseudo-contraction for some
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0 <e; <1suchthat Ty = NN 'Fiz(T;) NVI(C,A) N GMEP(F, ¢, B) # 0.
J 7=0 J

Let ¢ = max{e; : 0 < j < N — 1}. Assume that either (B1) or (B2) holds. Let
{zn}, {un}, {yn}, {tn} and {z,} be sequences generated by
g =x € C,

Fun,y) +(y) — ¢(un) + (BTn,y — up)

+ri<y—un,un—xn> >0, Yy € C,
Yn = Pc(u: — A\Auy),
tn, = Po(un — A\Ayy),
Zn = aptn + (1 — an)Tip)tn,
Cn ={2€C:|lzn — 2> < llan — 2> = (1 = an)(an — &) |Itn — Tiptal*},

Qn ={z€H:(xy—2zx—x,) >0},

Tnt1 = Po,nq. ()

for every n = 0,1,2,.... If {\,} C [a,b] for some a,b € (0, 1), {an} C [c,d] for
some ¢, d € (¢,1) and {r,} C [y, 7] for some v, 7 € (0,28). Then, {z,}, {un},
{yn}, {tn} and {z,} converge strongly to w = Pr, ().

Proof. From the proof of Theorem 3.1, we know that both C,, and Q,, are
closed and convex for every n = 0,1,2,..., 2, = Pg, (x) and for u € T'y, the
following formula hold

(3.1)  un — ul® < 2w = ull® + ru(rn = 26) || Ben — Bull* < ||z — ul|*.

(3.2) [tn = ull? < [Jun — ull® + Ak = 1) Jun = yall* < lun —ul*.
(3.7) || tn — uH2 < |lxn — uH2 — ||zn — unH2 + 2rp(Bxzy, — Bu, z, — uy).
And

(3.8) [tn — ynll < Ankllyn — unl|-

Since for each j = 0,1,..., N — 1, Tj is ¢;-strictly pseudocontractive and ¢ =
max{e; :0<j < N —1} €]0,1), we have

(3.9) | Tiz — Til? < llz — ylI* + el — Tiyz — (y — Tpyw)|I?, Y,y € C.

It follows from (3.1), (3.2) and (3.9), 2z, = anty +(1—an)Tjyts and u = Tiyu
that
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|z — ull®
= apltn — ul]® + (1 = an) | Tijtn — ull* = (1 = ) |[tn = Tijtall?
< aplltn —ul® + (1= an)[lltn — ull?

telltn — Thytall’] — an(l = o) It — Thgtall®
= |ltn — ull® + (1 — an) (e — an)|tn — Tjtnll®
< un =l + A2k = Dl —yn >+ (1 =) (e — an) [ tn = Tiuta |
< lwn — ull? + A2k = 1)Jun — ynll?

(3.10)

< flan = ull?,

for every n =0,1, 2, ....
From (3.10) and (3.1), we can obtain that

(3.11) lzn = ull® < lln = ull® + (1 = an)(e = an)lltn — Thytal®,

for every n =0,1,2,...,and hence v € C,. So, Iy, C C,, forevery n =10,1,2,....
Next, let us show by mathematical induction that {x,,} is well defined and Ty C
C,NQ, forevery n=0,1,2,.... Forn =0we have 2 =z € H and Qo = H.
Hence we obtain T's € Cy N Q. Suppose that zj is given and T’y € Cx N Qp
for some integer £ > 0. Since T’y is nonempty, Cr N Qx is a nonempty closed
convex subset of H. So, there exists a unique element z1 € C;, N Qy such that
zk41 = Po,ng, (). It is also obvious that there holds (zj4+1 — 2,2 — z41) > 0
for every z € G, N Q. Since 'y C C, N Qg, We have (zpy1 — 2,2 — xp41) > 0
for every z € I, and hence I'y C Q1. Therefore, we obtain I'y C Ciy1 N Qpt1-
Let ip = Pr,(z). From z,11 = Pc,ng,x and lp € T'y C C, N @y, We have

(3.12) [Zns1 — 2] < [[lo — =]

for every n =0, 1,2, .... Therefore, {x,} is bounded. From (3.1), (3.2) and (3.10),
we also obtain that {¢,,}, {z,} and {w,} are bounded. Since z, 1 € C,,NQ,, C @y,
and z,, = Py, (), we have

[z = 2| < f|#nt1 — 2|

for every n = 0,1, 2, .... Therefore, lim,,_, ||z, — x| exists.
Since z,, = Py, (x) and x,41 € @, Using (2.2), we have

1041 = @nll® < N2pr — 2l* = |2 — ]?
for every n =0, 1, 2, .... This implies that

lim ||zp41 — 2| = 0.
n—oo
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It follows that for all j =0,1,..., N —1,
lim ||zp4; — zp| = 0.
n—oo
Since z,,41 € C,, we have
|2n — xn+1H2 < |ln — xn+1H2 — (I —an)(an—¢)|tn — T[n]th2 < |ln — xn+1H2
and hence
[#n = 2nll < [[#n = Znga | + lon1 = 2nll < 2|20 — 2nga ||

for everyn =0,1,2,.... From lim, .« ||@n+1 — 2n|| = 0, we have ||z, — z,|| — 0.
For u € T'y, from (3.10) we obtain

l2n = ull® < g = ull® + (An?k* = 1)Jun =yl

Thus, we have

1
Jun = w0l < gy (o = wl =z = wl?)
1 n
< - -
< o

It follows from ||z, — z,|| — 0, {x,} and {z,} are bounded that ||u,, — y,|| — O.
It follows from (3.8) that limy, oo ||t — ynl| = 0. From |lu, — ¢,] < ||un —
Ynll + |y — tn | we also have |lu, — t,| — 0. As A is k-Lipschitz continuous, we
have || Ay, — At,| — 0.
Frome < c¢<a, <d<1and (3.11), we have

|20 = ull + [z = ul) |20 = 20|

(1= d)(c = &)lltn = Thaptnll* < (1 = an) (o — &)ltn = Thpptal|?

<l = ull® = zn = ull® < (Jon = ull + 120 — wl) |20 — 2nll-

This implies that

(3.13) nlgglo |tn — T[n]th = 0.
Let L; = L‘LZ by Lemma 2.2, we have ||Tjz — T,y|| < Ljllz — y||, Vj =
0,1,...,N —1.

If we choose L = maxo<j<n-1{L;}, then

(3.14) |Tjz — Tyyll < Lllz — y|,Vj=0,1,..., N - 1.
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Also by (3.10) and (3.1), we have
l2n = ull® < llun — ull* < |l = wl® + ru(re — 26) | Bxs — Bul®.
Thus, we have
Y28 = 7)||Bxn — Bul|* < (26 — r4)|| Bz, — Bul]?

< lan = ull® = llzn = wl® < (2w = ull + [l20 = ul)l|lzn = 2.

It follows from ||z, — z,,|| — 0, {x,,} and {z,} are bounded that || Bx,, — Bu|| — 0.
It follows from (3.10) and (3.7) that

|20 — uH2 < Jun — uH2 < |lzn — uH2 — [|on — unH2 + 2rp( By, — Bu, T — Up).
Hence,
20 — wnl” < ([Jzn — wll + |20 — ul) |20 = 20l + 2rp]| Bzn — Bull[|lzn — .

Since | Bz, — Bul|| — 0, ||zp, — 2| — 0, {z,}, {u,} and {z,,} are bounded, we
obtain ||z, — u,|| — 0. From ||t, — z,|| < ||tn — unl| + ||z — uy|| We also have
ltn — x| — 0.
By (3.14), we have
[2n = Tiyanll < [[n = tall + [[tn — Tijtnll + [ Tijtn — Tijan|

(3.15)
< (1 + L)”xn - tn” + ”tn - T[n]th'

It follows from (3.13), (3.15) and (¢, — x| — O that ||z, — Tipj2n| — 0.
We observe that for each j =0,1,..., N — 1,
|20 — T[n—l—j]an < |lzn — xn—f—j” + Hxn—f—j - T[n—l—j]xn—f—jH
(3.16) Tt 1 Tn+j — Tingg) Tl
<+ D)lzn — 2ptjll + 204 — T[n—l—j]xn—i—jH-

Thus, we get for each j =0,1,..., N — 1,

(3.17) nli)rglo |20 — Tingjjnll = 0.

