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BOUNDEDNESS OF g-FUNCTIONS ON TRIEBEL-LIZORKIN SPACES

Chunjie Zhang! and Jiecheng Chen?

Abstract. We prove that the g-function operator g,, where ¢(x) = h(|z|)Q(z)
with Q(z) = Q(2’) € H'(S"~1) and h(s) satisfing certain continuity hypoth-
esis, is bounded on Triebel-Lizorkin space F*¢(R"™) when 0 < o < 1 and
1 < p,q < oo. In particular, we get that the Marcinkiewicz integral operator
pq with H'-kernel is bounded on F24.

1. INTRODUCTION

Recently, the boundedness of singular integral operators on Sobolev sapces and
Triebel-Lizorkin spaces is investigated widely, for example, see [2], [3], [4] and [7].
It was proved in [3] that

Toof@) = P.V. [ blsDls " F e = s}y

is bounded on F? for Q € L7(S"1) and o = 0, and bounded from £t to
EJ9fora>0and Qe HS(S" ) wherer >1, s = (n—1)/(n—1+a), n>2,
BER,1<pqg<+oo, be L®(R") and Q satisfies some cancellation condition.
When (2 satisfies

swp [ 100/ (nly -6 o) < o, ¥ 7 >0,
pesn—1.Jgn-1

a condition firstly introduced by Grafakos and Stefanov in [8], we proved in [6]
that T, (with b(Jy|) = 1 and o = 0) is bounded on Ff’q.
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In this paper we shall consider the g-function and the Marcinkiewicz integral.
Recall that the g-function is defined by

9o(f) (@) = ( / o f<x>\2@)1/2 (1)

t

where ¢y (z) = t7"¢(x/t). For ¢(z) = Q(z)|x|' "X |z<1(z) With Q@ € L*(S")
and [g,_, Q(a')do(z') = 0, gg is just the Marcinkiewicz integral 1. The most
common assumptions imposed on ¢(z) to ensure the LP boundedness of g4 are the
following:

(i) lo(2)] < C(1+ [x])7"7F,

(i) [pn O(x)dz =0,

(iil) [gn lo(z+y) — ¢(x)|dz < Cly|, €> 0.
First, the above three conditions imply an L? estimate of g,. In addition, one can
obtain a Hormander-type condition:

z|>2|y

And at last the L? boundedness of g is reached by using the famous BCP method.

Let us recall the fundamental result of BCP. Let F' be a Banach space and
K (x) be a strongly measurable, locally integrable function from R*\{0} to F'. An
operator U is called a BCP operator if

(1) there is a pg € (1,400) such that for any f € LPo(R™),

/ \U()|Bdz < C / P,
R" R"

(2) for every continuous function with compact support supp(f) C R, U(f)(x)
coincides with K « f(x) outside supp(f) and there exists a constant M > 0
such that

[ K= y) ~ K@)lrdo < M, Yy £ 0
|z|>2[y|

Under these assumptions, U can be extended to a bounded operator from
LP(R"™) to LP(R™, F) for every p € (1, +00), see [1].

Note that g4 commutes with translation (i.e. 7,94 = ¢7, for each y € R"),
but it is not linear, which brings difficulties in studying its boundedness on Ff’q.
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In [9], using the BCP method, Korry proved that g, is bouned on Sobolev space
Hy(R"), 0 < a < 1 with ¢ satisfying (i)-(iii). In fact, by Korry’s method, the
space H;' can easily be replaced by the more general space FPwitho<a<1
and 1 < p,q < +oo. As a corollary, we get the F,”? boundedness of o when
Qe Lip(S" 1) (0<r<1),0<a<landl < pqg< oo Itisnatural to
ask whether pg, is bounded on F,"? for a rough Q. In this paper, we shall search
for some rough conditions on ¢(x) such that the g-function operator is bounded on
F

Below we always assume ¢(z) = h(|z|)Q(z) where Q(z/) € L'(S"1) and
h(s) is a function on R*. The method we shall use is the BCP method developed
in [9] and the rotation method developed in [5] and [11]. Our main result is

Theorem 1. Let Q € H'(S"~!) which satisfies [ Q(z')do(2') = 0. Suppose

there exists an e > 0 such that |h(s)| < C% and a v > 0 such that

/R |(s +m)" 'h(s +m) — s" " h(s)|ds < C|m|".

Then g4 is bounded on Fi7"%, 0 < a < 1,1 < p, g < +o0.

