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ON A NEW CLASS OF SEQUENCES RELATED TO THE
¢, SPACE DEFINED BY ORLICZ FUNCTION

Yilmaz Altun and Tunay Bilgin

Abstract. In this paper we introduce new sequence space m(M, A, ¢, p)
defined by combining an Orlicz function and an infinite matrix. We study its
different properties and obtain some inclusion relations involving the space
m(M, A, ¢, p).

1. INTRODUCTION

Throughout this paper w, ¢~ and ¢,, denote the spaces all, bounded and p
absolutely summable sequences, respectively.Also g, denotes the set of all subsets
of N, those do not contain more than s elements. Further(¢s) will denote a non-
decreasing sequence of positive real numbers such that n¢, < (n+1)¢, ., for all
n € N .The class of all the sequences (¢) satisfying this property is denoted by ®.

The space m(¢) introduced and studied by Sargent [13] is defined as follows :

1
m(¢) ={x = (i) € s : ||z, = Lo o ; || < oo}

Sargent [13] studied some of its properties and obtained its relationship with the
space £, .

Later on it was investigated from sequence space point of view by Rath [10],
Rath and Tripathy [11], Tripathy and Sen [14], Tripathy and Mahanta [15], and
others.

Lindentrauss and Tzafirir [7] used the idea of Orlicz function to defined the

following sequence spaces.

BM:{x:(xi)es:ZM(%) < o00,p >0}
i=1
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which is called an Orlicz sequence spaces. The space £,; is a Banach space with

the norm,
2| = infp >0 ZM (‘”ﬁ;‘) <1).

=1

The space ¢ is closely related to the space ¢, which is an Orlicz sequence
space with, M(z) = 2P,1 < p < 0.

An Orlicz function is a function M : [0, 00) — [0, o) which is continuous, non-
decreasing and convex with M (0) =0, M (x) > 0 for x > 0 and M (z) — oo
as x — oo. It is well known that if M/ is a convex function and M (0) = 0O;then
M (Az) < AM (z) forall A with0 < X <1.

An Orlicz function M is said to satisfy the A,-condition for all values of w, if
there exists a constant L > 0 such that M (2u) < LM (u),u > 0 (see, Krasnoselskii
and Rutitsky [6]).

In the later stage different Orlicz sequence spaces were introduced and studied
by Bhardwaj and Singh [1], Bilgin [2],Gungor et al [5], Tripathy and Mahanta [15],
Esi [3], Esi and Et [4], Parashar and Choudhary [9] and many others.

The following inequality will be used troughout the paper;

(1) |a; + bi|P" < max(1, 277 (Jag [P + [b;])

where a; and b; are complex numbers ,and H = sup p; < o
Recently Tripathy and Mahanta [15] defined and studied the following sequence
space. Let M be an Orlicz function, then

m(M,A,¢)={x=(x;) €s: sup iZM(M

s>1,0€ps ¢s ico P

) < oo, for some p > 0}.
Let A = (a;x) be an infinite matrix of complex numbers. We write
Az = (Ay(z)) if Ay( Zazkxk

converges for each i.

In this paper we introduce the following sequence space: Let A=(a;x)be an
infinite matrix of complex numbers,M be an Orlicz function and a p = (p;)be
bounded sequence of positive real numbers such that 0 < h = infp; < p; <
supp; = H < oo, then

1 [ Ai(z)[\”"
m(M, A, ¢,p) =z = (x;)Es: sup —ZM ——— ] <o0, forsomep>0}.

s>1,0€ps ¢s ico P
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where, for convenince, we put

M <M> instead of [M (M)] .

p p
1, k=1
Ifp;=1forallie Nanday = { —1, F=17+1 thespace m(M, A, ¢,p)
0, others

reduce to the above sequence space m(M, A, ¢). When A = I unit matrix, then
write the space m(M, ¢, p) in place of the space m(M, A, ¢, p).

2. MAIN RESULTS
In this section we prove some results involving the sequence space m(M, A, ¢, p).

Theorem 2.1. Let M be an Orlicz function, then the space m(M, A, ¢, p) is a
linear space over the complex field C.