As {xz,} is bounded, there exists a subsequence {x, } of {z,} such that z,; —
w. From ||z, —u,|| — 0and ||t, —z,| — 0, we obtain that w,,; — w and t,,; — w.
Since {uy;} € C and C is closed and convex, we obtain w € C.

In order to show that w € T'5, we first show that w € N} Fia(T}). In fact, it
follows from (3.17) that for each [ =0,1,..., N — 1

Hxnz - lenz” — 0.
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So by the demiclosedness principle, it follows that w € Fixz(T;). Since [ is an
arbitrary element in the finite set {0, 1,..., N — 1}, we get w € N} Fixz(T}). The
rest of the proof is similar with that of Theorem 3.1. The proof is now complete.

Now we derive a strong convergence theorem of a cyclic algorithm based on
hybrid method but not extragradient method which solves the problem of finding a
common element of the set of solutions of a generalized mixed equilibrium problem,
the set of fixed points of a finite family of strict pseudo-contractions and the set
of the variational inequality for an inverse strongly monotone mapping in a Hilbert
space.

Theorem 3.3. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
C — R U {+occo} be a proper lower semicontinuous and convex function. Let
A:C — Hand B : C — H be a-inverse strongly monotone and g-inverse
strongly monotone, respectively. Let N > 1 be an integer. Foreach 0 < j < N—1,
let T; : C — C be an ¢ -strict pseudo-contraction for some 0 < ¢; < 1 such that
Ty = NN Fiz(Ty) N VI(C, A)N GMEP(F, ¢, B) # 0. Let e = max{e; : 0 <
j < N —1}. Assume also that either (B1) or (B2) holds. Let {z,}, {un}, {yn}
and {z,} be sequences generated by

g =x € C,
Fun, y) + ¢(y) = ¢(un) + (Bitn, y — tn)
+%<y—un,un—xn> >0, vy € C,
Yn = Po(un — ApAuy,),
Zn = an¥Yn + (1 — an)Tin)Yn,
Cn ={z€C:|lzn— 2|* < llzn — 2I* = (1 = @) (@n — ) llyn — Timall*},
Qn ={z€H:(xy—2zx—x,) >0},

Tn4+1 = Pcn m an

for every n = 0,1,2,.... If {\,} C Ja,b] for some a,b € (0,2a),{a,} C
[c, d] for some ¢,d € (e,1) and {r,} C [y, 7] for some ~,7 € (0,23). Then,
{zn}, {un}, {yn} and {z,} converge strongly to w = Pr,(x).

Proof. From the proof of Theorem 3.1 and 3.2, we know that both C,, and @,
are closed and convex for every n = 0,1,2, ..., z, = Py, (z) and for v € I'y, the
following formula hold

(3.1)  un — ul® < 2w = ull® + ru(rn = 26) || Ben — Bull* < ||z — ul|.
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(3.7) || tn — uH2 < |lzn — uH2 — ||zn — unH2 + 21, (Bxy, — Bu, z, — uy).

(3.9) Tz — Til? < |l — ylI* + ellz — Tjyz — (y — Tpyw)|I*, Va, y € C.

(3.14) Tz — Tyyl| < Lllz —y||,¥j =0,1,..., N =1,
where L = ma.’L‘QSjSN_l{i_T_Z}. And
(3.16) |zn — T[n+j]an < (T+L)||zn — xn—f—j” + Hxn—f—j - T[n—l—j]xn—f—jH-

Since A is an a-inverse strongly monotone mapping, from (2.4), we have

[y — ull? = | Po(un — AnAun) — Po(u — A Au)||®
< |l — ApAuy, — (u — )\nAu)H2
(3.18)
< un — ul|? + A — 20)|| Auy, — Aul|?

< Jun —ull.
It follows from (3.1) and (3.18), z, = anyn + (1 — @n)Tjn)yn and u = Tj,ju that

l2n = ull® = anllyn — ull* + (1 = an) | Tpyn — ull?
—an (1 — an)llyn — T[n]ynH2
< anllyn = ull® + (1 = ) [[lyn — ull® +ellyn — Tinyal’]
—om(1 = an)|lyn — T[n]ynH2
(3.19) =l — l? + (1~ )& — )l — Tyl
< lup = ull® + An(An = 20) || Auy, — Aul)?
+(1 = an)(e = an)llyn — Tiuynl?
< l#n — ul)® + MM — 20) || Auy, — Aul|?
< |lzn —ull?,
for every n =0,1,2,....
From (3.19) and (3.1), we know that
(3.20) 12 = ull® < [lzn — ull? + (1 = an) (e = an)l[yn — Trpynll?,

for every n =0,1,2, ..., and hence u € C,. So, I'y C C,, for every n =0,1,2,....
By the similar argument in the proof of Theorem 3.2, we can show by mathematical
induction that {z,,} is well definedand I'y C C,,NQ,, foreveryn =0,1,2, ..., {x,},
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{yn}, {2zn} and {u, } are bounded, lim,, o ||z, —2|| €XiSts, lim,, oo ||Tnt1—2n|| =
0, ||zn — 2n|| — 0 and for each j = 0,1,..., N — 1, lim, . ||Znt; — 2n| = 0.
Frome < ¢ <, <d < 1 and (3.20), we have

(1—d)(c—e)llyn — T[n]ynH2 < (1 —ap)(an —&)llyn — T[n]ynH2
<l = ull? = 20 = ull® < (l2n = ull + 120 = wl})[|2n = 2a]-

This implies that
(3.21) lim ||y, — Tppyynll = 0.
n—oo

By similar argument with that in the proof of Theorem 3.2, we know that
| Bxy, — Bul| — 0 and ||z,, — u,|| — 0. From (2.3) and (2.4), we have

[y — ull® = | Po(un — AnAun) — Po(u — Ay Au)||?
< (up — ApAuy) — (u— A\yAu), yp, — u)
1
= S0 = AnAun) = (= A Aw)? + i — ull?
Il — AnAn) = (= Mg Au)] = (g — )]
1
< 5l =l + g =l = [ = ) = (At — Aa) 2}
1
= gtllun — ull® + llyn — ull® = llun — yall?
+2)\n<un — Yn, Auy — Au> - )‘721”‘471% - AuH2}
Hence,
(3.22) [ — ull? <l — ul]® = [Jun — yn?
' +2X, (Up, — Yn, Auy — Au) — )\%HAun — AuH2.
From (3.19), (3.1) and (3.22), we have
120 — ul]® < [lyn — ul]® < lzn — wl|* = lun — ynl®
+2X\, (Up, — Yn, Auy — Au) — )\%HAun — AuH2.
And hence
Hun_ynH2 < Hxn—uHZ— Hzn_uH2+2)‘n<un_ynv Aun—Au>—)\721HAun—AuH2
< ([lzn = ull + |20 — wl) 120 — 20 || +2X0 (tn = yn, Aun — Au) = A2 || Aup, — Aul|.

Since ||z, — z,|| — 0 and ||Au,, — Aul| — 0, we obtain ||u, — y,|| — O.
It follows from the Lipschitz-continuity of A that ||Aw, — Ay,| — 0. From
[9n = znll < [lyn — unl| + |20 — un| we also have [ly, — zn[| — 0.
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By (3.14), we have
[0 = Timzall < ll2n = ynll + lyn = Tigynll + 1 Timyn — Tijnll
<A+ LD)lzn = yull + llyn — T[n]ynH'

It follows from (3.21) and ||y, — || — O that ||z, — T 2n]l — O.

It follows from (3.16) that for each j =0,1,..., N — 1,
(3.23) nlgglo |20 — Tingjnll = 0.

As {z,} is bounded, there exists a subsequence {x, } of {z,} such that z,; —
w. From ||z, — u,|| — 0 and ||y, — z,|| — 0, we obtain that w,;, — w and
Yn; — w. Since {uy;} € C and C is closed and convex, we obtain w € C. The
rest of the proof is similar with that of Theorem 3.2. The proof is now complete.