Corollary 2. When Q € H'(S"!) satisfies [, , Q(a')do(z') = 0, pgq is
bounded on F;"%, 0 < < 1, 1 < p,q < 40o0.

It is unknown whether pq, is bounded on Fj"(R") for « > 1and 1 < p,q <
+00.

2. SoME LEMMAS

We first recall the definition of F,"?. Let ® € C2°(R™) which satisfies
supp(f) € {£ : 1/2 < |§] < 2} and ®(§) > 1 if 3/5 < |[¢| < 5/3. Denote
U (€) = ®(25¢). We say that f is in the non-homogenous Triebel-Lizorkin space
FY a>01<pq<ooif

1/q
1l = 1 £llze + (Zm—’%k*f\q) < too.

kez Ip

In this paper, we shall use an equivalent norm of F,"?. Define

Sp(f)(x) = </O+Oo (/n Tdé_)q/r %> 1/q

flz+18) — f(=)
o
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where B,, is the unit ball of R™.

Lemmal IfO0<a<1,1<p,qg<+ooandl<r<min(p,q), then

Ne(f) = 1 Fllee + 150 (F) | ze

is an equivalent norm of Fg"".

This result can be found on page 194 of [10], or in Lemma 1 of [9].
Let H = L?(R*,dt/t), we have

9o(f)(x) = ot * f(x)|n-

Set By, = RF x (0,+00) x B, with k = 1 or n, and 7 = (p1, p2, p3) With
1 < p; < +oo for i = 1,2,3. Denote by IP(E}) the space of all measurable
functions F'(z, 1, ) defined on E} such that

+00 p2/p3 p1/p2 Y
1 ENl Loem,y = /Rk (/0 (/ \F(x,l,ﬁ)\de»s) dl> dx < 4o0.

Similarly, we define the H-valued function space LP(Ej,, H). We have

Lemma 2. Let o(s) € L'(R), [po(s)ds =0 and |o¢(s)|z < Bls|™. If o(s)
satisfies

[ lous+m) = ou(s)luds < B ¥ m 0, Q
|s|>2|m|
then for each F(s, 1, &) € LP(Ey), we have

190 (F'(-, 1, ) ()| Lo,y = IU(F)| Loz, 1y < Clllollr + B F| ()
where U(F)(s, 1, &) = o¢ = (F(-,1,£))(s).

Proof. Note the given conditions imply that g, is bounded on L?, see [11],
Lemma 1. By Hormander’s condition (3) and the BCP method, we get the Lemma
by iteration. See [9], Lemma 2 for details. ]

Now taking A € C2°(R) with supp(\) C [1, 2], defining
o(s) = [sI" "R (A -] I'7m2()) (su)

where R = (R1,Ra, - -, R,) and R; denotes the j-th Riesz transform on R™ and
setting

QW)= sup (1+]s)* |olot)(s)],
SER,j=0,1
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we have the following Lemma 3.
Lemma 3. Let Q € H'(S™!) be an even kernel. Then o(*)(s) € L*(R) for
ae. ' €S |0l (s)| g < CQ*(u')|s| ! and
/ ‘aiu/)(s +m) — a,gu/)(s) ds < CQ*(u)).
|s|>2|m| a
Furthermore,
| o) < cu+ 12l m).
n—1

see [11].

3. PROOF OF THEOREM

Proof of Theorem 1. Denote 22, Q¢ the odd and even part of 2. Then

lul

ousfa) = [ e

The first integral equals

100 () f(z — u)du + / t—”h(‘tﬂ)m(u) o — u)du.

n

+oo
°(u’ “ngn=1p( 2 f(z — su)dsdo (u'
[ o) [ ) e s asdota)

_ /S @) /0 T (8 f (@ — sulydsdo(ud)

where g(s) = s""'h(s). Extend h(s) to the whole real line such that h(s) = 0
when s < 0. Then if we set g(s) = g(s) — g(—s), the first integral can be written

as
1

2 /S 2°(u) /Rét<s>f<w — su')dsdo (u'). (5)

To rewrite the second integral, we first set p(s) = g(s) — A(s) where A(s) is as in
the definition of o(*) and further, we require that [, \(s)ds = [, g(s)ds. Then
the second integral equals

+/n t_l\u\l_”)\(‘%‘)ﬁe(u)f(x ~ u)du.