Proof. Suppose that =,y € m(M, A, ¢,p) and «, 5 € C. Then there exist
some positive numbersp; and p such that

sup iZM<M>pi<ooand sup iZM<M>pi<oo

s>1,0€ps Os ico P1 s>1,0€ps Os ico P2

Let ps = maz(2 |a| p1,2]|6] p2). Since M is non-decreasing and convex, from
inequality (1), we therefore have

1 M(\Az‘(ax+ﬁy)\>pi

sup —
SZLJEKDS ¢8 ZEO' p3
00 Di
1 > (cagay + Bairyr)
k=1
= sup — M
s>1,0€ps ¢s ; P3
1 A A Di
~ Ly (o) 5a)
521,060, s £ p3

< max(1,297 N[ sup LZM<M>M

s>1,0€p0s ¢s ico P1

+ sup iZ:M<M>pi]<oo

s>1,0€ps Os ico P2
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This implies that ax + By € m(M, A, ¢, p). This proves that m(M, A, ¢, p) is
linear.

Theorem 2.2. Let Ax — oo, as z — oo , then the space m(M, A, ¢,p) is a
linear topological space paranormed by

glx) = {ppr/H [ sup LZM <M)pi]1/h’ <l1l,r= 1,2,3,...}

321,06p5¢8 ico P
Proof. Clearly g(z) = g(—x). Since M(0) = 0, we get Ax = 0 for z = 0,
therefore g(x) = 0. Let p = p1 + p2, p1 > 0 and po > 0 such that

sup iZM<M>pig1andv sup iZM<M>pig1

s>1,0€ps Os ico P1 s>1,0€ps Os ico P2

Then we have

h .
. Di 1 A Di
sup 3 (it 5( p1 ) sup ZM(\ z(w)\>
s>Locps " ico r PL+p2) s21loep.Ps S2 p1
h .
1 A; pi
+< P2 ) sup Z”(‘ z(y)\>
P1tP2) s>1,0cp0, Ps P2

1€0

Hence we get g(z + y) < g(x) + g(y). Next, for A € C , without loss of
generality, let A #£ 0, then

g(A\x) = {ppr/H :[ sup LZM <M>pl]l/H <1l,r=123, }

s>1,0€ps ¢s ico P

X Pi
:{\A\pi’f/H:[ sup -3 ar (ML) ]1/H31,r:1,2,3,...}

s>1,0€ps ¢s ico P1

wherep = |\| p1. Hence we get g(Ax) < max (1, |A|)g(x)
So, the continuity of the scalar multiplication follows from the above inequal-
ity. This completes the proof.

Now we give relation between m(M, A, ¢, p) and m(M, A, ¢2, p) with respect
to an Orlicz function.

Theorem 2.3. m(M, A, ¢',p) C m(M, A, 2, p) if and only if
1

sup —5 < 00.
s>1 ¢s
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Proof. Letz € m(M, A, ¢', p)and T = sup,>, %i? < 00.Then we can write

. i 1 1 A, i
sup #ZM(|AZIS$)|>:D SSUP% sup _ZM<‘ (‘T’.)‘>

. 2 1
s>l,0€ps  ° ic€o s>1 ¢3 s>1,0€05 ¢3 ico P

1 Ai(2)\ P
=T sup _IZM <7‘ Z(x)‘>
s>lo€p, Ps i P

Therefore x € m(M, A, ¢%, p).Conversely, let m(M, A, ¢', p) Cm(M, A, $?, p)
and z € m(M, A, ¢*, p). Then there exists p > 0 such that

sup iZ:M (M)p < o0

1
s>1,0€ps ¢s ico P

Suppose that sup~; %;1 = oo . Then there exists a sequence of natural numbers
1 S

: s .
(s;) such that lim; o 7+ = oo. Hence we can write
55

sup LZM<M>piZSup¢—; sup LZM(MYH:OO

2 R 2 1
s>loeps D5 1o p 21 93 s>10e0. 03, p

Therefore = ¢ m(M, A, %, p) which is a contradiction to the fact that m (M, A, ¢!, p) C
1
m(M, A, ¢%, p). Hence SUP4>1 i—% < 0.
The following result is a consequence of Theorem 2.3.

Proposition 2.4. Let M be an Orlicz functionm(M, A, ¢*, p) = m(M, A, 2, p)
1 2
if and only if sup ¢~ z—é < 0o and sup>4 i—i < 00.