Let A = 0, by Theorem 3.1 and 3.2, respectively, we obtain the following
results:

Theorem 3.4. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
C — RU{+oo} be a proper lower semicontinuous and convex function. Let B
be a B-inverse strongly monotone mapping of C into H. Let N > 1 be an integer.
Foreach 1 <j < N, letT;:C — C be an ¢;-strict pseudo-contraction for some

0 < e; < 1suchthat Ay = NiL, Fix(T;) N GMEP(F, ¢, B) # (. Assume for
each n, {(j(”) ﬁy:1 is a finite sequence of positive numbers such that Zj\’zl gj(”) =1

for all n and inf,,>; Cj(”) >0forall0<j<N.Lete =max{e;:1<j <N}
Assume also that either (B1) or (B2) holds. Let the mapping W,, be defined by

N
Woz = Tz, ¥z € C.
j=1

Let {z,}, {u,} and {z,} be sequences generated by
r1 =x€C,
Fun,y) +¢(y) — o(un) + (Brn, y — un)
+i<y—un,un—xn> >0, Yy € C,
Zp = a,:ﬁn + (1 — ap) Whup,
Con ={2€C |z —2|* < llzn — 2)1* = (1 = an)(on — &) llun — Woua|1?},
Qn ={z€ H:{(x,—2z,x—x,) >0},

Tn4+1 = Pcn m an
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for every n=1,2, .... If {a,,} C|[ec, d] for some ¢, de (e,1) and {r,} C [y, 7] for
some v, 7€ (0,20). Then, {z,}, {u,} and {z, } converge strongly to w = Pa, ().

Theorem 3.5. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C x C to R satisfying (A1)-(A5) and ¢ : C' —
R U {+o0} be a proper lower semicontinuous and convex function. Let B be a
[-inverse strongly monotone mapping of C' into H. Let N > 1 be an integer. For
each 0 <j < N —1,letT;:C — C be an ¢;-strict pseudo-contraction for some
0 < g < 1suchthat Ay = N Fia(T;) N VI(C,A)n GMEP(F, ¢, B) # 0.
Let ¢ = max{e; : 0 < j < N — 1}. Assume that either (B1) or (B2) holds. Let
{zn}, {un} and {z,} be sequences generated by

g =x €C,
Fun, y) +¢(y) — ¢(un) + (Bon, y — n)
+%<y—un,un—xn> >0, Yy € C,
Zn = aplpn + (1 — an) Ty un,
Cn ={2€C:|lzn— 2|* < llan — 2> = (1 — an)(an — &) |Itn — Tiptal*},
Qn ={z€H:(x,—2zx—xy,) >0},

Tnt1 = Po,n Q@

forevery n =0,1,2,.... If {a,} C [¢,d] for some ¢,d € (¢,1) and {r,} C [y, 7]
for some v, 7 € (0,20). Then, {z,}, {u,} and {z,} converge strongly to w =
Pa, (z).

Theorem 3.6. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
C — RU{+oco} be a proper lower semicontinuous and convex function. Let S be
a pseudo-contraction and m-Lipschitz-continuous mapping of C' into itself and B
be a g-inverse strongly monotone mapping of C into H. Let N > 1 be an integer.
Foreach 1 < j < N, let T; : C — C be an g;-strict pseudo-contraction for
some 0 < ¢; < 1 such that Q, = NI, Fix(Ty) N Fiz(S)NGMEP(F, ¢, B) # 0.

Assume for each n, {Cj(”) jyzl is a finite sequence of positive numbers such that

Zj\’:l Cj(”) =1 for all n and inf,,>1 Cj(”) >0forall0 <j <N. Lete =max{e;:
1 <7 < N}. Assume also that either (B1) or (B2) holds. Let the mapping W, be
defined by

N
Waz = Tz, vz € C.
j=1

Let {x}, {un}, {vn}, {tn} and {z,} be sequences generated by
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r1 =x €C,
Fun, y) +¢(y) — ¢(un) + (Brn, y — un)
+%<y—un,un—xn> >0, Yy € C,
Yn = Up — A\p(Up — Suy),
tn = Po(tn — An(yn — Syn)),
Zn = Qulp + (1 — ap) Wity,
Cn ={2€C:|lzn— 2| < [lon — 2> = (1 = an)(an — ) [tn — Wata |},
Qn ={z€ H:{(x,—2z,x—x,) >0},

Tn4+1 = Pcn m an

foreveryn =1,2,.... If {\,} C [a, b] for some a,b € (0, #H), {an} C [c, d] for
some ¢,d € (g,1) and {r,} C [y, 7] for some v, 7 € (0,2a). Then, {z,}, {u,},
{yn}, {tn} and {z,} converge strongly to w = Pgq, (x).

Proof. Let A = I—S. From the proof of Theorem 4.5 in [26], we know that the
mapping A is monotone and (m+-1)-Lipschitz-continuousand Fiz(S) = VI(C, A).
By Theorem 3.1 we obtain the desired result.

Theorem 3.7. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
C' — RU{+oco} be a proper lower semicontinuous and convex function. Let S be
a pseudo-contraction and m-Lipschitz-continuous mapping of C' into itself and B
be a g-inverse strongly monotone mapping of C into H. Let N > 1 be an integer.
Foreach 0 < j < N —1, letT; : C' — C be an ¢;-strict pseudo-contraction for
some 0 < &; < 1 such that Qy = "Y' Fiz(T}) N Fiz(S) NGMEP(F, ¢, B) # 0.
Let ¢ = max{e; : 0 < j < N — 1}. Assume that either (B1) or (B2) holds. Let
{zn}, {un}, {yn}, {tn} and {z,} be sequences generated by
g =x € C,

Fun,y) +¢(y) — o(un) + (Bon, y — un)
1
+r—<y—un,un—xn> >0, Yy € C,
n
Yn = Up — )‘n(un - Sun)v

ln = PC(un - )‘n(yn - Syn))7
Zn, = aptn + (1 = o) Ty tn,
Con ={2 € Ctlzn — 2] < llan — 2]* = (1 = an)(an — &) Itn — Tiptal*},
Qn ={z€ H:{(x,—z,x—x,) >0},
Tny1 = Po,nq. (7)
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for every n = 0,1,2,.... If {\,} C [a,b] for some a,b € (0, 2+),{on} C
[c,d] for some ¢,d € (e,1) and {r,} C [y, 7] for some v, 7 € (0,25). Then,
{zn}, {un}, {yn}, {tn} and {z,} converge strongly to w = Pgq,(x).

Proof. By Theorem 3.2 and the proof of Theorem 3.6, we know that the
conclusion holds.

Remark 3.1.

(i) Let A =0 in Theorem 3.3, we can also recover Theorem 3.5.

(ii) In Theorems 3.1 - 3.7, if we let part of the mappings F, B, ¢ be zero mappings,
we can obtain many new and interesting strong convergence theorems for some
algorithms for the special case of problem (1.1) (i.e., problems (1.2)-(1.7)).
Now we only give five examples as follows:

Corollary 3.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
C' — RU{+o0} be a proper lower semicontinuous and convex function. Let A be
a monotone and k-Lipschitz continuous mapping of C' into H. Let N > 1 be an
integer. Foreach 1 <j < N, letT; : C — C be an ¢;-strict pseudo-contraction
for some 0 < e; < 1 such that A = NI, Fix(T;) N VI(C, A)n MEP(F, ) # 0.

Assume for each n, {Cj(”)}jyzl is a finite sequence of positive numbers such that

Z?’Zl Cj(”) =1 for all n and inf,,>1 Cj(”) >0forall0 <j <N. Lete =max{e;:
1 <7 < N}. Assume also that either (B1) or (B2) holds. Let the mapping W, be
defined by

N
Waz = Ty, ¥z € C.
j=1
Let {z}, {un}, {vn}, {tn} and {z,} be sequences generated by

ry =x €C,

Fltn,9) + 9(0) = (00) + (5=t 1 =) 20, Wy & C.
Yn = Po(un — ApAuy,),
tn = Po(un — A\Ayy),
Zn = Quty + (1 = ap) Wit,,
Cn ={2€C |z — 2] < llon — 21> = (1 = @) (an — &) 1tn — Wata?},
Qn ={z€H:(xy—2zx—xz,) >0},

Tn4+1 = Pcn m an
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for every n = 1,2,.... If {\;} C [a,b] for some a,b € (0,%), {an} C [c,d] for
some ¢, d € (g,1) and {r,} C [y, +o0) for some v > 0. Then, {z,}, {u.}, {yn},
{t,} and {z,} converge strongly to w = P (x).