Denote the above two terms by ; and I, respectively. Obviously

L= /S o) /R pu(3)F( — su')dsdor(u). (6

~—
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Noting that R? = —Id, we have
b= [ RO A D] () -

= [ RO D] RS - u)d

= [ TR DI P O] (R F e = i

= [ TR D 0] (RS — s st

Sn 1

-5/ <§‘>”-1R O D1 100 0)] (s YR — s sl

Recalling the definition of ¢(*)(s), we have

/Sn 1/ $)Rf(x — su')dsdo(u). (7)

Below we shall always write f instead of R f in (7) because we have already known,
for example by [3], that R f is bounded on F;"".

Decompose R" = L(u') + L(u')* where L(v') = {av’ : a € R}, then
x =&+ su/ with & € L(u')". Setting £ (s) = f(& + su’), we have

1
9D =lors Fl <5 [

thu/) * g/(s)‘H du’

4y [0 fges 52| dotwy [ 1000 o £ (9] dot),
sn— sn—

/ (8)
By Lemma 2 and Lemma 3, |o;" ) f%(s)| g is bounded on LP(R). Later we shall
prove that both g(s) and p(s) satisfy the hypothesis of Lemma 2. So we can use
Minkowski’s inequality to get the L” boundedness of g4. Thus by Lemma 1, we
only need to show ||.S;(g¢(f)) |l Lr(rry < CIISrfllr(rn). Note that

I8+ (s N @y = |22 ijﬁ{/—q 90(1) ()

Te(f
< oo (%577 ) @
Tie(f) (2) = f ()

where j = (p,q,7) and 0 <r < min{p, q}. Set F(z,l,§) = —=75;—— and
F¥(s,1,€) = F(& +su',1,£). Using (8) with f(-) being replaced by F(-,1,¢), w

LP(En)

9

LP(En)
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get

o) w FY (s,1,€) do ()

LO(E,,H)

19 (96 () (@)l Lo pny < %/Sn_l

1

w3 [ 1o B s.6)

5 do(u')

LP(En,H)

d !/
LP(En,H) o)

i /S et s B (s.1,0)

Now we may apply Lemma 2 directly to finish our proof because we can further
write, for example, the last integral as
1/p
P ~ /
d:):) do(u').

Q°(u/ FY
1ty ( Lo ool

Finally we show that p(s) and g(s) satisfy the required condition of Lemma 2.
We shall only compute for g(s). It is trivial that [, g(s)ds = 0 and g(s) € L'(R).
If s >0,

+o0 s
sl = [ e T

_ /+Oo t_l(f)”_lh(f)r dt

A t t’l ot
s s s 2.dt too s s 2.dt
< C t_l 2\n—1/2\y—n—e| ¥ C/ ‘t_l 2\n—1/2y—n+e| ¥
A e e B O e e I
s +o00
— 08—2—25/ t—1+2edt + Cs—2+2e/ t—1—2edt
0 s

= (Os 2.

The case s < 0 is similar. To prove the Hormander’s condition (3), we also assume
s > 0. Note first that by the assumption of Theorem 1, |h(s)| < Cs~"=# for all
s> 0 if we take 0 < 5 < min{e, v}. So when s > 2|m]|,

o) )] = | - i)
< ()10 4 o8yt
< C(é)l—f—ﬁ'

On the other hand,
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/ 196(s +m) — gu(s) s
$>2|m|

1
+00 5
_148 dt\ 2
_ / s <81+ﬂ/ |9¢(s +m) _gt(s)‘2?>
$>2|m| 0

1 1

-1-8 : 143 e 2dt
< s ds s lg¢(s +m) — gi(s)] —ds
s>2|m)| $>2|m| 0

The first bracket equals |m|~?, while the second one does not exceed

QU

S

oo s+m s t dt
[ [ e ) Gy s
>2|m)| s 3
—+o00
_ C/ / ‘ EEM (3 2B atds
>2|m)| 3
_ s+m ds
—c/ T | p< )= o3| Lar
>2|m| t th] ot

<c/ t1+ﬁ/(gs+ )(dsdt

|m| “+o0
< C/ lgll gt~ Pdt + C \TWt—Hﬁdt
Im|

= C|m)|°.

Therefore we have proved

/ lgt(s +m) — g¢(s)|gds < C, ¥ m # 0. |
|s|>2|m|

Proof of Corollary 2. We only need to show that h(s) = Xf,;l_](ls) satisfies the

assumption in Theorem 1. It is obvious that h(s) has the desired size at 0 with
e = 1 and by simple calculation

/ (s + m)" (s +m) — " h(s)|ds
R

= / | X10,1](5 +m) = X[0,11(5)| ds
R

< 2|m|. |
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