Theorem 2.5. Let M and M; be an Orlicz functions which satisfies the A -
condition. Then m(M, A, ¢, p) € m(MoMy, A, ¢,p)

Proof. Let x € m(M;,A,¢,p) and ¢ > 0 be given and choose § with
0 < d < 1suchthat M(t) <efor0 <t <¢. Write

1 |A; ()| )pi: 1 ( \x‘h(@\)pi
L U LS AP B LTI

o LS ar (a0

s>1,0€ps ¢s 9
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where the summatlonz is over M4l (m”] < § and the summation > is over
2

M, ['AP%)'] > ¢. Since M is continuous, we have

sup 1 Z M (Ml[M])pi

s>1,0€ps ¢s P

< max{1, M(1)7} sup ZM1<

s>1 Jegos S

< max{1, M(1)"} _sup —ZM1<‘A2‘($)\)”"

s>1,0€ps ¢s ico

For M1[|A"l§m)|] > §, we use the fact that

; A;
P P P
Since M satisfies the Ay-condition , then there exists L > 1 such that
(z A; _
M(Ml['f‘l%']) < M(1 +M1["ﬂ]5 h
1 1 |Ai(2)] 1
< -M(2 —M(2M
< GM(2)+ GMEM[= S
. As
2 p 2 p
As
= LM ()5 Z[Sx)‘].
We have
1 |Ai(z)] )pi
sup — M [ M
s>102p5¢sz < 1[ P ]
A Pi
< max{1, (LM (2)6~ "} sup iZM1<‘A2(x)‘> :
s>1,0€ps Ps 9 P
- 1 \Az(w)\>p"
< max{1, (LM (2)6 H"} sup — M(
o { ( ( ) ) }821,02p5¢8,i620_ ! P
Hence
su — M (M Pi
s>1 Jlégos ¢s iz; ( 1[ p ])
Pi
< max{l, M H sup M < )
{ ( }s>1 ,OEQPs ¢s ; !

Fmas{1, (LM(2)5)") sup iZMl(‘Ai(x)‘Yi

s>1,0€ps ¢s ico
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It follows that = € m(MoM, A, ¢, p).
The proof of the following result is a routine verification in view of the Theorem
2.5

Proposition 2.6. For an Orlicz function M which satisfies the A o- condition,
we have m(A4, ¢, p) € m(M, A, ¢,p) .

The proof of the following result is a consequence of Theorem 2.3 and Propo-
sition 2.6.

Proposition 2.7. For an Orlicz function M which satisfies the A 5 - condition,
1
we have m(4, ¢',p) € m(M, A, ¢*, p) if and only if sup -, %Ei < o0.
(pi ) and (¢; ) are any bounded sequences of strictly positive real numbers.\We
are able to prove m(M, A, ¢,q) C m(M, A, ¢, p) only under additional conditions.

Theorem 2.8. Let 0 < p; < g; forall i € N and let (¢;/p;) be bounded.Then
m(M7 A7 ¢7 Q) g m(M7 A7 ¢7 p)'

Proof. If we take t; = M <|AiT(m)|>pi for all i € N, then using the same

technique of Theorem 2 of Ozturk and Bilgin [8], it is easy to prove of the theorem.
Proposition 2.9.

(i) f0<infp; <1forallie N, then m(M, A, p) C m(M, A, ¢, p)
(i) 1 <p; < supp; = H < oo, then m(M, A, ¢, p) € m(M, A, ¢)

Proof.
(i) Follows from Theorem 2.8 for ¢; =1 for all i € N .
(ii) Follows from Theorem 2.8 for p; = 1for all i € N and ¢; = p; forall i € N.

Let X be a sequence space. Then X is called Solid (or normal) if (a;z;) € X
whenever (z;) € X for all sequences (a;) of scalars with |a;| < 1 for all i € N.

Theorem 2.10. The sequence space m(M, ¢, p) is solid.

Proof. Let o = («;) be a sequence of scalars such that |a;| < 1, forall i € N.
We get

1\ Pi 1 | s\
sup é ZM(%)I) S sup _ZM <M)

s>1,0€ps  i€o s2l,0€ps Ps 20 p
1 x|\ 7

< sup —E M il

s>1,0€ps ¢s ico P

Then the result follows from the above inequality.
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