Proof. Putting B = 0, by Theorem 3.1 we obtain the desired result.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C' to R satisfying (A1)-(A5). Let A be
a monotone and k-Lipschitz continuous mapping of C' into H. Let N > 1 be an
integer. Foreach0 < j < N—1,letT; : C — C be an ¢;-strict pseudo-contraction
for some 0 < e; < 1 such that & = N Fiz(Tj) N VI(C, A) N EP(F) # 0. Let
e =max{e; : 0 < j < N — 1}. Assume that either (B3) or (B2) holds. Let {z,},
{un}, {yn}, {tn} and {z,} be sequences generated by

g =x € C,
F(un,y)+%<y—un,un—xn> >0, vy € C,
Yn = Po(un — ApAuy,),
tn = Po(un — A\Ayy),
Zn = aptn + (1 = an)Tiy)tn,
Cn ={2€C:lzn = 2|* < llan — 2> = (1 — an)(an — &) Itn — Tiptal*},
Qn ={z€ H:{(x, —2z,x—x,) >0},

for every n =0,1,2,.... If {\,} C [a,b] for some a,b € (0, 1), {an} C [c,d] for
some ¢, d € (g,1) and {r,} C [y, +o0) for some v > 0. Then, {z,}, {un}, {yn},
{t,} and {z,} converge strongly to w = Px(z).

Proof. Putting ' = 0 and ¢ = 0. By Theorem 3.2 we obtain the desired result.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be a monotone and k-Lipschitz continuous mapping of C' into H
and B be a (-inverse strongly monotone mapping of C' into H. Let N > 1 be an
integer. Foreach 1 < j < N, letT; : C — C be an ¢;-strict pseudo-contraction
for some 0 <e; < 1 such that ©, = NI_, Fiz(T;) NVI(C, A)nnVI(C, B) # 0.
Assume for each n, {Cj(”) ﬁy:1 is a finite sequence of positive numbers such that
Zj»v:l Cj(n) =1 for all n and inf > Cj(n) >0forall0 <j<N. Lete=max{e;:
1< j < N}. Let the mapping W,, be defined by

N
Woz = Tz, vz € C.
j=1
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Let {x}, {un}, {vn}, {tn} and {z,} be sequences generated by
r1 =x €C,
un = Po(zy, — rpBzy,),
Yn = Po(un — ApAuy,),
tn = Po(un — A\Ayy),
Zn = Quty + (1 = ap) Wit,,
Cn={2€C:|z— ZH2 < lzn — ZH2 — (1= an)(an —€)|tn — WnthZ}v
Qn ={z€H:(xy—2zx—xzy,) >0},
Tny1 = Po,n@.2

for every n = 1,2,.... If {\,} C [a, ] for some a,b € (0,+), {an} C [c,d] for
some ¢,d € (g,1) and {r,} C [y, 7] for some v, 7 € (0,23). Then, {z,}, {un},
{yn} , {tn} and {z,} converge strongly to w = Pg, ().

Proof. In Theorem 3.1, put 7' =0 and ¢ = 0. Then, we obtain that

1
(Bxp,y — tupn) + — (Y — Up, up — xy) >0, Yy e C,¥Vn > 1.
r

n

This implies that

(y — Up, up, — (¥, — rnBxy)) > 0, Yy € C,Vn > 1.
So, we get that u,, = Po(x,, — r,Bx,) for all n > 1. Then we obtain the desired
result from Theorem 3.1.

Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be a monotone and k-Lipschitz continuous mapping of C' into H
and B be a (-inverse strongly monotone mapping of C into H. Let N > 1 be an
integer. Foreach0 < j < N—1,letT; : C — C be an ¢;-strict pseudo-contraction
for some 0 < e; < 1 such that ©y = "Y' Fiz(T;) NV I(C, A)NVI(C, B) # 0.

Let ¢ = max{e; : 0 < j < N —1}. Let {x,}, {un}, {yn}, {tn} and {z,} be
sequences generated by

xg =x € C,

un, = Po(zy, — rnBxy),

Yn = Po(un — ApAuy,),

tn = Po(un — A\Ayy),

zn, = apty + (1 = o) Tinyta,

Cn ={2€C: |z — ZHZ <@, - ZHZ — (1= an)(an —&)ltn — T[n]tn”2}7
Qn ={z€H:(xy—2zx—xzy,) >0},

Tn4+1 = Pcn m an
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for every n =0,1,2,.... If {\;} C [a,b] for some a,b € (0, }), {on} C [c,d] for
some ¢,d € (g,1) and {r,} C [y, 7] for some v, 7 € (0,28). Then, {z,}, {u,},
{yn}, {tn} and {z,} converge strongly to w = Pg, ().

Proof. Putting FF = 0 and ¢ = 0, by Theorem 3.2 and the proof of Corollary
3.4, we obtain the desired result.

Corollary 3.5. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let ¢ : C' — R U {+oc} be a proper lower semicontinuous and convex
function. Let A be a monotone and k-Lipschitz continuous mapping of C' into H.
Let N > 1 be an integer. For each 1 < j < N, let T; : C' — C be an ¢;-strict
pseudo-contraction for some 0 < e; < 1 such that = = N, Fiz(T;) NV I(C, A)N

Argmin(p) # (0. Assume for each n, {Cj(”)}jyzl is a finite sequence of positive

numbers such that Z?’Zl gj(”) =1 for all n and inf,,>; Cj(”) >0forall0<j <N.
Let ¢ = max{e; : 1 < j < N}. Assume also that either (B4) or (B2) holds. Let
the mapping W,, be defined by

N
Waz = Ty, vz € C.
j=1
Let {z,}, {un}, {vn}, {tn} and {z,} be sequences generated by

r1 =x€C,
P(0) = plun) + 2y~ tnsn —2a) 20, Wy,
Yn = Po(un — ApAuy,),
tn = Po(un — A\Ayy),
Zn = Qulp + (1 — ap) Wity,
Cn ={z€C: |lzn — 2| < llzn — 2I° = (1 — @) (@n — &) |tn — Watn |},
Qn ={z€ H:{(x,—2z,x—xy,) >0},

Tn4+1 = PCanan)

for every n = 1,2,.... If {\,} C [a, ] for some a,b € (0, 1), {an} C [c,d] for
some ¢,d € (g,1) and {r,} C [y, +o0) for some v > 0. Then, {z,}, {un}, {yn},
{t,} and {z,} converge strongly to w = Pz(x).

Proof. Putting /' = 0 and B = 0, by Theorem 3.1 we obtain the desired result.

Remark 3.2.

(i) Since the nonexpansive mappings has been replaced by the strict pseudo-
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contraction mappings, Theorems 3.1-3.7 improve Theorem 3.1 in [1] and
Theorem 3.1 in [4]. Theorems 3.1 -3.7 extend and improve Theorem 4.1 in
[2], Theorem 4.1 in [4], Theorem 3.2 in [10], Theorem 3.1 in [11], Theorem
3.1 in [12]. Corollary 3.3 and 3.4 generalize and improve Theorem 3.1 in
[24] and Theorem 3.1 in [25].

(i) Since the inverse strongly monotonicity of the mapping A has been weakened
by the monotonicity of A, Theorem 3.1, 3.2, Corollary 3.1 and 3.2 also extend
and improve Theorem 3.1 in [15] and Theorem 3.1 in [16].

4, WeaK CONVERGENCE THEOREMS

we first show weak convergence theorems of the parallel and cyclic algorithms
based on extragradient method which solves the problem of finding a common
element of the set of solutions of a generalized mixed equilibrium problem, the set
of fixed points of a finite family of strict pseudo-contractions and the set of the
variational inequality for a monotone, Lipschitz continuous mapping in a Hilbert
space.

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
C — RU {+o0} be a proper lower semicontinuous and convex function. Let A
be a monotone and k-Lipschitz continuous mapping of C into H and B be a (-
inverse strongly monotone mapping of C' into H. Let N > 1 be an integer. For each
1<j<N,letT;: C — C be an ¢;-strict pseudo-contraction for some 0 < e; < 1
such that Ty = NI, Fiz(T;) N VI(C, A) N GMEP(F, ¢, B) # (. Assume for
each n, {Cj(”) jyzl is a finite sequence of positive numbers such that Zj\’zl Cj(”) =1
for all n and inf,,>1 Cj(”) >(0forall0 <j<N.Lete=max{e;:1<j <N}
Assume also that either (B1) or (B2) holds. Let {z,}, {u,}, {t,} and {y,} be
sequences generated by

r1 =x € C,
F(unv y) + (P(y) - (P(un) + <Bwn7 y— un>

1
+r—<y—un,un—xn> >0, Yy € C,
n

Yn = PC(un - )\nAun)v
t, = Pc(un — )\nAyn),
N

Tng1 = aptn + (1 — ay) Z Cj(n)Tjtn,
j=1
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for every n = 1,2,.... If {\;} C [a,b] for some a,b € (0,%), {an} C [c,d] for
some ¢,d € (g,1) and {r,} C [y, 7] for some v, 7 € (0,28). Then, {z,}, {u,},
{t,} and {y,,} converge weakly to w € I'y, where w = lim,, o Pr, .

Proof. Letu € I'y and let {7, } be a sequence of mappings defined as in
Lemma 2.1 in [31]. Then u = Po(u — A\yAu) = T), (u — rp,Bu). From the proof
of Theorem 3.1, we have

41)  Nup = ull® < llon = ull® + ra(rn — 26) | Bzn — Bull® < ||2q — ul|.

(4.2) [tn = ull® < Jlun — ull® + (A = D) |un = yall* < Jlun —ul*.
(4.3) || tn — uH2 < |lzn — uH2 — ||zn — unH2 + 21, (Bxy, — Bu, z, — uy).
And

(4.4) [tn — ynll < Ankllyn — unl|-

For each n > 1, let W,, = Z?’Zl C}”)Tj. By Lemma 2.2, we know that W, is -
strict pseudo-contraction and F(W,,) = mé\’:lFix(Tj). It follows from (4.1), (4.2),
Tpt1 = Quty + (1 — ap)Wit, and u = W, u that
01— ul®
= apllt, — uH2 + (1 — an) [[Wtn — uH2 —an(l— )ty — Wnth2
< aplltn = ull® + (1 = an)[lltn — ul®
+elltn — Watnll?] = an(l — an)|[tn — Wity
(4.5) = ||t — uH2 + (1 —an)(e — an)ltn — Wnth2
< JJun — ulf?
+(An K = Dllun = yal® + (1 = an) (e = an)lltn = Wty |®
< lzn = ull® + (An®&? = 1)[|un — yal|?
< llan — ul)?,
for every n = 1,2, .... Therefore, there exists 6 = lim,_. ||z, — u| and {x,} is

bounded. From (4.1) and (4.2), we also obtain that {¢,,} and {u,,} are bounded.
By (4.5), we have

1
T el = e =),

lun — yn|* <
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Hence, ||un, — yn|| — 0. It follows from (4.4) that lim,, ., ||ty — yn|| = 0. From
lun — tull < |lun — ynll + |lyn — tn|| we also have ||u, — t,]| — 0. As A is
Ek-Lipschitz continuous, we have || Ay, — At,|| — 0.

From (4.5) and (4.1), we also have

(4.6) lznt1 = ull® <z = ull® + (1 = an) (e — o) Itn — Watnll?,

forevery n =1,2, ...
Frome < ¢ < a, <d<1and (4.6), we have

(1=d)(c=&) [tn=Watn||* < (1—an) (an—e) [ tn=Watn|* <[Jzn—u|* | 241 —u]*.
This implies that
(4.7) lim ||¢, — Wyt,] = 0.
n—oo

Also by (4.5) and (4.1), we have

lzn41 = ul? < up —ul® < |z —ul® +ro(rn — 26)||Bzy — Bull.
Thus, we have
Y(28—7)|| By — Bul|* < (26 —rn) | Ben — Bull® < ||zn —ull* ~[|zns1 —ul*.

It follows that || Bz,, — Bu|| — 0.
By (4.5) and (4.3),

|Zn+1 —uH2 < Hun—uH2 < Hxn—uH2 - ”xn_un”2+2rn<an — Bu, Ty — up).
Hence,
|zn — unH2 < |lzn — uH2 —zns1 — uH2 + 21| Bzyn, — Bulll|zn — ual.

Since || Bz, —Bul|| — 0, {z,} and {u,,} are bounded, we obtain ||z, —u,|| — 0.
From ||, — x| < |[tn — unl|| + ||zn — un|| We also have ||t, — z,| — 0.

As {xz,} is bounded, there exists a subsequence {x,,} of {z,} such that z,,;, —
w. From |z, — u,|| — 0 and |¢t, — x,| — 0, we obtain that u,; — w and
tn; — w. Since {u,;} C C and C is closed and convex, we obtain w € C. By
the similar argument with that in the proof of Theorem 3.1, we can obtain that
w € NI, Fiz(Ty). And by the similar argument as in the proof of Theorem 3.1
in [1], we can show w € GMEP(F,p,B) and w € VI(C, A), which implies
w e I'q.

Let {z,,} be another subsequence of {x,} such that z,,, — 2. Then z € I'.
Let us show w = z. Assume that w # z. From the Opial condition, we have

lim ||z, —w| = liminf ||z,, — w| < liminf|z,, — 2|
n—oo 1—00 1— 00
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= lim ||z, — z|| = liminf ||z, — 2|
n—oo — 00

< limianxn]. —w| = lim ||z, —w|.
j—o0 n—00

This is a contradiction. Thus, we have w = z. This implies that z,, — w € T';.
Since ||z, — u,|| — 0, we have u, — w € I'y. Since ||y, — uy| — 0, we have
also y,, — w € I'y.

Now put w,, = Pr, (x,,). We show that w = lim,,_, w,.

From w,, = Pr,(x,) and w € T'1, we have

(W — Wy, Wy, — Ty) > 0.

From (4.5) and Lemma 2.1, we know that {w,, } converges strongly to some uy € T';.
Then, we have
{(w — wp, wyg —w) >0

and hence w = wg. The proof is now complete.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C x C to R satisfying (A1)-(A5) and ¢ : C' —
R U {+o0} be a proper lower semicontinuous and convex function. Let A be a
monotone and k-Lipschitz continuous mapping of C into H and B be a -inverse
strongly monotone mapping of C into H. Let N > 1 be an integer. For each
0<j<N-1letT; : C — C be an g;-strict pseudo-contraction for some
0 < e; < 1such that T'y = N Fia(T;) N VI(C, A)n GMEP(F, ¢, B) # 0.

Let ¢ = max{e; : 0 < j < N — 1}. Assume that either (B1) or (B2) holds. Let
{zn}, {un}, {tn} and {y,,} be sequences generated by

xg =z € C,
Fun,y) + ¢(y) — ¢(un) + (Bn,y — tn)
+%<y—un,un—xn> >0, Yy € C,
Yn = Po(un — A\pAuy,),
tn = Po(un — A\Ayy),
Tpt1 = antn + (1 — an) Tiptn,

for every n = 0,1,2,.... If {\,} C [a,b] for some a,b € (0, 1), {an} C [c,d] for
some ¢,d € (g,1) and {r,} C [y, 7] for some v, 7 € (0,20). Then, {z,}, {un} ,
{t,} and {y,,} converge weakly to w € I'y, where w = lim,,_,oc Pr,(xy).

Proof. Let u € T’y and let {7, } be a sequence of mappings defined as in
Lemma 2.1 in [31]. Then u = Po(u — \,Au) = T, (u — r, Bu). From the proof
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of Theorem 3.2, we have:

(41)  lun = ull® < flon = ull* + 7a(ra = 20)|| Ben — Bull® < zn — ul|*.

(4.2) [tn = ull? < [Jun — ull® + Ak = 1) Jun = yall* < Jlun —ul*.
(4.3) || tn — uH2 < |lxn — uH2 — ||zn — unH2 + 2rp(Bxzy, — Bu, z, — uy).
(4.4) [t — ynll < Ankllyn — unl|-

(4.8) Tz — Tiyl? < |l = yl* + ellz — Tigz — (y — Tiw)|I°, Va,y € C.
(4.9) [2n — Tiyanll < (1 + L)z — tall + [[tn — Tijtall,
where L = maxOSjSN_l{%Z}. And

(4.10) |2n — T[n—l—j]an < (T+L)||zn — xn—f—j” + Hxn—f—j - T[n—l—j]xn—i—jH-

It follows from (4.1), (4.2) and (4.8), zp+1 = anty + (1 — ) Tiytn and u = Tpyu
that
nr1 — ul?
= ap|tn — uH2 +(1- O‘n)HT[n]tn - uH2 — (1 —ap)lty — T[n]th2
< anlltn — ull? + (1 = an)[l[tn — ull?
telltn — Thptall’] — an(l = o) Ity — Thgtall?
(4.11) = ||tn — ul)> + (1 — an)(e — an)|t, — T[n]th2
< un = ull® + (A& = 1)||un — ynl|?
+(1 — ap)(e — ap)ltn — T[n]th2
< lzn = ull® + (A& = 1)l|un — ynl|?
< |lzn —ull?,
for every n = 0,1, 2, .... Therefore, there exists § = lim, . ||z, — u|| and {z,}

is bounded. From (4.1) and (4.2), we also obtain that {¢,,} and {u,,} are bounded.
It follows from (4.11) that

1
(1 — o) (1 = N\, 2E2)

Jun = n* < (o =l = lznsr = ul®).

Hence, ||un, — yn|| — 0. It follows from (4.4) that lim,, ., ||t — yn|| = 0. From
lun — tull < |lun — ynll + |lyn — tn|| we also have ||u, — t,]| — 0. As A is
Ek-Lipschitz continuous, we have || Ay, — At,|| — 0.
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From (4.10) and (4.1), we also obtain
(4.12) zn1 —ul® < [lzn = ull® + (1 = an) (e = an)l[tn — Tintal®,

for every n =0,1,2, ....
Frome <c¢<a, <d <1 and (4.12), we have

(1=d)(c=e)llta=Titnll* < (1~an)(an—e)llta=Timtal® < lzn—ull*~llznr1—ull*
This implies that
(4.13) lim ||t;, — Ty, tnll = 0.
n—oo
By (4.11) and (4.1), we have
|zn41 = ull® < un —ul® < ||z — |l + 70(ry — 26)|| Bxy — Bul|®.
Thus, we have
V(28 =7)||Ban —Bul|? < ro(28—13) || Ben — Bul® < [Jon — ] = [|lzn41 —ul]®.

Thus, we have || Bz, — Bu|| — 0.
It follows from (4.11) and (4.3) that

|Zn+1 _UH2 < Hun—uH2 < Hxn_uH2_ Hxn—unH2—|—2rn<B$n—Bu, T, — Un).
Hence,
|20 — unH2 < [|zy — uH2 — lzns1 — uH2 + 27 || Bxn, — Bul|[|zn — un|-
Since ||Bz,, — Bul|| — 0, {z,,} and {u,} are bounded, we obtain ||z, — u,| — 0.
From ||t, — 2, || < ||tn —un|| + ||zn — u,|| we also have ||t,, —z,| — 0. It follows
from (4.9) and (4.13) that
(4.14) lim ||z, — Tjp@n| = 0.
n—oo
Since HT[n]tn — x| < HT[n]tn — tn|l + ||tn, — xx ||, it follows from (4.13) that
(4.15) lim || Tjytn — 20| = 0.
n—oo
We observe that

|Zn+1 — an2 < anltn — an2 +(1 - O‘n)HT[n]tn - an2
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It follows from (4.15) that lim,, .« [[Zn41 — 2n|| = 0. It is easy to see that
(4.16) Hm |2 — 2|l = 0,¥5 = 0,1,..., N — 1.
n—oo
By (4.10), (4.14) and (4.16), we get

nh_{go |n — T[n+j]an = 0.

As {z,} is bounded, there exists a subsequence {x,,} of {z,} such that z,,;, — w.
From ||z, — u,|| — 0 and ||¢,, — x,|| — 0, we obtain that u,,; — w and ¢,; — w.
Since {u,;} € C and C is closed and convex, we obtain w € C. By similar
argument with that in the proof of Theorem 3.2, we know that w € N} ! Fiz(T}).
The rest of the proof is similar with that in the proof of Theorem 4.1. The proof is
now complete.

we now derive a weak convergence theorem of the cyclic algorithm based on
nonextragradient method which solves the problem of finding a common element
of the set of solutions of a generalized mixed equilibrium problem, the set of fixed
points of a finite family of strict pseudo-contractions and the set of the variational
inequality for an inverse strongly monotone mapping in a Hilbert space.

Theorem 4.3. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
C — R U {+cco} be a proper lower semicontinuous and convex function. Let
A:C — Hand B : C — H be a-inverse strongly monotone and g-inverse
strongly monotone, respectively. Let N > 1 be an integer. Foreach 0 < j < N—1,
let T; : C — C be an ¢ -strict pseudo-contraction for some 0 < ¢; < 1 such that
Ty = NN Fiz(Ty) N VI(C, A)N GMEP(F, ¢, B) # 0. Let e = max{e; : 0 <
j < N —1}. Assume also that either (B1) or (B2) holds. Let {x,}, {u,} and {y,}
be sequences generated by

xg =x € C,
F(un,y) +(y) — p(un) + (Bn,y — un)
1
+r—<y—un,un—xn> >0, Yy € C,

n

Yn = PC(un - )\nAun)v

Tnt1 = anyYn + (1 = an) Tjn)yn,

for every n = 0,1,2,.... If {\,} C Ja,b] for some a,b € (0,2a),{a,} C
[c, d] for some ¢,d € (e,1) and {r,} C [y, 7] for some ~,7 € (0,23). Then,
{zn}, {un} and {y,} converge weakly to w € T'y, where w = Pr,(z,,).
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Proof. Let u € T’y and let {7, } be a sequence of mappings defined as in
Lemma 2.1 in [31]. Then u = Po(u — A\yAu) = T), (u — rp,Bu). From the proof
of Theorem 3.3, we have:

(4.1)  un —ull® < [lon — ull® + ro(rn — 28)||Bxn — Bul|* < ||z, — ul®.
(4.8) Tz — Tiyl? < Nl — ylI* + ellz — Tjyz — (y — Tpyw)|I*, Va, y € C.

(4.10)  lzn = Thgjpaall < L+ Dllzn = 2ol + 12045 = Tinsg) 2o

1—¢;
where L = maxonSN_l{ 1+5; }

(4.17) [0 = Tipnll < (1 + D)llzn = yall + g = Tijynll-
(4.18)  llyn — ull® < Jun — ul]? + Xa(An — 20) || Ay, — Aull* < Jlup — ul.

(419)  un — ul?® < |zn — ul|® = |20 — un||® + 2rn(Bx, — Bu, , — ).
And

g = ull? < un = ull® = llun = ynl|?

(4.20) , ,
+2X, (Up, — Yn, Aty — Au) — A5 || Auy — Aull®.

It follows from (4.1), (4.8), (4.18), Tpt1 = nyn+(1 =) Tinyn and u = Tiyu
that

41— ull?
= anllyn—ull* + (L=an) | Tinyn —ull® — an(1=an)llyn—Tinynl®
< anllyn — ull® + (1~ an)[llyn — ull?
+ellyn — Tiyynll®] = an (1 — o)y — Tjynll®
(421) =y —ull® + (1 = an)(e — an) |yn — Timyall?
< un — ul)® + ANy — 20) || Auy, — Aul?
+(1 = ) (€ = ) [[yn — Tyl
< &n — ul)® + ANy — 20) || Auy, — Aul?
< ||z — ul?,
for every n = 0, 1,2, .... Therefore, there exists § = lim,, .~ ||z, —u|| and {z,,} is

bounded. From (4.1) and (4.18), we also obtain that {y,,} and {u, } are bounded.
It follows from (4.21) that
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1
[ Aun = Al < 5= (o =l = s = ul?)
< (o — ull? ~ s — ul?).
~ a(2a —b)

Hence, ||Au,, — Aul|| — 0.
From (4.21) and (4.1), we also have

(4.22) |zn41 = ull? < flan = ull* + (1 = an)(e = an)llyn — Trynll*,
for every n =0,1,2,.... Frome < ¢ < o, < d < 1 and (4.22), we have
(1=d)(c=&) lyn=Tpyn 1> < (1=cn) (=) | yn—Timynll* < lzn—ul*~lln1—ul.
This implies that
(4.23) Jim |y — Tinynl| = 0
Also by (4.21) and (4.1), we have

lzni1 = wl® <l = ul® < 2w = ull® + ra(ra — 26)|| Ben — Bul/*.
Thus, we have
Y(28—7)|| By — Bul|* < (26 —rn) | Ben — Bull® < ||zn —ull* ~[|zns1 —ul*.

It follows that || Bz,, — Bu|| — 0.
By (4.21) and (4.19), we have

|Zn+1 _UH2 < Hun—uH2 < Hxn_uH2 - Hxn_unH2+2rn<an — Bu, Ty — up).
Hence,
|zn — unH2 < |lzn — uH2 —zns1 — uH2 + 21| Bzyn, — Bulll|zn — ual.

Since | Bz,, — Bu|| — 0, {z,} and {u,} are bounded, we obtain ||z,, — u,|| — 0.
From (4.21), (4.1) and (4.20), we have

1 —ull® < llyn—ull® < 2 —ul* = lltn = yall >+ 220t — o ||| At — Aul].
Thus, we have

lun = yall* < llzn = ull® = lonst = ull® + 22nllun = yolll| Aup — Aull.
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It follows from ||Au, — Aul| — 0 that ||u, — yn| — 0. From ||y, — z,| <
|Yn — unll + |2 — un|| we also have ||y, — x| — 0. It follows from (4.17) and
(4.23) that

(4.24) lim ||z, — Tip@s| = 0.
n—oo
Since || Tinyn — Znll < | Tinyn — Ynll + |Yn — x4, it follows from (4.23) that
(4.25) lim [|T}yn — @n|| = 0.
n—oo
We observe that
|Zn41 = 2l < anllyn — zall® + (1 = an) | Tpgyn — zall*.

It follows from (4.25) that limy, . [[Zn41 — 2n|| = 0. It is easy to see that

(4.26) lim |21 — 2| =0,¥5 =0,1,.., N — 1.
n—oo

It follows from (4.10) and (4.26) that for each j =0,1,..., N — 1

(4.27) nli)rglo l|xn — T[n—l—j]an =0.

As {z,} is bounded, there exists a subsequence {x, } of {z,} such that z,; —
w. From ||z, — u,|| — 0 and ||y, — z,|| — 0, we obtain that w,;, — w and
Yn; — w. Since {uy;} € C and C is closed and convex, we obtain w € C. The
rest of the proof is similar with that in the proof of Theorem 4.2. The proof is now
complete.

Let A=0, by Theorem4.1 and4.2, respectively, we obtain the following results:

Theorem 4.4. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
C — RU{+oo} be a proper lower semicontinuous and convex function. Let B
be a g-inverse strongly monotone mapping of C into H. Let N > 1 be an integer.
Foreach 1 <j < N, letT;:C — C be an ¢;-strict pseudo-contraction for some
0 <& < 1suchthat Ay = N} Fix(Tj) N GMEP(F, ¢, B) # (. Assume for
each n, {(j(”)}jyzl is a finite sequence of positive numbers such that Z?’Zl Cj(”) =1
for all n and inf,,>; Cj(”) >0forall0<j<N.Lete =max{e;:1<j <N}
Assume also that either (B1) or (B2) holds. Let {z,} and {u,} be sequences
generated by

r1 =x €C,
F(un,y) + o(y) — o(un) + (Bxn, y — un)
1
+— (Y — Up, Uy — ) >0, Yy € C,

n

N
Tpg1 = @y + (1 — ay,) Z Cj(n)Tjun,
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forevery n = 1,2, .... If {a,,} C [¢,d] for some ¢,d € (e,1) and {r,} C [vy,7]
for some v, 7 € (0,20). Then, {x,} and {u,} converge weakly to w € Ay, where
w = limy, oo PA, Zp.

Theorem 4.5. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
C — R U {+o0} be a proper lower semicontinuous and convex function. Let B
be a -inverse strongly monotone mapping of C into H. Let N > 1 be an integer.
Foreach 0 < j < N —1, letT; : C — C be an ¢;-strict pseudo-contraction for
some 0 < g; < 1 such that Ay = N (' Fiz(T;) N GMEP(F,,B) # (. Let
e =max{e; : 0 < j < N —1}. Assume that either (B1) or (B2) holds. Let {z,}
and {u,,} be sequences generated by

xg =x € C,

1
F(unvy)+@(y)_@(un)+<anvy_un>+r_<y_unvun_xn> >0, wed,
n
Tpg1 = Qplpn + (1 — an) T un,

forevery n =0,1,2,.... If {a,} C [¢,d] for some ¢,d € (¢,1) and {r,} C [y, 7]
for some v,7 € (0,283). Then, {z,}, {u,} , {t,} and {y,} converge weakly
to w € Ag, Where w = limy, o0 Pa, (zn).

Theorem 4.6. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
C' — RU{+oco} be a proper lower semicontinuous and convex function. Let S be
a pseudo-contraction and m-Lipschitz-continuous mapping of C' into itself and B
be a g-inverse strongly monotone mapping of C into H. Let N > 1 be an integer.
Foreach 1 < j < N, let T; : C — C be an g;-strict pseudo-contraction for
some 0 < e; < 1 such that @, = NI, Fix(T)) N Fiz(S)NGMEP(F, ¢, B) # 0.

Assume for each n, {Cj(”) jyzl is a finite sequence of positive numbers such that

Zj\’:l Cj(”) =1 for all n and inf,,>1 Cj(”) >0forall0 <j <N. Lete =max{e;:
1 < j < N}. Assume also that either (B1) or (B2) holds. Let {x,}, {un}, {tn}
and {y,} be sequences generated by

r1 =x €C,

1
F(unvy)+@(y)_@(un)+<anvy_un>+r_<y_unvun_xn> >0, vyed,
Yn = Up — )‘n(un - Sun)v "
t, = PC(un - )‘n(yn - Syn))7
N
Tpt1 = Qutn + (1 — ap) Z Cj(n)Tjtn,
j=1
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foreveryn =1,2,.... If {\,} C [a, b] for some a,b € (0, #H), {an} C [e, d] for
some ¢,d € (¢,1) and {r,} C [y, 7] for some v, 7 € (0,23). Then, {z,}, {u,},
{t,} and {y,,} converge weakly to w € Q;, where w = lim,,_,o Po, .

Proof. By Theorem 4.1 and the proof of Theorem 3.6, we know the conclusion
holds.

Theorem 4.7. Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C x C' to R satisfying (A1)-(A5) and ¢ : C' —
R U {400} be a proper lower semicontinuous and convex function. Let Let S be
a pseudo-contraction and m-Lipschitz-continuous mapping of C' into itself and B
be a g-inverse strongly monotone mapping of C into H. Let N > 1 be an integer.
Foreach 0 < j < N —1, letT; : C' — C be an ¢;-strict pseudo-contraction for
some 0 < ; < 1 such that Q = NI Fiz(T)) N Fiz(S)NGMEP(F, ¢, B) # 0.
Let ¢ = max{e; : 0 < j < N — 1}. Assume that either (B1) or (B2) holds. Let
{zn}, {un}, {tn} and {y,,} be sequences generated by

rg =z € C,
F(un, y) + o(y) — o(un) + (Bxn, y — un)
1
—|—r—<y—un,un—xn> >0, Yy € C,
n

Yn = Un — )‘n(un - Sun)v
tn = Po(un — A(Yn — Syn)),
Tpt1 = antn + (1 — an) Tipptn,

for every n = 0,1,2,.... If {\,} C [a,b] for some a,b € (O,ﬁ),{an} -
[c, d] for some ¢,d € (e,1) and {r,} C [y, 7] for some ~,7 € (0,23). Then,
{zn}, {un} , {tn} and {y,} converge weakly to w € Qs, where w = lim,
P, (xy).

Proof. From Theorem 4.2 and the proof of Theorem 4.6, we know that the
conclusion holds.

Remark 4.1. In Theorems 4.1-4.7, if we assume some of the mappings F, B, ¢
equal to zero mappings, we can obtain many new and interesting weak convergence
theorems for some algorithms for the special case of problem (1.1) (i.e., Problems
(1.2)-(1.7)). Now we only give five examples as follows:

Corollary 4.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5) and ¢ :
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C' — RU{+o0} be a proper lower semicontinuous and convex function. Let A be
a monotone and k-Lipschitz continuous mapping of C' into H. Let N > 1 be an
integer. Foreach 1 <j < N, letT; : C — C be an ¢;-strict pseudo-contraction
for some 0 < e; < 1 such that A = NI, Fix(T;) N VI(C, A)n MEP(F, ) # 0.
Assume for each n, {Cj(”) j\’zl is a finite sequence of positive numbers such that
Zj\’:l Cj(”) =1 for all n and inf,,>1 Cj(”) >0forall0 <j <N. Lete =max{e;:
1 < j < N}. Assume also that either (B1) or (B2) holds. Let {x,}, {un}, {tn}
and {y,} be sequences generated by

r1 =x €C,

1

Yn = PC(un - )\nAun)v
t, = Pc(un — )\nAyn),

N
Tpt1 = apty + (1 — ay) ZC}n)Tjtn,
j=1
for every n = 1,2,.... If {\,} C [a, ] for some a,b € (0, 1), {an} C [c,d] for

somec, d € (g,1) and {r,} C [y, +o0) for some v > 0. Then, {z,}, {u,}, {tn}
and {y,} converge weakly to w € A, where w = lim,, . PrZy,.

Proof. Putting B = 0, by Theorem 4.1 we obtain the desired result.

Corollary 4.2. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F' be a bifunction from C' x C to R satisfying (A1)-(A5). Let A be
a monotone and k-Lipschitz continuous mapping of C' into H. Let N > 1 be an
integer. Foreach0 < j < N—1,letT; : C — C be an ¢;-strict pseudo-contraction
for some 0 < &; < 1 such that & = N} ' Fia(T;) N VI(C, A) N EP(F) # (. Let
e =max{e; : 0 < j < N —1}. Assume that either (B3) or (B2) holds. Let {x,},
{un}, {t,} and {y,} be sequences generated by

xg =x € C,

1
F(unvy)+r_<y_unvun_xn>zov VyGC,
n
Yn = PC(un - )‘nAun)v
t, = Pc(un — )\nAyn),

Tpt1 = antn + (1 — an) Tiptn,
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for every n =0,1,2,.... If {\;} C [a,b] for some a,b € (0, }), {on} C [c,d] for
some ¢, d € (g,1) and {r,} C [y, +o0) for some v > 0. Then, {x,}, {u,} , {tn}
and {y, } converge weakly to w € 3, where w = lim,,_. Px(z,).

Proof. Putting B = 0 and ¢ = 0. By Theorem 4.2 we obtain the desired result.

Corollary 4.3. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be a monotone and k-Lipschitz continuous mapping of C' into H
and B be a (-inverse strongly monotone mapping of C' into H. Let N > 1 be an
integer. Foreach 1 < j < N, letT; : C — C be an ¢;-strict pseudo-contraction
for some 0 < e; < 1 such that ©, = N}, Fiz(T;) NVI(C, A)NVI(C, B) # 0.
Assume for each n, {Cj(”) j\’zl is a finite sequence of positive numbers such that
Zj»v:l Cj(n) =1 for all n and inf > Cj(n) >0forall0 <j<N. Lete=max{e;:
1 <j <N} Let {z,}, {un}, {t,} and {y,,} be sequences generated by

r1 =x € C,

un, = Po(zy, — rnBxy,),
Yn = Po(un — ApAuy,),
tn = Po(un — A\Ayy),

N
Tn+1 = Qntp + (1 - an) Z Cj(‘n)Tjtnv
j=1
for every n = 1,2,.... If {\,} C [a,b] for some a,b € (0, 1), {an} C [c,d] for

some ¢,d € (¢,1) and {r,} C [y, 7] for some v, 7 € (0,23). Then, {z,}, {u,},
{t,} and {y,} converge weakly to w € 1, where w = lim,, .~ Po, Zn.

Proof. Putting FF = 0 and ¢ = 0, by Theorem 4.1 and the proof of Corollary
3.3, we obtain the desired result.

Corollary 4.4. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let A be a monotone and k-Lipschitz continuous mapping of C' into H
and B be a (-inverse strongly monotone mapping of C' into H. Let N > 1 be an
integer. Foreach0 < j < N—1,letT; : C — C be an ¢;-strict pseudo-contraction
for some 0 < &; < 1 such that ©, = N}(' Fia(T;) N VI(C, A)n VI(C, B) # 0.
Let e = max{e; : 0 < j < N —1}. Let {z,}, {u,}, {t,} and {y,} be sequences
generated by
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xg =x € C,

un, = Po(xy — rpBxy,),

Yn = Po(un — ApAuy,),

tn = Po(un — A\Ayy),
Tpt1 = aptn + (1 — an)Tintn,

for every n = 0,1,2,.... If {\,} C [a,b] for some a,b € (0, 1), {an} C [c,d] for
some ¢, d € (g,1) and {r,} C [y, 7] for some ~, T € (0,23). Then, {z,}, {u,},
{t,,} and {y,} converge weakly to w € 2, where w = lim,,_. Po,(x,).

Proof. Putting FF = 0 and ¢ = 0, by Theorem 4.2 and the proof of Corollary
3.3, we obtain the desired result.

Corollary 4.5. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let ¢ : C — RU {400} be a proper lower semicontinuous and convex
function. Let A be a monotone and k-Lipschitz continuous mapping of C' into H.
Let N > 1 be an integer. Foreach 1 < j < N, let T} : C' — C be an ¢;-strict
pseudo-contraction for some 0 < e ; < 1 such that = = NI, Fixz(T;) NV I(C, A)N
Argmin(p) # (. Assume for each n, {Cj(”) ﬁy:1 is a finite sequence of positive

numbers such that Zj\’zl Cj(”) =1 for all n and inf,,>; g(,”) >0forall0<j <N.
Let ¢ = max{e; : 1 < j < N}. Assume also that either (B4) or (B2) holds. Let
{zn}, {un}, {tn} and {y,} be sequences generated by

r1 =x €C,

1
Yn = PC(un - )‘nAun)v
t, = Pc(un — )\nAyn),

N
Tnt1 = Qptyn + (1 — ay) ZC}n)Tjtn,
j=1

for every n = 1,2,.... If {\,} C [a,b] for some a,b € (0, +), {an} C [c,d] for
some ¢, d € (g,1) and {r,} C [y, +o0) for some v > 0. Then, {x,}, {u,}, {tn}
and {y,} converge weakly to w € =, where w = lim,, o, P=zy,.

Proof. Putting /' = 0 and B = 0, by Theorem 4.1 we obtain the desired result.

Remark 4.2.

(i) Theorems 4.1-4.7 generalize, extend and improve Theorem 4.1 in [12] and
Theorem 3.1 in [14]. Corollary 4.3 and 4.4 generalize and improve Theorem
3.1 in [26].
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Let A = B = 0, by Corollary 3.3, 3.4, 4.3 and 4.4, respectively, we can
recover Theorem 5.1, 5.2, 3.3 and 4.1 in [19] with modified condition {a, } C
[¢, d] for some ¢,d € (g, 1).

Let A = 0, by Corollary 3.3, 3.4, 4.3 and 4.4, respectively, we can recover
Theorem 5.1, 5.2, 3.1 and 4.1 in [30].
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